TWISTED 2t TH MOMENTS OF PRIMITIVE DIRICHLET
L-FUNCTIONS: BEYOND THE DIAGONAL

SIEGFRED BALUYOT AND CAROLINE L. TURNAGE-BUTTERBAUGH

ABSTRACT. We study the family of Dirichlet L-functions of all even primitive characters of
conductor at most ), where @ is a parameter tending to co. For an arbitrary positive integer
k, we approximate the twisted 2kth moment of this family by using Dirichlet polynomial
approximations of L¥(s,x) of length X, with Q@ < X < Q2. Assuming the Generalized
Lindel6f Hypothesis, we prove an asymptotic formula for these approximations of the twisted
moments. Our result agrees with the prediction of Conrey, Farmer, Keating, Rubinstein,
and Snaith for this family of L-functions, and provides the first rigorous evidence beyond
the diagonal terms for their conjectured asymptotic formula for the general 2kth moment
of this family.
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1. HISTORICAL OVERVIEW AND MOTIVATION

In recent decades, there has been much interest and measured progress in the study of
moments of L-functions. The program has its beginnings in the study of the 2kth moment

r 2k
M(T) ::/O (5 it)|* at

of the Riemann zeta-function ((s), where k is any positive real number. A great deal of effort
has been made to understand M (7T') for different values of k as T — oo, yet asymptotic
formulas for M (T') have remained stubbornly out of reach in all but a few cases. In 1918,
Hardy and Littlewood [HL18] showed that M;(T) ~ T'logT as T' — oo, and in 1926 Ingham
[Ing26] showed that My(T) ~ (272)"'Tlog* T as T — co. To date, an asymptotic formula
is not known to hold for any other M (T'). Historically, the original motivation for studying
My(T) has been to prove the Lindelof Hypothesis (LH), which asserts that! for any € > 0,
C(1/2 +it) < t° as t — oo. In fact, if one could show that M (T) < T'** for all positive
integers k and arbitrarily small ¢ > 0, then LH would follow [Tit86, Theorem 13.2]. Proving
an asymptotic formula for My(T) for any integer k& > 3 is now considered an important
problem in its own right.

A folklore conjecture predicts that if & is a positive real number, then, for some unspecified
constant cg, we have My (T') ~ ¢, T (log T)":2 as T — oo. In support of this conjecture, it is
now known due to the work of many authors that

T(log T)¥ < M(T) < T(log T)*,

where the lower bound holds for any real £ > 0, and the upper bound holds unconditionally
for 0 < k < 2 and conditionally on the Riemann Hypothesis for & > 2 (see [Ram78], [Ram80],
[Hea81a], [Sou09], [RS13], [Har13], [BCR17|, [BCR17], [HRS19]), and [HS22]). The problem
of finding an asymptotic formula for M (T) for k > 3 is so intractable that, up until recently,
there had been no viable guess for the exact value of the coefficient ¢; in the conjecture
My(T) ~ ¢ T(logT)* for any integer k > 3. In 1993, Conrey and Ghosh [Con93; CGIS]
predicted the exact value of ¢3. Later, Conrey and Gonek [CGO1] used a different approach
to conjecture the exact values of both c¢3 and ¢4. Both approaches involve heuristic number-
theoretic arguments, and the predicted values of ¢z agree. Recently, Ng [Ng21] has made
the heuristic argument of Conrey and Gonek rigorous, and used it to prove an asymptotic
formula for M3(T') under the assumption of an additive divisor conjecture.

A breakthrough was made in the late 90’s when Keating and Snaith [KS00a] modeled
M;.(T') via characteristic polynomials of large random matrices. Doing so allowed them to
conjecture the exact value of ¢, for all complex k& with Re(k) > —1/2. Remarkably, their
predictions agree with the Conrey-Ghosh-Gonek conjectures for ¢3 and ¢4 . Later, Diaconu,
Goldfeld, and Hoffstein [DGHO03] used the theory of multiple Dirichlet series to conjecture
the value of ¢, for all natural numbers k. Despite the differences between these approaches,
all the conjectures agree.

Keating and Snaith [KS00b; KS03] have made analogous predictions for various families
of L-functions. One family that has received much attention in the literature is the family
of all primitive Dirichlet L-functions of modulus ¢. Precisely, let xy mod ¢ be a primitive

'Here and throughout this paper, we employ Vinogradov notation and use f < g to mean f = O(g).
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Dirichlet character, and let

L(s, x) :ngj) =11 (1—$>_ , Re(s) > 1

n=1 p

be its associated Dirichlet L-function. In 1931, Paley [Pal31] showed that »- |L(1/2,x)[* ~

(¢*(q)/q)logq as ¢ — oo, where the sum is over all characters modulo g. The work of
Heath-Brown [Hea81b] shows

. % 1— 1\3
>l ~ SO )) (oga)', 4 oc

x mod ¢q plg

with some restrictions on ¢, where * is used to indicate that the sum is over primitive
characters and ¢*(g) is the number of primitive characters modulo ¢g. Soundararajan [Sou07]
improved the result to hold for all g. Young [Youll] showed that this asymptotic formula
holds with a power savings error term when the modulus ¢ is prime. Progress for this family
is at the same level as that of the zeta-function, and asymptotic expressions have only been
obtained for the second and fourth moments. Likewise, sharp lower and upper bounds for
the 2kth moments can be computed; see [RS05], [Sou09], [Heal0], [Har13], and [HS22].

By averaging over all ¢ < @, Huxley [Hux70] used the large sieve inequality to obtain upper
bounds of the predicted order of magnitude for Y7 5> " 4, |L(1/2,%)|?* with k = 3,4.
A recent innovation of Conrey, Iwaniec, and Soundararajan [CIS11] allowed them to prove
an asymptotic formula for the sixth moment averaged over all ¢, albeit with an additional
small averaging over the critical line [CIS12b]. Their method, called the asymptotic large
sieve, was later refined by Chandee and Li [CL14] in the context of the eighth moment with
the same additional averaging. The asymptotic large sieve has also been used to study the
zeros of primitive Dirichlet L-functions (see [CIS12al, [CIS13], [Cha+14]) and the twisted
second moment [CIS19]. (See Section 5 for a more detailed discussion on the asymptotic
large sieve.)

Inspired by the discovery of Keating and Snaith, Conrey, Farmer, Keating, Rubinstein,
and Snaith [Con+05] used random matrix theory as a guide to formulate a heuristic, which
we refer to as “the CFKRS recipe” or simply “the recipe,” that predicts precise asymptotic
formulas for integral moments of various families of L-functions. For the family of primitive
Dirichlet L-functions, the CFKRS recipe leads to the conjecture

S e X T3 B )hogqva @-roo

q<Qx mod ¢ g<Qx mod g plg \m=0

for all positive integers k, with an explicit value of ¢;. More generally, the CFKRS recipe
predicts an asymptotic formula for

(1.1) SS TG +ax) JILG+8%).

¢<Q x mod q a€A BeEB

where A, B are finite multisets of small complex numbers, which we refer to as “shifts.” These
shifts allowed Conrey et al. [Con+05] to write the conjecture as a combinatorial sum that
reveals some underlying structure in the asymptotic formula. Within each term in the sum,
the shifts appear in an arrangement that involves element exchanges between the multisets
A and B. Thus each term in the conjectured asymptotic formula can be described as having
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¢ “swaps,” where /¢ is the number of elements exchanged by each multiset with the other.
Each ¢-swap term may contain leading order terms, lower order terms, or both. We precisely
state the conjecture in the context of our main theorem in Conjecture 2.1 below.

The CFKRS recipe arrives at the conjecture by assuming that certain terms are negligible
in the calculation of the moment. While this leads to the “final simple answer that should
emerge” [Con+05, page 35|, the heuristic does not indicate how or why those terms can be
ignored. Recently, Conrey and Keating [CK15al, [CK15b], [CK15¢], [CK16], [CK19] have de-
veloped a new approach to this problem for {(s) using Dirichlet polynomial approximations.
They estimate the moments

/T [TcG+a+it) []¢G+p—it)dt

acA peB

by approximating the product over a € A by a Dirichlet polynomial of length X and doing
the same for the product over 5 € B. One of their early observations suggests that the size
of X determines the values of ¢ for which the f-swap terms contribute at most o(T) to the
conjectured asymptotic formula. In particular, they predict that if X < T'/(27) then all
but the zero-swap term contribute o(7T'). Similarly, if /7 < X < T?/(47?) then all but the
zero- and one-swap terms should contribute o(T), if T?/7? < X < T?/(873) then all but the
zero-, one-, and two-swap terms should contribute o(7"), and so on.

This prediction reveals the difficulty in obtaining asymptotic formulas for higher moments
of L-functions. Historically, the approach to calculating moments has been to use the ap-
proximate functional equation, and this is in fact the approach used in the CFKRS recipe.
For low moments (with k = 1,2, say), only the so-called “diagonal” terms from the approx-
imate functional equation contribute to the main term. On the other hand, the previously
mentioned conjectures of Conrey et al. and Conrey and Keating indicate that high moments
have the more delicate and challenging feature that some of the “off-diagonal” terms actu-
ally contribute to the main term. In order to extract these contributions, more sophisticated
techniques are needed.

