DIRICHLET L-FUNCTIONS OF QUADRATIC CHARACTERS OF
PRIME CONDUCTOR AT THE CENTRAL POINT

SIEGFRED BALUYOT AND KYLE PRATT

ABSTRACT. We prove that more than nine percent of the central values L(%7 Xp) are non-
zero, where p = 1 (mod 8) ranges over primes and yx,, is the real primitive Dirichlet character
of conductor p. Previously, it was not known whether a positive proportion of these cen-
tral values are non-zero. As a by-product, we obtain the order of magnitude of the second
moment of L(%, Xp), and conditionally we obtain the order of magnitude of the third mo-
ment. Assuming the Generalized Riemann Hypothesis, we show that our lower bound for
the second moment is asymptotically sharp.
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1. INTRODUCTION AND RESULTS

The values of L-functions at special points on the complex plane are of great interest.
At the fixed point of the functional equation, called the central point, the question of non-
vanishing is particularly important. For instance, the well-known Birch and Swinnerton-
Dyer conjecture [43] relates the order of vanishing of certain L-functions at the central
point to the arithmetic of elliptic curves. Katz and Sarnak [22] discuss several examples
of families of L-functions and describe how the zeros close to s = % give evidence of some
underlying symmetry group for each of these families. They suggest that understanding
these symmetries may in turn lead to finding a natural spectral interpretation of the zeros
of the L-functions. The analysis of each family they discuss leads to a Density Conjecture
that, if true, would imply that almost all L-functions in the family do not vanish at the
central point. Iwaniec and Sarnak [19] show that the non-vanishing of L-functions associated
with holomorphic cusp forms is closely related to the Landau-Siegel zero problem. Thus
the question of non-vanishing at the central point is connected to many deep arithmetical
problems.

A considerable amount of research has been done towards answering this question for
families of Dirichlet L-functions. Chowla conjectured that L(%, x) # 0 for x a primitive
quadratic Dirichlet character [7, p. 82, problem 3]. It has since become a sort of folklore
conjecture that L(%, X) # 0 for all primitive Dirichlet characters x. One family that has
attracted a lot of attention is the family of L(s, x) with y varying over primitive characters
modulo a fixed conductor. This family is widely believed to have a unitary symmetry type,
as in the philosophy of Katz and Sarnak. Balasubramanian and Murty [3] were the first to
prove that a (small) positive proportion of this family does not vanish at the central point.
They used the celebrated technique of mollified moments, a method that has been highly
useful in other contexts (see, for example, [4], O, B38]). Iwaniec and Sarnak [I§] developed a
simpler, stronger version of the method and improved this proportion to % The approach of
Iwaniec and Sarnak has since become standard in the study of non-vanishing of L-functions
at the central point. Bui [5] and Khan and Ngo [26] introduced new ideas and further
improved the lower bound . The second author [35] has shown that more than fifty percent
of the central values are non-vanishing when one additionally averages over the conductors.
For further interesting research on this and other families of L-functions, see [6, [10], 23, 24|
25, 27, 28, 29|, 30, [31].

The family of L(s, x) with x varying over all real primitive characters has also been exten-
sively studied. This family is of particular significance because it seems to be of symplectic
rather than unitary symmetry. Thus we encounter new phenomena not seen in the unitary
case. For d a fundamental discriminant, set yq(-) = (%1), the Kronecker symbol. Then
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Xa is a real primitive character with conductor |d|. The hypothetical positivity of central
values L(%, Xq) has implications for the class number of imaginary quadratic fields [I7, p.
514]. Jutila [2I] initiated the study of non-vanishing at the central point for this family
and proved that L(%, Xa) # 0 for infinitely many fundamental discriminants d. His methods

show that > X/log X of the quadratic characters yq with |d| < X have L(%, xq) # 0. Ozliik
and Snyder [32] examined the low-lying zeros of this family, and found the first evidence
of its symplectic behavior. Assuming the Generalized Riemann Hypothesis (GRH), they
showed that at least 12 of the central values L(3, x4) are non-zero [33]. Katz and Sarnak
independently obtained the same result in unpublished work (see [22], 39]).

Soundararajan [39] made a breakthrough when he proved unconditionally that at least
of the central values L(1, x4) with d = 0 (mod 8) are non-zero. The biggest difficulty lies in
analyzing the contribution of the “off-diagonal” terms in the evaluation of a mollified second
moment. Soundararajan discovered that there is, in fact, a main contribution arising from
these off-diagonal terms. (See Section |3|for more discussion.)

The case of real primitive characters with prime conductor is more difficult still. Jutila [21]
initiated the study of L(3,x,), where p is a prime. His methods yield that > X/(log X)?
of the primes p < X satisty L(%, Xp) # 0. The difficulty in studying this family is that
its moments involve sums over primes, and thus are more complicated to investigate. In
fact, Jutila only evaluated the first moment of this family. As far as the authors are aware,
no asymptotic evaluation of the second moment has appeared in the literature. However,
Andrade and Keating [2] asymptotically evaluated the second moment of an analogous family
over function fields. Andrade and the first author [I] have continued the study of the family
of L(%, Xp), showing that it is likely governed by a symplectic law. Conditionally on GRH,
they prove that at least 75% of primes p < X satisfy L(%, Xp) # 0.

We prove an unconditional positive proportion result for the central values L(%, Xp)- In
fact, we prove that more than nine percent of these central values are non-zero.

Theorem 1.1. There exists an absolute, effective constant Xo such that if X > Xy then

Z 1> .0964 Z 1.

p<X p<X
p=1(mod 8) p=1 (mod 8)
L(%7XP)?£O

The proof of Theorem proceeds via the mollification method, which we discuss briefly
in Section 3| below. Our methods build on those of Jutila [21] and Soundararajan [39]. As in
the work of Soundararajan, the main difficulty lies in evaluating the contribution of certain
off-diagonal terms. The difference now is that we are summing over primes instead of over
square-free integers, and so we cannot directly use his approach. A key idea in the proof
of Theorem is the use of upper bound sieves to turn intractable sums over primes into
manageable sums over integers. The use of sieves in studying central values of L-functions
has also appeared in some other contexts (see [16], also [36 p. 1035]).

The tools developed for the proof of Theorem allow us to obtain the order of magnitude
of the second moment of L(3, x,).

Theorem 1.2. Let ¢ be the positive constant

¢ = (1444(2) (1 - %)j B = .0492... .
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For large X we have

X 2 X
(e~ o) los X < 3 (ogp)L (4x,)" < (e +0(1)) 7 (log X
p<X
p=1 (mod 8)
One would rather have an upper bound in Theorem that asymptotically matches the
lower bound, but this seems difficult to prove unconditionally. By adapting a method of
Soundararajan and Young [41] we are able, however, to prove such an asymptotic formula

on GRH.

Theorem 1.3. Let ¢ be as in Theorem . Assume the Riemann Hypothesis for ((s) and
for all Dirichlet L-functions L(s, x,) with p=1 (mod 8). Then

Z (logp)L (3, Xp)2 = c%(log X)3 + O(X (log X)1/4).
p<X
p=1 (mod 8)

After we completed this paper, Maksym Radziwill informed us about work in progress with
Julio Andrade, Roger Heath-Brown, Xiannan Li, and K. Soundararajan in which they derive
an unconditional asymptotic formula for the second moment of L(%, Xp). Their approach
similarly introduces sieve weights, and they also observed that this idea could lead to a
non-vanishing result.

Our methods further yield the order of magnitude of the third moment of L(%, Xp), assum-
ing that the central values L(%, Xn) are non-negative for certain fundamental discriminants
n. This non-negativity hypothesis follows, of course, from GRH.

Theorem 1.4. Assume that for all positive square-free integers n with n = 1 (mod 8) it
holds that L(3, x») > 0. Then for large X

Z (logp)L (3, Xp)3 = X (log X)°.
p<X
p=1(mod 8)

Throughout this paper, we work exclusively with p = 1 (mod 8) for convenience, but
our methods are not specific to this residue class. With some modifications one could state
similar results for other residue classes modulo 8. See the end of Section [3] for more details.

Our work indicates that Soundararajan’s lower bound [39] for the proportion of non-
vanishing for fundamental discrimimants d = 0 (mod 8) also holds for the case of funda-
mental discriminants d = 1 (mod 8). Proving this involves re-doing the calculations in
Section [7, but without applying an upper bound sieve. To complete the proof, one would
also need a first moment calculation. We omit the details and instead refer the reader to
[39, Section 4].

It is natural to ask about the limitations of our method, and how much we can increase
the lower bound in Theorem|[1.1] If we assume that we can use arbitrarily long mollifiers [12],
then we obtain a higher percentage of non-vanishing. However, in view of the parity problem
of sieve theory [I3], we could not reach a proportion greater than % via our method. On
the other hand, by a different method [1, the Density Conjecture of Katz and Sarnak would
imply that 100% of the central values L(3, x,) are nonzero.

The outline of the rest of the paper is as follows. In Section [2| we establish some notation
and conventions that hold throughout this work. Section [3| outlines the basic strategy for
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the proof of Theorem [I.I] In Sections [4] and [§] we state a number of important technical
results which are used in the proofs of our theorems. The proof of Theorem is spread
across Sections [6] [7, and [§l In Section [6] and its subsections we study the mollified first
moment problem. The very long Section [7] and its subsections handle the mollified second
moment. We choose our mollifier and finish the proof of Theorem in Section[§l We prove
Theorems [1.2] and [I.3] in Section [9, and we prove Theorem [1.4]in Section

2. NOTATION AND CONVENTIONS

We define x,(:) = (?), the Kronecker symbol, for all nonzero integers n, even if n is not
a fundamental discriminant. Note that this means y,, has conductor |n| only when n is a
fundamental discriminant. We write S(Q) for the set of all real primitive characters x with
conductor < (). For an integer n, we write n = [ or n # [J according to whether or not n
is a perfect square.

We let € > 0 denote an arbitrarily small constant whose value may vary from one line to
the next. When ¢ is present, in some fashion, in an inequality or error term, we allow implied
constants to depend on € without necessarily indicating this in the notation. At times we
indicate the dependence of implied constants on other quantities by use of subscripts: for
example, Y <4 Z.

Throughout this paper, we denote by ®(x) a smooth function, compactly supported in
£, 1], which satisfies ®(z) =1 for z € [1 + @, 1 - IOQX] and ®V)(z) <; (log X)? for all
7 > 0. We could state our results for arbitrary smooth functions supported in [%, 1], but we
avoid this in an attempt to achieve some simplicity.

We write e(z) = €™, For g a compactly supported smooth function, we define the Fourier
transform g(y) of g by

9(y) Z/Rg(x)e(—xy)da:.

At times, however, we find it convenient to use a slightly different normalization of the
Fourier transform (see Lemma [5.2)).
We define the Mellin transform gf(s) of g by

(6 = [ gty

It is also helpful to define a modified Mellin transform g(w) by

gtw) = | glo)ad.
0
Observe that g(w) = g'(1 +w). Lastly, for a complex number s, we define

gs(t) = g(t)t*/2.
Note that

. . 1 1
®(0) = di(1) = ¢(0) = = + O :
0 =) = 80) =+ 0 (1
The letter p always denotes a prime number. We write ¢ for the Euler phi function, and
dy for the k-fold divisor function. If @ and b are integers we write [a, b] for their least common
multiple and (a,b) for their greatest common divisor. It will always be clear from context
whether [a, b], say, denotes a least common multiple or a real interval.
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Given coprime integers a and ¢, we write @ (mod ¢) for the multiplicative inverse of a
modulo gq.

3. OUTLINE OF THE PROOF OF THEOREM [L.1]

The proof of Theorem proceeds through the mollification method. The method was
introduced by Bohr and Landau [4], but later greatly refined in the hands of Selberg [38].
The idea is to introduce a Dirichlet polynomial M (p), known as a mollifier, which dampens
the occasional wild behavior of the central values L(%, Xp). We study the first and second
moiments

Sii= > (logp)® (%)L(%7Xp) M(p),

p=1 (mod 8)
p 2
Spi= Y. (ogp)® (%) L(3w) Mp)*
p=1(mod 8)

If the mollifier is chosen well then S; > X and Sy < X. By the Cauchy-Schwarz inequality
we have

(3.1)

Py . St

. Zy>2t
p=1 (mod 8)
L(%»Xp)?éo

and this implies that a positive proportion of L(%7 Xp) are Non-zero.
Our mollifier takes the form

m<M
m odd

for some coefficients b,, we describe shortly. Here we set
(3.4) M= X" 0 (0,3) fixed.

)
The larger one can take @, the better proportion of non-vanishing one can achieve.

The coefficients b, are a smoothed version of the Mébius function pu(m). Specifically, we
choose

(3.5) by = () H (fogﬂ”;) |

where H(t) is smooth function compactly supported in [—1, 1] which we choose in Section
[l It will be convenient in a number of places that b, is supported on square-free integers.

We outline our strategy for estimating S; and S3. We simplify the presentation here in
comparison to the actual proofs. The sum S; is by far the simpler of the two, so we start
here (see Section @ Using an approximate functional equation for the central value L(%, Xp)
(Lemma [4.2)), we write S; as

SEY Y = X (o (F) lmk)

m<M k<X1/2+5 p 1 (mod 8)

The main term arises from the “diagonal” terms mk = 0. The character values x,(mk) are
then all equal to one, and we simply use the prime number theorem for arithmetic progres-
sions modulo eight to handle the sum on p. The sum over k contributes a logarithmic factor,
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but this logarithmic loss is canceled out by a logarithmic gain coming from a cancellation in
the mollifier coefficients. This yields the main term for Sy, which is of size < X (Proposition
51).

The “off-diagonal” terms mk # [ contribute only to the error term. After some manipu-
lations the off-diagonal terms are essentially of the form

g= Y «l9) > (ogp)@ (£) xalp).

g<mxizee 42 p
q7#0

where «a(q) is some function satisfying |a(q)| <. ¢°. We assume here for simplicity that all
of the characters x, are primitive characters. We bound the character sum over primes in £
in three different ways, depending on the size of q. These three regimes correspond to small,
medium, and large values of ¢q. Some of the arguments are similar to those of Jutila [21].

In the regime of small ¢ we appeal to the prime number theorem for arithmetic progressions
with error term. The sum over primes p is small, except in the case where one of the
characters x,- is exceptional: that is, the associated L-function L(s, x,+) has a real zero f,
very close to s = 1. Siegel’s theorem gives ¢* > ¢(B)(log X)? with B > 0 arbitrarily large.
This would immediately dispatch any exceptional characters, but unfortunately the constant
¢(B) is not effectively computable. To get an effective estimate we use Page’s theorem, which
states that at most one such exceptional character y,- exists. We then study carefully the
contribution of this one exceptional character and show it is acceptably small.

In regimes of medium and large ¢, we take advantage of the averaging over ¢ present in
E. We bound £ in terms of instances of

EQ) =Q2

Q/2<q<Q
q70

)

> (logp)® <%> Xq(P)

p

where () is of moderate size, or is large.

When @ is medium-sized, we use the explicit formula to bound £(Q) by sums over zeros
of the L-functions L(s, x,). We then use zero-density estimates.

We are left with the task of bounding £(Q) when @ is large, which means @ is larger than
X? for some small, fixed § > 0. Rather than treating the sum on primes analytically, as we
did when ) was small or medium-sized, we treat the sum on primes combinatorially. We
use Vaughan’s identity to write the character sum over the primes as a linear combination
of linear and bilinear sums. The linear sums are handled easily with the Pdlya-Vinogradov
inequality. We bound the bilinear sums by appealing to a large sieve inequality for real
characters due to Heath-Brown (Lemma [£.4).

We now describe our plan of attack for Sy (see Section [7)). Recall that

Sp= Y (logp)® (%) L (%) M(p)*
p=1 (mod 8)

As we see from Theorem [1.3] we only barely obtain an asymptotic formula for the second
moment

S° (logp)L (3. %)

p<X
p=1 (mod 8)
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under the assumption of the Generalized Riemann Hypothesis. Thus, it might seem doubtful
that one can say anything useful about S5, since the central value L(%, Xp)? is further twisted
by the square of a Dirichlet polynomial. The key idea is that we do not need an asymptotic
formula for S,, but only an upper bound of the right order of magnitude (with a good
constant). We therefore avail ourselves of sieve methods (see Section . By positivity we
have

Se<(logX) > um@ () [ Do) L(Exa) Mn)?

n=1 (mod 8) dln

where

DN

dln

is an upper bound sieve supported on coefficients with d < D. Since we are now working
with ordinary integers instead of prime numbers, the analysis for S becomes similar to the
second moment problem considered in [39] (see [39, Section 5]).

We begin by writing

(3.6) 12(n) = Ny(n) + Ry (n),

where

(3.7) Ny(n):=> _u(f),  Ry(n):=> pu(l),
22n £2|n
<y >Y

and Y is a small power of X. The sum

S o(F) A | X L) ey

n=1 (mod 8)

is an error term, and is shown to be small in a straightforward fashion by applying moment
estimates for L(3, x,) due to Heath-Brown (Lemma .
The main task is therefore to asymptotically evaluate the sum

> @) Wl | S| £ ) M0

n=1 (mod 8) dn

We use an approximate functional equation to represent the central values L (2, Xn)2 and
arrive at expressions of the form

S0 Yy et S A Y (M (e (1),
<Y d<D ml,m2<M n=1 S‘I;Lod 8)

22|n

where w(x) is some rapidly decaying smooth function that satisfies w(x) ~ 1 for small z. We
then make the change of variables n = m/[d, ¢?].
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We use Poisson summation to transform the sum over m into a sum basically of the form

5 () (“55022) 2 (sretms)

kEZ

for some smooth function F,. The zero frequency k = 0 gives rise to a main term. Since
(%) = 1 or 0 depending on whether h is a square, the £ = 0 contribution represents the
expected “diagonal” contribution from miymsr = [J. There is an additional, off-diagonal,
main term which arises, essentially, from the terms with [d, /?|k = (0. We adapt here the
delicate off-diagonal analysis of [39]. The situation is complicated by the presence of the
additive character e(-), which is not present in [39]. The additive character necessitates a
division of the integers k into residue classes modulo 8. We then use Fourier expansion to
write the additive character as a linear combination of multiplicative characters. After many
calculations the off-diagonal main term arises as a sum of complex line integrals. When we
combine the various pieces the integrand becomes an even function, exhibiting a symmetry
which none of the pieces separately possessed. This fact proves to be very convenient in the
final steps of the main term analysis.

One intriguing feature of the main term in S is a kind of “double mollification”. We
must account for the savings coming from the mollifier M (n), but must also account for the
savings coming from the sieve weights A\;, which act as a sort of mollifier on the natural
numbers. It is crucial that we get savings in both places, and therefore our sieve process
must be very precise. We find that a variation on the ideas of Selberg (see e.g. [17, Section
6.5]) is sufficient.

At length we arrive at an upper bound S, p, say, for Sy of size Soy < X. We make
an optimal choice of the function H(z) in Section (8 to maximize the ratio S7/Ssr. The
resulting mollifier is not the optimal mollifier, but it gives results that are asymptotically
equivalent to those attained with the optimal mollifier. This yields Theorem [I.1]

To treat other residue classes of p (mod 8), we make the following changes. First, we
change the definition of x,(-) to (ﬂ» where a =0if p=1 (mod 4) and a=1if p=3

(mod 4). Thus y, is still a primitive character of conductor p. Second, we use a variant of
the approximate functional equation (Lemma [4.2) with w;, defined in (4.1)), replaced by

1 [ D(3+ 12y 2)\’ d
_/ (2 . 24j) (1_ XI;(_)) fisW(S)—S.
2mi S T (M) ’ s

2

1

The function W(s) here is 16 (52 — 1)2. Its purpose is to cancel potential poles at s = 5 in

4
the analysis.

