SIGN CHANGES OF THE ERROR TERM IN THE PILTZ DIVISOR
PROBLEM

SIEGFRED BALUYOT AND CRUZ CASTILLO

ABSTRACT. We study the function Ag(x) := 3", . di(n)—Ress—1(¢¥(s)2*/s), where k > 3
is an integer, di(n) is the k-fold divisor function, and ((s) is the Riemann zeta-function.
For a large parameter X, we show that if the Lindelof hypothesis is true, then there exist at
least X 701 ~° disjoint subintervals of [X, 2X], each of length X~ #~¢, such that |Aj(z)| >
22~ 2k for all z in the subinterval. If the Riemann hypothesis is true, then we can improve the
length of the subintervals to > X 1-% (log X )_kZ_Q. These results may be viewed as higher-
degree analogues of theorems of Heath-Brown and Tsang, who studied the case k = 2, and
Cao, Tanigawa, and Zhai, who studied the case k = 3. The first main ingredient of our
proofs is a bound for the second moment of A (z + h) — Ag(z). We prove this bound using
a method of Selberg and a general lemma due to Saffari and Vaughan. The second main
ingredient is a bound for the fourth moment of Ag(z), which we obtain by combining a
method of Tsang with a technique of Lester.

1. INTRODUCTION AND RESULTS

For each integer k > 2, let d(n) be the number of ways to write n as a product ning - - - ny
with each n; a positive integer. Define

() Aul@) == 3 dy(n) — Res (M) ,

S
n<x

where ((s) is the Riemann zeta-function. In 1955, Tong [34] showed for each k > 2 that
there exists a constant f > 0 such that, for all large enough X, A, (z) changes sign at least
once in the interval [X, X + ;X 1’%]. The present article concerns the question: Can we
shorten the length of this interval and still guarantee that Ay(x) changes sign at least once
in the interval?

Heath-Brown and Tsang [I3] have proven the existence of at least > v/Xlog® X dis-
joint subintervals of [X,2X], each of length a constant times v/ X (log X)~°, such that
|Ag(z)| > x'/* for all z in any of the subintervals. Since As(w) is continuous except for
jump discontinuities of size dy(n) < n¢, it follows that Ay(x) does not change sign in any of
these subintervals. Thus, the case k = 2 of Tong’s theorem becomes false if we replace f2v/ X
by some constant times v X (log X)~°. In other words, the k = 2 case of Tong’s theorem is
best possible up to factors of log X.

In this paper, we prove under the assumption of the Riemann hypothesis (RH) that the
the k& > 3 case of Tong’s theorem is best possible up to factors of log X. For each integer
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k > 2, define the constant C} by

1/2
11 &K di(n)

1.2 = — —§ k .
(1.2) Ci 7T<2]{Zn:1 1+i>

n

Theorem 1.1. Assume the Riemann hypothesis and let k > 3 be an integer. Let Cj be
defined by (1.2), and let € be an arbitrarily small positive constant. There exists constants
co, Xo > 0, with ¢y depending only on k and Xy depending only on k and €, such that if

X > Xy, then there are at least X R disjoint subintervals of [X,2X], each of length
coe X V¥ (log X) %72, such that |Ag(z)| > (5C) — e)zz"2 for all x in the subinterval. In
particular, Ag(x) does not change sign in any of these subintervals.

If we assume the weaker Lindelof hypothesis (LH) instead of RH, then we can prove that
the k > 3 case of Tong’s theorem is best possible up to a factor of X*.

Theorem 1.2. Assume the Lindelof hypothesis and let k > 3 be an integer. Let C), be defined
by (1.2)), and let & and e be arbitrarily small positive constants. There exists a constant X,

depending only on k, &, and € such that if X > Xy, then there are at least Xt disjoint
subintervals of [X,2X], each of length X'~+~¢, such that |Ay(z)| > (3C) — e)zz2% for all
x in the subinterval. In particular, Agx(z) does not change sign in any of these subintervals.

Note that, similarly to the result of Heath-Brown and Tsang, Theorems and do
not rule out the possibility that some of the disjoint subintervals may have a union that
is contained in a longer subinterval on which Ag(z) does not change sign. On the other
hand, Tong’s theorem implies that this longer subinterval cannot have length larger than
Bu(2X)'F.

To prove Theorems and , we will use the method of Heath-Brown and Tsang [13]
for detecting intervals on which Ag(z) does not change sign. Their method requires bounds
for the fourth moment of Aj(x) and the second moment of Ag(z + h) — Ag(z). We provide
such bounds by proving Theorems and [L.7] below. A lot of research has been put
towards understanding these moments and other properties of Ag(z) in recent decades.

Historically, a great deal of work has been done towards finding upper bounds for the
order of magnitude of Ay(x). The well-known Dirichlet divisor problem concerns finding the
value of inf{f : Ay(z) < 27 for all z > 1}. More generally, the Piltz divisor problem asks
for the value of the real number ay defined by oy, :=inf{# : Ay(z) < 27 for all z > 1}. The
current record for the smallest upper bound for ay is as < 131/416, due to Huxley [14] [15].
Kolesnik [22] has shown that oy < 43/96, and upper bounds for a4 for k& > 4 have been
obtained by Ivi¢ [16, Theorems 13.2 and 13.3]. Ford [5, p. 567] has improved these bounds
for large k. The Lindeldf hypothesis is equivalent to the statement that «p < 1/2 for all
k > 2 [33, Theorem 13.4]. It is known that ay > (k — 1)/(2k) [33, Theorem 12.6(B)], and
Titchmarsh [33], §12.4] conjectures that oy, = (K —1)/(2k). Thus, our results show for k > 3
that |Ag(z)| reaches its conjectured upper bound within a factor of 2° for all x inside many
subintervals of [X,2X] of length > X'~V/*(log X)~**=2 (under RH) or > X'~%~¢ (under
LH). The current best omega result is due to Soundararajan [31], who has shown, by refining
ideas of Hafner [9], that

Ag(z) =Q ((m log ) i (loglog z) S (k204D 1) (logloglog x)_%_%) )
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Though the order of magnitude of sup{|Ax(x)| : x € [1, X]} is not known, the average
size of |Ag(x)| is more well-understood. Cramér [3] has proved an asymptotic formula for
the second moment of Ay, while Tong [35] has shown that, unconditionally for k& = 3 and
assuming the Lindelof hypothesis for k > 4,

(1.3) /2X <Ak(x)>2d:v~/2x (Coat %) da

X X

SIS

as X — oo, where C}, is defined by . The error term in Cramér’s asymptotic formula has
been examined more closely by Lau and Tsang [23 24] [37] and Ge and Gonek [6]. Tsang [36]
has proved asymptotic formulas for the third and fourth moments of Ay. Zhai [39] [40]
improved the bounds for the error terms in Tsang’s asymptotic formulas, and also proved
asymptotic formulas for the mth moments of Ay for 5 < m < 9. Furthermore, Ivié¢ [16],
Chapter 13| has obtained bounds for higher moments of A, and Az. We shall prove a
conditional upper bound for the fourth moment of Ag(z) for all £ > 3 (Theorem [1.7| below)
and use it as one of the main ingredients in our proofs of Theorems [I.T]and [T.2] For further
interesting research on moments and various other properties of A,, see the informative
survey [38].