2. MAIN RESULT

We are interested in understanding the twisted 2kth moment of all primitive Dirichlet
L-functions of modulus ¢, averaged over all moduli ¢ < (). To state the result precisely, we
must introduce a bit of notation. In Section 3, we give a more comprehensive overview of
the notation used in this article, with clarifying examples.

For a finite multiset A = {ay, as,...,a,} of complex numbers «a;, we define 74(m) for
positive integers m by

)= X me e,
mi--mpr=m
where the sum is over all positive integers my, ..., m, such that m;---m, = m. Thus, if x
is a Dirichlet character, then

[e.e]

I | LR

for all s such that the left-hand side converges absolutely, where the product on the right-hand
side is over all & € A, counted with multiplicity. For any multiset A and s € C, we define A;
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to be the multiset A with s added to each element. In other words, if A = {ay,aq,...,a.},
then
As i ={ag +s,a0+s,...,q, + s}

If A and B are multisets, then we let AU B denote the multiset sum of A and B and A~ B
denote the multiset difference. We write A~ to denote the multiset A with each element
multiplied by —1.

In this paper, we study the moments (1.1) with twists x(h)x (k) using Dirichlet polynomial
approximations. Thus the main object that we are interested in is

(2.1)
S(h.k) = Z W (%) S ()X (k) Z: %ﬁ(mv (%) Z %ﬁ”)v (%)

where W is a smooth, nonnegative function that is compactly supported on (0,00), the
symbol b denotes that the sum is over all even, primitive characters modulo ¢, and V' is a
smooth, nonnegative function that is compactly supported on [0, 00) and satisfies V' (0) > 0.
Note that the length of the m-sum, as well as the n-sum, is of the same order of magnitude
as X. Note also that we use the symbol & in (2.1) for the twist Y (k). This k should not be
interpreted as the same k we use when we refer to the 2kth moment.

In order to state the asymptotic formula for S(h, k) that is predicted by the CFKRS recipe,

we define
00 q b 1 . .
Ig(h,k) = |74 (—) —/ / XSH_SQV(Sl)V(SQ)
; Q X% . (2mi)2 Jio) Jio)
(q,hk)=1
ZE+a+s) r ZE+B+s5)
(2 2) X Z H qa+81 H qﬁ-l—Sz
: UCA,VCB aclU BevV

U=Ivi=¢

T NUs sist\s 57n
% Z Asy\Us U(Vsy) ( )32 VigU(Us;) ( )d82d81,

1<m,n<oo
mh=nk
(mn,q)=1

where € > 0 is an arbitrarily small constant,

is the Mellin transform of V', and

Z(s):= ﬂs_ér(lz(—;f)s).

Here, the sum over U,V should be interpreted as taking into account the multiplicity of
the elements in A and B. The sum Zy(h, k) is precisely the sum of all the ¢-swap terms
from the recipe prediction. We call these terms the “l-swap terms” because the multiset
A, N Us, U (Vi)™ results from taking the set A, and replacing the ¢ elements of U, with
the negatives of the ¢ elements in V,. Similarly, B, \ Vi, U (U, )~ results from taking the
multiset By, and replacing the ¢ elements of V;, with the negatives of the ¢ elements in U, .
Thus, we are swapping ¢ elements from Ay, with ¢ elements from (B,,)”. In particular,
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Zo(h, k) is the zero-swap term, Z(h, k) is the sum of the one-swap terms, and so on. We
remark that the m, n-sum should be interpreted as its analytic continuation, which we write
explicitly in (4.3) below.

In Section 4, we show how to derive the following conjecture for the asymptotic behavior
of §(h, k) using the CFKRS recipe.

Conjecture 2.1. Let A and B be finite multisets of complex numbers < 1/log @, where @
is a large parameter. Define S(h, k) by (2.1). Then, for all X >0,

min{|A,[ B[}

S(hk)~ > T(hk),  asQ— oo.

=0

Towards this conjecture, we prove the following theorem.

Theorem 2.2. Let QQ be a large parameter and X = Q" with 1 < n < 2. Let A and B be
finite multisets of complex numbers < 1/log @, and define S(h, k) by (2.1). Then, assuming
the Generalized Lindelof Hypothesis, we have

(2.3) S(h,k) = To(h, k) + Ty (h, k) + E(h, k),

where the error term E(h, k) satisfies, for arbitrarily small € > 0,

A . n
(24) Z hh;;g(h, /{Z) e |AL|BIV,W Q1+g+§+€ i Qg_§+§+e
h,k<QY

uniformly for 0 < 9 < 2 —n and arbitrary complex numbers A, such that A\, <. h® for
arbitrarily small € > 0.

Theorem 2.2 proves that, under GLH, the zero- and one-swap terms conjectured by the
CFKRS recipe are correct. This provides the first rigorous evidence beyond the diagonal
terms for the conjecture of Conrey et al. [Con+05] for the general 2kth moment of this
family.

While the recipe provides a detailed prediction for the asymptotic formula satisfied by
(2.1), at present it seems difficult to rigorously prove all the steps involved. We thus approach
the problem in a different way using the asymptotic large sieve, which in recent years has
become one of the primary tools for studying moments of our family of L-functions. Our
general strategy in proving Theorem 2.2 is based on the approach of Conrey et al. [CIS19],
who applied the asymptotic large sieve to study the twisted second moment. Thus, our
work is similar to theirs in many respects. However, there are crucial differences due to the
generality of our situation and the intricacy of the predicted asymptotic formula that we aim
to prove.

The crux of the proof is to uncover the one-swap terms and then show that they match
the prediction in Conjecture 2.1. The difficulty here is that while Conjecture 2.1 tells us
what the one-swap terms should look like, and the asymptotic large sieve gives us a general
idea of where we might find them, neither gives any indication on how to extract the one-
swap terms. We achieve this through delicate and deliberate contour integration by breaking
the predicted one-swap terms into several residues (Section 9.1), doing the same for one of
the main terms brought about by the use of the asymptotic large sieve (Section 9.2), and
then matching these residues to show that they are asymptotically equal via Euler product
identities (Section 9.3).
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Remarks

e The main terms in (2.3) are of size about Q. If we also assume that ¥ < (np —1)/2,
then the right hand side of (2.4) is < Q?~° for some § > 0.

e It can be shown using (3.10), (3.12), and (4.3) below that, if A, B are as in The-
orem 2.2, then Zy(h, k) < Q* 2+ X% (hk)? for arbitrarily small § > 0. Hence, if
X = Q" with n < £, then Zy(h, k) < Q*(hk)° for some § > 0. Thus Theorem 2.2 is
consistent with Conjecture 2.1 when X = Q" with 1 <n < 2.

e We assume the Generalized Lindeléf Hypothesis (GLH) in a few key places, which
we identify throughout the course of the proof. In each of these instances, there may
be a large number of zeta-functions or L-functions that we need to bound. If the
cardinalities of A and B are not too large, then it may be possible to carry out these
estimations unconditionally.

e For convenience, we have only considered even primitive characters. For odd char-
acters, some parts of the arguments are simpler, while in other parts only small
changes are needed. The conclusion of the theorem for odd primitive characters is
the same except that we must replace the function 2" (s) with WS_%F(%)/F(%I) in
the definition of Z,(h, k). We describe the changes to the proof carefully in Section 5.

e The terms Zy(h, k) and Z;(h, k) are both holomorphic functions of the shifts « € A
and f € B. We prove this fact at the end of Section 11. We may use (11.7) as
a convenient way to evaluate Z;(h,k) when some of the elements in A U B have
multiplicity greater than 1. In particular, we can use (11.7) to evaluate Z;(h, k)
when all the shifts a € A and 5 € B are 0.

The one-swap terms have also been found for other families of L-functions. Hamieh and
Ng [HN21] do this for the 2kth moments of (s) under the assumption of an additive divisor
conjecture by making some of the arguments in the work of Conrey and Keating [CK15¢]
rigorous. In our situation, we do not need to assume an analogous divisor conjecture because
we are able to leverage the asymptotic large sieve. On the other hand, we must assume GLH
because the factors 74 and 75 are unchanged when applying the asymptotic large sieve and
thus give rise to a potentially large number of L-functions. Conrey and Rodgers [CR| have
found the one-swap terms for the family of quadratic Dirichlet L-functions. They also do not
need to assume any divisor conjecture because they are able to use the Poisson summation
method of Soundararajan [Sou00]. As in our situation, they also need to assume GLH to
bound large numbers of L-function factors.

Analogous results have been proved unconditionally in the function field setting. Andrade
and Keating [AK14] used the CFKRS recipe to predict the asymptotic formulas for moments
of L-functions associated with hyperelliptic curves of genus g over a fixed finite field, where
g is a parameter going to infinity. Florea [Flo17a] has recovered the one-swap terms for this
family. Moreover, Bui, Florea, and Keating [BFK21b] have found the one-swap terms for
the 2-level density of zeros of this family. In this setting, the Poisson summation method is
the primary tool for studying moments of L-functions (see also [Flo17b], [Flo17¢], [Bui+20],
and [BFK21a]). For a different family over function fields, Sawin [Saw20] has formulated a
heuristic that recovers the CFKRS prediction, which he then confirms under the assumption
of a conjecture on the vanishing of certain cohomology groups.