4. LEMMATA

We represent the central values of L-functions by using an approximate functional equa-
tion. We first investigate some properties of the smooth functions which appear in our
approximate functional equations. For j = 1,2 and ¢ > 0, define

1 F(é—l—l)j 1)’ _ds
(4.1 wj<§>—2—m/(c)ﬁ(1—2és) e
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Lemma 4.1. Let j = 1,2. The function w;(§) is real-valued and smooth on (0,00). If £ >0

we have
wi(€) = (1 - %) +0.(65).

For any fixed integer v > 0 and € > 4v + 10, we have

2

w§u)(§) < (5/2)11—&-3 exp <_i§§> <, exp (—ééﬁ) .

Proof. The proof is similar to [39, Lemma 2.1], but we give details for completeness. The
function wj(s) is real-valued because the change of variable Im(s) — —Im(s) shows that w; is
equal to its complex conjugate. Moreover, uniform convergence for £ in compact subintervals
of (0, 00) shows that w; is smooth.

To prove the first estimate of the lemma, move the line of integration in the definition

of wj(§) to ¢ = —3 +&. The pole at s = 0 contributes (1 - %)j, and the new integral is
0.(¢27).

Let us turn to the last estimate of the lemma. We may suppose 5% > 4v + 10. By
differentiation under the integral sign we find

T e A G K SRS U P
;=5 /@ Ty <1 21s> (s+1)-(s+v—1)¢

Recall that [I'(x +iy)| < TI'(z) for z > 1 and zF(z):F(z—l—l). Thus, for ¢ > 2 we obtain
) c, 5 )j< QC)j _c_v/ |5 + K
w; <I'({z+-+v 1+ — ||
;" (©) (2 4 V2 : © |s!!2+ +ul o5+ +k\ i

c 5 T2\ [2\" _
<r(5+50v) (3) (¢)

where the implied constants are absolute. By Stirling’s formula this is

(et Setavsd) roj\e o\
2e £ &)

We choose ¢ = %5% — 2v — 3, which we note is > 2. Thus, the quantity in question is

v+3
() ()

as desired. 0

2

We will find it technically convenient to use an approximate functional equation in which
the variable of summation is restricted to odd integers.

Lemma 4.2. Let n =1 (mod 8) be square-free and satisfy n > 1. Let x,(-) = (%) denote
the real primitive character of conductor n. Then for j = 1,2 we have

I (%,Xn)j _ % Ii} M\/;lj(y)wj (1/ (%)jm) =:D;(n).
% -
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Proof. The proof follows along standard lines (e.g. [I7, Theorem 5.3]), but we give a proof
since our situation is slightly different.

Let A(z, xn) = (%)Z/Zf(g) L(z,xn). Since n = 1 (mod 4) we have x,(—1) = 1, and

therefore we have the functional equation (see [8, Proposition 2.2.24], [11, Chapter 9])
A(Z’Xn> = A<1 ez Xn)

Recall also that A(z,xy,) is entire because x,, is primitive.

Now consider the sum
= Xn(V)d;(v) I/
I T \/; w'j v <n> ’

We use the definition of w; and interchange the order of summation and integration. Since
Xn(2) = 1 we have

1 r(s+ 1y IIAY 1\ /s (1 7 ds
[ L vt VA - ) (B p (540 2
2mi Je T (3)° ( %S)( 2ﬁJ T 27

1 n)=j/4 1Y 1Y\ /1 I d
- 5 (W) ; (1_ 1 <1_ 1 ) A(_+87Xn) _8
210 Jioy T (}1)3 2275 22Fs 2 5

We move the line of integration to Re(s) = —¢, picking up a contribution from the simple
pole at s = O:
n\—j/4 1 \% 1 J
ray U ve) e
1 n)=i/4 1y’ 1\ /1 7 ds
27 J g F(i)J 23— 23ts 2 S

In this latter integral we change variables s — —s and then apply the functional equation
A(3—5,xa) =A (3 +5,xn) to obtain

i () 2 Gn) e 2 ()

4 v odd

We then rearrange to obtain the desired conclusion. 0

We frequently encounter exponential sums which are analogous to Gauss sums. Given an
odd integer n, we define for all integers &

e (50 (E)5) 5 06)

a(mod n)

and

(4.3) n= 3 (4)e (2—"7) - (132 T (%) 1;) Gu(n).

a(mod n)

We require knowledge of Gy (n) for all n.
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Lemma 4.3. (i) (Multiplicativity) Suppose m and n are coprime odd integers. Then Gi(mn) =
Gr(m)Gg(n).
(i) Suppose p* is the largest power of p dividing k. (If k =0 set « = 00.) Then for > 1

/

0 if B < a is odd,
o(p°) if 6 <« is even,
Gr(p’) = { —p° if B=a+1 is even,
(=P if B=a+ 1 is odd,
10 if B> a+2.
Proof. This is [39, Lemma 2.3]. |

The following two results are useful for bounding various character sums that arise. Both
results are corollaries of a large sieve inequality for quadratic characters developed by Heath-
Brown [15].

Lemma 4.4. Let N and @) be positive integers, and let ay,...,an be arbitrary complex

numbers. Then
2

< (QN)(Q+N) Z |Gy Gy |

ning=01

2.

X€S(Q)

for any e > 0. Let M be a positive integer, and for each |m| < M write 4m = mym3, where
my 1S a fundamental discriminant, and msy is positive. Suppose the sequence a, Satisfies
la,| < n®. Then

> anx(n)

n<N

1
n;M m

Proof. This is [39] Lemma 2.4]. O

< (MNYN(M + N).

Lemma 4.5. Suppose o + it is a complex number with o > % Then

Y Lo it )t < QU (L + )

x€S(Q)
and
S IL(e + it )P < QUL+ [H)
x€S(Q)
Proof. This is [39, Lemma 2.5]. O

5. SIEVE ESTIMATES

Our main sieve will be a variant of the Selberg sieve (see [14, Chapter 7]). To lessen the
volume of calculations, we also use Brun’s pure sieve [14, Chapter 6] as a preliminary sieve
to handle small prime factors. We set
(5.1) 2o = exp((log X)'/?)
and
(5.2) R:=X", ¥ e (0,3) fixed.

2
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Given a set A of integers we write 1 4(n) for the indicator function of this set. For y > 2

we define
Ply)=]]r

Py
Then, for n =< X, our basic sieve inequality is
(5.3) Linm prime} < Lgni(n,P(20))=1} L{n:(n, P(R)/P(20))=1} 5

We write w(n) for the number of distinct prime factors of n. To bound the first factor on
the right-hand side of ([5.3)), we use Brun’s upper bound sieve condition (see [14], (6.1)])

(5.4) 1{n;(n,p(z0))=1}(n)§ Z u(b),
bl(n,P(20))
w(b)<2rq

where

ro = | (log X)3].

We use an “analytic” Selberg sieve (e.g. [34]) for the second factor of (5.3). We introduce a
smooth, non-negative function G(¢) which is supported on the interval [—1,1]. We further
require G(t) to satisfy |G(¢)| < 1,|GY(t)] <; (loglog X)’~! for j a positive integer, and on
the interval [0, 1] we require G(t) =1 —t for t < 1 — (loglog X)~'. Then

2
log d
_ . _ <
(5.5) s, P(R)/P(z0) =11 (1) < ( 2, mde (log R) )

dn
(d,P(20))=1

- T¥ WG (1250 ) 6 (125

3, K] In
(jk,P(20))=1

We mention also that the properties of G imply

o 1

5.6 G't)Pdt=1+0——= ] =1+0(1).
(5:6) [Tewra=1v0 () =1 o)
Note that the fundamental theorem of calculus and Cauchy-Schwarz yield the lower bound

/ G'(t)%dt > 1.

0
From ((5.3)), (5.4), and (5.5)), we arrive at the upper bound sieve condition
(57) 1{nn prime} (n) S Z /\da
dln

where the coefficients \; are defined by

(5. v= X NS st () 6 ((E5).

b|P(z0) mn<R
w(b)<2rg  blm,n]=d
(mmn,P(z0))=1
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If b| P(2) and w(b) < 27y, then b < 25 = exp(2(log X)?/3). Hence Ay # 0 only for d < D,

where
(5.9) D = R*exp(2(log X)??) <. R®X".

In our evaluation of sums involving the sieve coefficients ([5.8)) we use the following version
of the fundamental lemma of sieve theory (see also [14) Section 6.5]).

Lemma 5.1. Let 0 < § < 1 be a fived constant, v a positive integer with r < (log X)°, and
20 as in (5.1)). Suppose that g is a multiplicative function such that |g(p)| < 1 uniformly for
all primes p. Then

Z ,u _ H (1 _ M) + O<exp(—7“10g10g7">>

b|P(z0) p<zo p
w(b)<r pit
(6,0)

|| I/\

uniformly for all positive integers €.

Proof. The proof is standard. Complete the sum on the left-hand side by adding to it all the
terms with w(b) > r, dropping by positivity the condition (b,¢) = 1. The error introduced
in doing so is < exp(—(1+o(1))rlogr) < exp(—rloglogr) (e.g. [17, §6.3]). The completed
sum is equal to the Euler product on the right-hand side. 0

The basic tool in our application of the Selberg sieve is the following lemma.

Lemma 5.2. Let zy = exp((log X)'/?). Let G be as above. Suppose h is a function such
that |h(p)| < p~° uniformly for all primes p. Let A > 0 be a fized real number. Then there
exists a function Eo(X), which depends only on X, G, and 9 (see (5.2)) with Eo(X) — 0 as
X — 00, such that

> it @ () @ (o) TL (1 000)

mn<R plmn

(510) (mn ZP(Z()))
1+ Ey(X) 1\ 1
= 5 1 - - Os 1 PN\A )
log R 11 < p) T P (log R)4

p<zo

uniformly for ¢ < XOW,

Proof. Let § denote the left-hand side of (5.10). If m,n < R and (mn, P(z)) = 1, then
w(mn) < log R, and each prime dividing mn is larger than z5. Thus

H(1+h(p>)—1+O<IO§R>’
plmn ’
and so

o s- T oo () o M5)

m,n<R
(mn, EP(ZO))
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We may ignore the condition (mn,¢) =1 in (5.11)) because

ZZ 2 Z 1 < (logﬁ)(logR)?’.

Z
mn<R m,n<R p|¢ 0
(mn, P(zo)) 1 (mn, P(zo)) 1 p\mn p>20
(mn,0)>1

We next insert the Fourier inversion formula

(5.12) G(t) :/ g(2)e '+ g
into (5.11)), where
(5.13) o(z) = / Gt dt.

We then interchange the order of summation and integration and write the sum as an Euler
product to deduce that
(5.14)

1 1 1 (log R)*
/ / 9(21)9(22) (1 T T iEE T It + L4 2 i ) dz1dz+-0 (T :
p>z0 p log R p log R p log R 0

By integrating ([5.13|) by parts repeatedly we see

log log X A
< _ ,
9(2) ( Tt e )

and we have the trivial bound

1 1 . )
H (1 - p1+1+i21 o 14 1Fizg + 1+2+2,Z1H22> < (logR) (1).

p>z0 log R p log R p log R

Therefore, we may truncate the double integral in (5.14) to the region |z|, 22| < v/log R,
with an error of size O4((log R)™4). After doing so, we multiply and divide the integrand
by Euler products of zeta-functions to arrive at

(5.15)

1 4 241214122

¢ (1+ =)
// (21)g(22) (1 n 1+zz1) ¢ (1 i 1+zz2>

|2:|</Iog R log R log R

(1 - ﬁ)
1+ Tog R 1 1
X E 1+0| = | | dad O ———= |-
H ) ) H ( + p? RUE (log R)A
p<z0 1-— T itirg 1-— —itizy p>20

pl+ log R p1+ log R
The product over primes p > z in (5.15)) is 1 + O(1/2p). To estimate the product over
p < zp, observe that if |s| < v/log R, then

1 |s|log p (log X)'/*
Z _1(1— <<Z—<<||10g20<<W,

p<z20 p<z20
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which implies that

() o (S0 ) ()

p<z0 p<z0 p<zo

(o () IL(-3)

p<z0

We may also expand each zeta-function in ([5.15)) into its Laurent series. With these approx-
imations, we deduce from (5.15) that

S = : H (1 - 117) // 9(21)9(22)<1 T ia)(1 1 iz) (1+ E(X, 9, 21, 22)) dz1dzy

24121 + 129
|zi|<+v/log R

+0 <(log R)_A> ,

uniformly for log¢ < log X. Here E(X,1, 21, 22) tends to zero as X — oo. By the rapid
decay of g(z), we may extend the range of integration to R? without affecting our bound for
the error term. By differentiating (5.12) under the integral sign and Fubini’s theorem, we
find

(T +i21)(1 +iz9) /°° Lo
1 dzodzy = t)*dt.
(5.16) [ [ ateoat 2 b~ [T e
R2
The lemma now follows from ([5.16]) and (5.6)). O

Lemma 5.3. Let A\; and D be as defined in (5.8)) and (5.9), respectively. Suppose that g is
a multiplicative function such that g(p) = 1+ O(p~°) for all primes p. Then with Eq(X) as

in Lemma we have
Ad 1+ Fo(X) 9(p) 1\~ 1
2 o(d) = — L 20 A 1- - J) (I
Z d 9(d) log R H pgo P +0 (log R)?018

d<D p<zo p
(d,0)=1 ¢

uniformly in € < X0,

Proof. The definitions (5.8)) and (5.9) of A\; and D imply

A o p(b)p(m)p(n) -, (logm logn
Z Eg(d) B Z ZZ b[m, n] ¢ (logR) ¢ <log R) 9(blm, n}).

d<D b|P(20) m,n<R
(d,£)=1 w(b)<2rg (mn,LP(20))=1
(b,0)=1

In the sum on the right-hand side, g(b[m,n]) = g(b)g([m,n]) because b and mn are coprime.
Thus we may apply Lemma and then Lemma [5.1] to arrive at Lemma 5.3 O
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Lemma 5.4. Let \g, D, g be as in Lemma [5.3  Suppose that h is a function such that
|h(p)| <. p~ 1+ for all primes p. Then with Eo(X) as in Lemma we have

Ad 1+ Eo(X 1\
> Mo hi) =~ O (1)

d<D pld p<zg
(d,0)=1
g(p 9(q) < 1 )
X 1—-—==14+0.,( ———= |,
Z H< Q> "\ (log R
ptt qipt

uniformly for all integers ¢ such that logf < log X. (Here, the index q runs over primes q.)
Proof. The definitions and ( of \;y and D imply

z%ngh z Sy M 6 () 6 (157)

d<D pld b|P(z0) m,n<R
(d,0)=1 w(b)<2ro (mn,LP(z0))=1
(b,0)=1

Since b and mn are coprime, g(b[m,n]) = g(b)g([m,n]) and

> h(p)=>_hp)+ D hip)

plbmn plb plmn

We may ignore the sum over the p|mn because the conditions (mn, P(2)) = 1 and mn < R?

imply | R
Z h(p) < prlJrs < 25 og '
%

plmn plmn

We factor out g(b) and prh(p) from the sum over m,n and then apply Lemma W to
deduce that

A 1+ Eo(X IR
> o) Son) — ) ] (1 - Z—))

d<D pld p<zo
(d,0)=1
(5.17) 1
< 5 P00 Y 00 +0 (o)
log R)ZOIS
b|P(z0) plb
w(b)<2r¢

(b,6)=1

To estimate the b-sum, we interchange the order of summation and then relabel b as bp to
write

u u 9(p)h(p) ()
> (0)_hp) =3 hp) D = ab) ==, 2. 9.
b|P(z0) plb p<zo b|P(z0) P<zo b|P(z0)
w(b)<2r¢ pie w(b)<2rg pie w(b)<2ro—1
(b,0)=1 (b,€|)b:1 (b,pl)=1
p

Lemma [5.4| now follows from Lemma [5.1 and (5.17)). O
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6. THE MOLLIFIED FIRST MOMENT
Our goal in this section is to asymptotically evaluate S;. Recall from (3.1)) that
b
Si= > (logp)® (y) L (3, xp) M(p).
p=1(mod 8)

Recall the definition of M(p) from (3.3, and the choice (3.5) we made for the mollifier
coefficients b,,,. We shall prove the following result.

Proposition 6.1. Let 0 < 0 < 3 be fized. If X > Xo(0), then

1

5= (H(O) - 2—10H’(0)) A (ﬁ) |

The implied constant in the error term s effectively computable.

Let us begin in earnest, following the outline in Section [3] We apply Lemma to write
L(3, xp) as a Dirichlet series. We insert the definition of M (p) and obtain

_ 2 L » ™ (mn
o <1_¢%)2n§4 vm n; */ﬁpa(zm;daa)(logp)@ <X>w1 <n p) ( p )
m odd n odd

The main term arises from the terms with mn = 0. Let us denote this portion of S; by SY.
We denote the complementary portion with mn # [ by Sf . Therefore

Sy = ST+ 57,
where
oo Y Sl S oo (2 (D) (22)
1= N X)) p)\p )’
<1 - L) m<M n=1 m\/ﬁpzl(mod 8) * P Y
V2 m odd n odd
(6.1) , " _
m P s mn
ST=r—z 2 2 g 2. (epe(g)w (” ‘) (_)
(1 _ L) m<M n=1 \/m\/ﬁpzl(mod 8) <X> ! g
V2 m odd n odd
mn£0

We treat first the main term ST, and later we will bound the error term S7 .

6.1. Main term. Recall that b, is supported on square-free integers m. Therefore, mn = [J
if and only if n = mk?, where k is a positive integer. We make this change of variables and
then interchange orders of summation to obtain

2 P b =1 T
ST=—"— > (logpo (—) > =y K=
1 (1 - L)2 =1 (mod 8)( ng) X meM ' =1 km " p

v2) PO (m,2p)=1 (k,2p)=1

By the rapid decay of w; (Lemma {4.1)) we see that the contribution from those k with
(k,p) > 11is O4(X~4), so we may safely ignore this condition. We may also ignore the
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condition (m,p) = 1, since m < M < p. We insert the definition (4.1) of wy(¢) and
interchange to deduce that for any ¢ > 0 we have

= 1
E Ewl <mk:2 Z)
k=1 p
(k,2)=1
1 rE+1) 1 1 D\ 5/2 ds
2mi Joy (L) 93— gz ) U F2 () me
We move the line of integration to Res = —% + ¢, leaving a residue at s = 0. The new

integral is O, (p_i“m%_s). Using b,, < 1, we see that the total contribution of this error

term is < X1T<M3. This is O(X'7¢) by (3.4). Writing the residue at s = 0 as an integral
along a small circle around 0, we deduce that

(6.1.1)
SP=0(X" )+ —2 S (logp)d (%) > b
1 <1 — i>2 =1 (mod X ™
vz) p=tlmeds) (m2)=1
1 Ir(s+1) 1 1 p\*/2 . ds
" omi 5= oL I'(3) (1 2%‘8) (1 21+23> ((1+25) (ﬂ') o
2Tog X

We next use the definition b, = u(m)H (log m) and the Fourier inversion formula (com-

log M
pare with (5:12),(5-13))

(6.1.2) H(t) = / " h(2)e 0+ g,
where

(6.1.3) h(z) = /OO e H(t)e™ dt,
to write

- /°° o im)

—m "’ = h(z —————dz
2 PP P
(m,2)=1 (m,2)=1

o0 1 -1 1+iz
= h 1- — -1 dz.
/_OO <Z) ( 21+s+11;g*§§, ) ¢ < s log M> :

From repeated integration by parts we obtain




20 SIEGFRED BALUYOT AND KYLE PRATT

and therefore we may truncate this integral to the range |z| < v/log M. Thus,

bm 1 -1 1 .
—m " = h(z) l = —— C_l 14+ s+ R dz

Viog M A log M
m<M m |z|<y/log M 2 Tog M og

(m,2)=1
1
0] .
" A((logX)A>

—1
For |s| = g1 and |2| < /log M, we may write (1 - 2%) ¢! <1 + 5+ —li'g%) as a

st 15g 17
power series and arrive at

by / ( 1—|—iz) ( 1 >
—m = 2 h(z) s+ dz + O — | .
Z m 2| <\/Tog T (2) log M (log X)?

m< M
(m,2)=1

We may extend the range of integration to the entire real line, with negligible error, because
of (6.1.4). The definition of H(t) implies that

H'(t) = —(1+iz) / N h(z)e 1042 gz,
Therefore
/Zh(z) (s 110;;;) iz = s (0)_log1M o),
and hence
(6.1.5) %4 %"m—s = 2sH(0) — logMH’(O) + O ((logX)2)
(m,2)=1

We insert (6.1.5)) into (6.1.1]) to obtain

ST :% > (logp)® (%) %]{ﬂ: —F(Eg)%‘) (1 B 2;1_5)
(1-%) 4

1
p=1 (mod 8) 2log X

x (1 - 21128) C(1+25) (g)sﬂ (sH(O) - 1Og1MH’(O)) % + 0 (10‘;()() .