While moments of A, have been extensively studied, much work has also been done to-
wards understanding the mean square of Ag(z;h) == Ag(z+h) — Ag(z) with h a parameter.
Moments of A present data about the size of Ag(z), while moments of Ay (z;h) give infor-
mation about the fluctuations of Ag. Jutila [20] has proved that

2X
l/ (Ag(x +h) — A2(x)>2 dx = hlog® <\/_Y>
X Jx h

for X¢ < h < X3¢, while Ivié [18] improved this result by proving an asymptotic formula
when 1 < h < 1V/X. For k > 3, Ivi¢ [I7] has proved bounds for the mean square of Ay(; h)
that depend on an arbitrary real number § > 0 satisfying

(1.4) / IC(3 40 +it)|* dt <. 7' as T — oo, for all fixed € > 0
0

(where we allow the implied constant to depend on ¢). His theorem states that if £ > 3 is a
fixed integer and ((1.4) holds for § = 0, then

(1.5) —/ <Ak(:€ +h) — Ak(x)> dr <. h*3X°
X Jx
for X¢ < h < X'7¢ while if § > 0 satisfies (1.4]) and 1 > 0 is a constant, then
1 2X 2 |
(1.6) > / (Bula+ 1) = Ag(e)) di e X072
X

for X241 < h < X1 More recently, Cao, Tanigawa, and Zhai [2] have proved that if (1.4)
holds for 6 = 0, then

hXe if XIrt < h< X

1 2X
1.7 - A h) — Ag(z))*d : )



4 SIEGFRED BALUYOT AND CRUZ CASTILLO

They also prove for k& = 3 that (unconditionally)

Xe(h+ X313 1 X519 if XY <« h< X

1 2X )
(18) X/X (Balo 1) = Lalz))"dr < {X1/3+€h1/2 if 1 < h < X0

If h is instead equal to x/T with T a parameter such that 2 < 7T < X, then an argument
implicit in Milinovich and Turnage-Butterbaugh [26] leads to

1 2X T 2 X 2
= A —)-A —(logT)*
X/X ( k(:c—i-T) k(a:)) dr < T(og )

via a method of Selberg [29] under the assumption of RH (see also [25] (1.2)]). This is close
to the true order of magnitude, as Lester [25] has shown for certain constants by that

1 1

2X 1-1 2 1-% ) =% 2
%/ (Ak (x + mL ) — Ak(x)> dr = bk}i (log L)k -1y O(XL (log L)k _2>
X

unconditionally for £k = 3 and 2 < L < X ﬁ_a, and assuming LH for £ > 3 and 2 <

L <X ®0 ¢, This agrees with a conjecture of Keating, Rodgers, Roditty-Gershon, and
Rudnick [21], who studied the analogous problem in function fields and used their results to
predict for each integer k > 3 that if h = X? with 9 a fixed real number in (0,1—1/k), then

(1.9) % /X . (Akw+h) - Ak(x)>2 de ~ ayPy(®)H (log X )¥*!

as X — 00, where a; is a constant depending only on k£ and P} is a specific piecewise
polynomial of degree k* — 1. Through their conjecture, Keating et al. have found an
interesting connection between the mean square of Ag(z;h) and averages of coefficients
of characteristic polynomials of random matrices. Bettin and Conrey [I] have shown that
the conjecture of Keating et al. would follow from a (yet unproved) conjecture for
moments of ((s).

We refine the argument of Milinovich and Turnage-Butterbaugh [26] and combine the
method of Selberg [29] with a lemma due to Saffari and Vaughan [28] to bound the mean
square of Ag(z;h) with the parameter h independent of the variable z. Our results improve
Ivi¢’s [17] bounds (1.5) and for all h, and also improve Cao, Tanigawa, and Zhai’s
bounds and (1.8) for small enough h. We will apply our bounds to our proofs of
Theorems [I.T] and [1.2]

Theorem 1.3. Let k > 3 be an integer, and let 6 > 0 be a real number satisfying (1.4)).
Suppose further that € is an arbitrarily small positive constant. If 1 < h < X/8, then

X/ (Ak(x +h) — Ak(az)> dr < hX*te,
X

with implied constant depending only on the implied constant in ((1.4)).

A theorem of Heath-Brown [11] (see also [33, §7.22]) implies that § = 1/12 satisfies
with £ = 3 and § = 1/8 satisfies with & = 4. Various ¢ satisfying for other k£ may
be deduced from Theorem 8.4 of Ivié¢ [16], and Ford [5], p. 567] has found smaller § than these
for large k. Using these values for ¢ in the application of Theorem in Section [7] leads to
an unconditional proof of the existence of a subinterval of [X,2X] with length X 1-3—20—¢
such that |A(z)| > (3Ck —&)zz 2 for all z in the subinterval. However, finding a nontrivial
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lower bound for the number of such subintervals using the methods in Section [7] requires a
strong upper bound for the fourth moment of Ag(z). The unconditional existence of many
such subintervals for k = 3 has been recently proved by Cao, Tanigawa and Zhai [2] (see the
paragraph containing below for details). A well-known fact is that LH is equivalent
to the statement that 6 = 0 satisfies for all £ [33, Theorem 13.2]. From this and
the aforementioned theorem of Heath-Brown [I1] for & = 3, we deduce the following two
corollaries of Theorem [L.3]

Corollary 1.4. Suppose that € is an arbitrarily small positive constant. If 1 < h < X/8,
then (unconditionally)

1 [ 2 .
Y/ (Ag(:c +h) - Ag(x)) dz <. hX 5.
X

Corollary 1.5. Assume the Lindelof hypothesis. Let k > 3 be a fized integer, and suppose
that € is an arbitrarily small positive constant. If 1 < h < X/8, then

1 2X 2
> / (Bular+ 1) = Au(a)) de < hX.
X

Corollary improves for h < X3, while Corollary recovers for £k =3
and improves for k>4 and h < X'¢.

By refining a method of Soundararajan [30], Harper [10] has proved that the Riemann
hypothesis implies

/ IC(3 + it)[** dt <, T(log ) as T — 00
0

for all positive integers k. We may use this in place of ([1.4]) in our proof of Theorem and
arrive at the following theorem. We will use this to prove Theorem [I.1]

Theorem 1.6. Assume the Riemann hypothesis. If k > 3 is a fized integer and 1 < h <
X/8, then

1 2X ) . Y
v /X (Aule+h) — Ay(w)) dr < hlog (%)

By the conjecture ((1.9) of Keating et al., we expect that

- / (Bular+h) = Ag(a)) do < hllog X)¥
X

If we assume this and LH, then we can deduce the conclusion of Theorem [1.1| with the length
of the subintervals improved to coe X'~/*(log X )=+ 1.

More than giving intervals on which Ag(z) does not change sign, Theorems and
provide a lower bound for the measure of the set of all z € [X,2X] for which |Ag(z)| >
(3C) — e)az~ 2. Heath-Brown and Tsang [I3] do this for k = 2 and show that |Ay(z)| >
(3C2 — )z!'/* on a subset of [X,2X] whose measure is > X. To deduce this lower bound
for the measure, Heath-Brown and Tsang use an estimate for the fourth moment of A,
due to Tsang [36], who applied the Erdos-Turdn inequality and van der Corput’s bound for
exponential sums to prove the asymptotic formula

I 4 3 da(n)ds(m)d(k)da (¢ 2.,
1 [ @)ty MRRmBER o o(xE)

1§n,m,k,€<oo

Vitvm=vk+Ve
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We combine Tsang’s technique with the method of Lester [25] to find a conditional bound
for the fourth moment of Aj. We shall apply this bound in our proofs of Theorems
and (1.2 to deduce a lower bound for the number of disjoint subintervals on which |Ag(x)| >
(%Ok — 6)‘%%_%.

Theorem 1.7. Assume the Lindelof hypothesis, and let € > 0 be an arbitrarily small positive
constant. If k> 3 and X > 1, then

1 2X 4 ) N
Y/ (Ak(x)) dr <o X°7F17°,
X

Our proof of the case k = 3 of Theorem can in fact be made unconditional (see
the remark below Lemma in Section [4). However, Ivié¢ [16, Theorem 13.10] has proved
through a different method that

1 :
(1.10) }/X (As(x))" dr <. X 56+

by applying Kolesnik’s [22] pointwise bound As(z) < 29+, This bound for the fourth
moment of A is stronger than the case k = 3 of Theorem[I.7] The current best unconditional
bound for large k is due to Ivi¢ and Zhai [19], who proved for k£ > 4 that

1 2X
L[ (o) b0y st
X

The conjecture
Ag(z) < z272%7e
of Titchmarsh [33], §12.4], if true, would imply that

1 2X 4 )
1) (@) e e x
X

If we assume this and LH (resp. RH), then we can deduce the conclusion of Theorem
(resp. ) with the lower bound for the number of disjoint subintervals improved to X pHe—e
(resp. X&7°).