In order to extract the two-swap terms predicted by Conjecture 2.1, the discussion at the
end of Section 1 suggests that we must work with a Dirichlet polynomial approximation of
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length X > 2. In this situation, the predicted two-swap terms are of size about Q. Without
any additional input, the asymptotic large sieve does not seem effective when X > (Q?
because it no longer reduces the moduli of the character sums for such X (see Section 5
for more details). In fact, the predicted two-swap terms should be hidden inside the term
E(h, k) in (2.3), and thus we no longer expect the left-hand side of (2.4) to be < Q*~% when
X > @* This limitation of the asymptotic large sieve is analogous to the limitation of the
Poisson summation method in evaluating high moments of the family of quadratic Dirichlet
L-functions.

With some additional work, we may be able to use our result to study the sixth moment
of primitive Dirichlet L-functions. There could also be potential applications to studying
gaps between zeros of Dirichlet L-functions.

Outline of the article. In Section 3, we give a comprehensive list of all the notation used
in the article. In Section 4, we use the CFKRS recipe to derive Conjecture 2.1. We give
a detailed outline of the proof of Theorem 2.2 in Section 5. The remaining sections are
devoted to proving the theorem. In Section 6, we examine the diagonal terms to extract
the zero-swap term. We study the off-diagonal terms in Sections 7-10, where we extract the
one-swap terms. Finally, in Section 11, we complete the proof of Theorem 2.2 and prove the

holomorphy of Zy(h, k) and Z; (h, k).
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3. NOTATION, CONVENTIONS, AND PRELIMINARIES

In this section, we collect our commonly used notation for the reader’s convenience. We
also list a number of technical assumptions and basic facts that we use throughout the paper.
The reader may choose to skip this section and only refer to it when needed.

We employ standard notation in analytic number theory and use f(c) to denote integrals
along the line from ¢ — ico to ¢ + ico. We let € > 0 denote an arbitrarily small constant
whose value may change from one line to the next. We also sometimes use € > 0 to denote
an arbitrarily small constant, except that the value of ¢ remains the same all throughout.
This distinction between ¢ and e will often be harmless, and we will use ¢ only when the
situation requires more concreteness, such as when dealing with integrals like

/(e) /(6/2) P(w)T(2)0(w — 2) dz dw.

The symbol £ may sometimes depend on €, but only when the concreteness of € is no longer
required. When at least one of € or € is present, in some fashion, in an inequality or error
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term, we allow implied constants to depend on ¢ or € without necessarily indicating so in
the notation. We sometimes indicate the dependence of implied constants on variables by
the use of subscripts: for example, Y <, Z or Y = Oy(Z) means that the implied constant
may depend on b.

The symbol p always denotes a prime number. We use ord,(m) to denote the exponent of
p in the prime factorization of m. For example, ords(72) = 2 and ord;(84) = 0. We let ¢ be
the Euler totient function, and p the Mdobius function. If A and k are positive integers that
are present in some form in an equation or inequality, then we use H to denote h/(h, k) and
K to denote k/(h, k).

For a multiset £ = {&,&,,...,§;} of complex numbers, we define 75(m) for positive
integers m by

(3.1) TE(m) == Z mys - -mj_Sj,

my-mi=m

where the sum is over all positive integers my,...,m; such that m;---m; = m. Thus, for
example, if & = --- =& = 0, then 75(m) is the j-fold divisor function. If £ is empty, then
we define 75(1) = 1 and 7g(m) = 0 for all other m. It follows that if F is a finite multiset

of complex numbers, then
o

S et o
m=1 (EE

for all s such that the left-hand side converges absolutely, where ((s) is the Riemann zeta-
function and the product on the right-hand side is over all £ € E, counted with multiplicity.
We define 7z(p~!) to be zero for every multiset E. If r is a real number such that each
element of E has real part > 7, then (3.1) and the divisor bound imply

(3.2) Tr(m) <. m~ .

If F is a multiset of complex numbers and s € C, then we define F, to be the multiset
with s added to each element. In other words, if E' = {{;,&,...,&;}, then

By ={& +5,6+s,...,& + s}
It follows immediately from this definition and (3.1) that
(3.3) T, (m) =m *tg(m).

If £ is a multiset, then we let |E| denote its cardinality, counting multiplicity. If D and E
are multisets, then we let D U E denote the multiset sum of D and E, which means that the
multiplicity of each element in DU E is exactly the sum of the multiplicity of the element in
D and its multiplicity in E. Similarly, we define D ~ E to be the multiset difference, which
is the multiset with each element having multiplicity equal to its multiplicity as an element
of D minus its multiplicity as an element of FE if this difference is nonnegative, and equal to
zero otherwise. Thus, for example, if A = {ay, as,...,q;} is a multiset of complex numbers,
a = a1, and f§ and s are complex numbers, then (3.1) implies

TAs{ats}U{—B—s} (m) — Z mf-ﬁ-sm;az—smgaa—s - mj—aj—s
mlm]:m

for every positive integer m. For most of our proofs, we will be dealing with sets instead

of multisets, and in most cases D ~ E and D U E reduce to ordinary set difference and set

union, respectively.



10 SIEGFRED BALUYOT AND CAROLINE L. TURNAGE-BUTTERBAUGH

The letter @) denotes a parameter tending to oo, and ¢ € (0,1) is a parameter. We define
X = Q" with n a parameter satisfying 1 < n < 2. The quantities C' and Y, which satisfy
C >1and Y > XQ" and are introduced in Sections 5 and 10, respectively, are positive
parameters that we will choose to be powers of () at the end of the proof of Theorem 2.2.
The sequence A1, Ao, ... is an arbitrary sequence of complex numbers such that A\, <. h°
for all positive integers h. We use this sequence only to prove the property (2.4) of £(h, k).
In Section 9, we use the symbol § to denote the reciprocal of an arbitrarily large power of

Q, say
(3.4) §=0Q .

In many places in the same section and in other sections, we also use the symbol § as an
index of a product, but this will not cause confusion.

We let A and B be arbitrary fixed finite multisets of complex numbers. We usually denote
elements of A by « and elements of B by . We assume that a, f < 1/log@ for all a € A
and $ € B, with the implied constant arbitrary but fixed. For convenience, we let Cy > 0
be a fixed arbitrary constant and assume all throughout our proof of Theorem 2.2 that if

A={o,as,...,a;} and B = {f, B2,..., B¢}, then

2vC
|oz,,|—1 5 forv=1,2,...,4, and
(0]
(35) 23%—1/00
vl — f - 1727 7€
=2 o

This ensures that we do not encounter double poles when dealing with expressions such as
[locapesCla+ B8+ s). A consequence of (3.5) is that if Jy, J are subsets of {1,2,...,j}
and Ly, Ly are subsets of {1,2,...,¢} such that either J; # Jy or Ly # Lo, then

(3.6) C(1+ZQV+Z@,—Z@V—Z@,><<10gQ.

veJy veL vedo vELsy

We will eliminate the assumption (3.5) in Section 11 and show that Theorem 2.2 holds for
arbitrary finite multisets A and B such that a, 8 < 1/log @ for all « € A and 8 € B. The
assumption (3.5) is unnecessary in carrying out the Euler product evaluations in Lemmas 9.3,
9.4, and 9.5 and Subsection 9.3. For those calculations, we only need the elements of A and
B to be arbitrarily small, and so the assumption that «, < 1/log@ for all @ € A and
£ € B suffices.

We define the Mellin transform of a function f by

(3.7) fls) = /000 f(z)z* da.

We assume that V is a fixed smooth function from [0, 00) to [0, 00) that has compact support.
We suppose that V' (0) > 0, since otherwise the m-sum (or n-sum) in (2.1) tends to 0 as
X — oo and is thus an invalid approximation of the product of L-functions. Without loss
of generality, we may assume that V' (0) = 1 since we may normalize by dividing V' (z) by

V(0). Integrating by parts, we see from the definition (3.7) of V that if Re(s) > 0, then

(3.8) V(s) = 1 /000 V'(z)x® d.

S
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The latter integral is holomorphic for Re(s) > —1 since V' is bounded and compactly
supported. It thus follows from (3.8) that s = 0 is a simple pole of V' and

(3.9) Res V(s) = lim sV (s) = 1
s=0 s—0

because V' (0) = 1. We may apply integration by parts again to the right-hand side of (3.8)
to analytically continue ‘7(8) to Re(s) > —2. Repeating this process indefinitely, we see that
17(3) is meromorphic on all of C with possible poles only at the non-positive integers.

We assume that W is a fixed smooth function from (0,00) to [0,00) that has compact
support. This means that the support of W is bounded away from 0, and it follows immedi-
ately from (3.7) and Morera’s theorem that W (s) is an entire function. The definition (3.7)
and a repeated application of integration by parts shows that if n is a positive integer, then

(3.10) V(s), W(s) <, ﬁ
as s — oo. We will repeatedly use this fact without mention to justify moving lines of
integration.

We allow implied constants to depend on €, €, the cardinalities |A| and |B|, the implied
constant in the assumption «, 8 < 1/log @, or the functions V' and W without necessarily
indicating so in the notation. The implied constants never depend on the actual values of
a, B nor on any of Q, X, C,Y, h, k, \p, A\, 9, 1.