We evaluate the integral using the formula

1 !

(6.1.6) Resg(s) = o —qyy g™ 9()

s=0

for a pole of a function g(s) at s = 0 of order at most n. This yields

S — (1 _1¢%> S (logp)® (%) (H(O) - 211‘;3’\41{’(0)) +0 (102()() .

p=1 (mod 8)
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By the support of ® we have log p = log X + O(1). We then use the prime number theorem
in arithmetic progressions and partial summation to obtain

(6.1.7) ST = @ (H(O) - %H’(O)) )4—(6(0) +0 (10‘;()() .

Now ([6.1.7)) gives the main term for Proposition [6.1]

6.2. Preparation of the off-diagonal. We turn to bounding Sf . In order to complete
the proof of Proposition [6.1], we prove
X

2.1 7~ _.
(6 ) Sl < (IOgX)l—s

We need to perform some technical massaging before Sfé is in a suitable form. Recall from

(6.1)) that
5t = S Z T o (§) e (n Z) (@)

p p
() 25,5
mn##0

We begin by uniquely writing n = rk? where r is square-free and k is an integer (this
variable k is unrelated to the variable k appearing in the analysis for ST). The condition
mn # [ is equivalent to m # r, since both m and r are square-free. It follows that

G T RS S T () (D) ()

< B 75) odd r;ddk o:dd
We next factor out the greatest common divisor, say g, of m and r. We change variables
m — gm,r — gr and obtain

(=) s agin a7 i
(m,r)=1
mr>1
D 2 T mrg*k?
x Y (logp)® (}) wi{grh7y '
p=1 (mod 8) P Y

Observe that the support of by, forces ¢ < M < X %, but we prefer not to indicate this
explicitly.
Clearly we have <QQTkQ> =1 for p 1 gk and = 0 otherwise. Since ¢ < M < p the condition

p1 g is automatically satisfied. By Lemma we may truncate the sum over k£ to k < X ite
at the cost of an error O(X '), say. We may similarly truncate the sum on r to r < X 3te
With & suitably reduced we may drop the condition p t k, and then we use the rapid decay
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of wy again to extend the sum on £ to infinity. It follows that

P I M I D SO -

1— —) g odd m<M/g r<X1/2+e k=1
( V2 (m,2g)=1 (r29)=1 k- odd
(6.2.2) (m,r)=1
mr>1
[ g T mr
1 cp(—) k2 )T
< 3 teaie (F)un (1) () + o0
p=1 (mod 8)

We next detect the congruence condition p = 1 (mod 8) with multiplicative characters
modulo 8. Therefore

El%d 8)(logp)<1> (%) wi (grk2\/g> (%>
33 S () (o) ()

Since m and r are odd and square-free and (m,r) = 1, it follows that mr is odd and square-
free. Hence, for each vy € {1, —1,2, —2}, the integer ymr is square-free. Therefore ymr =1,
2, or 3 (mod 4). If ymr =1 (mod 4), then (™) is a real primitive character modulo [ymr|,

(6.2.3)

while if ymr = 2 or 3 (mod 4), then (m) is a real primitive character modulo \4fym7"| (see

[8, Theorem 2.2.15]). Moreover, for p odd, <%) = <7’;”"> Therefore the sum in is
equal to

(6:2.4) LY St () e (o[ ) o)

vye{£l,£2} p

where Yo (1) = (Z2£) if ymr = 1 (mod 4), and Xqm,(-) = (222) if ymr = 2 or 3 (mod 4),
0 that X.m-(-) is a real primitive character for all the relevant v, m,r. Also, since mr > 1,
we see that ymr is never 1, so each X, is nonprincipal.

We insert the definition of w; into in order to facilitate a separation of variables.
Recalling and , we interchange the order of summation and integration to
obtain

St = 0(1) + LU DI SRUEULES'S Z—

( \%) godd 9 m<aryg VL xiese \/_ Ye(E1£2) k=L

(m,2g)=1 (r,29)=1

(m,r)=1

mr>1
1 F(%—l—%) 1 P ds
L TEED LY e (01 S g () o G
2mi () F(};) 238 (gr ) (ng) X X (p)p S

p



QUADRATIC DIRICHLET L-FUNCTIONS OF PRIME CONDUCTOR 23
We choose ¢ = @, so that p*/? is bounded in absolute value. We can put the summation
on k inside of the integral, where it becomes a zeta factor, and we obtain

£ _ 2 1w (9) bmg pEr) 1 LG

r<X1/2+e vye{+1,+2}
V2 (m,2g)=1 (r.2g)=1
(m,r)=1
mr>1

(15 ) (17 g ) € 29m 7 () S thorn® () vom 012

2
p

It is more convenient to replace the log p factor with the von Mangoldt function A(n). By
trivial estimation we have

s s/2 _ n s/2 1/2
> (logp)® (X> Xomr (PP =) " A(n)® (X> Xoymr (R)1*% + O(X72).
p n

When we sum the error term over m, g,r and integrate over s, the total contribution is
O(X179), provided € = £(6) > 0 is sufficiently small. By the rapid decay of the I" function in

vertical strips we can truncate the integral to [Im(s)| < (log X)?, at the cost of a negligible
error. We therefore obtain

- 2 1(g) brm 12(r) 1
ST =O0(X") + 5D ) N > Jr 4 2
— 75) g odd 9 m<M/g r<X1/2+e ye{£1,£2}
(m,29)=1 (r2g)=1
(m,r)=1
mr>1

(6.2.5) 1 oex Hillog X)? (s 4 1 1 1
x— [ <214)(1— : )(1——1+2)§(1+2s)
2m 1oglei(logX)Q F(Z) 2=

S (f)/ (7 S A () o) -

Having arrived at , we are finished with the preparatory technical manipulations.
We proceed to show that Sfﬁ is small. As discussed in Section , we apply three different
arguments, depending on the size of mr. We call these ranges Regimes I, II, and III, which
correspond to small, medium, and large values of mr. In Regime I we have 1 < mr <
exp(w+/log x), where w > 0 is a sufficiently small, fixed constant. Regime II corresponds
to exp(wy/logz) < mr < X 10, and Regime I1I corresponds to X10 < mr < MX27¢. We
then write

(6.2.6) ST = B\ + E»,

where E; contains those terms with mr < exp(w+/log ), and Ej, contains those terms with
mr > exp(wy/log x). We claim the bounds

By < —F7s
(6.2.7) (log X)'—=

Ey, < X exp(—cw+/log z),
where ¢ > 0 is some absolute constant. Taking together (6.2.6) and (6.2.7) clearly gives
(6.2.1), and this yields Proposition [6.1} It therefore suffices to show ([6.2.7)).
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6.3. Regime I. We first bound FE;, which is precisely the contribution of Regime I. By
definition, we have

12 ( bing p2(r) 1
By = DD 3 )3 >
( 7) g odd m<M/g m r<X1/2+e \/F 4 vye{+1,+2}

? (m.29)=1 (r,29)=1
(m,r)=1

1<mr<exp(wy/log )

(6.3.1) 1 ex tilog X)? p(s 4 L 1 1
LD () (1 L e
27TZ 1 —i(logX)2 F(Z) 2§_S 2 +2s

log X

&) e )i

We transform the sum on n with partial summation to obtain

(6.3.2) ZA ( )Xym,.(n) _ _/OOO Lo ( ) (ZA 1) Xomr (1 )dw.

By [11), equation (8) of Chapter 20], we have

(6.3.3) Z A(n)Xymr (0 u;l +0 <w exp(—c1y/log w)) ,

where ¢; > 0 is some absolute constant, and the term —w” /B; only appears if L(s, Xymr)
has a real zero (5, which satisfies f; > 1 — m for some sufficiently small constant ¢o > 0.
All the constants in , implied or otherwise, are effective.

The contribution from the error term in is easy to control. Observe that

% 1 L w B oo )
(6.3.4) /0 X‘(DS (Xﬂ dw = /O 1@ (w)| du < || +1,

uniformly in s with Re(s) bounded. Taking (6.3.1)),(6.3.2)) and (6.3.4]) together, we see the
error term of (6.3.3)) contributes

(6.3.5) < X exp(cz(w — ¢1)y/1log X)

to Ey, where c3 > 0 is some absolute constant. The bound is more than adequate for
provided we choose w > 0 sufficiently small in terms of ¢;.

The conductor of the primitive character y.,m, is < exp(wy/log X) < exp(2w+/log X).
We apply Page’s theorem [11} equation (9) of Chapter 14], which implies that, for some fixed
absolute constant ¢4 > 0, there is at most one real primitive character x.,, with modulus
< exp(2w+y/log X) for which the L-function L(s, xym,) has a real zero satisfying

(6.3.6) Br>1-—

n<w

Cy
2w/log X
—wﬁ—ﬁl, we evaluate the integral

e ()

To estimate the contribution of the possible term
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arising from (6.3.2)) and ([6.3.3). We make the change of variable ¥ +— u and integrate by
parts to see that this integral equals
uﬁl

0 Bl

We assume that a real zero satisfying (6.3.6)) does exist, for otherwise we already have an
acceptable bound for E;. Let ¢* denote the conductor of the exceptional character )., for

which the real zero ; satisfying (6.3.6)) exists. Then we have

Xh O (u)du = —Xﬁl/ b (u)u tdu = — X" 0T (2+Bl>
0

(6.3.7)
1 o X+z logX §+l 1 1
El - T4 - /—/ ’ <2 Tl 4) (1 - 1 > (1 - 1+25>
27TZ < |q log X 7Z(IOgX F(Z) 2578 2
X S/ ’ s p3(r) 12 (9)bgm ds
il L gm 72
x(w) cavae (S45) XY LW 3 Llmd
1<mr<exp(wy/log X) (g,2mr)=1
(mr,2)=1
(m,r)=1
ymr=q

+0 (X exp(—csv/log X) )

where ¢5 > 0 is some constant, and +* is some bounded power of two.
We next write by, = u(gm)H(*22™) and apply Fourier inversion as in (6.1.2),(6.1.3) to

log M
obtain
(6.3.8)
-1
= p(m —== Iz l = ———— 1+s+ dz.
(g ZTnZT):l gl+s lLL( ) —0 mlozlw ( )pgr ( p1+5+10;]\4> C < lo gM)

By (6.1.4) we can truncate the integral in (6.3.8)) to |z| < v/log M at the cost of an error of
size Op(da(mr)(log X)~P). This error contributes to ([6.3.7)

<pB

(log X)B+0()’
which is acceptable. We therefore have
(6.3.9)

I A 3 DI TP [ =] (R P
L= — 1 1 R
( ) | m<Mr<X3+e 27” fogx —i(log X)? I'(3) 22
(mr2) 1
(m,r)=1
ymr=q

1 X\ 2 1
w (1 —Jca+29) (2 qﬂ( + )/ -
< 21+25)C< S)(W) 2 b (2| <v/Tog 7 1108 77 (=)

-1
1 1+iz ds X
<1l (1‘p—> (s ) =50 (x)

p|2mr
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We handle the s-integral in (6.3.9) by moving the 'line of integration to Re(s) = —bgfﬁ,
where ¢g > 0 is small enough that {(1 + s + gﬁ) has no zeros in the region Re(s) >
“pi . Im(s) < (log X )2. By moving the line of integration we pick up a contribution
from the pole at s = 0. We write this residue as an integral around a circle of small radius
centered at the origin, and thereby deduce

(6.3.10)
B—__ X"

) 20y L L' +1) 1\
2(1—%)2\/W > u(m)u(r)%]{ W(1_2%S>T

mﬁM,rSXl/Q+€
(mr,2)=1
(m,r):l
ymr=q*

1 X\*? . /s 1
(1 1+29) (2] @l (24 )/ - h
( 21+28) C< S) (ﬂ-) 2 61 |z|<+/log M mligllvzf (Z>

-1
1 141z ds X
1— — 11 dz— .
% H ( 1+s+i,§§\z4> ¢ ( +S+10gM) s +O(logX>

p|2mr p
We have the bound
(6.3.11) B <1— c7

Vg (ogla*])*
where ¢; > 0 is a fixed absolute constant (see [IIl, equation (12) of Chapter 14]). If ¢*
satisfies |¢*| < (log X)?7¢ then by (6.3.11]) we derive

X% <« X exp(—c;(log X )=/?).
By estimating trivially we then obtain

By < X exp(—cr(log X)),
which is an acceptable bound. We may therefore assume that ¢* satisfies
(6.3.12) lg*| > (log X)*~*.

For |s| = —1+ we have the bounds
log X

1414 1
(14 2s) < log X, C_1(1+5+ +zz)< - I2]

log M log X
Using these bounds and (/6.3.12]) we deduce by trivial estimation that

X X
6.3.10) .
( ) < |g*|1/2—o™ < (log X )1—=

This completes the proof of the bound for E; in ((6.2.7)).

6.4. Regime II. It remains to prove the bound for F, in (6.2.7)). From (6.2.5) and (6.2.6))
we see that F5 is the contribution from those m and r in Regimes II and III. The estimates
in regimes II and III are less delicate than those in regime I, and consequently the arguments
are easier.
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In (6.2.5) we write ¢ = ymr. After breaking ¢ into dyadic segments we find
By < (log X)W Y £(Q),

Q=2
QR>exp(w+/log X)
Q<<MX1/2+5

where

EQ)=Q2" Y

x€S(Q)

> Ame,, () X))

n

Here sq is some complex number with Re(sg) =
prove (|6.2.7)) it therefore suffices to show that

(6.4.1) E(Q) < X exp(—cgmw/log X)

@ and |[Im(sp)| < (log X)2. In order to

for each @ satisfying exp(wy/log X) < Q < MX 3*¢. In this subsection we treat the Q
belonging to Regime II, that is, those () which satisfy () << X 10. In the next subsection we
treat the ( in Regime III, which satisfy ) > X 1.

In Regime II we employ zero-density estimates. We begin by writing ®,, as the integral
of its Mellin transform, yielding

n 1 S0 L
A(n) ®, (—) :—/ chb‘f( —) —Z (w,x) ) dw.
Observe that from repeated integration by parts we have
)‘ﬂ
for every non-negative integer j.
We shift the line of integration to Re(w) = —%, picking up residues from all of the zeros
in the critical strip. On the line Re(w) = —3 we have the bound

Im(sg)

t—
2

(6.4.2) )qﬂ(a +it+ %)] <o (log X7 (1 +

7w, < log(ao),

and this yields

Y An) @, (%) =Y xroef <p + %) +0 (O()i‘,x—l/éom) .

L(p,x)=0
0<p<1

We have written here p = § + ¢y. The error term is, of course, completely acceptable for
(6.4.1)) when summed over ¢ < Q.
By (6.4.2)), the contribution to £(Q) from those p with |y| > Q'/? is

< XQ'
say, and this gives an acceptable bound. We have therefore obtained
(6.4.3) £(Q) < Xexp(—wy/logX)+Q 2% Y Y x°
xX€5(Q) L(p,x)=0
0<B<1

[v<QY/?
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In order to bound the right side of ([6.4.3]), we first need to introduce some notation. For a
primitive Dirichlet character x modulo ¢, let N(T, x) denote the number of zeros of L(s, x)
in the rectangle

0<p<, v < T.
For T > 2, say, we have [I1], Chapter 16]
(6.4.4) N(T,x) < Tlog(qT).

For 1 < o < 1, define N(a,T,x) to be the number of zeros p = 8+ iy of L(s,x) in the
rectangle

a< B <1, v < T,
and define
N(o,Q,T) Z Z N(a, T, x).
q<Q x(mod q)

In N(o, @, T) the summation on x is over primitive characters. We employ Jutila’s zero-
density estimate [20] (1.7)]

(6.4.5) N(a,Q,T) < (QT)*1-a)+e,

which holds for o > 4

In (6.4.3]), we separate the zeros p according to whether < Zor 3> 4 . Using (/6.4.4]) we
deduce

(6.4.6) Q7 Y Y X< XM
X€S(Q) L(p,x)=0
0<8<4/5
ly|<QY/?

For those zeros with 3 > % we write

B
XP =X+ (logX) | X“da.
4/5

We then embed S(Q) into the set of all primitive characters with conductors < ). Applying

(6.4.6) and (6.4.5)), we obtain
1
>Y X< XiQU 4 (g X) [ XN(0,Q,Q%)da

X€S(Q) L(p,xq)=0 4/5
4/5<p<1

h<Q?
1
< X%Q1+E + Qa XaQ6(1—a)da
4/5

Since @ < X 1 the integrand of this latter integral is maximized when o = 1. It follows
that

(647) Q7%+5 Z Z Xﬁ <<X%Q1+E_‘_XQ*%+E <<XQ7%+5
x€5(Q) L(pxq)=0
4/5<p<1

1
[v<Q2
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Combining (6.4.7)) and (6.4.6)) yields
E(Q) < XQ
and this suffices for (6.4.1).

6.5. Regime ITI. Tn Regime ITl we have X 10 < Q < MX27° = X3%0%< (recall (3.4)). Here
we depart from the philosophy of the previous two regimes, in that we do not bound £(Q)
by considerations of zeros of L-functions. Rather, we exploit the combinatorial structure of
the von Mangoldt function and Lemma [4.4]

We observe that in Regime III one may still proceed with zero-density estimates by ap-
pealing to Heath-Brown’s zero-density estimate for L-functions of quadratic characters [15],
Theorem 3]. We present our method for the sake of variety, and because it might prove
useful in other contexts.

Let us move to our treatment of £(Q) for these large (). Given an arithmetic function
f:N — C and a real number W > 1, let f<y (n) denote the arithmetic function

few(n) = {g(n% Z i 3//’

We write fow(n) = f(n) — f<w(n).
We write * for Dirichlet convolution. Our starting place is Vaughan’s identity [17, Propo-
sition 13.4]. Given a parameter V' > 1, we have

(6.5.1)  A(n) = Acv(n) + (u<y xlog)(n) — (n<v * A<y * 1)(n) + (sv + Asy * 1)(n).