Using Corollary [1.4] n and in place of Corollary [1.5] - bl and Theorem |1 n 1.7 respectively,
in our arguments in Section m for k = 3, we are able to prove uncondltlonally the existence
of > X% disjoint subintervals of [X,2X], each of length > X27¢, such that |As(z)] >
(3C5 — €)z'/? for all x in the subinterval. However, Cao, Tanigawa, and Zhai [2] have
proven the stronger result that there are > X 27¢ such subintervals. They also prove under
the assumption of the Lindel6f hypothesis that there are > X 5 disjoint subintervals of
[X,2X], each of length > X3¢, such that |As(x)| > (3C5—¢)z'/ for all z in the subinterval.
This result is stronger than the case k& = 3 of Theorem which implies the existence of
only > X ¢ such subintervals. T hey are able to obtain these stronger results for £k = 3
by showing that [Az(z)| > (3C3 — €)z'/® on a subset of [X,2X] whose measure is > X'~
They do so by applying the bound

1 2X
(1.11) —/ Ag(@)]* dr < X1
X Jx

due to Heath-Brown [12]. Using this idea, we may improve the k = 3 case of Theorem
and deduce the following.
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Theorem 1.8. Assume the Riemann hypothesis. Let C3 be defined by with k = 3,
and let € be an arbitrarily small positive constant. There exists an absolute constant ¢y > 0
and a constant Xy > 0 depending only on € such that if X > Xy, then there are at least
X357 disjoint subintervals of [X,2X], each of length coe X*/3(log X)X, such that |As(z)| >
(3C5 — €)x'/3 for all z in the subinterval. In particular, As(z) does not change sign in any
of these subintervals.

The rest of the paper is organized as follows. In Section [2, we set some notations and
conventions that hold throughout this work. In Section (3| we prove some technical lemmas
that are used in the proofs of our main results. We use Lester’s method in Section 4] to bound
moments involving the contribution of large frequencies in the trigonometric polynomial

approximation to Ag(z). We prove Theorems [1.3|and[L.6]in Section[5] We prove Theorem|[L.7
in Section [6] and prove Theorems [I.1] 1.2 and [I.8)in Section [7]
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2. NOTATIONS AND CONVENTIONS

For the rest of this paper, k denotes an integer > 3. Most of our arguments will work for
k = 2, but this special case is already well-understood in the context of our main results
through the works of Heath-Brown and Tsang [13], Ivi¢ [18], and Tsang [30].

We follow standard convention in analytic number theory and use € to denote an arbitrarily
small positive constant whose value may vary from one line to the next. We allow implied
constants to depend on € and k without necessarily indicating so. We will sometimes display
the dependence of implied constants on e, k, or other quantities by using subscripts such
as those in A <p C or r = O4(t). Implied constants will never depend on the parameters
HTX)Y.

We use e(z) to denote e*™@. For z, VY, T > 0, we define Q(z; V) and I;(z;Y,T) by

(2.1) Qr(x; V) = 22 Z d’f(nl) cos (QWk(n;p)l/k N M)

W\/E <V nztas 4
and
1 iy s
(2.2) L(z;Y,T) = Re{—, / CE(s) = ds}.
e l_H‘y S

3. LEMMATA

The first of two key ingredients in our proofs of Theorems and is a method of
Selberg [29] that uses the Plancherel theorem to express a weighted mean square of Ay (z +
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x/T) — A(x) in terms of a weighted 2kth moment of ((s) (see equation (5.2)) below). In
carrying out Selberg’s method, we use the following lemma.

Lemma 3.1. Let Ag(z) be defined by , and define Aj(z) by
~ Ap(rt) + Ag(r—)
= 5 .

If § satisfies 0 < 6 < 1/2 and (1.4), then there exists a sequence Ty, Ty, ... of positive real
numbers such that T, € [2™,2™ ] for each m and

(3.1) Aj(z)

1 L 4+6+iTm e
Ai(z) = lim — “(*(s)ds

m—o00 271 145-iT, S
for all x > 0.

Proof. Let g(y) = 0for 0 <y <1, g(y) = 1/2 for y = 1, and ¢g(y) = 1 for y > 1. Then
Perron’s formula (see, for example, the lemma in §17 of Davenport [4]) and the definitions

(1) and (BI) imply

1 T, di () o= di(n) . 1
")y 5 C WS”( T )“)(”C n? mm{l’Tllog(x/n)l}

n=1
T

for any x,T > 0, where we define di(x) = 0 if  is not a positive integer. We move the line
of integration and use the residue theorem to write

(3.3)

1 2+iT .5 k s 1 L+0+iT 1T 2+iT s
— x—Ck(S) ds = Res (—C (s)e ) +-— / +/ +/ x—gk(s) ds.
2m Joir s s=1 5 21\ Jijsir 2-iT L4s4iT ) S

To estimate the latter two integrals, which are along horizontal line segments, we define

L46—iT 24T k(g
(3.4) frs(T) = (/Q_T +ﬁ+5+4T) ()

s
If m is a positive integer, then (3.4) and the Cauchy-Schwarz inequality imply

ds‘.

27n+1

12
/ fro(T)dT < 2—m/ / |C(o +iT)|*dT do
2m 145 Jom

2m+1

1/2
1 2
(3.5) < W/ (/ \C(a+iT)|2de> do.
146 2m

By (1.4) and convexity (see, for example, §7.8 of Titchmarsh [33]), it holds that
2m+1

/ IC(o +iT)|** dT < 2m(+e)
2

m
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uniformly for all positive integers m and all ¢ in the interval [% + 4,2]. From this and (3.5)),
we deduce that

2m+1

/ Foo(T) dT < 27
2

m

uniformly for all positive integers m. Since fi s(T") is nonnegative by (3.4), it follows that
for each positive integer m there is a Ty, in the interval [2™,2™"1] such that

fk&( ) < 2m( 1+s)‘
From this, the definition (3.4)) of f s, and the triangle inequality, we arrive at
146—iTm 2+iTm 8 .
/ —l—/ ~(F(s)ds < 2™ max {2t 22}
2—iTm L4o+iTm ) S
for all m. The lemma now follows from this, , and . 0

While the first of two key ingredients in our proofs of Theorems and is Selberg’s
method, the second key ingredient is the following lemma, which allows us to bound the
mean square of Ag(x+h)—Ag(z) in terms of the mean square of Ag(z+z/T) — Ag(x). This
lemma is essentially due to Saffari and Vaughan [28], and we use a version due to Goldston
and Suriajaya [7] (see also [§]).

Lemma 3.2 (Goldston and Suriajaya [7], Lemma 3). If f : R — C is integrable, X > 0,
and 0 < h < X/4, then

X 8h/X
/X/2\f(t+h) ()|2dt<— / f(t+Bt) — f(O)|*dtdp.

Proof. See the proof of Lemma 3 in [7]. The said proof also applies to the case when
0<h<l1. O

The following lemma is a slight modification of Lemma 2.5 of [25], and is the starting
point of our proof of Theorem [I.7]

Lemma 3.3. Assume the Lindeldf hypothesis. Let Ay(x) be defined by (1.1)). If x,T > 1
and 1 <Y < min{z, T}, then

Ap(z) = Qp(z; Y/ (210)%) + Li(2; Y, T) + Ep(2; Y, T),
where Q. is defined by (2.1)), Iy is defined by (2.2), and
(3.6) Ep(1,Y,T) < z'7°Y 272 4 2°Y s L 4 gay—1te 4 gltep—ite

Proof. The proof is similar to that of [25, Lemma 2.5], but we provide it since our situation
is slightly different. A standard argument using Perron’s formula leads to

Lheil s plte
di( —d c .
Z K 2m/ C(s)s s+0<x+ T>

We deform the contour of integration to the path consisting of line segments connecting the
points 1 + & — T, % — T, % + 14T, and 1 + ¢ 4 4T, leaving a residue from the pole of ((s)
at s = 1. We estimate the contribution of the horizontal line segments using the Lindelof
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hypothesis and the Phragmén-Lindel6f Theorem, and then insert the definitions ((1.1)) and
(2.2) to deduce that

1 AN k z* € 14eqp—14¢
Ag(z) = — ¢ (s)?ds%—[k(:z:;Y,T)—i-O(x +a T >

27TZ %—iY

We evaluate the integral on the right-hand side by deforming its contour of integration to the
path consisting of line segments connecting the points % —iY, —e—iY, —e+iY, and % 5 +1Y,
leaving a residue of size O(1) from the pole of 1/s at s = 0. We use the Llndelof hypothe51s
the functional equation, and the Phragmén-Lindel6f Theorem to bound the contribution of
the horizontal line segments, and arrive at

1 —e+1Y s

Ap(r) = 5— / CH(s) = ds + L(x; Y, T) + O<x€Y§‘1 Ty e g x1+8T—1+5>.
27” —e—1iY S

Lemma [3.3| now follows from this and Lemma 2.4 of Lester [25], which states that

1 —e+iY ZL‘S

— Ck(s)_ ds = Qr(z; Yk/(27r)k) + O(Iayg—l + xl-}-gy_g_%)
2mi ) iy S

for Y < x, where @)y is defined by ([2.1)). O

We will bound the fourth moment of Ag(z) by applying the Erdés-Turan inequality to-
gether with van der Corput’s method for estimating exponential sums in a way similar to
the proof of Lemma 4 of Tsang [36]. This technique is embodied in the following lemma.