We define Z7(s) by

ri - L)
I(ss)

In other words, we write the functional equation of ((s) as ((s) = 27(s)((1 — s). The poles

of 2 are at the odd positive integers, and Stirling’s formula implies [Tit86, (4.12.3)]

(3.12) 2 (s) = (1+ |s])2 Re®)

for s in any fixed vertical strip such that s is bounded away from the poles of Z". The
relation f < g means f < g and f > g. We will use (3.12) repeatedly without mention. We
define H(z, w) by

(3.11) X (s) =72

~— [N

(3.13) H(z,w) = /7

It follows from this and the definition (3.11) of 2" that

(3.14) H(z,w) = Z (w)Z (1 —2)Z (1 —w+ 2).
This and (3.12) imply

(3.15) H(z,w) = |w|%_Re(“’)|z|Re(Z)_%|w - z|Re(w_z)_%

for w, z in any fixed vertical strip such that w, z, and w — z are bounded away from the
integers.

We will repeatedly use without mention the well-known fact that ((s) and the Dirichlet
L-functions each have at most polynomial growth in fixed vertical strips. Oftentimes, this
polynomial growth is offset by the rapid decay (3.10) of the Mellin transforms. However,
there are certain points in our argument, particularly when estimating integrals involving a
large number of zeta or L(s, x) factors, where we will need to assume the following.
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Generalized Lindelof Hypothesis (GLH). The Lindeldf Hypothesis for ((s) holds and
L(5 +it, ) << (a(1+]t])°

for all real t and all non-principal Dirichlet characters 1 modulo q, where the implied constant
depends only on €.

The Generalized Riemann Hypothesis implies GLH [CG06]. We will explicitly mention
our assumption of GLH each time we use it.

For conciseness, we adopt the convention that any expression of a sum in Y-notation that
contains the symbol 4+ means a sum of two copies of that expression: one with the symbol
+ replaced by +, the other with + replaced by —, and both with F replaced by the sign
opposite that replacing +. For example,

> (Fd)f(Ed)g(d)

dlq
d|(m=+n)

means the same as
> w(=d)f(d)gd) + > w(d)f(~d)g(d).

d|q dlq
d|(m-+n) dl(m—n)

and ) h(da) means the same as ) h(a) + >, h(—a). On the other hand, we use the
typical interpretation of + in expressions like

/°° clmh + eSnkl| W (c|mh + efnk:|> o1 gy
0 gz gzQ

/.- |mh £ nk|
=—

We end this section with two lemmas that we will apply in various sections.

Lemma 3.1. [CIS19, Lemma 2] If (mn,q) = 1, then

and in definitions such as

x mod ¢ d|q

d|(m=n)

where the b indicates that the sum is over all the even primitive characters. Here, we have
adopted the previously mentioned convention that the right-hand side means a sum of two
copies of itself: one with + replaced by +, and the other with + replaced by —.

Lemma 3.2. If f(mq,ma,...,mj;p) is a complez-valued function such that

Flmn,ma, ... my;p) = f(porom) pords(ma) | porda(my). )

for all positive integers my, ma, ..., m; and primes p, then

> T rmume,.compp) =TT D f0™0*.0%p)

1<mi,ma,....,mj<oco p p 0<b1,b2,...,b;<c0

if absolute convergence holds for both sides.

Proof sketch. This can be proved using a standard argument (see, for example, [Apo76,
Theorem 11.7]) together with the fact that [[ ., f(1,...,1;p) = L as y — oo. O
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4. THE CFKRS RECIPE FOR CONJECTURING ASYMPTOTIC FORMULAS FOR MOMENTS

In this section, we apply the heuristic of Conrey et al. [Con+05] to conjecture the as-
ymptotic formula for the sum S(h, k) defined by (2.1). We also make the definition (2.2)
of Zy(h, k) more explicit by writing out the analytic continuation of the m, n-sum. Further-
more, we write the ¢g-sum in (2.2) in terms of an integral in order to facilitate subsequent
calculations. For a more detailed discussion on the CFKRS recipe and its applications to
other families of L-functions, see [Con+-05].

We first apply Mellin inversion, interchange the order of summation, and observe that

iTA(ml)X(m)ZTB(2+52 HL + a+ s1,X) HL + B+ $2,X)

+s1
m=1 ma2 n=1 a€cA BeB

by the definition (3.1) of 75 to deduce from (2.1) that

S(h, k) = (2m /(2) / X152V (5)V (s, ZW( ) Zb x(h)x (k)

x mod ¢

< [TLG +a+s1,x) [T LG + B8+ 52.X) dsz dsi,
acA peB

(4.1)

where V is defined by (3.7). We may move the lines of integration to Re(s1) = Re(s2) = ¢

because of the rapid decay of V' and the fact that L(s,x) is entire for non-principal x.
Now recall that if y is an even primitive character of conductor ¢, then L(s, ) satisfies the
functional equation [Dav00, §9]

L(57X) = G(X>q78%<S>L<1 - 87%)7

where G(X) = ), 10d 4 X(1) exp(2min/q) is the Gauss sum and 27(s) is defined by (3.11).
Then we have the approximate functional equation

x(n) —s x(n)

TG Z(s) et
We replace each L(s, x) factor in (4.1) with the right-hand side of its approximate functional
equation, and then multiply out the resulting product. We formally discard all the resulting
terms except for those that have the same number of G(x) factors as G(X) factors. For the
remaining terms, we use the fact that G(x)G(X) = ¢ [Dav00, §9], and formally extend the
sums from the approximate functional equations to co. We then write the sums in terms of
the function 75 defined by (3.1), and use the approximation [Con+05, (4.3.4)]

b
b Z 1 if hm = kn and (hkmn,q) =1
> x(hm)X(kn) m § xmeda

x mod g
0 else,

which we expect to follow from the orthogonality of Dirichlet characters (see also Lemma 3.1).
This leads us to conjecture Conjecture 2.1.

We may put Conjecture 2.1 into a more explicit form by writing out the analytic con-
tinuation of the m,n-sum in (2.2). We do this by formally writing it as an Euler product,
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multiplying it by
(4.2) [T  ca+v+9),

YEAs \Usy U(Viy) ™
§€Bgy Vs, U(Us, )™

and then dividing it by the Euler product of (4.2). In other words, we claim that the
definition (2.2) of Z,(h, k) with the m,n-sum written explicitly as its analytic continuation
is

hk) = Y Z W( ) Zbﬁ /(E) (E)X““QV(SIW(SQ)

UCAVCB g=1 x mod ¢
UI=IVI= f(qhk)

XH +a+31)H3{(%+5+32) H (L4 +6)

a+s1 q5+82
aclU BeEV YEAs; \Us; U(Vsy) ™
SEBoy~VayU(Us; )~

XH{ I (1—%)}11{ I (1)

plg YEAs \Usy U(Vsy) ™ plhk \ y€As \Us  U(Vsy)
0€Bsy Vs, U(Us; )~ d€Bsy Vs, U(Us; )™
m 7
« Z TASI\Uslu(VSQ)—<p )TBSQ\VSQU(USI)—(p )
pm/Qpn/Q
0<m,n<oco

m+ordy (h)=n+ordy (k)

T ()

pfqhk 76A51\U51U(V32)7
d€Bsy Vs, U(Us )~
0 T - _ m T WL - m
(4.3) ) 30 T Ui (p p)mBsg Vay UUsy)~ (P )}d82 ds.
m=0

We now prove our claim by showing that the Euler product in (4.3) converges absolutely
for A, B satisfying o, 8 < 1/log@ for all « € A and 5 € B. To do this, we make the
following observations for such A, B. If Re(s1) =Re(s2) = ¢, then

(4.4)
1 1 1
H <1 - p1+w+6) =1- Z Pl +0 <p1+e)
YEAs ) \Usy U(Vsy) ™ YEAs ) \Usy U(Vsy) ™
6€Bsy, Vs, U(Usy )™ 6€Bsy Vs, U(Us; )™
1 TASI\USIU(VSQ)—(p)TBSQ\VSQU(Usl)_(p) 0 1
- P + p1+e ’

where the last equality follows from the definition (3.1) of 75. Furthermore, (3.2) implies

i TAy, “Usy U(Vay)~ (P™) Ty Ve, U, )~ (P™) 1

4.5
( ) pm p2—5

m=2
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for Re(s;) =Re(sy) = €. From this and (4.4), we deduce that if p 1 ghk, then the local factor
in (4.3) corresponding to p is 1 + O(p~'7¢). Hence the Euler product in (4.3) converges
absolutely.