We apply (6.5.1) for n < X, and we set V := X3 This reduces the estimation of £(Q)
to the estimation of three different sums, say &(Q), for ¢ € {1,2,3}. Observe that there are
four terms on the right side of (6.5.1)), but A<y (n) is identically zero for n < X.

We have

n

> (nev *log)m)y, (5 ) x(n)

> (logm)o., (52) X(m)‘ .

m

£(Q)=Q 2 Y

XES(Q)

<Y N )

x€5(Q) vV

By partial summation and the Pdlya-Vinogradov inequality, we find that
(6.5.2) £1(Q) < QY <« Xat0r5(-0+e  x1-e,

the last inequality holding for e = £(f) > 0 sufficiently small.
The estimation of &(Q) is entirely similar, and we obtain

D (v * Acy 5 D), (55) x(0)

n

£:(Q) = QFF
(6.5.3) ’ X§Q)

< Q1+ev2 < X3 H0+3(5-0)+e < X'-=.
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The last sum to estimate is E(Q):
n

(s * Aoy D)y, () X()

n

S Y alkpe (5 ) v

k.l

£(Q) =Q2 Y

X€S(Q)
—QatE Z
XES(Q)

where a(k) = psv (k) and 5(¢) = (Asyx1)(£). Observe that both «(+) and §(+) are supported
on integers m satisfying

Y

V<m< XV

We further observe that |a(k)| < 1,|8(¢)| < log(¢). We perform dyadic decompositions on
the ranges of k£ and ¢, so that £ < K, ¢ =< L, with

V<K< XV VL« XV

and KL =< X.
We next separate the variables by Mellin inversion on @ :

O[>

X€S(Q)

£1(Q) < (log X)°W sup/ dw.
(0)

K,L

DD alk)BO) (k) x(ke)

The integral of |®] | has size < (log X)°"), so we obtain

YD ak)BOx(ko)|,

k=K
=L

£(Q) < sup Q72 Y-

K,L XES(Q)

where &, 3 are complex sequences with |a(k)| = |a(k)|, |3(0)| = |8(¢)| for all k,¢.
By multiplicativity and Cauchy-Schwarz we obtain
2) %

2y
) (5
XES(Q)

(@+ L)L)
KL KL KL>
T +—
K2 L3 Q§

> alk)x(k)

k=<K

> BOx()

(=L

E3(Q) < sup cz-%+8( 3
KL
x€5(Q)
Applying Lemma [4.4] yields

5

&(Q) <sup — ((@ + K)K)

K.L 2

N[
N|—

(6.5.4) < sup X° <X%Q5 +

K,L

X
< X° <X3+g + +—1) < X'

3 Q>
The last inequality follows since V = X3(z9 and Q > X1. Then (6.5.2), (6.5.3), and
§54) imply

Q)< X'e,

and this suffices for (6.4.1).
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6.6. Dénouement. We can extract from our proof of Proposition the following result
on character sums over primes, which we shall have occasion to use later.

Lemma 6.1. Let X be a large real number, and let 6 > 0 be small and fixed. Let sy be

a compiLexr numoer wi e(So)| > an mi(So =~ o 2, or some positive req
! ber with |Re(so)| < e and [Im(sy)| < (log X)*, f iti !

numbers Ay and As. Given any positive real numbers Asz, Ay, and B, we have

7(q)™ (log )2 Z P q X
Z (log p) @, <—) = || KA1,45,43,44,B5 7R
g<X1-0 \/a p=1 (mod 8) X p (log X)
q odd

q#0
The implied constant is ineffective.

Proof. Follow the proof of (6.2.7)), but instead use the lower bound ¢* > ¢(D)(log X )P, which
holds for arbitrary D > 0. The constant ¢(D) is ineffective if D > 2. U

Lemma is quite strong since it corresponds, roughly, to square root cancellation on
average in the sums over p. Thus, one would not expect to be able to prove an analogue of
Lemma with the upper bound for ¢ replaced by X' for any € > 0.

7. THE MOLLIFIED SECOND MOMENT

In this section we derive an upper bound of the correct order of magnitude for the sum

Sy defined in (3.1). Our main result for this section is the following (recall (3.4) and (5.2)).

Proposition 7.1. Let 6 > 0 be small and fized, and let 0,9 satisfy 0 + 29 < % If X >
Xo(9,0,9), then

o o143 39X
TTo(1- )04’

where

1
3——2/ H(x)H'(z)dx + - /H (2)H" (z)dx + = /H’ )2dw
0
1
! 1" i 2
292/ H'(x)H"(x)dx —1——2493 H (x)"da.

The proof of Proposition follows the ideas outlined in Section [3] I First, we note that
logp < log X in (3.1)) because ® is supported on [%, 1]. By positivity we may apply the upper
bound sieve condition ({5.7)) to write

Sy < (log X)ST,
where ST is defined by

(7.1) st= Y n) ( 3 )\d> o (%) L2, xn)2M (n)?.

n=1 (mod 8) dln
d<D

Note that d is odd since d | n and n = 1 (mod 8). Also, Ay # 0 only for square-free d by the
definition (5.8), and so Ay = p?(d)A\s. We use Lemma [4.2] to write L(3, x»)? = D2(n), then
insert (3.6]) into ([7.1)) to write

(7.2) ST =55+ 5%,
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where

(7.3) Sy = Z Ny (n) ( Z Mz(d))\d> ¢ (%) Dy(n)M(n)?
n=1 (mod 8) dln

and )

n
Sk= Y. Ry(n) < > MQ(d)/\d> o (}) Dy(n)M(n)
n=1 (mod 8) dln
d<D
We first obtain a bound on SE. The remainder of this section will then be devoted to an
analysis of S}.

7.1. The contribution of SE. In this subsection we show
X
(7.1.1) Sh < X* <?+X1/2M>.

The arguments here are almost identical to those in [39, Section 3]. Observe that Ry (n) =0
unless n = (?h with £ > Y and h square-free. If n = 1 (mod 8) then £ and h are odd and
h =1 (mod 8). By the divisor bound we have

|RY(n)‘ < n’, < n,

> ()

dln
d<D

and therefore

Sp<XT > > (W) M(Ch)*Dy(Ch)].
Y<i<vVX X/202<h<X/€?
21¢ h=1 (mod 8)
There is a mild complication compared to [39] in that it is possible to have h = 1, in which
case the character yj, is principal.
We apply Cauchy-Schwarz and obtain

(7.1.2)
1/2 1/2
St<xt Y ( > u2<h>rM<£2h>2\2> ( > u2<h>u>2<£2h>\2> .
Y<t<vX \ X/202<h<X/? X/202<h<X/0?
210 h=1 (mod 8) h=1 (mod 8)
We have

v 5 5
R

for some coefficients a(m) satisfying |a(m)| < m®. For h = 1 we use the trivial bound
M(*)* < M?X¢. For h > 1 we use Lemma We therefore have

X
(7.1.3) > p)IMPh)?P < X* (E—Q + MQ) .
X/202<h<X/02
h=1 (mod 8)
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Now observe that, for any ¢ > l,

2 1 I2(s+1) 1\ /2n\° _, (1 ds
2 _— 24 (71— — ) rL? 20)—
Dy(h) = (1_7)%/” S0 (1-5=) (F) 2 (5+50)e20,

where

5(5,/@):5!(1_;’;—%)5.

If h = 1 then L? (% + S,Xh) = §2(% + s). In any case, we move the line of integration

to ¢ = 10; +, and we do not pick up contributions from any poles. When h > 1 this is

obvious, and when h = 1 the double pole of (*(3 + s) is canceled out by the double zero
of (1 —27(1/279)2 By trivial estimation we have then |Dy(¢?)| < X°. For h > 1 we apply

Cauchy-Schwarz to obtain
s 1 1
rf=+- L=
Gl Gron)

Summing over h and using Lemma [£.5], we obtain

2 4

Dy (0%h) > < Xf/ |ds|.

(long)

) ) ) X1+€
(7.1.4) > p(WID(CR) < —5
X/202<h< X /0?
h=1 (mod 8)

Combining (7:12), ([13), and ([T14) vields (7-1.1).

7.2. Poisson summation. We begin our evaluation of Sy by inserting into (7.3]) the def-
inition (3.3)) of the mollifier M (n). We then use the definition of Dy (see Lemma (4.2) to

write
bmlme n
S T Y e S e (3)
- d<D m1,ma<M Vimims n=1(mod 8)
(7 9 1) d odd m1,mg odd dln
= dy(v) (1/7?) n
% ”z:d;d N w2\ mymev )

We next apply Poisson summation to evaluate the n-sum. Denote the n-sum in ([7.2.1)) by
Z, i.e. define Z by

(7.2.2) Z=Z(dv,mmiX,Y) = Y Ny(n)d (%) W (”-”) ( n )

n mimev
n=1 (mod 8)
dln

We insert the definition (3.7) of Ny (n) and interchange the order of summation to write Z
as

(7.2.3) Z=Y ua) Y A(x) (mlzw) =

a<Y n=1 (mod 8)
« odd [02,d]|n
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where F,(t) is defined by

v
2.4 F(t) = ® (-) .
(124 (1) = Bty (22
If o and d are square-free, then [a?, d] = a?d;, where
d
2. dy = ——.
(725) ' aa

We may thus relabel n as o?dym in (7.2.3)), and then split the resulting sum on m according
to the congruence class of m (mod mimar). We deduce from ([7.2.3)) that

- 2 ow(ehn) T () T on(f)

a<y mod mymav) m=a2d; (mod 8)
(a,2mimav)=1

m=b (mod mimav)

By the Chinese Remainder Theorem, we may write the congruence conditions on m as a
single condition m = v (mod 8mymsvr) for some integer v depending on «,d,b. Thus, we
may relabel m as 8ymimsv + 7, where j ranges over all integers, and arrive at

(7.2.6)

P M‘“)(mﬁu) 3 (mlzw);m(awl(sjm;(mzym)).

( a<yY | b (mod mimav)
a,2mimev)=1

We apply Poisson summation to the j-sum to write

Z P a?dy (87mymav + ) X Z . kv i kX .
X 8a2d1m1mgy = 8mymav aZdymymav

JEZ Z

We insert this into , apply the reciprocity relation

. k~y _ . k8b . ko2dymymear
8mimov ) mymeov 8 ’

and then evaluate the b-sum using the definition (4.3)) of the Gauss sum. Therefore

X 2d
7 Z pla) ( 1 )
8mimav = o?dy \ mymaov
(a,2m17ngv):1

ko2dimimor \ - kX
X Ze <T Fu m Tk<m1m21/).

kEZ

Recalling ((7.2.1]) and -, we arrive at
by b - da(v) p(a)
Sy = Z TR ZZ (myms) 3/2 Z 32 Z o2d;

d<D m1,mo<M v=1 a<Y
(7 2 7) d odd (m1m2,2d)=1 (v,2d)=1 (a,2mimar)=1

2d1 ka2d1m1mgu ~ kX
— | F, | .
% (mlmgu) Z © ( 8 a2dymymav T (mimsv)

kEZ
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Note that we may impose the condition (m;mav, d) = 1 because otherwise (i) =0. We

write as
(7.2.8) St =T+ B,

where 7 is the contribution from k = 0 in ((7.2.7)), while B is the contribution from %k # 0 in
(7.2.7). We evaluate Ty in the next subsection, and B in later subsections.

7.3. The contribution from k = 0. By (4.3), 79(n) = ¢(n) if n is a perfect square, and

T0(n) = 0 otherwise. Hence the term 7y in (7.2.7)) is

bmlme - d2<1/) /L(Oé)
To= ( 1) Z A (d)a Z Z (mamg)3/? Z 3/2 Z o2d,
(731) g<£1 m1,ma<M v=1 a<Y

(m1m2 2d)=1 (v2d)=1 (a,2mimav)=1
mimeov=0L

X F,,(O)cp(mlmgy).

We first extend the sum over « to infinity. Since ¢(n) < n, the error introduced in doing
SO 1S

(7.3.2) <X |\ ZZ 'bmlbm‘ Z Z aidllﬁy(o)\.

d<D mi m2<M

m1m21/ O

By Lemma (4.1, F,(0) < 1 uniformly for all v > 0, and F,(0) < exp(—Z%) for v > X<,
Moreover, 1.’ implies that |\] < d°, while |b,,| < 1 by (3.5)). It follows from these bounds

that is
€ 1 1 €
(7.3.3) < XYY Z > 7 %‘/ g e (—X°).

d<D m1,ma<M Vmimy p< X1+
mimeor=0

Since mymgar is a perfect square, the sum over my,mq,v in ((7.3.3) is < X¢. Also, the
definition (7.2.5)) of d; implies that

1
Zoﬂd1 d290 Z STy

jld

Jla

Therefore (7.3.3) is O(X'™/Y’). This bounds the error in extending the sum over « in
(7.3.1)) to infinity, and we arrive at

by bm — d -
Ty SN T et 3 R X 6

d<D m1 m2<M v=1 a=1
d odd (mima,2d)= (r2d)=1 (a,2mymav)=1
mimeor=0>

R X +e
X F,(0)p(mymar) + O ( v ) :
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Writing the sum on « as an Euler product, we deduce that

s o () X e

d<D mi, m2<M
dOdd (mlmg 2d
(7.3.4) - 1
da(v) - D Xl1te
F,(0 —_— O .
< 2.~ R0 ]] (pH +0 (5
(=1 plmamay

mimeor=0
We next evaluate the sum over d. Lemma implies
2 2
p?(d) A p 1+ Ey(X) 1 P
= 14 =
S M2y RO (D (2

(735) d<D pld p|2mimav p<zo
(d,2mimov)=1 P<zo

+0 ((log R)~>'%)..

Recall that Ey(X) — 0, and depends only on X, G, and 9. Heretofore we just write o(1)
instead of Ey(X).
We may omit the condition p < zy by trivial estimation and (5.1)). It follows from ({7.3.5)

and ([7.3.4) that

2X 1+ of b bm L dy(v) -
76 — “mi1Yma FV(O)
(V2—1)4 logR %;4 ; 7
(736) (mime,2)=1 (V’2):EE|
mimoUv=

O X X1+€
+ (log R)2018 + Y :

The next task is to carry out the summation over mq, mo, and v. Let T be defined by

(73.7) =YY e les g di/(;)ﬁy(o).

mi1,ma<M v=1
(m1m2 2)= 1 (v,2)=1
mimeor=0

We insert into ((7.3.7) the definition of b, and the definitions and ( of F,
and wo, and then apply the Fourier inversion formula (6.1.2)). After 1nterchang1ng the order

of summation, we arrive at

Y YY), 0
1 Togdl, Tog M S
(m1mav,2)=1 (m1m2u)2m1 my* " vs
mimov=0L
where we take ¢ = @ to facilitate later estimations. We may write the sum on mq, mo, v

as an Euler product

p(ma)p(ms)da (v) —H)mTe v +1)
ZZZ | i i —H Z Z Z ’””’"2*”+m (fogir ) +mz(fosaz ) +vs

(mimav,2)= (mlmQU) 2m11 g M leogM p>2 m1=0 ma=0 v=0 P log M

mimeor=>0 mi1+mo-+r even
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This can also be written as

(7.39) C(1+25)¢ (1+ 2z )2 (14 B2 45 ) 2 (14 B +5)Q (125, 122,5)

where Q(wy,ws, s) is an Euler product that is uniformly bounded and holomorphic when
each of Re(wy), Re(ws), and Re(s) is > —e. From this definition of @) and a calculation, we
see that

(7.3.10) Q(0,0,0) = 1,

a fact we use shortly. We insert the expression (| - for the my, ms, v-sum into and

arrive at

i i - iz - 12 12 12 ds
(1) (1 s ) (1 s )@ (B £ ) dadn

By and the rapid decay of the gamma function, we may truncate the integrals to the
region |z, |22] < v/Iog M and [Im(s)| < (log X)?, introducing a negligible error. We then
deform the path of integratlon of the s-integral to the path made up of the line segment L,
from 1og1X —i(log X)2 10 —fogiegx —i(log X)?, followed by the line segment Ly from m —
i(log X)? to g x Ti(log X)?, and then by the line segment L3 from — Toglog X logX +i(log X)?
to @ +i(log X)?, where ¢’ is a constant chosen so that

(7.3.11) ((1+2) <log|lm(z)] and ﬁ < log [Im(2)|

for Re(z) > —c/log|Im(z)| and |Im(z)| > 1 (see, for example, Theorem 3.5 and (3.11.8) of
Titchmarsh [42]). This leaves a residue from the pole at s = 0. The contributions of the
integrals over L; and L3 are negligible because of the rapid decay of the I' function, while

the contribution of the integral over L, is negligible because X*® < exp ( / 102)53?)() for s

on Ly. Hence the main contribution arises from the residue of the pole at s = 0. Writing
this residue as an integral along a circle centered at 0, we arrive at

To = - F(%——Fi‘y(l— 1 >2<§)Sé(s)43(1+23)

271 Is|= 1 1 F(i) 2275 m
< | / () (1 255 )2 (1 i +9) (1 5 + )
|zi|<+/log M

121 122 d ]‘
XQ (llo—g_M’ llc;gM’ ) ledZQ +0 (W) .

We may expand the zeta-functions and the function () into Laurent series. The main contri-
bution arises from the first terms of the Laurent expansions, and so we deduce using (7.3.10))
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il (- i) (5) o0 [ [ o

|2i|<VIog M

log M 14z (1 +iz 2 ds 1
dzydze— + 0 | ———— | .
8 (2+i21+i22) (logM +S) (logM +S) Adng T (log X)1—=

By (6.1.4), we may extend the integrals over z;, 2o to R?, introducing a negligible error. We
then apply the formula

[ weme AL g,

24121 + 129

that

3. = 21 21 ) o) etz —ti+ 1022
(7.3.12) / / / h(z1)h(22) (1 +i21) (1 + izg) ke~ OFE)=10+E) g g2 dt
0 —0o0 J —00

)i / HO () H® (1) dt
0
to obtain

1 INCIESIE 1\ /X\°. 1 !
Ty = 24 1-— — ) @ —_— H"(t)*dt
°7 16mi fizllx r(1)2 ( 2%—8) (w) ) (1ogM)3/o ©)
4s ! ' 1" 2s° ! " 4s® ! 1(4)2
_W/o ()1 (t)dt+1OgM/0 HOH @ i+ o [
_433/1H(t)H’(t) dt+s4logM/1 H(t)*dt @ +0 (é)
0 0 (log X)1== )

We evaluate the s-integral as a residue using (/6.1.6]). The result is

d(0) 1 log X / y log X \* / P
To=—>F|1—— H"( dt—2 H(t)H"(t)dt
"T 8 ( ﬂ) { (logM> ogar) J, O
logX log X / /
H(t)H"(t)dt 4 4 H'(t)* dt — H(t)H'(t)dt ; + O :
* logM/ (t) dt + log M * (log X)'—= )
From this, ([7.3.6)), and the definition (7.3.7) of T, we arrive at
(7.3.13)

X 14+0(1) | 1 [logX 3/1 o
= — (== H"(t)? dt
7o g(1_ L 2 logR {24 (logM 0 (®)
V2

1 (log X 2ot logX (! log X [!
— = H'(t)H"(t)dt H(t)H"(t)dt H'(t)*dt
2<logM> /0 (WH() +210gM/0 (OH() +10gM 0 ®)

_ /01 H(t)H'(t) dt} +0 ((logff)l—a + X;E) |
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7.4. The contribution from k # 0: splitting into cases. Having estimated the term 7y
in ([7.2.8]), we now begin our analysis of B. The analysis of B is much more complicated than
the analysis for 7.