Lemma 3.4. Let ||x|| denote the distance from x to the nearest integer. If p > 0, W > 1,
and 0 < o < WY* | then

#{u eZ : W< pu<2W and H(,ul/k + Oz)kH < p} <L Wp+ Wi sEal/? + W%+i0f1/2,
with the implied constant depending only on k.
Proof. The Erdos-Turdn inequality (see, for example, [27, Corollary 1.1]) implies that
#{,uEZ : W<u<2W and H( L/k oz)kH Sp}

> e(v(w +a) )‘

W<u<2W

(3.7)

<oWp+ —— +3
erL+1+ z_;

for every positive integer L. To estimate the exponential sum, let
(3.8) f(z) = v(@* +a)".
Then |

fi(e) = = (1= 7 (e +a) at 2,
Thus, since 0 < o < W/¥ there are positive constants Aj, and By, that depend only on k
such that

1 1

ApvaW 1% < —f"(z) < ByraW 7%

whenever W < z < 2W. Hence van der Corput’s method [33 Theorem 5.9] gives

Z e(f(:u)) <<k V1/2W%_ial/2 + V-]./Qw%-i,—ia_l/z.
W<pu<2W
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From this, the definition of f, and . we arrive at
#{u el : W< u<2W and H(,ul/k —i—a)kH < p}
< Wot W pewi—dalt s whtda

To complete the proof of the lemma, we optimize this bound and choose L to be the least
integer that is greater than W3+aEq1/3, U

4. LESTER’S METHOD

In proving Theorem , we will bound the fourth moment of I(x;Y,T) by applying
Lester’s method together with the Riesz-Thorin Interpolation Theorem. In this section, let
1 <Y <T < X and let = be the line segment from % + 1Y to % +¢T. We view = as a
measure space in such a way that

/Ef:—z‘[ifﬂs)ds=/YTf<;+¢t>dt

for all continuous functions f : = — C. Define the operator T by

1 [z+iT
(41) Tf(z) = —,/ F(s)2* ds.

T Jiy

2

Note that if f € LP(Z) for some p > 1, then Hoélder’s inequality implies that 7 f(x) exists
for all z > 0, and that T f is continuous on (0, 00). Thus, if f € LP(Z) for some p > 1, then
Tf e LY[X,2X]) for all ¢ > 1. In the next two lemmas, we use ||f||, to denote the norm of
fin LP(Z), and we use || 7 f]|, to denote the norm of T f in LI([X,2X]).

Lemma 4.1. If f € L*(Z), then ||T flla < X'*||f|la. The implied constant here depends
only on €.

Proof. Let w : (0,00) — R be a nonnegative smooth function of compact support such that
w(u) =1 whenever 1 < u < 2. Then

[ mwpar< [ rwpe(y)

We replace T f(x) on the right-hand side by its definition (4.1]), expand the square, apply
Fubini’s theorem, and make a change of variables to arrive at

2X 2 T T )
(4.2) / 1T f(2))?dx < %/y /Y fG+a) f(E +i) XTI T (¢ —v) dvdt,

X

where J(y) = [;° u'"™™w(u)du. Repeated integration by parts shows that J(y) <a
min{1, |y|~4} for arbitrarily large A > 0. From this and the inequality |ab| < |a|? + |b|?, we
deduce for any given n > 0 that

//f +it)f _I_W)Xz(tU)j(t—v)dvdt<<AnXA// (L +it)|? dv dt

[t—v|>X"

T Y
= —x IfI5
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On the other hand, the bound J(y) < 1 and the inequality |ab| < |a|* + |b]* imply that

//f +it) f(E + i) X T (- v) dvdt<<// (5 +it) > dvdt < X"|| f]]3.

[t—v|< X7 [t—v|<X7

From this, (4.3)), (4.2), and the fact that T'—Y < X, we arrive at

2X
/ T ()P de < X2 £2

X

Taking the square root of both sides, we finish the proof upon choosing n to be an arbitrarily
small € > 0. O

Lemma 4.2. If f € LY3(Z), then | T f|ls < X4+5||f||4/3 The implied constant here depends
only on €.

Proof. By taking the absolute value of the integrand on the right-hand side of , we see
that |7 flleo < X[ |1 for all f € L*(Z). Lemma [4.1] states that |7 f|l2 < X¥¢|| f||s for
all f € L*(Z). Tt follows from these and the Riesz-Thorin Interpolation Theorem (see, for
example, [32, p. 52]) that

T Flls < (X72) 2 (X2 fllags = X3 £]lags
for all f € LY3(2). O

Lemma 4.3. Assume the Lindeldf hypothesis. If 1 <Y <T < X and I} is defined by (2.2)),
then
3+¢

2X 4 X
/X [ 1e(z; Y, T)| da < %

Proof. Let f(s) = s71((s)*. Then the definitions (2.2]) and ([4.1)) of I and T imply that
Ii(2;Y,T) = Re(T f(x)).

From this, the inequality |Re(z)| < |z|, and Lemma we arrive at

3
2X 4k/3
f + it
/ ’fk(w;KT)\4d$<<Xd+a</ %dg :
X Y t

The right-hand side is < X?*¢Y ! if the Lindelof hypothesis is true. O

We remark that the Lindelof hypothesis is unnecessary for the case £k = 3 of Lemma
because the size of the fourth moment of ((s) is known [33, (7.6.2)]. Moreover, Lemma
may be made unconditional by using any ¢ satisfying , as in Lemma 2.5 of Lester [25].
These facts together with the arguments in Section [6] lead to an unconditional proof of
Theorem for k = 3. However, as mentioned earlier, the better bound has been
found by Ivié¢ [16].
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5. THE MEAN SQUARE OF Ag(x + h) — Ag(x)

We now carry out Selberg’s method [29] to prove Theorem Let T' > 2 be a parameter,
and define k > 0 by

1

5.1 F=1+—.
(5.1) e + T
Suppose that 0 < § < 1/2 and 0 satisfies (1.4)). Lemma then guarantees the existence of
an increasing sequence 17,75, ... of positive real numbers such that lim,, ,. 7}, = oo and

1 .

1 5+06+iTm |
A* T+K —A*e™) = [ i ST k d
e =8y = tim o [ e (T ) s

for all real numbers 7. Divide both sides by exp(7(3+4)) and write the variable of integration
s as % + 0 — 2mit to arrive at

AG(E) = Aj(e") ““ﬂgmﬁcﬁwﬁm—l

= lim
e‘r(%ths) m=oo [ o) % + 0 — 2mit

><%§+5—2mwdt

for all real 7. The right-hand side is a Fourier transform, and we thus deduce from the

Plancherel theorem that
/ ir= |

We insert into this the definition (5.1) and make the changes of variables 7 — logx and

t— —t/(2m) to arrive at
2 1isag
dr 1 o0 eli(2+5+lt) -1 .
226:_/ I : CH(G+o+it)
x>t T Jo 3 to+it

where we also used the facts that ((5) = ((s) and Aj(z) = Ag(x) for almost every z by the
definition of Aj.