We next prove an integral expression for the g-sum in (4.3) in order to facilitate the proof
of Theorem 2.2. We first observe that if Re(s;) =Re(sy) = € and o, < 1/log @ for all
a € A and § € B, then

T

p|q 76A81 \U51U(V92) p‘h‘k ’YEAsl \U81U(V€2)
d€Bsy \Vs, U(Usy )~ d€Bsy Vs, U(Us; )™
TAg \Us;U(Vsy) ™ (pm)7_332 \VeuU(Usy )~ (pn)
X Z pm/2pn/2
0<m,n<oo
m+-ordy, (h)=n+ord, (k)
(4.6) =[] o) < (ghk)*.
plghk

Now Lemma 3.1 with m = n = 1 implies
b 1 q
S 1=5Y el (3> +O(1).
x mod q dlq

We insert this into (4.3). The total contribution of the O(1) error term is at most <.
XeQ'™e(hk)® if we assume (3.5), since we have (3.6), (4.4), (4.5), and (4.6). We then write
W(q/Q) as an integral using its Mellin transform. We take this integral to be along Re(w) =
2 4 € to keep the g-sum absolutely convergent. Expressing the g-sum as an Euler product
using Lemma 3.2, we then deduce from (4.3) that, if (3.5) holds, then

(4.7) Zi(h, k) = Z; (h, k) + O(X°Q"**(hk)®),
where Z;(h, k) is defined by

* o 1 S1+s2 “’~s~3Nw
L (h k) = Z 2(2mi)3 /(a) /(a) (2+5)X VIV )W)

UCA,VCB
|Ul=|V|=t
x[[Z2G+a+s) [[ 2G+8+s) 11 C(1+7+0)
aceU BeEV ’YEAsl \U51U(V52)7
56382 \VS2U(U31)7
1
<IT 11 (1 - W)
p|hk YEAs ) \Usy  U(Visg) ™
6€Bsy, Vs U(Usy )™
« Z TAsy\Us; U(Viy) ™ (pm)TBSQ\ngu(Usl)— (pn)
pm/Qpn/Q
0<m,n<oco

m+ordy (h)=n+ordp (k)

1 p—2
X H { H . (1 - p1+7+6> X (1 + PP acu(ats)+gey (B+s2)

pthk \ A \Us; U(Vsy)
8€Bsy Vs, U(Us, )~
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( 1)2 p2(1_w_zan(O‘+51)_Zﬁev(ﬁ+52)) )
+

Y B T ST o SPR CE)

1
+ H <1 o p1+v+6>
YEAs; NUs; U(Vsy )™
8€Bsy Vs, U(Us; )™

Z TAg, \Usy U(Viy)™ (pm)TBSZ\VSQU(Usl)*(pm)

(4.8) T

} dw dss ds;.

m=

5. INITIAL SETUP AND OUTLINE OF THE PROOF OF THEOREM 2.2

We may assume that (¢, mnhk) = 1 in the definition (2.1) of S(h, k) since otherwise the
summand is zero. We may thus apply Lemma 3.1 to deduce from (2.1) that

(5.1) Z W( ) 3 Mﬁv(%)v(%) S sdule).

1<q<oo 1<m,n<oco >
(q,hk)= (mn,q)=1 cd=q
dlmh+nk

Let C' > 0 be a parameter that we will choose to be some power of () at the end of our
proof of Theorem 2.2. We use the notation of [CIS19] and split the right-hand side of (5.1)
to write

(5.2) S(h,k) = L(h, k) +D(h, k) +U(h, k),

where L(h, k) is the sum of the terms with ¢ > C, D(h, k) is the sum of the “diagonal” terms
with ¢ < C and mh = nk, and U(h, k) is the sum of the “off-diagonal” terms with ¢ < C
and mh # nk. In other words, L(h, k), D(h, k), and U(h, k) are defined by

(5.3 3 2 ow(g) X PRy (v (L) X s,

1<q<oo 1<m,n<oo c>C,d>1
(q,hk)= (mmn,q)=1 cd=q
dlmh+tnk

(5.4) D(h, k) ::% 3 W(%) 3 %\/%(”)V(%)V(%) > dldulo),

1<g<o0 1<m,n<oco 1<e<C,d>1

(g,hk)=1 (mn,q)=1 cd=q
mh=nk dlmhxnk
and
Ta(m)Tp(n) m n
(5:5) U 5> W( ) > RV (S)V(s) X ),
1<q<oo 1<m,n<oco mn X X 1<e<Cd>1
(g,hk)= (mn,q)=1 cd=q
mh#nk dlmh+tnk

respectively. The purpose of splitting the c-sum this way is that we need the c-sum to be
finite when we apply the asymptotic large sieve.

For the rest of this section, we outline our strategy for estimating each of L(h, k), D(h, k),
and U(h, k). The presentation in this section will be terse in comparison to the actual
arguments.
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We treat D(h, k) in Section 6. There, we extend the c-sum in (5.4) to oo, apply Mellin
inversion, and then write sums in terms of an Euler product to show that, up to an admissible
error term, D(h, k) equals the zero-swap term Zy(h, k), which is defined by (2.2) with ¢ = 0.

We evaluate L(h, k) in Section 7. As in the approach of [CIS19], we detect the divisibility
condition d|mh £ nk using character sums and split L(h, k) into

LO(h, k) + L"(h, k),

where £°(h, k) is the contribution of the principal characters while £"(h, k) is the rest of the
sum. We use Mobius inversion to convert £°(h, k) into a sum over ¢ < C' and show later
that it cancels with a term from our analysis of U(h, k). We bound

Ak
£ (h k)
2 ik

by applying Mellin inversion and writing the m, n-sum in terms of Dirichlet L-functions. We
use GLH to bound these L-functions, and then apply the large sieve. The role of C' here is
to make the bound from applying the large sieve < Q*¢. Our use of GLH differs from the
approach in [CIS19], where they are able to apply the bound for the fourth moment because
they have only a few L-functions in their setting.

The analysis of U(h, k) forms the most difficult part of the proof, and is done in Sections
8,9, and 10. The first step in our analysis of U(h, k) is to make a change of variables and
switch from the divisor d of mh £+ nk to the “complementary modulus” ¢ given by

_|mh £ nk|
= y .
We then use character sums to detect the condition ¢|mh £+ nk and arrive at (essentially)

i =g 30 TP (v (§)

(5.6) (

c=1 1<m,n<oo
(mmn,c)=1
mh#nk
=1 — mh £+ nk clmh + nk
<37 X wlmnian =y (A )
/=1 ¢ ¥ mod £ ¢ KQ

(the unabridged version of this is (8.1.4) in Section 8). This technique of switching to the
complementary modulus is at the heart of the asymptotic large sieve due to Conrey, Iwaniec,
and Soundararajan [CIS11]; see also [CIS12b] and [CL14]. The purpose of switching from
the divisor d to the complementary modulus (5.6) is to reduce the moduli of the characters
we use to detect the divisibility condition. This, in turn, leads to a tighter upper bound
when applying the large sieve inequality. Indeed, the variable d in (5.5) satisfies d < Q/c
because cd = q and ¢ < @) by the support of W. Thus, d can be of size < () since ¢ may be
1. On the other hand, the variable £ in (5.6) can only be at most < XCQ"~! for h, k < Q"
since d < Q/c, ¢ < C, and m,n < X in (5.5) by the support of V. If X < Q*7¢, then
XCQ"! is a factor of Q¢ smaller than @ for suitably small C' and ¥. This technique and
the asymptotic large sieve have proven to be extremely useful in the study of the family of
primitive Dirichlet L-functions (see, for example, [CIS12b], [CIS13], [Cha+14], and [CL14]).
After expressing U(h, k) in terms of character sums, we may split U (h, k) into

U(h k) +U"(h, k),
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where U°(h, k) is the contribution of the principal characters while U"(h, k) is the rest of the
sum. We bound

Ak
(5.7) > Z=ur(hk)
W VI

in Section 10 through a procedure similar to that in [CIS19]. In this method, we first make a
change of variables to remove some of the dependencies of the summation variables m, n, h, k
on each other. We then apply Mellin inversion, write the sum in terms of an Euler product,
and then move the lines of integration closer to zero so that the resulting exponent of X in
the integrand has small real part. The Euler product contains a potentially large number
of L-function factors, and we use GLH to bound these L-functions. We split the integrals
into dyadic parts, and bound the Mellin transforms carefully by treating each dyadic part
differently. This technical step, which we carry out explicitly in (10.23), is a bit more delicate
than the estimations in [CIS19] because there are more variables of integration after we apply
Mellin inversion. Finally, we apply the large sieve inequality to estimate the character sums.
It is at this point that we see the effectiveness of using the complementary modulus (5.6).
If the character sums involve characters of modulus (), then the large sieve inequality alone
may not be enough to show that (5.7) has order of magnitude smaller than that of the main
term in the predicted asymptotic formula for S(h, k).

To evaluate the contribution U°(h, k) of the principal characters, we first apply Mellin
inversion on the function W and write the /-sum as an Euler product using Lemma 6 of
[CIS19] (Lemma 8.1 in Section 8). We then move the line of integration to write

U(h k) =U (b, k) + U (h, k),

where U (h, k) is the residue from the pole of the (analytic continuation of the) Euler product,
while U?(h, k) is the integral along the new line. The residue U (h, k) is equal to the negative
of £°(h, k) plus an admissible error term, and thus cancels £°(h, k).

We analyze the integral U?(h, k) in Section 9 to uncover the predicted one-swap terms.
This is where we carry out the delicate contour integration mentioned below Theorem 2.2.
To begin, we apply Proposition 2 of [CIS19] (stated as Proposition 9.2 in Section 9) and
separate the variables m and n in |mh + nk| by writing |mh £ nk|" in terms of an integral
of a meromorphic function. We then apply Mellin inversion on the function V' and express
the sum as an Euler product. We determine the analytic continuation of this Euler product,
and then move the lines of integration to suitable locations to express U?(h, k) as a sum of
several residues and error terms. We use the Lindel6f Hypothesis for ((s) to justify moving
some of the lines of integration and to bound one of the error terms. We also carry out a
similar analysis of the sum Z,(h, k) of the one-swap terms from Conjecture 2.1. We then
find that each residue in the expression for U?(h, k) can be matched with a residue in the
expression for Z; (h, k) in such a way that corresponding residues are equal up to a negligible
error term. This step requires proving identities involving several Euler products. These
Euler product identities, in turn, are consequences of certain properties of the function 7g,
the chief one being

Taqaruf—y ()T 4s () + Tatar () T8 (810-a} (0)) — Ta () (V) TB (5} (D)

j + -1

= Taqayui-8) (P T8 a0} (@) = PP Ta om0 ) e syu—a) (0
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(Lemma 9.8 in Section 9), which stems from the work of Conrey and Keating [CK15c] on
moments of zeta. Conjecture 2.1, predicted by the CFKRS recipe, plays a crucial role in the
analysis of U%(h, k), as it provides a clear answer to aim for in untangling U?(h, k).