The behavior of the additive character e(ka?dymimsr/8) in depends upon the
residue class of £ modulo 8. We therefore distinguish the following cases for k: k is odd,
k=2 (mod4), k=4 (mod 8), or k =0 (mod 8). We split our analysis of the sum B in
according to these four cases. For the terms with odd k, we use the identity

e <ﬁ) = ﬁ (2> + Q (_—2) i, hodd,
8 2 \h 2 h
and treat separately the contributions of each term on the right-hand side. Moreover, for
the terms with odd k or k& = 2 (mod 4), we use the second expression in (4.3)) for 74(n)
and treat separately the contributions of the terms (1) Gx(n) and (=) (%’Gk(n) We
can treat these two contributions together as one combined sum for the terms with £ = 0,4
(mod 8), because, for those k, the additive character e(ka?dymimsr/8) is constant and the
conditions k£ = 0,4 (mod 8) are invariant with respect to the substitution k¥ — —k. Hence,

in view of these considerations, , and (| -, we write

bbb, o da(v) (@)
( Z“ JAd ZZ (myms)3/2 Z ,/23—/V2 Z Zz—zl

(7.4.1) D i mmasM (5B (o 2msmap)=1
X (Qi+ Qe+ Qa+ Qutlh +ls +V + W),
where
1+4i\ V2 [ 2d; 2 - kX
7.4.2 = — — = JE|— )G
( ) & ( 2 > 2 <m1m2y> k;ezz <k:d1m1m21/) <8a2d1m1mgv> e(mamav),
k odd

1—4i\ V2 [ —2d 2 - kX
7.4.3 = — — || z——|C
( ) ( 2 ) 2 (mlmgy) % (kdlmlmy/) (SOélemlmgl/) c(mimav),

k odd
(7.4.4)
1+4\ V2 [ 2d, _9 ) X
Q3 ( 2 ) t 2 (mlmw) kEZZ (kdlmlmzl/) (80&2d1m1m2y) k(m1m2y),
k odd
(7.4.5)
- D — = VP (—
Q4 ( 2 > ? 2 (mlmgy) g (kdlmlmQV) (8a2d1m1m2y> Gk(m1m21/)7
k gdd
(7.4.6)
1+ 2dy ko2dymymav \ - kX
“ < 2 ) (m1m2y> % ’ ( 8 ) <8a2d1m1MQV> k(mimav),

k=2 (mod 4)
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(7.4.7)
L= (=2 AW kX
U2 ( 2 > <m1m21/) kezz € < ] 8a2d1m1m2y Gk(m1m2y>
k=2 (mod 4)
2, @@dmmr . (kX
-4- p— o e F kA
(7 8) V <m1m2V) keZZ € < ) 8&2d1m1m2y Tk(m1m27/),
k=4 (mod 8)
and
21, @ . (kX
7.4.9 _ Kaldymmar\ oo kX |
( ) W (mlmQV) é € ( 8 8a2d1m1m2y Tk(mlmQV)
kEOIgr;gd 8)

7.5. Evaluation of the sum with Q;. In this subsection, we evaluate the sum

(7.5.1) Q= Y dj?fg) > ag d) Q,

v=1 a<Y
(l/ Qd)Zl (a 2m1m211)—1

with Q; defined by (7.4.2). We may cancel the two Jacobi symbols (m ) in (7-4.2)), insert

the resulting expression into , and then apply the Mellin inversion formula to the
v-sum to deduce that

(7.5. (a,2mimaov)=1 k odd
| = do(v) (d
w—1 2 1
27” /c) / (8042d1m1m2t) ! dt ; p3/2+w ( v > Gr(mimar) dw
(v,2d)=1

for any ¢ > 1. The interchange in the order of summation is justified by absolute convergence.
The next step is to write the v-sum as an Euler product, as follows.

Lemma 7.1. Let dy be as defined by (7.2.5). For each nonzero integer k, define ki and ks

uniquely by the equation
(7.5.3) 4kd, = kk3,

where k1 is a fundamental discriminant and ko is a positive integer. If ¢ is a positive integer
and Re(s) > 1, then

—~ d di\ Gi({
Z % <71) % = L(S,Xk1)2lpTg(Lp(S;k',g,Oé,d) = L<87Xk1)290(8;k7£7a7d>7

v=1
(v,2ad)=1

where Xk, (+) = (&) and Go,(s; k, €, o, d) is defined by

2
k
Gop(sik, l,a,d) = (1 - —(—1>> if p|2ad,  and
PP\ p
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2
a r-ordp(£)
Gop(s; k, £, d) = (1 - l(ﬁ)) ertsl (%) % if pt 2ad.

PP\ P r=0

The function Go(s; k, ¢, a, d) is holomorphic for Re(s) > % Moreover, if ks and k4 are defined
by the equation

(7.5.4) k = ksk],
with k3 square-free and ks a positive integer, then
Gol(s; k, 0, o, d) <. (ad|k|0)=0Y? (0, k2)1/?
uniformly for Re(s) > 3 + .
Proof. 1t follows from the definition of Gy ,(s; k, ¢, @, d) and Lemma that

1 (k> 2 [dik 9 [k
Go(s: k. b, d) = (1—— (—)) (1+_ (_)> 32 <_)
P>\ p PP\ P p¥ o p3s \ p

for each p 1 2adkl, since <%> = (%) for odd primes p, by ([7.5.3)). The rest of the proof is
similar to that of [39, Lemma 5.3]. O

We also need some analytic properties of the function h(¢, w) defined for Re(w) > 0 by

h(€, w) = /OOO E, (%) £l dt.

These are embodied in the following lemma. As a bit of notation, for a real number = we
define

(2) 1, x>0,

sgn(x) =

& -1, z < 0.

Lemma 7.2. Let F; be defined by (7.2.4). If £ # 0 then

dz

<%) (cos(2mz) — dsgn(§) sin(272)) Swtl

hi.w) = lg*o(w) [ "y

0
The integral above may be expressed as

il §(+)) (1-55) e 16w

X {cos (%(s — w)) —isgn(§) sin (%(3 — w))} %

for any ¢ with Re(w) + 1 > ¢ > max{0, Re(w)}. If £ # 0, then h({,w) is an entire function
of w. In the region 1 > Re(w) > —1, it satisfies the bound

R V4 S
10 /X (Jw]+1)

2

(7.5.5)

P& w) < (14 w]) )72 exp ( )Iil“’l‘b(wh

Proof. The proof is similar to that of [39, Lemma 5.2]. O
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Now, by these lemmas and the rapid decay of ®(w) as [Im(w)| — oo in a fixed vertical
strip, we may move the line of integration of the w-integral in to Re(w) = —3 +¢.
This leaves a residue from a pole at w = 0 only when xy, is a principal character, which
holds if and only if k&; = 1. By , k, = 1 if and only if kd; is a perfect square. Hence

(7.5.6) Qi =Py + Ry,
where P; is defined by

B 14+4\ V2 p(a) dy kX
Pl_geg( 2 > 2 Z Oé2d1 mime Z h 8a2d1m1m2’w

a<Y keZ
(7-5-7) (a’2m1m2):1 kkdloidm

XC(1 4 w)?Go(1 + w; k, myms, o, d)
and R; is defined by

m=(3)9 T () )

a<Y keZ
(758) (a,Zmrmg):l k odd
1 kX
" omi (1 )h (M’w) L(1+w, xx,)*Go(1 + w; k, mama, a, d) dw.
—i+

We bound R; in Subsection [7.6l To estimate P, observe that d; is square-free by its
definition and the fact that d is square-free. This implies that kd; is a perfect square
if and only if k equals d; times a perfect square. Hence, in (7.5.7), we may relabel k as d;j2,
where j runs through all the odd positive integers. With this and Lemma [7.2] we deduce

from ([7.5.7)) that

(7.5.9)
. 2 2
1+ V2 ple) 24 L [ T(E+3) 1
- vz MY dlw)xv— [ 21 (g
Pl ]54268 ( 9 ) 2 Z CY2d1C< + 'U)) (U)) 2 /(C) T (1)2 2%—5
a<Y 4
(a,2mima)=1
x7*Ty(s — w)(8amymsy)* ™" i Gt (L) Go(1 + w; dyj%, myms, a, d) ds
]:1 m1m2 Y Y ) Y S )
7 odd
where I'y(u) is defined by
(7.5.10) To(u) = (2m) 7T (u)(cos (3u) — isin (Zu)),

and where we take ¢ > % to guarantee the absolute convergence of the j-sum.
We next write the j-sum in (7.5.9) as an Euler product. By (ii) of Lemma [1.3] if j is a

positive integer then
dy
<ﬁ) Gay2(p7) = G2 (1)

for all p{2ad and $ > 1. From this and the definition of Gy in Lemma we see that

d
< . ) Go(1 + w; di 3%, myma, o, d) = G(1 + w; 5%, myma, ad),
mqime
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where G is defined by [39, (5.8)]. Hence we may write the inner j-sum in ([7.5.9)) as an Euler
product

(7.5.11)
< | L\ 7S, 2bums
Z GTETUG(1 + w; 5%, myms, ad) = (1 — 21+w) HZP%( 'G,(1 4 w; p*, mama, ad)
.j:dld p>2 b=0
J O
1 o
p b=0

This latter expression is [39, p. 471]

1 S—w—=
(1 - 45—w) (myma)' =50 éC(QS —2w)(¢ (25 + )Hi(s — w, 1+ w;mimy, ad),

where /; is the square-free integer defined by the equation
(7.5.12) mimy = (103, p*(0) =1, by € Z,
and H; is defined by an Euler product
Hi(s —w, 1+ w;mims, ad) = HHLP'
P

The local factors H, , are

(7.5.13)
r 1 2 1 .
(1 _ pr) (1 _ m) if p|2ad
1— i : .
(1_1)11123) (1 + plz—w - p1+22s—w + pl-}—Qs - p2§—25 + p3-1F4s> lf p 'f 20[dm1m2
Hip = (1- pliw)2 1 2 2 1 1 -
_P 1 <1 - p2572w + p257w - p1+257w —I— p1+25 - p1+45*2w> lf‘p|€1
(1 plt2s )2
(1— ﬁw) 1 2 2 1 1 i
\—<17‘;1}r25> <1 > + pltw — plFzs—w + itz p2+2s> 1fp|m1m2, pjfél'

Inserting this expression for the j-sum in ((7.5.9) into ([7.5.9), we find that
141 2
(7.5.14) P, = ( “) V2 3 () T

2 2 O[le
a<Y

(a,2mima)=1

where

(7.5.15)

i 1 [ T(3+1)? 1)
_ 2 w 2 4 _ —s _ 2\s—w
I= 1328 C(1+w)P(w)X 5 /(C) EYE (i)Q <1 2;s> 7 °Ty(s — w)(8a”)
ds

1 s—w—1L
X (1 — 4sw) mlmgél ZC(QS — 21U)C(28 + 1)7‘[1(5 —w, 1 —+ wW; MMy, CYd) ?

The next step is to extend the a-sum to infinity and show that the error introduced in
doing so is small. To do this, we need to move the line of integration in ([7.5.15)) closer to



44 SIEGFRED BALUYOT AND KYLE PRATT

0 to guarantee the absolute convergence of the a-sum. We first evaluate the residue to see

that ((7.5.15)) is the same as

£ 80 T 1 L i (-

4
=3 (2)'(0) X
(7516) Xgl C(ZS)C(ZS’ + 1)7‘[1(8, 1, mimea, ad){ny + W + lOg 804—%
A log4 ¢ D1 (s — w, 1 +w;myms, ad)

} ds
.
w=0

Here 7 denotes the Euler-Mascheroni constant. The definition (7.5.13)) of Hi(s — w,1 +
w; myms, ad) implies that it is holomorphic for Re(s) > 0 and |w| < max{3,2|s|}, and that
it and its first partial derivatives at w = 0 are bounded by < (aX )¢ for Re(s) > . Thus,

S —22(2s ow
()+(1_45) 2<(2)+

T, Hi(s —w, 1 4+ w;myma, ad)

log X *
by the rapid decay of the gamma function, we may move the line of integration in (7.5.16))
to Re(s) = 10;)(' There is no residue because the poles of ((2s) and %(25) at s = 3 are

canceled by the zero of the factor (1 —2972)2. Using well-known bounds for ¢(2s) and ¢’(2s)
implied by the Phragmén-Lindelof principle, we see that the new integral is now bounded by

—3+e eve s i4e
Sl X PG+ DI maxlITL I N0 + s s,
Tog X

1
which is < mymal, A & by the rapid decay of the gamma function. Dividing this bound
by a?d; and summing the result over all & > Y, we deduce that

2 —3Fe yre
() mimaly 2 X
(7.5.17) E 2d, 17| <« Ty i

because, by ([7.2.5)), if ¢(j) is the Euler totient function, then

11 | 1 1
D g~ g 220 D = <

a>Y jld a>Y
Jlex

From (7.5.14)), (7.5.17), and (7.5.15)) now with ¢ = 1+, we arrive at

log X7
144\ V2 1 1
— _Xw_ F - sS—w 1_
e 1333( 2 ) 2 " o /(l;)() 2(s —w)8 ( 4s—w)

(7.5.18)

d £7%+8X€
X KC(s, w;mima, d) ?S +0 (mlgzi%n—e > ’
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with (s, w; myms, d) defined by

D5+ D)7 1\’ b
K(s,w;mimg,d) = (1 + w)2<b(w)%—42) (1 — F) T mymaly, 2

(7.5.19) ~ (o)
x((2s —2w)((2s + 1) Z m?—h(s —w, 1 +w;myma, ad),
a=1

(a,2mima)=1

where, as before, ¢; is defined by , dy is defined by , and H; is defined as the
product of over all primes.

It is convenient for later calculations to write P; in terms of a residue, as in , rather
than in terms of logarithmic derivatives as in ((7.5.16]).

7.6. Bounding the contribution of R;. Having handled P; in (7.5.6)), we next turn to
R1, defined by ([7.5.8)). It will be convenient to denote

11440\ V2 pla) (dy 2
R(£7 d) - g ( 2 ) 2 = Oé2d1 g kEZZ kdl
(7.6.1) (0,20)=1 k odd

1 kX
— h{——— L(1 2G,(1 kU, d)d
X i ( o) (80(2d1€’w) ( +w7Xk1) gO( —|—U), 4y A ) w,

so that Ry = mymaR(mima,d). We will bound |R (¢, d)| on average as ¢ and d each range
over a dyadic interval.

Let Bea = R({,d)/|R(£,d)| if R(¢,d) # 0, and B4 = 1 otherwise. Then |54 = 1 and
R(¢,d)| = BraR({,d). We sum this over all ¢,d with J < ¢ < 2J and V < d < 2V, where
J,V > 1. We then insert the definition ([7.6.1)) and bring the d, /-sum inside the integral to
deduce that

(7.6.2)

2V—-1 2J-1 2V—-1 2J-1 1

> X > GaREd < Y 53 [ Ul k)

A=V  =J a<y kez Y (=3+e)

(d) (ZQd) 1 (d,2)=1 (£,2d)=1 (@2)=1  kodd

where for brevity we denote
2V -1 2J-1
Be,a d1 kX

Ula, k,w) ; 1|L(1+w Xy ; = Go(1+w; k, 0, v, d)h sea )|
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We split the k-sum into dyadic blocks K < |k| < 2K, with K > 1, and apply Cauchy’s
inequality to write

(7.6.3)
2V -1 3
Z Ula, k,w) < ( Z Z k2| L(1 + w, Xk1)|>
K<|k|<2K U k<ikj<2K
k odd (d2) 1 k odd
2V -1 2J-1 2\ 3
ﬁéd kX
< Z o= Y - Go(1 4+ w; k, €, o, d)h rermik :
K<|k|<2K =]
(d,2 21 k odd (£,2ad)=1

where ks is defined by (7.5.3)). To bound the first factor on the right-hand side of (7.6.3)), we
split the k-sum according to the values of k; and k9 and interchange the order of summation.
Then we use the fact that d; > d/a by (7.2.5) to deduce that

2V -1 2V -1

[0
Z > kalL(1 4w, )| Sy > L0 +w ) D ke YL
o " e oafn w5y
dy k1 K2

We estimate the inner sum using the divisor bound, and find that the above is
1
<aK've M- L+ w, Xi )|t <€ aKEVE(L + |w]) e
0<|k1|<KV
by Lemma It follows from this and ([7.6.3) that
(7.6.4)

2

Y Ul kw) < (aKHEVE(l + |w|)1+6>

K<|k|<2K
k odd
2V -1 2J-1 5 X 2\ 3
Z Z Z 0,d
K<|k|<2K =J
1 k odd (,2ad)=

The next task is to bound the second factor on the right-hand side. To this end we prove
the following two lemmas.

Lemma 7.3. Let o« <Y, d, K, and J be positive integers, and suppose w is a complex
number with real part —% +e. Then for any choice of complex numbers ~y, with |y, <1,

2J—-1 9
1 e kX
Y (+wk€ad)h(—2 w>‘
K<|k|<2K 2 =7 o’ Sa2dl
% odd (£2ad)=1

15 bounded by

< |®(w)

|2d1a2+sj2+sKads o [ - i \/F
Xi-e 20 o /dy J(1+ |w]) )
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and also by
, 2dy(JK + J?
<. ((1+ |w])ad K X)*|d(w)]22 1(KX ),
Lemma 7.4. Let 6, < (¢ be any sequence of complex numbers and let Re(w) = —1 +e.
Then
2
NS
J
S oY LGt wiktad) <. (adJK)YFJ(J+K).
K<[|k|<2K k2 y Qe:dkgi1 Vi

Proof of Lemma[7.3 assuming Lemma[7.4 To prove the first bound, we use the triangle
inequality and apply the bounds for Gy from Lemma and h(§,w) from Lemma to
deduce that the sum in question is

2
§ dyo2te JEKEde 1 VK 1 20 .
< PP L2 T | — — _ 0 k%) | .
D (w)] 1= p( 0 0T T Tl > p > (k)

| K| koo —
K<|k|<2K =J
k odd (£,2ad)=1

We then estimate the k-sum by splitting it according to the values of k; and ks and using
(¢, k%) < k? < k2, which follows from and . This leads to the first bound of the
lemma.