To bound the right-hand side of using moments of ((s), we split the interval of
integration into dyadic parts. If ¢ is a nonnegative integer and 27 < t < 21T then the
definition of x implies that exp(r(5 + d)) < 1 for § < 1/2, and hence

*( TH+K * 2 2
Ak(eT ) — Ak(eT)

eT(%JrJ)

dt.

<en(%+5—27rit) -1

F(L 46— 2mit
%+6—2Mt><(2+ mit)

2

(5.2) llmky<x+§9-AA@ dt,

er(3+o+it) _ 1
Ly o+t

On the other hand, (5.1) implies that x = log(1 4+ 1/7") < 1/T. Thus, if 0 <t < T and
0 < 4§ < 1/2, then

1 1
(5.3) <5 <5

20T

en(%+6+it) -1 “r< 1
_— I{'/ J—
T4o+it T

because e* —1 < |z] for |z| < 2. From (5.2)), (5.3)), and (5.4)), we deduce the following lemma.

(5.4)



14 SIEGFRED BALUYOT AND CRUZ CASTILLO

Lemma 5.1. Let T > 2. If 0 < § < 1/2 and ¢ satisfies (1.4)), then

/OOO‘Ak (= + %) ~ An() | da

2+26
1 T 2’5+1T
2k oy (2K
<<772/0 1C(5 + 6 +it)] dt—}-—g 2%/2 (3 + 0+ it)|** dt,

with absolute implied constant.

We now finish the proof of Theorem . Let T > 2 and suppose that § > 0 satisfies
(1.4). Without loss of generality, we may assume that § < 1/2 since reducing the value of ¢
improves the bound in the conclusion of Theorem Then Lemma [5.1] and (1.4) imply

(5.5) /Ooo ‘Ak (= + %) ~ Ay() 2

with implied constant depending only on the implied constant in ((1.4). Since the integrand
in (5.5)) is nonnegative, we may truncate the integral to be over [X,2X] and deduce that
2425

/X2X B <x + %) ~ Ale) 2 Ti—<

for all X > 0. Replacing X by X/2, X/4, X/8,..., and adding the results leads to

X 2 2426
T X
Aplz+ =) —Ax .CE)
/0 g ( T> (

dz < T
We relabel T" as 1/ and arrive at

o0

dz 1 1 1 1
r2+26 < Tl-¢ + Tl—e % 2¢(1—¢) < T1l-¢’

dr <

X
/ A (¢ + Bz) — Ay(a) 2 de < BX>
0

for all 8 in the interval [0,1/2]. From this and Lemma [3.2] we see that if X > 0 and
0 < h < X/16, then

X X SX X
[oaeen - a@pa < [ [ A gn) - A deds
X/2 0 0
X Sh/X
< E ﬁ175X2+26 dﬁ
0

< h1_6X1+25+€,

with implied constant depending only on the implied constant in . Replacing X by 2.X
completes the proof of Theorem [I.3]

Corollary follows from Theorem and the theorem of Heath-Brown [I1] (see also
§7.22 of [33]) that implies that if & = 3 then § = 1/12 satisfies (L.4). If the Lindel5f
hypothesis is true, then § = 0 satisfies , and so Corollary holds.

Having proved Theorem and its corollaries, we next prove Theorem [I.6] Assuming the
Riemann hypothesis, Harper [10] has shown that

/ I+ i) dt < T(log )
0
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for all 7 > 2. This, of course, implies that § = 0 satisfies ([1.4)). From these and Lemma
with 0 = 0, we deduce that if the Riemann hypothesis is true, then

2 2 00 2 2

o0 d logT) 1 log(2¢+1T7))* log T)*

/ ‘Ak<x+%>_Ak(I) dr  (logT)" 1 ¢~ (log )" (ogT)
0

22 kT T & o T

for all T' > 2. Truncating the integral to be over [ X, 2X], we arrive at

2X 2 2 k2
X=(logT
/ dr < X logT)"
¥ T
for all X > 0. Replacing X by X/2, X/4, X/8,..., and adding the results leads to
/X X2(log T)¥*
0

T
We relabel T as 1/ and arrive at

Ay (x + %) — Ag(2)

Ay (:c—l— %) — Ag(z) de <

X
/ Ay (@ + Ba) — Ap(@)]? de <, X25|log B
0

for all 8 in the interval (0,1/2]. From this and Lemma we see that if X > 0 and
0 < h < X/16, then

X 8h/X X
0 0

X/2
X 8h/X
< E/ X2B|log BI¥ dB.
0

We may evaluate the latter integral via repeated integration by parts, which leads to

X Pat
/ |Ap(x 4+ h) — Ap(2)]? do < X <log (—))
X/2 8h
for 0 < h < X/16. Replacing X by 2X completes the proof of Theorem

6. THE FOURTH MOMENT OF Ag(z)

In this section, we shall prove Theorem Suppose that 1 <Y < T < X. We apply
Lemma [3.3| and use the inequality |a + b|* < |a|* + |b|* to write

1 2X
1/ 1t

12X . . 12X \ 12X \
<L — |Qr(x; Y/ (2m)") | dx + — | I (z; Y, )" dx + — |Ex(z;Y,T)|" d.
X Jx X Jx X Jx

From this, (3.6)), and Lemma we deduce that

1 2X 1 2X X2+6
2 [t < [ iue v e+
' 4+e X 2+e X 4te

ey 2k—4
—f-m-i-XY + Vi +?
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under the assumption of the Lindelof hypothesis. To prove Theorem [I.7], our main task in
this section is to bound the first term on the right-hand side of (6.1). For brevity, in this
section we set

62 e (2)

i, (1) di (V) di (m)di(n)
6.3 a1 = a1(p,v,m,n; k T )
(63) k) = UL
and
(6.4) Xy = Xi(p,v,m,n; V, X) := min{2X,V/u, V/v,V/m,V/n} < 2X.

Use the definition (2.1)) of @, interchange the order of summation, and repeatedly apply
the trigonometric identity 2 cosa cosb = cos(a + b) + cos(a — b) to write

(6.5) i/2X|Q(-V)|4d - (Pets it
. X Jy kAT, $_W4k2812283’

where Sy, S, and S5 are defined by

(6.6) 51::% > al/XI

Mm

27Tkx1/k( Uk Ak p1/k nl/k)) dz,

pvmn<V/X
(6.7)
Sy 1= % Z al/ ~% cos <27T]{2$1/k (,ul/k + vk m/E — nl/k) + —(k _23)7T> dzx,
pvmn<V/X
and
(6.8) Sy := )1( Z / % cos 27rlm:1/k(ul/k—l—ul/k—irml/k—l—nl/k)+(k—3)7r> dz,
pvmn<V/X

where the summation indices u, v, m,n run through positive integers.

Our first task is to estimate S7, which is defined by . We bound the right-hand side of
by taking the absolute value of each term. By symmetry, we may then assume without
loss of generality that v < p, n < m, and n < . We thus arrive at

(6.9) S1 K S11+ Sia,
where S7; and Spo are defined by

811 = % Z aq

X3
/ 227% cos (27rlm1/k (ul/k — ml/k)> dx
X

wr,mn<V/X
v<p
and
1 X,
(6.10)  Spp = X Z ay / 27k ¢ <27rkx1/k( Uk 4 Mk _ /e nl/k)> dz|.
w,mn<V/X X
s

n<v
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To bound Si1, we further write
(6.11) S = St + Stie,

where Sip; is the part of Si; with m = p and Sii9 is the part with m # p. Using the
definitions (6.3 and (6.4)), we deduce that

(6.12)
1 X1 2 1 d2 (m)d2 (n) 2X 2 2
S = E al/ “kd = g e T / R dr < X*R
X w,ry,mn<V/X X mn<V/X (mn)1+k X
v<p n<m
m=p

On the other hand, to bound Si12, we may assume without loss of generality that m < p,
and integrate by parts to arrive at

5112<<X2_% Z I S Z (2 k(m)di(n)

1/k _ yl/k 14+ +55 (/K 1/k
wr,mn<V/X H wmn<V/X nook (Mm> 2k (/J' / -m / )
v<p n<p
n<m n<m
n=v m<p
m<pu

Since /% — mY* > (u — m)pr~* for p > m and dy,(j) < j© for all positive integers j, it
follows that