Changes in the proof for the odd case. We now describe the changes we need to make in our
proof in order to handle the odd primitive characters. The version of Lemma 3.1 for odd
primitive characters states that if (mn,q) = 1, then

Zoddx(m)mzé > sl () _% 5wt (2).

x mod g dlq dlq
dlm—n dlm+n

where the superscript “odd” indicates that the sum is over all the odd primitive characters.
Thus, to handle the sum over the odd primitive characters, we change our convention about
the symbol + and have —1 multiplied to the copy that has + replaced by +. A consequence
of this sign change is that the analogues of £°(h, k) and U°(h, k) for odd primitive characters
are zero. The main term in the asymptotic formula for the analogue of D(h, k) is unaffected
by the sign change, and so (6.2.3) still holds with D(h, k) replaced by its analogue. The sign
change does not affect the other bounds in our proof. In evaluating the analogue of U?(h, k),
instead of using Proposition 9.2, we use the version of it for
I1—r™ —|1+7r|".

This version has the function

LW (1—-2)%(1—w+2)
in place of H(z,w), where % (s) is defined by

6. THE DIAGONAL TERMS D(h, k)

In this section, we focus on the sum D(h, k) of the diagonal terms, defined by (5.4). We
first perform a short analysis of the main contribution Zj(h, k) of the zero-swap term. We
will then see that Z;(h, k) coincides exactly with the main contribution of D(h, k).

6.1. The prediction for the zero-swap term. We may simplify Z;(h, k), defined by (4.8)
with ¢ = 0, by cancelling the zeta-function factors ((1+ a+ + s; + s2) with the convergent
products of the corresponding local factors. We also apply (3.3). The result is

3 (h, k) Xt Quy
00 = s | [ XV )
o H Z TA(p™)7B(P")
pm(1/2+51)pn(1/2+52)

p|lhk 0<m,n<oco
m+-ordy (h)=n+ord, (k)

— 7a(p) (")
XH( _p1 w +ZW dwdss ds;.
pthk =1

To simplify the latter m, n-sum, define H := h/(h, k) and K := k/(h, k). A given pair m,n
is a pair of nonnegative integers with m + ord,(h) = n + ord,(k) if and only if there is a
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nonnegative integer ¢ such that m = ¢+ ord,(K) and n = ¢+ ord,(H). Hence we may write
the m,n sum as

1 oo TA ordp +€) <pordp(H)+€)
pordp(K)(1/2+31)+0rdp(H)(1/2+52 Z 2(1+51+s2)
=0

Thus we predict that

. XS1+82 " -~ —
500 = s [ L s @ TV

ordp(K )+ ord, (H)+¢
Ta(p )75 (P )
(6.1.1) x 1|_[ ; P01 +52)
p|hk
(@) 5(p")
X H < Z W dw d52 dSl.
pthk =1

6.2. D(h, k) coincides with the prediction for the zero-swap term. In this subsection,
we show that D(h, k), defined by (5.4), is equal to the right-hand side of (6.1.1) plus an
admissible error term. To this end, we first make a change of variables in the m,n sum.
Since H := h/(h, k) and K := k/(h, k), the condition mh = nk is equivalent to the condition
that m = K¢ and n = H/ for some positive integer ¢. We thus arrive at

1§OOW (%) 1gz<oo TA(?%H@V (g) 1% <H7€) 1§C§d21 o(d)u(c).

(¢,hk)=1 (£,9)=1 cd=q
d|Kth+Hk

Recall that we use the notation d|K(¢h + H(k to signify that we are adding two copies of
the sum: one with d|K¢h — Hlk and the other with d|K¢h + H(k. In the first copy, we
are summing over all d because K'h = Hk. In the second copy, the condition that d divides
K{¢h+ H/(E is equivalent to the condition that d|2 because Kh = Hk and (g, hk¢) = 1. Thus,
the ¢, d-sum in the second copy has at most two terms, and so the second copy is bounded
by
(HK XHK
<0 Z 0)° ( )

<X ¢ v v

S p——

Hence

1<g<0 1<b<
(q,hk)=1 (£g)=1
(XHEK)
< Y suo+o Q2R
1<e<C,d>1 HK
cd=q

We next extend the c-sum to co. The error introduced in doing so is

(HK/()® Q2 (XHK)*
% — 2 D) <G —
swqiex c>§ d>1 VHK

cd=q
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Note that we are careful to estimate the c-sum in terms of C', which is necessary because the
main term in Theorem 2.2 is of size about Q?. Later, we will choose C' as a specific positive
power of @ to control this error term. Setting ¢*(q) := >_ ;_, ¢(d)u(c), we now have

| 5 () 3 Py (%), (%)

1<q<oo 1<l<o0
(q,hk)= (t,q)=1

2\ (XHK)®
~o((+ %) V)
Next, write V, W in terms of their Mellin transforms using Mellin inversion to find
D) = 5o [ [ e VeV [ @)
2(2mi)3 e H1/2+s1 [(1/2+s2 (24¢)

X Z q ¢ (q) Z Tl 075 (HO) dw dss ds;

fltsi+s2

(6.2.1)

1<g<0 1<l<o0
(q,hk)=1 (t.q)=1

co((0+) S5)

where we have chosen the location of the w-line to be along Re(w) = 2 + ¢ to ensure that
the g-sum is absolutely convergent. We may then rewrite the ¢, f-sum in (6.2.1) as the Euler
product

- X TA(pordp(K)-i-E)TB(pordp(H)-l—E)
(6.2.2) I1 ( S e ) D, T :
p 0<g<oo 0<t<oco p ( v
min{q, ordp(h)Jrordp(k)}:O min{¢,q}=0

If p|hk, then ord,(h)+ord,(k) > 1. In this case, for the condition min{gq, ord,(h)+ord,(k)} =
0 to hold, we must have ¢ = 0. Since ¢*(p") = 1, it follows that the contribution to the Euler
product from the primes dividing hk is

ord, (K) +E)

H i TA(p TB(pordp(H)Jré)
p€(1+81+82) )
=0

p|hk

which we note has no dependence on w. Now suppose that p t hk. Then ord,(h)4ord,(k) = 0,
which means we may drop the condition that min{q, ord,(h)4ord,(k)} = 0. The contribution
to the Euler product from primes not dividing hk is thus

4 K >
—quw A(p )TB (p —quw TA )
[ 3 ormotn S0 T (1 o+ 3000
pthk 0‘<%EE<)OOO pthk q=1 =1

min(¢,q)=

Inserting the definition of ¢* into the g-sum, we directly calculate the ¢ = 1 term and realize
the sum of the terms with ¢ > 1 as a geometric series to find, after a short calculation, that

Lo =1 S o = () (-
q=1

cd=p4
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Hence, writing the ¢, f-sum in (6.2.1) as the Euler product (6.2.2) and applying the above
simplifications, we arrive at

= / / A (T ()7 (s2) W ()
27rz (e) J @4y HY2Hs1 K1/ S1)V (82 w

ord (K)—i—Z)T

TA p p B(pordp(H)—i—K)

plhk \{=0
Ta(p")75(P")
X H ( _pl w Z p€(1+81+82) dw d81 d82

pthk (=1

rof(er %) Vi)

After relabeling s; as sy and vice versa, we see that the integral above exactly matches the
right-hand side of (6.1.1). In other words,

(6.2.3) D(h,k) = T;(h,k) + O ((Q+ Q—2> %)

7. THE TERM L(h, k)

Recall the definition (5.3) of L(h, k), and recall that we interpret the d-sum therein as two
sums: one with the condition d|mh — nk and the other with the condition d|mh + nk. We
first show how to re-express L(h, k) in terms of characters modulo d. For (mnhk,d) = 1,
the orthogonality of character sums implies

1 e 1 if djmh — nk
¢(d) ¢mzoddw(m i 0 else
and
1 1 if djmh + nk
¢— Z (mh))(—nk) =
¢ mo 0 else.

Since (1) + ¥(—1) = 2 if ¢ is even and 0 if v is odd, it follows that the sum of these two
character sums is

2 —
M ¢§1 d@[)(mh)zb(nk:).
1 even

Therefore, we may recast L(h, k) as

- Y () X ey (2

5

1<q<oo 1<m,n<oo

(g;hk)= (mmn,q)=1
< S w3 wmh)dnk).

c>Cd>1 1 mod d

cd=q Y even
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Split the right-hand side to write
(7.1) L(h, k) = L(h, k) + L"(h, k),

where £°(h, k) is the contribution of the principal character modulo d and L£"(h, k) is the
rest. In other words,

(7.2) = 2 W( ) 2 M\/ﬁ(n)V(%)V(%) 2, mo)

1<q<oo 1<m,n<oo c>C,d>1
(q,hk)= (mn,q)=1 cd=q

and

S ow(g) S (v (g

1<g<0 1<m,n<oo

(q,hk)=1 (mmn,q)=1
x Y ule) Y d(mh)d(nk),

c>Cd>1 1 mod d

cd=q Y even

#Yo

where 1)y denotes the principal character modulo d.