To prove the second bound, we apply Lemma and write the integral (7.5.5) as

1 X \°
5 (C)g(s,w;sgn(f)) (ﬁ) ds

with ¢ = e. We then bring the /-sum inside the integral and use the triangle inequality to
deduce that

2J-1

Ve kX
1 k. l,a,d)h | ——
Zz_; 7 ol +wik, b, d) (8a2d1€’w) ‘
(¢,2ad)=1
§ aHEdl%Jrs 2J-1
< |D(w)| W /() g(s,w;sgn(k Z g1+w Sgo(l—i-w k0, a,d)||ds|.
(@207d)

Thus, since g(s, w;sgn(k)) <. (14 |w|)® exp(—(5 —¢)[Im(s)|) by Stirling’s formula, it follows
from Cauchy’s inequality that

2J-1 2 24e Jlte
Y kX iz [
) R 1 & v

E " o(1+w;k, 0, o, d)h (8a2d1€’w) ‘ < (1 4+ |w])?|P(w)] (WIE T

(£,20d)=1
271 2
X/(E)exp(—(2 £)|Im(s) | Z e Go(1 4 wih )| [ds]
(€2ad) 1

The second bound of the lemma follows from this and Lemma [7.4]. O
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Proof of Lemma[7.4. For any integer k = + Hl a;>1 i let a(k) and b(k) be defined by
(7.6.5) Hp“”rl and H D H p
ai=1 a;>2

From the definition of Gy in Lemma [7.1] we see that Go(1 + w; k, £, ,d) = 0 unless ¢ can be
written as gm with g|a(k) and m square-free and relatively prime to k. With this expression
for ¢, it follows from Lemma [4.3| that if (¢,2ad) = 1 then

—1
(7.6.6)  Go(1+w;k, l,a,d) =+/m (%) H (1 + piw <%)) Go(1 +w; k,g,a,d).
plm

From this and Cauchy’s inequality, we arrive at
(7.6.7)

2
2J-1

3 /%2 3 %g0(1+wkead <Ky o Z 1(k, 9) + Vs (k, 9)),

K<|k|<2K K<|k\<2K g|a
2.]

(¢,20d)=1
where
2 _1 12
p*(m)d K1 )0gm k 2 k1
Vi(k,g) = vk d) | — 1 —
1( 79) , ZQJ \/E gO( +w7 » 4, @, ) <m H +p1+w p
<m< plm
(m,2ad)=1
3tm

and Wy(k,g) is the same, but with the condition 3|m instead of 3 f m. We first bound
the contribution of ;. We factor out ¢g~'/2Gy(1 + w; k, g, a, d) and apply the bound from

Lemma [7.1] to deduce that
k 2 (k) "
2 1
= st (I (455 ()

I<m<2d p|
(m6ad) 1

(7.6.8)  Wi(k,g) <. (adK)°g"**

If (%) # 0, then

(5 (%)>_1=H(1—p2%>_1ﬂ<1—piw ()

T-p) ()

We insert this into , interchange the order of summation, and apply Cauchy’s inequal-

ity to see that
K 4\
Z “ < )H(l_p2+2w)

J 2J m
2 <m<2s Pl
(m,6ad)=1

jlm

Uy (k, 9) <. (adK) g'te Z

2J
<74
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-1
We next relabel m as jm, factor out p?(j) <§> Hp|j (1 — pﬁ%) from the m-sum, and

-1
observe that [, < — p#ﬁ) <. j¢ because Re(w) > —1 4 € and p > 3 for all p/m. The
result is

(7.6.9)  Wy(k,g) <. (adJK)*g'**

2
k 4 \ !
> oo ()11 (1-5)
ES <E p|m

(m,6adj)=1

2
1<%

Now, by (7.6.5)), gla(k) implies b(g)|k. Thus we may interchange the order of summation to
write

)-SR ACYED SED SEF L AYED S S A O}

K<|k|<2K g\a(k g<2JK<|k|<2K 9<27 S < f|< 2 2
b(g)|k

where we have relabeled k in the last sum as fb(g), so that, by (7.5.3), k2 > 0 satisfies
4fb(g)dy = kik3, with k; a fundamental discriminant. From this and (7.6.9)), we arrive at

Y e wkg) < IKF Y Y
2

K<\k\<2K Z|22J g<2J b()<|f|<b(g)
(7.6.10) q 2
fo(g) 4
<X s (BT (1-
<2 | L<m <2; plm
(m,6adj)=

If4f = fif2, with f; a fundamental discriminant and f, a positive integer, then the equation
4fb(g)d; = kik? implies that f5|2ky, and thus ky' < f,*. Hence it follows from (7.6.10)
and Lemma [£.4] that

> Z U (k,g9) <. (adJK)*J(J + K).

K<\k\<2K g|a(k
g<2J

This proves the desired bound for the sum of W(k,g) in (7.6.7). To bound the sum of
Uy (k, g), we argue in the same way, but instead of ((7.6.6)) we use

~1
Gof1 + wik o) = vin (ST (14 -2 () G50+ wshoga.a),

b
plm
p>3
where
. 1 (k)
g0(1+w;k>g705>d) = 1_31+w 3 Hgﬂ,p(1+w;k>g7a7d)7
p#3
with Gy, as defined in Lemma [7.1} O

We now estimate the contribution of R;. From the first bound of Lemma [7.3] we see
that the sum of the right-hand side of (7.6.4) over all K = 27 > o2V J(1 + |w|)(log X)*
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negligible. On the other hand, if K < o?VJ(1 + |w|)(log X)* then it follows from (7.6.4)
and the second bound in Lemma [7.3] that

> Ulakw) <. (1+ |w|>%+€|<i><w>|<amvx>f(‘*’Wﬂ J?))Q

X
K<|k|<2K
k odd
5

az2VJ

1
2

<o (1 + |w)|®(w)|(aJ KV X)E

We sum this over all K = 27, j a positive integer, with K < o*VJ(1 + |w|)(1 gX) and
then multiply the resulting sum by a—2. We then integrate over all w with Re(w) = —I— €
and sum over all integers a <Y to deduce from ([7.6.2)) that

2V—-1 2J-1 3
V1+5J1+5Y5+6
7.6.11 _
(w611 > > —
(d2) (Z?d)

Recall from (7.5.8) and (7.6.1) that Ry = mimeR(mima,d). Since \; < d° by (5.8) and
by, < 1 by (3.5)), it thus follows from ((7.6.11)) that

b b Dl—l—aMl—i—aYg—l-s
2 _ UmiYmg
(7612) Z /L )\d ZZ mlm 3/2 |R1‘ < X%_a '
d<D m,ma<M
d odd (m1ma2,2d)=1

7.7. Conditions for the parameters. From (7.5.1)), (7.5.6)), ((7.5.18)), and (7.6.12)), we see
that the total contribution of the sum with Q; to B in (7.4.1) is

(7.7. 1)
bm1 me - dQ(V) M(a)

Z () ZZ (myms)3/2 Z 32 Z a2d, &

d<D mi1,mo<M v=1 a<Y

d odd (mim2,2d)=1 (v,2d)=1 (a,2m1mar)=1

1+ bmlbmz 1
—( ) s S S e s [ e

d<D mi, m2<M <logX)
d odd (mima,2d)=

1 d X1+5D€Ms
x 8% (1 ~ 1 ) K(s,w;mims,d) 45 +0 <_Y—1 + X%“DH‘EM”EY%“),
S—w S —

Recall the definition (3.4) of M. Also, recall the definitions (5.9) and (5.2) of D and R of
D, respectively. So that the error terms in (7.7.1]) are O(X'~), we assume the parameters
0 and 9 satisfy

1
0+ 20 < =
+ 5’
and we take the parameter Y in (3.6]) to be
Y =X°

with 0 = §(6,9) sufficiently small.
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7.8. Evaluating the sums of the other terms with k # 0. The procedure for evaluating
the sum with Qy in ([7.4.1)) is largely similar to the above process for Q;, with only a few

differences. The main difference arises from the negative sign in the character mji”j;y) in

(7.4.3). This causes the residues in the versions of (7.5.6) and (7.5.7) for Qy to have each
—kd; equal to a perfect square instead of kd; = 0. This means sgn(k) = —1. Hence, because

of the factor sgn(¢) in (7.5.5)), the version of (7.5.9)) for Qs has the function

(27m) T (u)(cos (Fu) + isin (Fu))

in place of the function I'y(u) defined by (7.5.10). These lead to a version of ([7.7.1]) for Qy
that we may combine with ([7.7.1)) using the identity

141 1—1
(7.8.1) ( ;_ Z) (cosu —isinu) + (TZ) (cosu +isinu) = cosu + sin u.
The result is
(7.8. 2)
bm1 bm2 - dQ(V) ,u(oz)
Z () ZZ (myms)3/2 Z 372 Z o2d; (Qi + Q)
d<D mi, m2<M v=1 a<Y
d odd (mima,2d)= (v,2d)=1 (a,2mimav)=1
s N Y e R x| T
a (myms)3/2 w omi Jp 1y !
d<D m1, m2<M <logX>
d odd (mima,2d)=

1 d
x 8 (1 - e ) Ko mama,d) 5 4 0019,

where
(7.8.3) T (u) = (2m) T (u)(cos (5u) + sin (3u))

and the bound O(X'~¢) for the error term is guaranteed by the conditions in Subsection 7.7}
The evaluation of the sums in (7.4.1) with Q3 and Q4 defined by (7.4.4) and (7.4.5) is
similar. The version of (|7.5.7]) for Q3 has an extra —1 factor because the Kronecker symbol

<k’721 equals —1 when —kd; is an odd perfect square. The resulting expression for the sums
7.4.1) with Q3 and Qy is exactly the same as the right-hand side of ([7.8.2]). Therefore

in

bmlbm > d !
TP NGUD B STt D D DI kS B

d<D mi,ma<M v=1 a<Y 7j=1
d odd (m1ma.2d)=1 (v,2d)=1 (,2mimav)=1
by, b 1
7.8.4) _— _ YmYmy X (s —
m80) - S XY g el [ -
d<D mi, m2<M log X
d odd (mim2,2d)=1

1 d
X 8% (1 - 4S_w) K (s, w;myms, d) —S +O(X19).
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To estimate the sum with U in (7.4.1)), we first relabel k in (7.4.6)) as 2k, now with &k odd,

to write

1+1 2d1 kaZdlmlmgu ~ kX
8. = — || .
(7.8.5) Uy ( 5 ) (mlmQV) Z e ( 1 > (4a2d1m1mgu) Gar(mimav)

kEZ
k odd

From the definition (£.2) of Gi(n), we see that Gar(n) = (2) Gi(n) for all odd integers n.
Also, the orthogonality of Dirichlet characters modulo 4 implies that e(2) = i(5) for odd
h. Tt follows from these and ([7.8.5)) that

1+ —d; 1\ . EX

- S ) '

“ l< 2 ) (mlsz) Z (kd1> (4a2d1m1m2y) Gr(mimov)
kEZ

k odd

We then proceed as we did for Q;. We treat the sum with Us, defined by (7.4.7)), in a similar
way. We combine the resulting expressions using the identity ([7.8.1)), and we arrive at

(786)

Cbnibmy, o~ d
ZN JAd ZZ (mams)3/2 Z Z;S/Vz) Z Zg—fi?(ul—i—u?)

d<D m1,ma<M v=1 a<lY

d odd (m1mag,2d)=1 (v,2d)=1 (a,2mimav)=1
g P2 (d)\ E g Do bmy SX“’ ! (s —w)
d (mimsy) 3/2 27 (ix) !
d<D mi, m2<M log X
d odd (mim2,2d)=

1 d
X 457 (1 - 4sw) K(s,w;mima, d) —S +O(X79).

Next, to evaluate the sum with V in (7.4.1)), we relabel k in ([7.4.8)) as 4k, now with k odd,

to see that
2d, A kX
- Pl
v (mlmzy> Z v <2a2d1m1m2u) Tk (mamav)

kEZ
k odd

since e(h/2) = —1 for odd h and T4(n) = 7,(n) for odd n by (4.3). Into this we insert the
second expression for 74(n) in [.3). Since (=) Gy(n) = G_j(n) by ([£.2), we may split our
sum expression for V into two one with G (n) and the other with G_g(n). We relabel k as
—Fk in the latter and combine the result with the former to arrive at

2d, ~ kX
(7.8.7) V=-— <m1m2y) Z Fz/ (m) Gk(m1m2V>)
kkec%d

where F'(€) is defined by

Fe) = 13 e + 1 E () = / " (cos(2mx) + sin(2nEx)) F () da.

We then proceed as we did for Qp, using [39, Lemma 5.2] instead of Lemma . We arrive
at versions of (7.5.6)), (7.5.7]), and ([7.5.8)) which show that the residue at w = 0 equals zero
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because 2kd; # [0 when kd; is odd. This leads to

(7.8. 8)
bmlme - d2<V) ( ) 1—¢
Z p*(d)Aa ZZ (mamo) 3/2 Z 32 Z a2d, V=0(X")
d<D mi, m2<M v=1 a<Y
d odd (m1m2 2d)= (v,2d)=1 (a,2mimav)=1

under the conditions in Subsection [Z.7
Lastly, to estimate the sum with W in (7.4.1)), we relabel k in (7.4.9) as 8k to write

d - kX
W= ! E F,j T E—— Tk<m1m21/)
mimel OézdlmlmQV
keZ

k20

using the fact that e(h) = 1 for any integer h and 7g,(n) = (%) x(n) for odd n by (4.3).
Into this we insert the second expression for 7;(n) in (4.3)), apply ( ) Gr(n) = G_g(n), and
recombine the k£ and —k terms as we did for V in - to deduce that

dq - kX
= F,l—— |G .
W (mﬂnzV) kz <a2d1m1m2u) k(mymar)

€z
k0

We then proceed as we did for Q;, using [39, Lemma 5.2] instead of Lemma . Since we
are now summing over all nonzero integers k and not just the odd ones, instead of (7.5.11))
we use

Zj72s+2wg(1+w;j2,m1m2,ad HZP”’(“’ 9G,(1 + w; p*, mima, ad)
= p b=0

= (mlmg)l_”wéifwf%(’@s —2w)((2s + 1)H1(s — w, 1 + w; myma, ad).

We arrive at

Cbabm, o da(v) (@)
Z,u JAa ZZ (myms)3/2 Z 53—/V2 Z ZQEIW

d<D mi, m2<M v=1 a<Y
d odd (mima,2d)= (v,2d)=1 (a,2mimav)=1
by, b 1
7.8.9 — _maTm2 _
( ) E 12 (d) Mg E g )72 Iw%eO s X 57 /( ) [y(s —w)
d<D m1 m2<M log X
d odd (m1m2 2d)

d
X’C(S7w;m1m27 ) _S + O(Xl €)

7.9. Putting together the estimates. From (7.4.1)), (7.8.4)), (7.8.6), (7.8.8]), and ([7.8.9),
we deduce that

bmlbm2 w 1 1
Vo S0 T e Re X [ ni-w

d<D m1 m2<M
d Odd (m1m2 Qd)

X <8S_w\/§ + 45 — QS_w\/§>/C(s, w; myma, d) % +O(X179).



54 SIEGFRED BALUYOT AND KYLE PRATT

We next evaluate the residue at w = 0. Note that, for fixed s, the integrand has a pole of
order at most 2 at w = 0. We use (6.1.6)) with n = 2 to write

(7.9.1)

Z H[ )\d ZZ bm1bm2 1 / Fl(S) (88\/§‘|‘ 45 — 28\/§>
(myms) 3/2 i (%)

d<D mi, m2<M log X

d odd (m1m2,2d)=1

I (s) 3-85V2+2-4° 252
xK(s,0;mimsg,d)< log X — ——=—(log 2
( 17762 ){ g Pl() <g> 83\/§+4s_25\/§

%K(Sa w;mims, d)

K(s,w;mims, d)
From the definitions (7.5.19) and ([7.5.13|) of K and H, we see that, after some simplification,
(85\/5 +4° — 25\/§>IC(5, 0; myma, d)

s (Fg(;%éf (2) ccteesn (1) (121 (-0
(7.9.2) dgi’j‘ﬂﬁ;_ Z ( ) I1 (1 + %) I1 (1 - plizs) (1 — piQS)

plmima
Pl

1\?2 2 1 1 1
< 1 {(1—‘) (1+‘+—3—ﬁ—m)}a
Do P p p p

where /; is defined by ([7.5.12)), and
3852+ 245 —25\/2 8%/C(s, w; myms, d)

d
} ZLoxte.
w=0

S

— (log 2 +
( g ) 88\/§+ 45 — 25\/§ IC(S7 w;Mmimea, d) w=0
(9)'(0) 5 ¢ ¢ log 2
=27+ ——— —log(20;) — +2>-(2s+1)+
(0) B0 =2 B B D s oy (Vs )
(7.9.3) 2logp 2logp 2logp 2logp 2logp
+Z(p_1 +p1+2s_1+p123_1)+ Z p—1 Z p+1
pld plmims plmima
ptla
N Z 210gp (210gp) 1+,%—%(P28+P_25) '
o Pkt )

Now the definition (|7.8.3)) of I'; (u), the Legendre duplication formula, the functional equation
of ((s), and the identity T'(2)['(1 — z) = 7 csc(mz) imply that the functions

PG D) (4 1 s
P () rcesces +

nd M) ¢ ¢
R~ 2pe 2D
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are even functions of s. Hence and are even functions of s. It follows that
the integrand in is an odd function of s. We move the line of integration in (|7.9.1])
to Re(s) = s X X, leavmg a residue at s = 0. In the new integral, we make a change of
variables s — —s to see that, since its integrand is odd, it equals the negative of the original
integral in (7.9.1). Therefore twice the original integral equals the residue at s = 0. We
write this residue as an integral along the circle |s| = @, taken in the positive direction,
and arrive at

(7.9.4)
b, b 1
ST R YN e <88 9 445 — 9 2)
d@u d ~ i) 72 47”% L Ty(s)(8V2 + NG
mi,msg og
dodd (mlmg Qd) 1

3-85V2+2-45— 25,2
85\/§ + 48 _ 25\/5
%K(s,w;mlmg,d)

K(s,w;myma,d)

. I (s)
xlC(s,O,mlmg,d){logX T\ (s) (log 2)

+

S

}@+O(X1 °).

The next step is to carry out the summation over d. From ((7.9.2)) and - we see that
we need to evaluate the sums >; and ¥, defined by

e Y T (o)

d<D pld

(7.9.5) (d,2mamz)=1
1\2 ( 2 1 1 1 )
X 1— = l+24 - — - —
Mmgm {( p) p p* pPE pis }

and

(7.9.6)

. 2 ¢<d>2 1 1
Y = Z p(d)Ag 3 H L- pltes 1 - pl-2s
d<D pld

1 2< 2 1 1 1 )
X i 1+ -4 == — — —— J(p,s),
M2E2d{< p) p p>  p pPrE }Z

where
2 1 2s —92s
(797 J(ps) = —2o8p_ 2oep (210gp) L+ 55 0" +p™)
) pit2s —1  pl=2s — 1 D 1+ 120 4 1% _ ]% (p2s —i—p*QS)
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and |s| = @. We only estimate ¥; since X5 may be treated in the same way, except using

Lemma [5.4] instead of Lemma [5.3] We rearrange the factors in (7.9.5)) to write X; as

1\? 2 1 1 1 12 (d) g
e () (g o)) B

p2mime

(798) (d,2mi1mg)=1
1 1 2 1 1 1\ !
XH<1— st) (1— 125) <1+—+—3—ﬁ—m) ~
old p p p p* op P

Now recall the definition (5.1)) of zp and the definition (5.8 of \4. Factoring out the product
over primes p > 2y, we see that

T {(1 1)2(1+2+1 1 1 >}
- o T3 225 242
s p p PP op p
1 1\? 2 1 1 1
- (”O(z—o)> 11 {(1‘5) (”iﬁﬁ‘p—ws —p—w)}-
pr2mimea
p<zo

From this, ((7.9.8]), Lemma and some simplification, we deduce that
(7.9.9)

o (1o (O) S I 2) (1) o)

pl2mima
p<z0 p<zo

The condition p < zy may be omitted because [ .. (1+ O(}%)) =1+ O(i) and

p>20
I (1=3) = (o) -0
pl2mims p 20 20
P>20

The contributions of the error terms O (%) and O (M> are negligible. From these and

20
(7.9.9), we arrive at
2myms 1\ 1+o0(1) 1
7.9.10 Yo =——7-—"< 1—-—= O ———= |-
( ) 1 gp(m1m2) p}[ZH ( p2> logR + (log R)ZOIS
mi1mso

In a similar way, but using Lemma instead of Lemma we deduce from ((7.9.6)) that

2m1m2 1 1 —|—0(1)
Np=—— 2 1— =) —=
i 1 ( ) log R

2
p(mims) P p

> it () () -0 ()

p2mime

(7.9.11)
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In view of the expressions (7.9.2)) and (7.9.3) and the definitions (7.9.5) and (7.9.6)), it now
follows from ((7.9.4)), (7.9.10) and (7.9.11)) that

(7.9.12)
_ Xi)(O) 1+ o(1 Do, by ( » )
C3¢(2)(V2— 1)t logR %;M \/Wy p+1
(m1m22)
F(ﬁ—l—l)Q 4\° 1 1
2m]|§|—1gx,1b —~ Fl(S)—;(i)é (;) C(28)¢(2s+ 1) (1— 2%+s> (1—2§_S)

D s _4- X (©)(0) _Tils) _ ¢ ¢
x(§—4 —4 ){log(2€1)+2’y+ 5(0) BVOR 2C(2S)+2C<23+1)

log 2 ds X
ey et ) 0 ()

p#2 pl?;;gmz plt
1
where
2logp  (2logp 1+ z% - % (p* +p~>) J(p, s) 1 1
m(p:s) = —1 14+ 24+ L 1 (p2s 1 p-2s) 1 - = ) o=
p p ot +p™>) Pt p p
2logp 2logp
7.9.13 = — _
( ) m2(p, ) p—1 p+1 m(p, s),
and o1
ogp
773(p75) = 1 - 771(]975),

with J(p, s) defined by (7.9.7]).