1 3
_3 w22k
5112<<X2 VA E T T
Wemator (u—m)
umn<V/X n m H
n<up
n<m
m<p

The m-sum here is O(1) by the Cauchy-Schwarz inequality, and so
Sia < X?TRVE (;) e s e A

It follows from this, , and ( - ) that
(6.13) S < X¥k 4 X2 sy e

Having estimated Si;, we next bound Sps, which is defined by (6.10). Let £ > 0 be a
parameter, to be chosen later, such that £ < 1 and

(6.14) 3 (;)l_i =o(1)

as X — co. Define A; by

(6.15) Ay = A (py v, myns k) o= pt/® 4 ok — /e pl/k,
Split the sum Sj5, defined by (6.10)), and write
(6.16) S12 = S121 + S122,

where Sp9; is the part with |A;| < & and Sig is the part with |[A;| > &.
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To estimate Sy21, we bound the integral in (6.10)) trivially using (6.4), and then use (6.3)
to deduce that

2-2 22 1
Sio1 K X7k E a, < X¥RVE 2: .
pr,mn<V/X wrmn<V/X (,uymn)a 2k
= v<p
n<m n<m
n<y )
|A1]<€ |A1]<€

Note that the summation conditions imply that 4 > 1. We partition the range of the
summation variable p into dyadic intervals (1, 2], (2,4], (4,8],... to write

1
(6.17) Sio1 < XPTEVE Z Z I
M v x (HVTI)2 TR
M<pu<2M

v<p

n<m

n<v

[A1]<€
where M > 1 runs through the powers of 2 less than or equal to V/X. Our assumption that
¢ < 1, the definition (6.15)) of Ay, and the conditions satisfied by the summation variables
in (6.17) imply that v,n,m < p < M. It follows from this and the polynomial identity

b —yh = —y) @+ 2F 2y + -+ ) that
(6.18) ’(Ml/k + ik nl/k)k . m’ <5 |A1|M1—% < ng_%‘

From this, (6.14), and the fact that M < V/X, we see for large enough X that, for each
triple p,v,n in (6.17), there is at most one integer m such that |[A;| < &, and such an m
must satisfy

m = (#1/1@ LUk nl/k)k o
because v > n. Furthermore, if such an m exists, then it follows from (|6.18) that

(6.19) H(“l/k V. nl/k)kH <, EMIE,

where ||z|| denotes the distance from z to the nearest integer. These and (/6.17)) imply that

2—21,¢ 1
S < XPTHEVEY Y TS

1
M puvn<V/X Rk
M<p<2M
v<p
n<v

(6.19)

From this and Lemmawith W =M, p=0,EM" %), and o = /¥ — nl/* we arrive at

-2 1 1 1 2 1 1/3
Siar < X¥RVE E - g ﬁ<fl\42 ¥ 4+ M3 3% (Vl/k_nl/’f)
MU vy x ()2t
(6.20) v<2M

4+ M3t (Vl/k _ nl/k)—1/2>'
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Recall that, as in (6.17), M runs through the powers of 2 in the interval [1, V/X]. Thus

1 1 ) » 1 V\*
o Tikt T ey < 3 ()

v<2M

£l

Similarly, since (v'/% — nl/k)1/3 < /B3R we have

1 1 2L 1k 1/k\1/3 V)i
71/§7<2M

(the factor log V' is necessary only when k = 3). To estimate the contribution of the term
with (/% — nl/k)fl/2 in (6.20), we use the bound v/* — pl/k > (v — n)ri~! to deduce that

D

(Vl/k _ nl/k) —-1/2

1 1 1 _
T :Z‘I—Z <m2$+m2(y—n)l/2

1
,+7
n<v ne ek n<v/2 v/2<n<v n<u/2n2 2w v/2<n<v
< VI,
Hence
St X e (RO ) < s 3
ar M vl CLORRED Mz ar o5 v/

2

<<ZM% & <<max{logV(V/X)%*%}

From this, (6.22)), (6.21]), and (6.20), we arrive at

2 2
3

oz 1% -7 V\3 7k
623) Sw< X¥ive(e(=) 4 (= 1ogv+max{1ogv,(V/X)

=

X X

_2})

k .

We may assume that V > X since otherwise Sio; = 0 by - Thus (V/X)%*% <
(V/X)5~ %, and (6.23) simplifies to

(624) 5121 & é’Xl/kVQ—%-I—E + X4/3V%_%+6,

Having bounded the sum Sj2; in (6.16)), we next estimate Sy92, which is the part of (6.10)
that has |A;| > £. Recalling the definitions (6.4)) of X; and (6.15) of A;, we estimate the
integral in (6.10]) via integration by parts and then use (6.3]) to arrive at

2-2 a1 2-31e 1
(6.25) Sios K X% Z m < X%V Z ( ymn)%Jri]A ‘
nrmn<V/X w,ry,mn<V/X H 1
ey ey

[A1]>€ [A1]>¢€
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We split the range of |A{| dyadically to deduce from ([6.25)) that

3 1 1

6.26 Shoy < X2 RVE - . —
L T
L>¢/2 pwymn<V/X (w/mn)z ok

v<p

n<m

n<v

L<|A1|L2L

where L runs through the numbers 2/ with j € Z. Now if n < v < p and Ay < p/*, then
the definition (6.15)) of A; and the binomial theorem imply
1

(021) = (u b o ) = () O (),

Let £ > 0 be a small enough constant, depending only on k, such that if |A;| < 2e,u'/®,
then the error term in ((6.27)) has absolute value < 1/2. Split the L-sum in (6.26) and write

(6.28) Si2a K Xp + X,

where ¥ is the part with L < g,u'/* and ¥, is the part with L > e,u'/*. To bound %,
observe that if n < v < p and L < g,u'/*, then (6.27) implies that there are at most

1+ Ok(L,ul_%) integers m satisfying |A;| < 2L. Moreover, each such m satisfies m =< u by
(6.27)), the definition of g below (6.27)), and the fact that n < v < . Thus

1 1 1
) 1K — — g T T —\ 1+ Op(Lp %) ).
6.29 Y, < XPRve 14 O (Lt
(vn)ztarp!*s o L
n<v

Recall that, as in (6.26), L runs through powers of 2. Thus the number of terms in the
L-sum in (6.29) is < V¢|log{], and so

1 1
b} <<X2_%V8|10g§| E ﬁ(—Jrﬂl_’i)
pr,n<V/X (Vn>§+ﬁul+g 5
) 7V§M
n<v

3 1 1 1

1/k
po<v/x VH
v<p

< ETXITEVITE log €] 4 VTR log |

To bound the sum ¥, in (6.28)), ignore the conditions L < |A;| < 2L and n < m, and then
evaluate the L-sum as a geometric series to deduce that

(6.30)

_3 1 1 _3 1
Yy < XPTRVE E R E — < X¥RVE § T T3
PR L (vmn)2tae 2t
pvmn<V/X (,Lu/mn)z L>eppul/k wvmn<V/X H
v<p v<p
n<v n<v
1_5
9_3 1 9_3 27 2k 9_3
CXTEVE ) T s <XV >, o < VIR
u,u,m<§V/X v/ M2 2k 2" 2k <V X mz2T 2k
v<p

From this, (6.30]), and (6.28]), we arrive at
(6.31) S < EIXTTRV IR | log €] 4+ V2RTE(1 + |log €]).
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This, (6.24)), (6.16)), (6.13)), and now imply
S, <<X2’% +X%ff—kvgf%+s+£X1/kv27%+5+X4/3vgf%+s
+HETIXTTRV I log €] + VAR (1 + | log €]).