In this section, we have two goals. First, we will bound the contribution of L£"(h, k) and
show, on average over h,k, that it is an acceptable error term. Second, we will rework
LO(h, k) in preparation to show (later, in Section 8.3) that L°(h, k) cancels with a term
arising during the analysis of U(h, k).

7.1. Bounding the contribution of L"(h,k). We may freely interchange the order of
summation because each of W and V has compact support, forcing the sums to be finite.
We bring the m, n-sum inside and then use Mellin inversion to write

Z W(%) Z p(c) Z Qﬂ(h)a(l{;) Z TA(m)TB%(m)w(n)

1<g< c>C,d>1 1 mod d 1<m,n<oco
(g,hk)=1 cd=q 1 even (mn,q)=1
Y#o

Xsl"l‘SQ — _
27TZ / / msln52 81)V<82) dSQ dSl7
+¢) +e)

where we have chosen the lines of integration to be at Re(s;) = Re(sz) = 3 + € so that in
the next step we can interchange the m, n-sum and the integrals. Since ¢ = c¢d and ¥(v) =0
for (v,d) > 1, the m,n-sum is the same as

5 TA<m>T?(n)w(m)w<n> =TI LG +s1+a,0) [] LG +s2+8.9)

mateipste: acA BeB
IO ) (1))

acA peB

1<m,n<oco
(mmn,c)=1
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Therefore, we have

> W(%) > o) Y w(h)E(/ﬂ)(%%y/(é%)/(;ﬁ)XSHSQ

1<g<o0 c>C,d>1 ¥ mod d
(g,hk)=1 cd=q 1) even
Y#po

><V81 (52 HL +51+067¢H +52+5E)

acA €B
Y(p)
X OEIA (H < p2+51+a ) i ( " p2+52+,3 dsy dsy.
We may now move the lines of integration to Re(s;) = Re(sz) = € by the rapid decay of

V(s1) and V(sy) and the fact that L(s, ) has no pole whenever ¢ is non-principal. We
multiply both sides of the above equation by AyA.(hk)~/2, and then sum over all positive
integers h, k < Q? to arrive at the quantity we aim to bound:

)\h)\k . An i q -
> Mg = 3 M S W(Q) S o) S )ik

h k<Q«9 hk<Q? 1<g<oc0 >Cd>1 ¥ mod d
(g,hk)=1 cd=q 1 even
Y#po
(7.1.1) o / / X2V (50)V (50) [ L + 1+ v 0h) [[ LG + 52+ 8,9)
acA peB
v(p) ¥(p)
x H (H ( 2—i-81+oz H H 1- p%—i-sz-l-ﬁ d82 dSI'
acA ple BEB ple

Now observe that

—~ %‘ <J[@ <.
ple ple

for any complex number z with |z| < 1 / 2. Moreover, it holds that

A ( o) |
3 ¢’ U(k) _ 3 zi% )

h k<Q19 h<Q?
(hk,q)= (h,q)=1

We bound the L-functions in (7.1.1) by assuming GLH?. It follows from these and the triangle
inequality that

N 2
ARk q Ah¢(h)
Yo Ak < XY W (—) BRCOEDIED
h,E<QY hk 1<g<o0 Q c>C,d>1 9 mod d h<Q19 \/ﬁ

cd=q Y even h
i D=

y / (5150 |7 (1) [V (5)] s dsa .
(e) J(e)

2We must assume GLH in this step because of the potentially large number of L(s, ) factors. This differs
from the argument in Conrey et al. [CIS19], where they bound the size of the square of the L-function
using the large sieve and the approximate functional equation (see the argument following equation (4.6) in

[CIS19)).
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The rapid decay of 1% implies that the latter double integral is < 1. We substitute ¢ = cd
and write the ¢g-sum as a double sum over ¢ and d. Furthermore, in preparation to use the
large sieve, we express each 1 in terms of the primitive character it is induced by to deduce
the upper bound

3 /\\;%U(hk <. (XQF Zzw(cd)z Y W

h,E<Q? c>C d=1 u|d ¥ mod u h<Q19
#Yo  (h,q)=

where we again use b to denote that the sum is over even primitive characters. We substitute
d = ru and write the d-sum as a double sum over r and u to arrive at

Ak cru M (h ’
S L) < (XO) ZZZW( )Zb 5o A

h,k<Q? c>C r=1 u=1 Ymodu | h<Q?
Y#Yo  (hg)=1

Since W is bounded and compactly supported, it follows that

Ak A (h ’
> Seremm <o 3 Y 3 S 3 A

h,kSQﬁ C<ekQ ’I“<< u<< Q ¥ mod u ]—LSQ'&
Y#Yo  (h,g)=1

The large sieve (see, for example, [Dav00, §27 Theorem 4]) implies that

DDA RICET DS

<& ¢ modu h<Q19 h<Q?
S Tytde (hgye (h.q)=1

Hence, since A\, <. h°, it follows that

2
Z )\h)\k h ]{? <<€ XQ Z Z (Qﬁ o 2)@8

h k:<Q19 C<ekQ 7«<<?
(7.1.2) <. (XQ) Z (Qlw Q;)
C<ek@ ¢ ¢
<<€ (XQ)E <Q1+19+s + %2) )

As mentioned in Section 5, we will eventually choose C' as a specific positive power of @) to
control this error term.

7.2. Preparing L°(h, k) for eventual cancellation. The goal of this subsection is to put
L(h, k) into a form that, as we will eventually see in Section 8.3, cancels with a term arising
from our analysis of U(h, k). To this end, let us first focus on the ¢, d-sum in the definition
(7.2) of L°(h, k). We complete the c-sum by writing

DNICEDSICEND STC R L B SR C)

c>C,d>1 clq c<C,d>1 q c¢<C,d>1
cd=q cd=q cd=q
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The latter ¢, d-sum equals 1 if ¢ = 1, and so it follows that

Z p(e) ifg>1

c<C,d>1
> o) = cd=a
c>C,d>1
cd=q 0 if g = 1.

From this and the definition (7.2) of LO(h, k), we arrive at

S W( ) 5 m(%m)v(%)w%) D> nle):

1<q<oo 1<m,n<oo c<C,d>1
(q,hk)= (mn,q)=1 cd=q

Without loss of generality, we may ignore the condition ¢ > 1 and simply sum over all
1 < ¢ < oo because the ¢ = 1 term is zero for large enough @), as W is supported away from
0. We substitute ¢ = cd and interchange the order of summation to deduce that

Ta(m)tp(n) , rm n cd
(12.1) L0k =— Y ule) Yy BNy (—) Vv (—) S ow(E).
1<ce<C 1<m,n<oco mn X X 1<d<o0 Q
(c,hk)=1 (mmn,c)=1 (d;mhnk)=1
To evaluate the latter d-sum, we use Stieltjes integration and the fact that
Z 1= JEM + E(x,m)
m
d<z

(d,m)=1

for some function E(xz,m) such that E(x,m) = O(m?) uniformly for all > 0 and positive
integers m. This results to

cd c ¢(mnhk) [ cx > cx
oW (5) = (5)+ i [Tw () aos [Tw(5) e

(d,;mnhk)=1

Note that W(c/Q) < 1. Moreover, we may integrate by parts to see that the last integral
is O((mnhk)®) by the bound on E (:1: m) and the fact that W is compactly supported. By a
change of variables, we have

Q/ (C‘”)d:p—/ W(x dx—/ W(x d:p—/ W(a daz+o(Q)

Combining these estimates with (7.2.1), we find that

(7.2.2)
hk)
LO(h,k) = — pe) Ta(m)7(n) (Y 0y G(mn / Wi
Q1<;c 1<7;<oo vmn <X> ( “mnhk
(¢,hk)=1 (mmn,c)=1
+ O((th)EXC).

In Section 8.3, we will show that a part of U(h, k) cancels with the main term above.
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8. PREPARING THE TERM U (h,k) FOR ANALYSIS

There are two goals for this section. The first is to switch to the complementary modulus by
making a change of variables in the definition (5.5) of U (h, k) and then express the divisibility
condition in terms of character sums. The second goal is to dissect the contribution of the
principal characters in order to isolate the part of it containing the predicted one-swap terms.

8.1. U(h,k): Switching to the complementary modulus. Recall the definition (5.5) of
U(h, k). We substitute ¢ = cd and rearrange the sum to deduce that

(8.1.1)
1 Ta(m)Tg(n)_ . /rm n cd
Utk =5 >, e Jmn V(X>V<X> >, ddw o)
1<e<C 1<m,n<oco 1<d<oo
(¢,hk)=1 (mmn,c)=1 (d;mhnk)=1
mh#nk dlmhtnk

Let g = (mh,nk). Then the condition that d|mh+nk and (d, mhnk) = 1 is equivalent to the
condition that d|m7h + "Tf and (d,g) = 1. From this and the fact that ¢(d) = >__,_, u(e)f,

we see that the d-sum in (8.1.1) equals

S W (%l): S e S w (%)

1<d<oo 1<e<@ 1<f<0
(d,g)=1 (e,9)=1 (f,9)=1

d‘mim ef|MiLk
g 9 9 g

Use Mébius inversion to detect the condition (f,g) = 1 and write the above as

> e X T ()= X woXuw ¥ o).