Next, we carry out the summation over my, ms. We see from ([7.9.12) that we need to
evaluate the sums Ty, To, T3, and Y4 defined by

B by bin P 2y
(7.9.14) T, = n;ngi \/W};II(ZH' 1) ab%%(b) ’
(m1m2,2)=1
_ bm1bm2 p g °
(7.9.15) Ty = n;ng \/W};[l (p_|_ 1) abZ:;1 (b) log 1,

(mi1m2,2)=1

(7.9.16) T3 = ZZ /izllf,;n:gl 1;[ (p—zi.i 1) abz:; (%)sZ%(p, s),

my,ma<M pll1
(m1m2,2)=1

and
by, b a\s
7917 T - SRl < > ’ 9
(910 P> \/WH<p+1>Z ) 2 i)
m1,mo<M ab=0 plmims
(m1m2,2):1 m@l
with [s| = —
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To estimate Y, observe that if m; and my are square-free then ((7.5.12) implies

mime
9.1 /)= ——=—
(7.9.18) 1 (mr, m2)?
and
a\ s s
(7.9.19) > <5> =] +p™).
ab=/0 pll1

From these, the definition (3.5 of b,,, and the Fourier inversion formula (6.1.2)), we deduce

from ([7.9.14)) that
p(ma ) p(ma) (ma, ms) P p
Tl / / Zl 22 Z 1+zzl 1+ 1+izo H (p +p ) (m) dzleQ'

+
log M log M
(mima2,2)= m plmima

pi(mi,m2)

Thus, writing the sum as an Euler product, we see that

1 p
Tl / / Zl 22 1-— = \D +p (—)
p>2 plﬂlf,Ml S ) p+1

1 P 1
— dzydzs.
1+ }C—);z]z\; (p + p ) (p + 1) + p1+2+1102glx;22 > Z]' 22

p

We write this as
(7.9.20)

. / / h(z1)h(z)C (1 + 2’@—&) W (s, 21, 22, ) deadzs
1 — )

o (14 228 4 s) (1 B =) ¢ (1 B3+ s) ¢ (14 125 — )
where W (s, 21, 22, 057

_37) is an Euler product that is bounded and holomorphic for |s| < e
and complex zy, zo with [Im(z;)], |Im(z2)| < elog M. Note that this definition of W implies

(7.9.21) w(0,0,0,0)=8] | (1 —m %) (1—%)3 = 6¢(2),

p>2

a fact we use shortly. By , we may truncate the integrals in to the range
|21, |22| < v/log M, introducing a negligible error. On this range of z; and zy, the function
W and the zeta-functions in ([7.9.20)) may be written as Laurent series. The contributions of
the terms other than the first terms of these Laurent expansions are a factor of (log X)!~¢

smaller than the contribution of the first terms. The first term of the Laurent expansion of
W is given by (7.9.21)). We thus arrive at

log M 1+iz L+iz
// M )hl) (2+z‘zl+z'zz) <10gM _8) <10gM +S>

|z |<+/log M

- dzd — .
g (bgM ”) (bgM ) Aadato (<1ogX>4—€>
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By (6.1.4)), we may extend the range of integration to R?, introducing a negligible error. We
then apply (7.3.12)) to deduce that

1 1 ) 282 1
T, = H"(t)*dt — H(t)H"(t) dt
= 600) oy [ 0= [ @)

+s* 1ogM/01 H(t)zdt> + O (W) :

Having evaluated T, we next estimate T5. Using the residue theorem, we write
dy
|y|:2101gX y

From this, (7.9.15)), (7.9.18]), (7.9.19), the definition (3.5) of b,,, and the Fourier inversion
formula (6.1.2)), it follows that

(7.9.22)

1
—logty = 5 I

DY pe(ma) p(mg) (my, mg) ' +2
2%@]{ / / (z0)h(z2) +1+”1+ 141tz 4,
|y‘ 21 (m1m2 2) 1 log M m2 log M
_ P dy
X f+p )| —— | dzidze—.
H (»°+p )(p—i-l) 1 2y2
plmims
pf(ma1,m2)

We express the sum as an Euler product to see that

1 P
negf [ e T (1 (52)
271 =g, Vi) p>2 ptt Rty | ) pt1

_ P 1 dy
P+ | —— |+ ———— | dzdz 2.
p1+ }:gz;;_i_ (p p ) (p + 1> p1+2+11§g1]-\k/;22 ) 1 2 y2

Write this as

27T’l %m_

24iz1+iz 1
/ / Zl 22 <1+ 1OglM 2) V(S,Zl,ZQ, logM’y)

x (! (1—1—11(;;} —i—y—i—s)(‘ (1+11;gﬁ —I—y—s)

d
x ¢! <1 eyt s) ¢ (1 t Rty - s) dzlszy—g,

where V' (s, 21, 29, @, y) is an Euler product that is bounded and holomorphic for |s|, |y| < e
and complex z1,2ze with |[Im(z1)[, [Im(29)] < elog M. This definition of V' implies that
V(0,0,0,0,0) = 6¢(2). As in our treatment of Y;, we use to truncate the inte-
grals. Then we write the function V' and the zeta-functions as Laurent series. The main
contribution arises from the first terms of the Laurent expansions, and we arrive at

6¢(2) jé / / log M 1+iz
T, — _
2= omi )] b\ 5 s ) Uogar 797

Y=51esx
“’gx 2| <vlog M

14+ 1+ iz 1+ iz dy 1
— dzidzo— 4+ 0 | ——— | .
" <1ogM “”S) (bgM “’“) (bgM o > 2 T log Xy
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We carry out the integration over y by applying the formula (6.1.6) with n = 2 and deduce
that

log M
T, = _ logM
2 =6¢(2 // (21)h(z (2+izl+i22>

|l <vIog BT

14 Z-Zl (1 + i22)2 2 1+ iZl (1 + i22)2 2
8 { (logM +8) ( (log M)? s) log M ° (log M)? °
1 +i22 (1 +i21)2 2 1 +i22 (1 +i21)2 2
* (logM * 8) ( (log M)? o) log M ° (log M)? ° dardzy

0 ()

We extend the integral and apply (7.3.12). After simplifying, we arrive at
(7.9.23)

T2:6<(2)< o M/ H(4)H(£) dt + 45 / H(t H/()dt)+0<m).

We next estimate Y3 defined by (7.9.16)). We interchange the order of summation over
my, mg and over p. From ([7.9.18)), we see for a prime ¢ and square-free m; and my that ¢|¢;
if and only if ¢ divides exactly one of m; or my. If ¢ divides my and not m;, then we may
relabel m; as ms and vice versa. Hence

To=2 ) mes) Y Y \/%H(piJa;l <%>

2<q<M m1,ma<M
(m1ma2,2)=1
glmi, gtms

From this, the definition (3.5)) of b, (7.9.18), and (7.9.19)), it follows that

Ti=2 ¥ mles) XX MM T (2 g

2<q<M mi,ma<M plmime
(m1ms,2)=1 pt(m1,mz)

glmi, qtma
log m; log ms
H H .
% (log M ) (log M
We relabel m; as gm, to write this as

m m
L= 9 Z ’72 @Cran Y Y pu(ma) p(mz)
2<q<M ma<M  ma<M [mla mQ]
7 (mimz,2q)=1

p - log gmy log my
P )+ pH " .
< 11 (p—i—l)(p ) (logM> (logM>
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We insert the Fourier inversion formula ((6.1.2)), interchange the order of summation, and
then write the mq, mo-sum as an Euler product to deduce that

_ _2/ / 1m2(q, 8)(¢° Lgl_s>h(21)h(22)n (1 - éw (p*+p7) (ﬁ)

0 9 q<M + 1)groe P2

1 P 1
— —_— ————— |dzdzs.
p1+ };»gzlz\; (p + p ) (p + 1) + p1+ 2+1740Zg1]#\;[’tz2 ) Zl Z2

We may express the Euler product in terms of zeta-functions to write

(7924

q,8)(¢° +q° iz1+iz - 1z
_ _2/ / LIGRICA IPYIRTHORY, (14 2zp=) ¢ (14 125+ 5)
% 9cq<M + 1)gres™

x(! <1 + llogﬁ — s> ¢ <1 + 110?;5 + 3) ¢ (1 + i:gﬁ — s> U, (s, z1,22,1 +7)dz1d 2,

where U, (s, 21, 22, o M) is an Euler product that is uniformly bounded for 2 < ¢ < M prime,
|s| < e, and real 21, 2. Using (6.1.4), we may truncate the integrals to the range |21], |22] <
v1og M and introduce only a negligible error. In this range, and for |s| = log + - the quotient

of zeta-functions in (7.9.24)) is (log M)~3*¢. Moreover, (7.9.13)) implies 75(g,s) < byg~'**
for 2 < ¢ < M and |s| = ;5. It thus follows that

1
9.2 Ty < i
(7.9.25) + < g X

A similar argument applies to Y4 defined by ([7.9.17)), except we use the fact that, for a prime
q, glmims and ¢t ¢; both hold if and only if ¢ divides both m; and my, by (7.9.18)). This

leads to

9.2 T —_—
(7 9 6) 1 < <lOgX)3*€

It now follows from ([7.9.12)), the definitions ([7.9.14)) through (7.9.17) of T, To, T3, Ty,
7.9.20]

and the estimates (7.9.22)), (7.9.23)), (7.9.25)), and (7.9.26) that

B (\/5—1)4 log R QWij{s,l:loéxrl() F(zl;)2 (7T> ((25)C(2s +1)

() R
e o s
1OgM/ HOH" (1) dt + 5° logM/ H)? dt — log /H’ (1) H" (1) dt

ot [Lmomoa} o ()
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Evaluating the s-integral as a residue, we deduce that

5o X®(0) 1+o0(1)] logX /H DH (1 dt_/H E (1) dt
41— 1 2 logR 2log M
(-2

+0 (X (log X)7**) .

From this, ((7.3.13)), (7.2)), (7.1.1]), and (7.2.8)), it now follows that
X 1401 [logX\® [!
] (1 B A) log R | 24 \log M 0
V2

1 (logX\? [! log X (! log X (!
—-<0g ) / H'()H" (1) dt + =8 / HOH"(t) dt + 8 H'(t)2 dt
0 0 0

log M log M log M
! X X1+e )

2 [ HH'(t)dt 0] X2 .
[ oo o (g + 5 i)

The error terms are acceptable by the choices in Subsection [7.7] and this yields Proposition
1

8. CHOOSING THE MOLLIFIER: FINISHING THE PROOF OF THEOREM [.1]

In this section we Complete the proof of Theorem by making an optimal choice for the

smooth functlon H(x) (see - .

By (3.2 , Proposmon . and Proposition , one derives the inequality

2
p X (H(0) — 5 H'(0))
1 logp)® (=) > :
(8.1 Y oo () 2 g 2 7
p=1 (mod 8)
L(%’Xp)#o

where dy > 0 is sufficiently small and fixed. We also have the upper bound

> (logp)é(é%)ﬁ(log)() > oL

p=1 (mod 8) X/2<p<X
L(5,xp)#0 p=1(mod 8)
L(%»Xpﬁéo

The right side of ({8.1]) is an increasing function of 9, and so ¥ should be as large as possible.
The hypotheses of Proposition allow ¥ = $(3 — 0) — ¢, and therefore

X
(8.2) Yooz 0,
Xjaomex (14 20¢)8log X
p=1 (mod 8)
L(%O(p)?fo
where

We seek a choice of H(x) which maximizes p.
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As H(z) is a smooth function supported in [—1,1], we have H(1) = H'(1) = 0. For
notational simplicity we set H(0) = A, —H'(0) = B. Since

/ H () (@) = .y

/H YH" (z)dx = AB — /H’ )2d,

/ H/ H// — __B2
2 )

1\ 1 [t )
<A+203) +2493/0 H"(z)*dx.

We choose H(x) such that on [0,1] it is a smooth approximation to the optimal function
H,(xz) which minimizes the integral

(8.3) /0 CH (o)

among all H; € C3([0, 1]) satisfying the boundary conditions H;(0) = A, —H;(0) = B, H,(1)
H{(1) = 0. We may choose H(x) such that

1 1
(14 do) / H!(z)*dx > / H"(z)*dx.
0 0
By the Euler-Lagrange equation, we find that an H,(x) which minimizes (8.3]) must satisfy
H®Y(z) =0.

we have

Thus, H,(x) is a polynomial of degree at most three. Recalling the boundary conditions, we
find

H,(z) = (2A — B)2* + (2B — 3A)2* — Bz + A.
By direct computation we obtain

1
/ H!(z)*dx = 3A% + (2B — 3A)?,

0
and therefore

2 . 2\ —1
gz —0@) (1) (,, 34 +(2BI3A)
2 2 2493(A + @B)2

It is now a straightforward, but tedious, calculus exercise to find that
_ B(40 +3)
60+ 1)

is an optimal choice. Thus

8.4) )5 L= 000) (é - ) 20(3 + 60 + 46?)

2 (1+26)3
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With this choice of A we have

210 , 3
o) = 54— (24—%—1—9&) .

Since p is invariant under multiplication of H by scalars, we arrive at the convenient expres-
sion

(8.5) H.(z) = (1 —x)? (2+%+x>.

If we set © = lloogg—ﬂnf[ in (8.5)), we obtain that the mollifier coefficients b,, satisfy

log?(M /m) log(X>/? M?*m)

by =~
p(m) log® M log M

One might wish to compare this with the description of A(¢) in [39, p. 449].
Define

o= (o) P 2 ) O )

By (8.2) and (8.4)), we obtain

X
(8.6) Yooz - p(6).
Xjaex (14 O(0p))8log X
p=1 (mod 8)
L(%vxp)7£0

The maximum of p(#) on (0, %) occurs at the unique positive root 6y of the polynomial

166* + 32603 + 246% 4 120 — 3. By numerical calculation we find
0y = 0.17409. ..

and

(8.7) p(6) = 0.09645 . ...

We then choose 6 = 6,. Since

Y o= (1+o<1>>8(1fT)Q,

X/2<p<X
p=1 (mod 8)

we deduce Theorem from and (8.7) upon summing over dyadic intervals.

9. THE SECOND MOMENT OF L(3, X,)

In this section we prove Theorems[1.2] and We first consider separately the upper and
lower bounds for Theorem [1.2]
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9.1. The upper bound in Theorem We define
D 2
(9.1.1) My:= Y (logp)® (}) Lt
p=1 (mod 8)

In this subsection we prove
X
(9.1.2) My < (4e + 0(1))§(log X)3.
The upper bound of Theorem then follows from (9.1.2) upon summation over dyadic

intervals.

The proof of (9.1.2) follows the lines of the proof of Proposition [7.1] taking M (p) = 1. We
employ positivity to replace logp by log X and then introduce an upper bound sieve. After
applying the approximate functional equation we split u*(n) = Ny (n) + Ry (n), and employ

the bound ([7.1.1).
We follow the argument of Section [7|down to ((7.2.8)), obtaining

Sy =T+ B.

Since we have no mollifier here, we find

02X 140(1) = do(v) 2 X Xlte
T e X e 0 () 0 (57)

(]

14

T

(v,2)=1

S
IR

We insert into this the definitions (7.2.4]) and (4.1) of F, and ws, interchange the order of
summation, and then write the sum on v as an Euler product. The result is

O 2X 140(1) 1 [ T(E+3)? 1\ (X" 1 \*
o= (V2 —1)* logR 2mi /(C) I'(3)? b 2375 T o)1~ 21425
; B 1 -1 . @ X X e
X ((1+ 2s) (1 —22+48) C(2+4s) . +0 ((log )z + v

As before, we truncate the integral to the range [Im(s)| < (log X)?, and then deform the path
of integration to the path made up of the line segments L1, Lo, L3 defined above ((7.3.11)) to
see that the main contribution arises from the residue of the integrand at s = 0. We evaluate
the residue using and arrive at

E (144<<2) (1 N %) ) Xqé)l(()) 11—:;;](%1) (log X)* + 0O (X log X + X;re) _

Recalling the definition of ¢, we have

X (log X)? Xl+e
9.1.3 < ————— 4+ 0(XlogX :
( ) 76_(c—|—8)8 o R + og X +—
Moreover, we see from ((7.9.12)) that if M =1 and b; = 1, then
log X
9.14 B< X X
( ) < log R <

since we may deform the path of integration in (7.9.12)) to a circle |s| = €. The condition
0 + 29 <  in Subsection [7.7| with § = 0 allows us to take ¥ = 1 — ¢ in (9.1.3). We then set
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Y = X?, for some small, fixed § > 0. We see that the upper bound (9.1.2)) then follows from
(9.1.3) and (9.1.4) after sending ¢ to zero sufficiently slowly.

9.2. The lower bound in Theorem [1.2} Recall the definition (9.1.1)) of M. Our goal is

to prove the following result.

Proposition 9.1. For large X we have
1 X
My 2 (e~ 0(1))2(1%)()37

where ¢ is the positive constant defined in Theorem and o(1) is some quantity that goes
to zero as X — o0.

The lower bound for Theorem easily follows from Proposition by summing over
dyadic intervals.

The main idea in the proof of Proposition is a standard one. For any Dirichlet poly-
nomial A(p), the Cauchy-Schwarz inequality implies

(Zp 1 (mod 8)(10gp)q) (X) L (% Xp )A(p)>2
> p= 1 (mod 8) (log p)® ( )

Clearly, we should choose A(p) to be an approximation to L(§7 Xp). Our choice is inspired
by the approximate functional equation in Lemma 4.2 For a positive real number «, we
define

(9.2.2) Au(p) = Z X” ( z%) .