(6.32)

This completes our estimation of Sj.
Our next task is to bound Sy, which is defined by (6.7)). The procedure is similar to our
estimation of Sy9, which starts with (6.16)), and so we only present a sketch. Define Ay by

(6.33) Ay = No(pi, v, myms k) i= /% 4 pVE ot/ pl/k
and let ¢ be as in (6.14)). Split the sum S5 in (6.7) to write
(6.34) Sy = Sa1 + Sa2,

where So; is the part with |As| < € and Sas is the part with |As| > &. To bound Ss;, we may
assume that m < v < pu. We bound the integral trivially and partition the range of p into
dyadic intervals to deduce that, similarly to (6.17)), we have

1
Sexriy Y Lo
M pymnlV/X (/LVTTLTL)Q 2k
M<p<2M
m<v<p
|A2|<€

where M runs through the powers of 2 in the interval [1/2,V/X]. For each triple m, v, u in
this sum, the condition ([6.14)) ensures that there is at most one integer n such that |[Ay| < ¢,

and such an n satisfies n < p. If such an n exists, then
H (e 4 ml/k)kH <y EME

It follows from these and Lemma [3.4] that

2 1 1 . . s
S < X7 i[EE: T E : ﬁ(flw2 R E *3k(y1/k—|—m1/k)
Ml"'ﬁ (ym)§+2k
M v,m
Tr1<§%/2/ZX\4

+ M3t (Vl/k X ml/k)—1/2>

(to handle the case M = 1/2, we note that the conclusion of Lemma |3.4 holds trivially for
W =1/2). By an argument similar to our proof that (6.20)) implies (6.24)), we arrive at

(6.35) Sor < EXVRYATRTE 4 XY it

Next, to estimate the sum Sy in (6.34)), we bound the integral in (6.7)) via integration by
parts and split the range of |Ay| dyadically to deduce that, similarly to (6.26]), we have

_3 1 1
S LD Ok D Dl —
L>&/2 wr,mn<V/X (,w/mn)2 2

m<v<p
L<|A2|S2L

If m < v < pand [Ay] < p/%, then the definition (6.33) of Ay implies that

n=(p* 4 v'/* —|—ml/k)]C + Ok(]A2|,u1’%).
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Hence, as in our arguments below ((6.27)), there exists a constant €, > 0 such that if m <
v < pand L < gu'/*, then there are at most 1 —i—Ok(L,ul_%) integers n satisfying |Ao| < 2L,
and each such n satisfies n < p. The estimations leading up to (6.31]) then show that

Spy < ETIXITRVITE T log €] + V2 ETE(1 4 |log €]).

From this, , and - we arrive at
(6.36) Sy < le/’“V27+E + XYY ETRTE L X RV IR log €] + VETERTE(1 + |log €)).
This finishes our estimation of S,.

It is left to estimate S3, which is defined by . We bound the right-hand side of
by taking the absolute value of each term. By symmetry, we may then assume without loss

of generality that n < m < v < u. Recalling the definition (6.4) of X, we estimate the
integral in via integration by parts and then use (6.3)) to deduce that

_3 _3 1
Sy < X%k < X>RVE :
1/k (vmn)2t e pater
wr,mn<V/X wr,mn<V/X H
n<m<v<p n<m<v<p

We estimate the n-sum, m-sum, v-sum, and p-sum, in that order, to arrive at
1 3
2-31,e 2-31,¢ v2 o2k 277+5
(6.37) Sy X7EVE Y — o < X*Rve Y <V
w,r,m<V/X H nr<V/X H
m<v<p v<u
Now from (6.1]), (6.5)), (6.32), (6.36)), (6.37]), we conclude that if 1 <Y < T < X, V' is

defined by (6.2)), and 0 < £ < 1 such that (6.14)) holds, then

?r‘“

3

2X
)—1(/ |A(w) e < X?7F 4 X2mmVammte g e xVhy2othe g x 18y 5-ie
X

2+e¢
(6.38) +ETXITRVITE log €] + VTR (L + [log €)) +
44 X 2+e X4+e
ev2k—4
+y2k+2+XY +W+W

under the assumption of the Lindelof hypothesis. We now choose £ = X *%*5, T=X %Jri“,
and Y = X1 5o that (6.2) gives V < X*/* =1 and the conditions 1 <Y < T < X
and ((6.14)) are satisfied. With these choices for the parameters, (6.38) gives

1 )
— / |Ag(z)|* do < X* F=1te,
X Jx

This completes the proof of Theorem [1.7]

7. INTERVALS CONTAINING NO SIGN CHANGES

To complete the proofs of Theorems[I.1] [1.2] and [I.8] we first bound the integral
2X 2
(7.1) / sup Ak (x+h)— Ak(:c)> dx.
X 0<h<H

We do this by applying a method of Heath-Brown and Tsang [I3] that enables us to use

Theorems and to bound (7.1]).
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Suppose that 1 < H < X/8. We write H as
(7.2) H=2%

for some unique ¢, b such that ¢ is a nonnegative integer and 1 < b < 2. The definition (1.1
of Ag(z) implies that

(7.3) Z dip(n) — xPy(log x)
n<lz
for some polynomial Py of degree k — 1. Thus Ag(z) is continuous except at points a: =n
with n an integer, where it is continuous from the right and has left-hand limit Ag(n)—dg(n).
It follows that there is an hgy € [0, H] such that either
(7.4) sup |Ap(z + h) — Ap(2)]? = |Ap(z + ho) — Ap(2)?
0<h<H
or
(7.5) S}Llp |Ap(x +h) — Ap(2)]? = |Ar(z + ho) — di(x + ho) — Ap(z) |
0<h<H

Suppose first that (7.4]) holds. By (7.2) and the fact that 0 < hy < H, we have
(7.6) jb <ho < (j+1)b

for some integer j satisfying 0 < j < 2° — 1. The expression (7.3) and the mean value
theorem of differential calculus imply that

Ap(uz) = Ap(ur) = > di(n) + O((uz — ur) log(X +2))

u1<n<usg

for 1 <y <wup < X. Since di(n) > 0 for all n, it follows that
(7.7) Ap(ug) > Ap(ur) — O((ug — uy) log" (X +2))
for 1 <wuy <wuy < X. If Ap(z+ ho) > Ag(x), then and give
0 < Ap(x + ho) — Ap(z) < Ak(x - (j + 1)) — Ap(x) + O(blog"(X +2)),
while if Ag(z + ho) < Ag(x), then and (7.7)) imply
0> Ag(z+ ho) — Ak(x) > Ak(x +]b) — Ap(z) — O(blog"(X +2)).
In either case, we have
[Ak(z + ho) — Ar(x)] < e, |Ap(@ + jb) — Ag(@)] + O(log" (X +2)).

From this and ((7.4)), we arrive at
(7.8) sup |Ag(z +h) — Ap(z)]* < max [Ap(x + jb) — A(x)]* + O(XE).
0<h<H 0<j<2t
We have shown that if (7.4)) holds, then ([7.8)) is true. Now suppose that (7.5 holds and
x + hg is a positive integer. Then
Ak(l‘ + h()) — dk(l' + ho) — Ak(ﬁ) <0
since otherw1se ]Ak(x + ho) Ag(z)| > |Ag(x + ho) — di(x + ho) — Ag(x)|, which contradicts

. Hence and ([7.7) imply

0> Ak(ﬂH—ho) — di(z+ ho) — Ap(x) > Ag(z+ jb) — di(x + ho) — Ag(z) — O(blog"(X +2)),
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and ([7.8]) again follows because di(z + hy) < X°. We have thus proved that ([7.8)) holds in
either case. Consequently, for each x with X < z < 2X there is an integer j, = jo(x) such
that

(7.9) 0 < jo <2°

and

(7.10) sup |Ap(x 4+ h) — Ap(2)]? < |Ap(z + job) — Ag(2)]* + O(X®).
0<h<H

This, by itself, does not enable us to use Theorems or to bound because jg
might depend on x. To get around this difficulty, we use the technique of Heath-Brown and
Tsang [13] that uses the binary expansion of j, and the Cauchy-Schwarz inequality to bound
the right-hand side of by a sum of quantities of the form |Ag(z + hy) — Ag(x + ho)|?
with hq; and hy independent of x.