(9.2.1) M, >

(1 — 75) n odd
With gy > 0 small and fixed, we then choose A(p) in - to be
(9.2.3) A(p) = Al—eo (p).
Observe that taking o = 1 in yields
(9.2.4) Ai(p) =L (3, xp) -

Proposition 9.2. Let ¢g > 0 be small. Let aq < ag be real numbers with ay, ay € {1—eg,1},
and (a1, a2) # (1,1). Then

P 1 X
Marar = 3 (108P)® (%) Aa, (1) Aas (p) = 5(c + O(c0)) J (log X )™
p=1 (mod 8)
Proof of Proposition assuming Proposition[9.3. By (9.2.1)), (9.2.3)), and (9.2.4), we have
M2
]\42 Z 1—¢0,1 )
Ml*EO,lfso

We apply Proposition to obtain

1 X
> —
M2 = 2(C + 0(60)) 1

The proposition follows upon letting €g = £¢(X) go to zero sufficiently slowly as X — co. O

(log X)3.

We devote the rest of this subsection to the proof of Proposition 9.2}
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Proof of Proposition[9.3. By definition,
4 X T T
Moo = s 3 oene (5) 2, (oo [T Y ([T
V27 p=1(mod 8) m,n odd p p

Let M. denote the contribution to M,, 4, from mn # 0. An application of Lemma
shows that M < X, say. We note that for bounding M it is crucial that a; = 1 — &y.
We therefore have

4 _” T
Mal,OéQ :(1 1 )4 Z (Ing ( ) ( Pa1> “ (n pOQ)
V27 p=1(mod 8) (mn,2p)= 1

mn=0

+0(X).

We use Lemma to remove the condition (mn,p) = 1 at the cost of a negligible error. We
then open w; using its definition as an integral, and interchange the order of summation and
integration. After some simplification we arrive at

4 1 /' X 2 X2 2
Mal,agz ; K(S ,3)( ) ( ) C(1+28 )<(1+2S)
(1= Cri2? Sy Sy m ' :

P P e dsydsy
s | Y oo (%) (§)

518
p=1 (mod 8) 122

+ O(X),

where ¢, = Re(sy) is a positive real number, and

K(s1,59) = ¢ 1(2 + 251 + 239) <1 + —21+81+52>

2 1
H gff z 1 L]
2%752 21-‘,—25[ :

For the moment we choose ¢; = ¢, =

»MH

o - By the rapid decay of K (s1,ss) in vertical strips,

we may truncate to |Im(s,)| < (log X)? at the cost of a negligible error. With this condition
in place, we use the prime number theorem in arithmetic progressions to obtain that the
sum on p is

X & Q5] T@252
- / D(@)a™ "5 dr + 0 (X exp(—cy/log X))
0

The error term clearly makes an acceptable contribution to M,, o, We then remove the
condition on Im(s,) by the same means we installed it and obtain

Sl S2
4 X [~ 1 X))\ 2 (2 X)*) 2
Mal,az = 1\4 4 (I)<x) . 2/ K(ShS?) <( ) > (( ) )
(1-7)4 Jo (270)* Jie) J(ea) m ™
d81d82

5152

X C(1+251)C(1 + 259)C(1 + 53 + 52) T2

+O(X).
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We wish to separate the variables s; and sp. Since ¢, > 0 we expand ((1 4 s; + $2) as an
absolutely convergent Dirichlet series. Interchanging the order of summation and integration,
we obtain

40X <1 1 2 X))\ T [ (2X)2\ T
e S [Tt [ Ko (S (220)
c1 co

(1— 7) 4 n (2mi)? n? mn?

i

d51d52

5152

To truncate the summation over n, first we move the contours of integration to the right
to ¢; = cg = 1. By trivial est1mat1on we deduce that the contribution from n > X~ ¢ = S is
O(X). For n in the range X2 < n < X7, we move Re(82) to co = @ and estimate
trivially, getting an error term of O(X (log X) ) With n < X2 we then move ¢; to

obtaining

4 X [ 1
Moo = 7" zyay J, @) >, -
V2 n<y/(zX)*1 /7

x (2711‘)2 /( 1

1
logX) (logX)

1
log X

52
2

o (E22)" (227

dSldSQ

X C(1 4 2s1)C(1 + 2s9) - dz + O(X (log X)?).

The variables s; and s, are almost separated, except they are entangled inside of K (s, $2).
We move the lines of integration to Re(s;) = Re(sy) = —0, for some small, fixed § > 0. In
doing so we pick up contributions from the poles at s;, s, = 0. The contribution from the
integrals on Re(s;) = —4 is trivially bounded by O(X log X). We write the contributions
from the poles at s, = 0 as contour integrals around small circles, thereby obtaining

4 X 1
Morao = = 1yi g | ") > -

V2 n<y/(zX)*1 /7

o ff s () (25)°

|Sz| (log X)~

d81d82
5152

dz + O(X (log X)?).

1
log X )’

X g(]_ + 281)C(1 + 282)

Since |s¢| = (log X)~! we have

K(s1,85) = K(0,0) + O (long) — 6C1(2) (1 - J%)QJFO

and therefore

Mahag_ 3C(2)(1—L)2Z @(I‘) Z %\% ( n?2 ) ( ™2 )
V2 0
ngy/(a:X)"‘l/ﬂ |s£| (log X)—1

dSldSQ

X C(142s1)C(1 + 2s9) v

dr + O(X (log X)?).
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Expanding in Laurent and power series yields

s¢
1 (nyw 2 dsy 1 1 (ng)ae
Py 1+ 25)—% = Zlog | — o(1
211 |se|=(log X)~1 ( 7Tn2 ) C< T S@) Sy 2 08 <n T + ( )7

and hence

B 1 X [>™ 1 1 [(xX)™ 1 [(xX)e
Mowor = G i1 Jy 20 2 510g<5 T)bg (5 T)

V2

+ O(X (log X)?).

Partial summation yields

5 L og (l (xX)m) g (l (xX)a2> 14 0(s) (log X
n n 7 n T 24
)1 /m

(zX

and therefore
1 X 5
Moy g = §(c + O(eo))z(logX) )
O

9.3. Proof of Theorem [1.3l We turn now to the proof of Theorem . Throughout this
subsection we set 1 := 1001loglog X/ log X. Recalling the definition ((9.2.2)) of A, (p), we then
have

L (3:xp) = A1-y(p) + B(p),

say. Thus
931) M= Y (logp)® (%) {Ary () + O A1) BE)| + [BE))}
p=1 (mod 8)
We prove, on GRH, that
X
(9.3.2) > (logp)® (%) Aiy(p)® = e (log X)* + O(X (log X)**)
p=1 (mod 8)
and
(9.3.3) 3 (logp)® (%) IB(p)2 < X (log X)*2.
p=1(mod 8)

Theorem [1.3] then follows from (9.3.1)), (9.3.2)), and (9.3.3)) after applying Cauchy-Schwarz

and summing over dyadic ranges.
We may easily prove (9.3.2)), since the treatment is substantially similar to the proof of
Proposition . Applying the approximate functional equation, the main term of (9.3.2)) is

(e e ()« (55)
(1_\/%)4]01(%;(18)(104%?’ < >;§; P o\ p)

We argue as in Proposition and obtain that the contribution from mn = [ is

c%(log X)? + O(X (log X)**e).



70 SIEGFRED BALUYOT AND KYLE PRATT

The following standard result implies that the contribution to (9.3.2) from mn # O is
O(X/log X), say.

Lemma 9.1. Let x be a non-principal Dirichlet character modulo q. Let x* be the primitive
character inducing x, and assume that GRH holds for L(s,x*). If ¢ < XM for some fized
positive constant M, then

Z x(p)(logp) < X2 (log X)2.
p<X

The proof of is more subtle. Here the method of proof is that of Soundararajan
and Young [41]. As the arguments are very similar, our exposition will be sparse, and we
refer the reader to [41] for more details. We perform some initial manipulations, and then
we state the main proposition which will yield .

By definition, we have

1 1 ps/Q - p(l—n)s/Q
(9.3.4) (p) =5 /@ 9(s) ( + s, xp> : s,

where ¢ > 0 and

905 = 5 _2%?2 2 (F%(;ﬂ (1 . 2;) (1 ) 2;5) -~

The function (p*/? — p(!="/2) /5 is entire, so we may move the line of integration in (9.3.4))
to Re(s) = 0. On the line Re(s) = 0 we have the bound |(p*/? — p(1="%/2) /5| < loglog X,
and hence the left side of (9.3.3)) is

(9.3.5) <<(10gX)1+€//|g(it1)g(it2)| SO L (L it xp) L (L + it xp) | dty s,
R JR

p<X
p=1 (mod 8)

To state the proposition we need, we first establish some notation, following |41}, Section 6].
Given x > 10, say, and a complex number z, we define

log log |z| < (logz)™!,
L(z,2) = q —log|z], (logz)™ < |2[ < 1,
0, |z| > 1.

For complex numbers z; and z, we define
M(z1, 29, ) = %(ﬁ(zl,x) + L(29,)),
and
V(z1, 22,7) = %[E(Z,zl,x) + L(229,x) + L(2Re(z1), x) + L(2Re(z2), 7))

+2L(21 + 29,7) + 2L(21 + Z3, x)].

It is helpful to know that for the values of z; and 25 we consider, we have loglog X <
V(z1, 22, X) < 4loglog X.
The following result, an analogue of |41, Theorem 6.1}, is the key input we need.
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Proposition 9.3. Let X be large, and let z; and zo be complex numbers with 0 < Re(z;) <
@ and |z;| < X. Assume the Riemann Hypothesis for the Riemann zeta function ((s) and

for all Dirichlet L-functions L(s, x,) with p =1 (mod 8). Then for any r > 0 in R and any
e > 0 we have

Z ‘L<%+z1aXP)L<%+227Xp)‘T

p<X
p=1 (mod 8)

X r?
e Wexp (’r./\/l(zl,zg,X) + 5V(z1,227X)> :

Proof of (9.3.3) assuming Proposition[9.5. Recall (9.3.5). If 1 or t, satisfies |t;] > X we use
Cauchy-Schwarz, Lemma [4.5] and the rapid decay of g to get a negligible error.

We may therefore assume that |t;| < X. We then consider, for a parameter 0 < o < 1 at
our disposal, two cases: (1) both ¢; and t; satisfy |t;] < (log X)~%, or (2) one of 1, t5 satisfies
[t:] > (log X)~*. In case (1) we use the trivial bounds

M(ity, ity, X) < loglog X,
V(itl,itz,X) < 410g10gX,
while in case (2) we use the bounds

1+«

2
+ «

2
Since |g(it)| < (1 + ¢*)~! we obtain by Proposition that the quantity in (9.3.5) is

< X(logX)a ((lOgX)3—2a + <logX)9/4+3a/4) _ X(log X)27/11+e < X(logX)S/Z
upon choosing o = 3/11. O

M(itl,itz,X) S IOgIOgX,

V(ity,ita, X) < ! loglog X 4+ O(1).

To prove Propositionwe establish estimates for how often ’L (% + 21, Xp) L (% + 29, Xp) !
can be large. The following is very similar to [41], Proposition 6.2].

Proposition 9.4. Assume the hypotheses of Proposition [9.5. Let N (V;z1, 29, X) denote
the number of primes p < X, p =1 (mod 8), such that log |L (% + 2, Xp) L (% + 29, Xp)| =
V 4+ M(z1, 20, X). In the range 3 <V < 4rV(z1, 29, X)) we have

NV X) < X . B V2
y 21y 22, (lOgX>1—0r(1) xp 2V(Z1,ZQ,X) 7

and for larger V. we have

N(V;21,20, X) < exp(—4rV).

(log X)1—or(1)
Proof of Proposition [9.5. We have

Z |L (%""ZlaXp)L(%"_Z%Xp)r

p<X
p=1(mod 8)

:r/ exp(rV 4+ rM(z1, 22, X)) )N (V; 21, 29, X )dV.

[e.e]
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Then use Proposition [9.4] O

We use the following lemma to determine how frequently a Dirichlet polynomial can be
large. We write log, X for loglog X.

Lemma 9.2. Let X and y be real numbers and k a natural number with y* < X7 Tex

For any complex numbers a(q) we have
X log, X (2k!) la(g)®
< log X Qkk" (Z

<y

p<X
p=1 (mod 8)

T a(q)xp(q)

1
2

2<q<y 4

where the implied constant is absolute.

Proof. This result is similar to [41, Lemma 6.3], so we give only a sketch. Since we are
assuming GRH we could use Lemma [9.1) but we get an unconditional result that is almost
as good by appealing to sieve theory.

Since p = 1 (mod 8), we have x,(¢) = xg+(p), where for an odd integer n we define

n* = (—1)"= n. Observe that Xq+ is a primitive character with conductor < 4¢q. We then
1
introduce an upper bound sieve supported on d < D = Xs2X, With the upper bound sieve

in place we drop the congruence condition modulo 8 and the condition that p is a prime.
Opening the square and using the Pélya-Vinogradov inequality, the sum in question is then

2%
a(q)xq(n

<3 (Y| X deel

n<X \ dn 2<q<p qz

a\qi) -~ - a\gqak
< Z lalg,) ( ) ZAd + Dlog(y*") Z la(q1) - - - a(qan)]-
i<y Qo e\ 412k <Y
q1-+qer=0

For the first term we obtain

|a(q1 a(qar)| X log, X (2k!) |a
> |2 M) <% Qkk.
i<y n<X dln

q1-+q2,=0

and for the second term we use Cauchy-Schwarz to obtain

Dlog(y™) > lalq)---alga)| < klOgX (Z a(9) )

q1,--,q2k <Y q<y

0
Proof of Proposition[9.4 Assume GRH for L(s,x,). A modification of the proof of the
Proposition in [40] then yields

log(z/q")
log

log }L (% + ZlaXp) L( + 22, Xp)‘ < Re Z L(p_&l +p_ez2)

)
ql<,7; gq 2 log x

log X 1
+222 4 0 .
log = log
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The terms with ¢ > 3 contribute O(1). For £ = 2 we use the Riemann hypothesis for ((s)
(see [411 (64)]) and obtain

1
B+ —2”)M = M(z1, 29, x) + O(logloglog X).

2
9 Z 1+logz q logx

q<fq
Since M(z1, 20, ) < M(z1,29, X) + 21°gX we obtain

(9.3.6)  log|L (3 +21,xp) L(3+22,xp)| <Re Z Xp ) T (" +q ™)

2<q<xq2 logr
log X
+ M(z1,20,X) +4 IOgg + O(log log log X).
We put V = V(z1, 29, X ), and define
%logloglogX, V<,
T = %logloglogX, V<V < 1VlogloglogX,
8, V> VlogloglogX

We take z = X7/V and z = g!/loglog X
Taking x = log X in (9.3.6) and estimating trivially, we may assume V < 12;?5;()(' In
(9.3.6)) we then have

v
log ’L (% + Zl,Xp) L (% + ZQ,Xp)| S Sl + SQ + M(Zl7ZQ,X) + 5T,
where 5] is the sum on ¢ truncated to ¢ < z, and Sy is the remainder of the sum. Since
log |L (% + Zl;Xp) L (% + z2,Xp)| >V 4+ M(z1, 22, X) we have

V

6
SQZT or Slz‘/(l—T):Vvl

We take k = [ (3 — logi <)% —1in Lemma and apply the usual Chebyshev-type maneuver

to deduce that the number of p < X with Sy > V/T is

Xlog, X
< &exp (—Llog V)

log X 4T
It remains to bound the number of p for which S; is large. By Lemma [9.2] for any
k< (2 10g12 )M the number of p < X with S; > V; is

_ Xlogy X (2kV (21, 2, X) + O(log loglog X) g
log X eV

For V < (loglog X)? we take k = |V2/2V], and for V > (loglog X)? we take k = |10V ]. Tt
follows that the number of p for which S; > V] is

Xlog, X V2 log log log X Xlog, X
—_— —— (1 —_— —_— —ViogV).
< log X P ( 2V +0 loglog X N log X exp( o8 V)
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10. PROOF OF THEOREM [L.4]

The proof of Theorem [I.4] breaks naturally into two parts: the lower bound, and the upper
bound. The argument for the lower bound is very similar to that in [37], and we therefore
give only a sketch. The argument for the upper bound is similar to that in Section [7] In
either case, we crucially use the assumption that the central values are non-negative.

10.1. The lower bound. Let d;/2(n) be the multiplicative function with (dy oxdy/2)(n) = 1.
For a prime p = 1 (mod 4) and large X define

A Y )

By Holder’s inequality and the assumption L(3, x,) > 0 we have

1 \*_ 13
> (logp)® <%> L (iaxp) > T—}

n<X1/500

p=1 (mod 8)
where
- p 1 4
Ty:i= Y (logp)® (y) L (§,xp) R(p)”,
p=1 (mod &)
Ty:i= Y  (logp)® (%) R(p)°.
p=1 (mod 8)
In Ty we open up R(p)%, and obtain a sum over ny,...,ng, and p. The terms with n; - --ng =

[ yield a main term of size < X (log X)%, and the terms with n; - - - ng # [J are shown to be
an error term by using Lemma [6.1]

For T, we write L(3,x,) using Lemma . After opening R(p)!, we have a sum over
ni,...,ng,m, and p, where m is the variable of summation in the approximate functional
equation. The main term mn;---ny = O is of size > X(log X)®, and the error term
mny - --ny # O is small by Lemma [6.1] This gives the lower bound.

10.2. The upper bound. Assuming that L(%7Xn) > 0 for all square-free n = 1 (mod 8),
we can use an upper bound sieve and positivity to write

My= Y (logp)® (%)L(%,xp)?’

p=1(mod 8)
2 n 1 3
<(ogX) Y (0 ( > Ad) (%)L 3w
n=1 (mod 8) dn
d<D

The coefficients A4 of the sieve are given, as before, by (5.8). We take R to be a sufficiently
small power of X.
We use the approximate functional equation

1 3 16 = ds(v) (%) 7N 3/2
L(3.xn)” = m Z Tu}g (y (ﬁ) ),

v=1

v odd



QUADRATIC DIRICHLET L-FUNCTIONS OF PRIME CONDUCTOR 75

where w;(€) is defined by taking j = 3 in (4.1). Our function w;(€) is not the same as ws(§)
in [39]. After using the approximate functional equation to represent L(%7 Xn)?, wWe write
p*(n) = Ny(n) + Ry(n). The contribution from Ry (n) is bounded using arguments similar
to those in Subsection For Ny (n) we use Poisson summation as before. Up to negligible
error, we therefore have the upper bound

My < (log X) 2 3 Y S

d<D v=1 a<Y
d|P(z) vodd a odd
d odd

() <@> b ()

where

() = B(t)ws (y (%)3/ 2) |

We treat separately the contributions from k£ = 0 and k # 0. The calculations are somewhat
easier in that ultimately we seek only upper bounds, not asymptotic formulas.
The contribution from k£ = 0 is treated as in Subsection |7.3| and is

log X

X
<<10R

(log X)® < X (log X)°.

For k # 0 the presence of the additive character necessitates a splitting of k into residue
classes modulo 8. When necessary, we write the additive character as a linear combination
of multiplicative characters. We use the identity

o - (4 () (5o

and treat the two terms separately. We then follow the method of Section [7] to obtain that
the contribution from k # 0 is

log X

X
< log R

(log X)® < X (log X)°.

One difference that arises is in proving analogues of Lemma . Here we have ®(w + 3)

inside of an integral, instead of just ®(w) outside of an integral. It is helpful to use the
bound

logX)j
vl

Another difference is that we have a factor of X*/? in the integrals, whereas this factor
disappeared for the k # 0 terms in Section [7} We therefore do not need to concern ourselves
with any symmetry properties of the integrand (cf. the symmetry argument yielding ((7.9.4))).

() < (
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