Since jj is an integer satisfying , it has a unique binary expansion

(7.11) o=y 2t
pnel
for some subset U of {0,1,2,...,¢}. We let
(7.12) ve=» 2"
meU
m<p
for each p € U, and write Ag(x + job) — Ag(x) as a telescoping sum
Al + job) — Aulx) = > <Ak T+ (v, + 1)271) — Ay (x + uﬂzf—ﬂb)).
pnelU
It follows from this and the Cauchy-Schwarz inequality that
(7.13) |Ax(@ + job) — Ap(@)* < (C+ 1)) [Ax(z + (v + 1)270) — Ay (z + 1,27D) ”.

pnel

Note that if 0 € U, then U = {0} by (7.9 nd (7-11). In this case, 1o = 0 by (7.12). On the
1)

other hand, if 0 ¢ U, then v, < 2* by In either case, it holds that 0 < v, < 2# for all
neU. Thus7 by including all possible values for 1 and v, we deduce from (7.13)) that

[Ap(@+job) — Ap(@)P < (C+1) Y > Al + (v + 1)2777b) — Ap(z +v27D) P,

0< <l 0<y<2H

where the indices of summation p and v run through integers. From this and (7.10)), we
arrive at

2X
X/ sup |Ag(z +h) — Ag(z)]* da

0<h<H

(£+1 Z Z / |Ar(z 4 (v + 1)2°74b) — Ap(z 4+ v271) |2 dx + O(X?).

0<p<l 0<v<2h
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This and a change of variables x — 2 — v2/7#b leads to

2X
X / sup |Ax(z +h) — Ay(o) de

0<h<H
2X +v2t—rp
<(U+1) ) > / |Ak(z 4 271D) — Ag(z) > dz + O(X?).
0<p<t 0<p<2h Fv2- Kb

To bound the latter integral, we may apply any of Corollary . Corollary [L.5] or Theo-
rem . 1.6{ because 1 < 2°7#b < X/8 for all u € {0,1,...,¢} by (7.2) and our assumption that
H < X/8. Applying Corollary [1.4] gives

2X
sup |As(z +h 2dr <. (0+1 2 HpX T 4 X©
X/ 0<h£H| (@ )~ Baola)f da ( )0; Z
<p<LO<p<2n
= (0+1)%2bX 5% + X°.
From this and , we deduce that if 1 < H < X/8, then

% / sup |As(z +h) — As(z)* dr <. HXote,

0<h<H

This bound holds true unconditionally, i.e., independently of any unproved conjecture. Sim-
ilarly, applying Corollary [L.5 instead of Corollary [1.4] we see that if 1 < H < X/8, then

2X
(7.14) % / sup |Ag(z + h) — Ag(2)]? do < e HX®

0<h<H

provided that the Lindel6f hypothesis is true. On the other hand, applying Theorem and
arguing in a similar way, we deduce that if 1 < H < X/8, then

2X
(7.15) e / sup |Ap(z + h) — Ap(z)|? do < H(log X)**+2 + X°

0<h<H

provided that the Riemann hypothesis is true.

We now have all the ingredients needed to prove Theorems [I.1] and using the
method of Heath-Brown and Tsang [13] for finding intervals containing no sign changes. Let
n > 0 be an arbitrarily small (fixed) constant. Define Gy.(x) by

(7.16) Cilx) = | Ap(z)] — (%ck —77) ok

where the constant Cy, is defined by (1.2)). Let H > 1 be a parameter to be chosen later, and
define Wy (z) by

Dl
W
x-""

2

(T17)  Wile) = Wil H) = G3(a) — sup (Gl + 1) - Gk(x)>2 _ (%ckm) |

0<h<H
Let S be the set
(7.18) S :={z € [X,2X]: Wi(x) > 0}.
By the definition of Wy, if x € §, then
(i) |Gk(x)| > sup |Gr(x + h) — Gi(x)|, and
0<h<H

1

(i) |Gy(2)| > LCyz2~>

=l
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Property (i) implies that Gy (z) has the same sign as Gi(y) for all y € [z,z + H]. Property
(ii) implies that Gi(z) > 0, since otherwise the definition ([7.16|) of G would imply

1 1 1 1 1 1
Gula)] = (5@ _ n) P ()] < SO,

which negates (ii). Thus, if x € S, then Gi(y) > 0 for all y € [z,x + H]. By (7.16), this
means that if z € S, then

8=

(7.19) 2l > (560 -0) vt

forall y € [z,z+ H]. If holds for all y € [z, 2 + H], then A, does not change sign in
[z, x + H] because if A; has a jump discontinuity at y, then the jump has size di(y) < y°.
Hence, to show the existence of an interval of length H on which A, does not change sign,
it suffices to prove that S is nonempty. We will in fact do more than this by finding a lower
bound for the Lebesgue measure of S. We will choose H = X 1-37¢ to prove Theorem
and H = ¢onX'"*(log X)"¥~2 for a suitable constant ¢, > 0 to prove Theorems [1.1] and
L8

To find a lower bound for the Lebesgue measure of S, first observe that the definitions
of W, and of § and the Cauchy-Schwarz inequality imply

(7.20) /sz Wi(x)dz < /SWk(x) dr < /Sez(x) dr < M1/2</2X Gi(x) dx) 1/2,

X

where M is the Lebesgue measure of §. Therefore, a lower bound for the integral of Wy
together with an upperbound for the fourth moment of G gives a lowerbound for M. Now

the definition (7.16]) of G}, the inequality |a + b|* < |a]* + |b|*, and Theorem [1.7] give

2X
(7.21) / Gi(z)de < X¥ wite

X

provided that the Lindelof hypothesis is true.

It is left to find a lower bound for the integral of W in . We do this by estimating
the integrals of each of the terms in the definition of Wi. For the first term, Tong’s
formula , the definition of G}, and the Cauchy-Schwarz inequality imply

2X 2 2X ) 2 x|
[ (@) az [T awpa s (jo-n) [Cate
X x 5 ;
2X 1/2 2X /1 > 1/2
722 —2( / \Akcv)r?dx) ( | (56-0) xl—kdx)
X v \2

>(1 + o(1)) GC’“ + n> 2 /2X o4 de

X

To estimate the integral of the second term in ([7.17]), observe that the mean value theorem
of differential calculus implies

(2 + B)i—% — i3

S

<k h.%ié*i
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for h > 0. It follows from this, the definition (7.16) of Gy, and the inequalities ||a| — |b]| <
la — b| and |a + b|* < |a|* + |b]? that

(7.23) sup (Gk(x +h) — Gk(x)>2 < sup (Ak(m +h) — Ak(x)>2 + H2p %,

0<h<H 0<h<H

We will use this shortly to show that we can choose the parameter H > 1 in such a way that

2x > 1 o
(7.24) / sup (Gk(:p +h) — Gk(m)> < —C’kn/ o'k dx.
X 0<h<H 2 P
If (7.2) holds, then (719), (722), and (7:24) imply
2X 1 oX
. x)de > (1+o =C + T kdx.
(7.25) Wale)ds > (14 oy (3604n) [ aid
X X

From this, ((7.20)), and (7.21]), we deduce that if H > 1 satisfies ([7.24)) and LH is true, then
M> X1

where we recall that M is the Lebesgue measure of S. Since each # € § has the property
that holds for all y € [z,z + H], it follows that there are at least > M /H disjoint
subintervals of [X,2X] of length H such that holds for all y in the subinterval. If
k > 3 and the Lindel6f hypothesis is true, then and ([7.23)) imply that H = X 1y e
satisfies for large enough X, and this proves Theorem [1.2] Moreover, if £ > 3 and the
Riemann hypothesis is true, then, by and , there exists a small enough constant
co > 0 depending only on k such that if

(7.26) H = conX 't (log X) 2,

then (7.24) holds for large enough X. This completes the proof of Theorem [1.1]
To prove Theorem (1.8, we argue as in equation (7.5) of [2] and use Hélder’s inequality
instead of the Cauchy-Schwarz inequality in ((7.20)) to deduce that

2X 2X 2/3
(7.27) / Wi(z)dx < / Wi(z) dx < /G%(m) dx < M3 (/ |Gk(x)|3dx> :
X S S b
The definition (7.16)) of G} with k = 3, the inequality |a + b|> < |a|® + |b]?, and (1.11]) give

2X
/ |G ()P do < X2+,
X

From this, ((7.25), and (7.27]), we deduce that
M> X1e

for k = 3 provided that the Riemann hypothesis is true and H is given by ([7.26)) with k = 3.
It follows that there are at least > M /H > X3¢ disjoint subintervals of [X, 2X] of length
H such that (7.19) holds for all y in the subinterval. This proves Theorem [1.8|
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