1<e<o0 1<f<co al|f 1<e<o0 alg 1<f<o0
(e,9)=1 ef|mb 41k glg (e,9)=1 alf
9 g mh | nk
ef|f5£5

Make a change of variables f = ab in the f-sum to see that this equals

(8.1.2) Z u(e)Zau(a) Z bW (%ab>.

1<e<o0 alg 1<b<oo
(e,9)=1 eab| ’"Th:l:%

Now define the “complementary modulus” ¢ by
|mh £ nk| = geab,

and use it to make a change of variables in the b-sum to write (8.1.2) as

|mh £+ nk| clmh + nk|
Z ,u(e) azlza/i(a) Z geal w < glQ )

1<e<o0 1<l<o0
(e,9)=1 eaL€|mTh:|:"T]C
(8.1.3) () mh £ nk| . [ clmh + nk|
Hie Z m n cim n
SIS WIOEDS w ( )
1<e<o0 € alg 1<l<o0 gé gé@
(e,9)=1 ea@\%hi%k

Since ¢ is defined by g = (mh,nk), we must have that eafl is coprime to each of mh/g and
nk/g, because if not then the condition eal|(mh £ nk)/g would imply that mh/g and nk/g
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are not coprime, contradicting the definition of g. Thus the orthogonality of character sums

implies
1 mh\ — (__nk
g, 2 ()7 () -

Hence, we may replace the condition eal|(mh 4+ nk)/g in (8.1.3) with the above multiplier
to conclude that the d-sum appearing in (8.1.1) is equal to

3 @Zu(a) > ¢(ela£) 2. (m?h)a(ﬁ?f)

1 if eaf\m?h + ”?k

0 else.

1<e<oo alg 1<t<0 1 mod eal
(e.9)=1 (eaﬁ,%h~%f):1
+ +
y |mh nk\W (c|mh nk!)
gl glQ
It follows that
(8.1.4)
1 Ta(m)tg(n) . /m n uie)
Uh k) =5 > a0 Y HEEERV(T)V(%) D EE Y u
2 1<c< 1<m,n<oo mn X X 1<e<0 ¢ alg
(e,hk)=1 (mn,c)=1 (e,9)=1
mh#nk
1 mh\ — nk\ |mh +nk clmh £ nk
" Seal) | 2 ‘”(_W(*_)' / |W(| Q l)'
1<l<o0 ¥ mod eal 9 9 9 9
(eal mThﬂ?k)*l

Write this as
(8.1.5) Uh, k) =U(h, k) + U (h, k),

where U°(h, k) is the contribution of the principal character in the 1-sum, and U"(h, k) is

the contribution of the non-principal characters. In other words, U°(h, k) and U"(h, k) are
defined by

W=y 3w 3 PRV (R)v(3) X A w0

1<e<C 1<m,n<oco 1<e<0 alg
(Chk)=1  (mnic)=1 (e.g)=1
(8:1.6) mhinl k h+ nk
% Z |m€ 7”2|W(C|m€ ”|)
L. gtoleal) 9lQ
(ea(,%h-%k):l
and
(8.1.7)
1 Ta(m)Tg(n) . /rm n w(e)
iy (1)1 () 3 1
U(hk) =5 >, ple) — )V (5) 2 T D)
1<c< 1<m,n<oco 1<e<00 alg
(¢,hk)=1 (mmn,c)=1 (e,9)=1
mh#nk
1 mh\ — ([ nk\ |mh £ nk| clmh £ nk|
1<l<o ¢(ea£) 1) mod eal 9 9 gﬁ géQ
(eal,mh .nky_q p#do
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respectively, where 1)y denotes the principal character mod ea/.

8.2. The principal contribution U°(h, k). Our goal in this subsection is to separate out a
part of U°(h, k) that we will eventually prove contains the one-swap terms that are predicted
by the recipe. We apply Mellin inversion to write

|mh £+ nk| (c|mhink|) Q B
8.2.1 w = — 7Y L (w; mh, nk) dw,
( ) gl gl@Q 2mic J +( )
where
(8.2.2)
Yi(w;mh,nk) =Yi(w;mh,nk;c,Q) = / MW <—c\mh nk|> 2V dz.
0 grQ gzQ

We insert (8.2.1) into (8.1.6), then interchange the order of summation and write the ¢-sum
as an Euler product using the following lemma.

Lemma 8.1. [CIS19, Lemma 6] Let s be a complex number with Re(s) > 0, and let u and
v be coprime natural numbers. Then

- 1 1
; qb(uf)és:¢(u)C(1+8)R<S’u’U)’

(Lw)=1
where
1 1
(8.2.3) R(s;u,v) = H (1 — 1) H (1 + H—)
p*t pHp—1)
plv pluv
converges absolutely in Re(s) > —1.
The result is
(8.2.4)
Q p(c) Ta(m)7p(n) (M n p(e) p(a)
=9 3 MO 5 B (1) () - 0
mHm 2 e 2 S VWV 2 TS 2 G
(e;hk)=1 (%Z;Z):kl (e.9)=1 (ca,mhnk) )
1
X o Y (w;mh, nk)((1 + w)R(w; ea, mhnk/g?) dw.
™ (e)

Note that T4 (w;mh,nk) has rapid decay as |w| — oo by (8.2.2) and a repeated application
of integration by parts. Hence, we may move the line of integration in (8.2.4) to Re(w) = —e.
Doing so leaves a residue at w = 0 from the pole of ((1 + w), and we arrive at

(8.2.5) U (h k) =U (b, k) + U (h, k),
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where U (h, k) is the residue, i.e.,

R P L O

1<e<C 1<m,n<oo 1<e<©
(c,hk)=1 (mmn,c)=1 (e,9)=1
(8.2.6) mhnk
X Z (5(23) Y. (0; mh, nk)R(0; ea, mhnk/g*),
alg
(ea,mTh-%k)zl

and U?(h, k) is defined by

=g 0 3 BT (R)v(E) E 0

1<ce<C 1<m,n<oo 1<e<o0
(c,hk)=1 (mn,c)=1 (e,9)=1
(8.2.7) mhFnk
pa) 1 Yo (w; mh, nk)C(1 + w) R(w; ea, mhnk/¢?) d
<X Sy 3w ), Telwmb k(14 w) Rl camhnk(s) du.
alg —e
(ea,"fThﬁTf“):l

8.3. The term U'(h,k) approximately cancels with L°(h, k). In this subsection, we
show that the term U (h, k) defined by (8.2.6) cancels with the main contribution of £°(h, k),
which we have evaluated in (7.2.2). We first focus on the e, a-sum in (8.2.6). To express it
as an Euler product, we observe that Lemma 3.2 and the definition (8.2.3) of R implies for
Re(w) > —1 that

Z @ Z (@) R(w; ae, mnhk/g?)

1<e<oco alg ¢(€G)
(e,9)=1 (ca,mh. k)
1 1 1
8.3.1 H ( 1+w) H ( w1 —1 _ 1)
(8.3.1) g2 p oo -1 »p
ptmnhk/g?
p -1
X H <1 + >
o p(p—1)
ptmnhk/g?

(this is the same as (7.7) of [CIS19]). It follows from this with w = 0 that

() u(a) ), O(mnhk)

8.3.2 — —=R(0; hk = —F.

B3 LT fomoe i =
(e,9)=1 (ca, b1k )

Now the definition (8.2.2) of T, and a change of variables gives

T, (0;mh,nk) +Y_(0;mh,nk) = 2/ W(u) du.
0
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From this, (8.2.6), and (8.3.2), we deduce that

(8.3.3)
p(c) Ta(m)tp(n) . (m d(mnhk) /
k) =@ TAmTE Ny (28 v W(u
ISCZSC ¢ 1<m,zn<C>o vmn <X> ( mnhk:
(c,hk)=1 (mn,c)=1
mh#nk

In order to show that U'(h, k) cancels with the main term of £°(h, k) given in (7.2.2), we
must complete the sum above to include the terms mh = nk. In order to do this successfully,
we must show that the total contribution of the terms with mh = nk is small. By (3.2) and
our assumption that V and W have compact support, the sum of the terms with mh = nk
is at most

(8.3.4) <Q Z >

1<c<C 1<mn<&gX
‘mh=nk

Observe that mh = nk if and only if there is an integer ¢ such that m = (K and n = (H,
where, as before, H and K are defined by H := h/(h, k) and K := k/(h,k). Thus (8.3.4) is

< (HK)#Q(logC) >

1<l X

(HK)~Y**Qlog C.

Hence, including the mh = nk terms in (8.3.3) gives

(8.3.5)
B u(c) Ta(m)tp(n) , rm ¢(mnhk)
k) =@ 1<z<:c TKZ< vmn v (Y) V( mnhk / W
(chk)=1 ()1
(XC’HK)E)
+0 <Q—m :

The main term here cancels with the main term from our analysis of £°(h,k), given in
(7.2.2). More precisely, it follows from (7.2.2) and (8.3.5) that

(8.3.6) U'(h, k) = —L2(h, k) + O((Xhk)*XC) + O(Q%) :

Summarizing this section, we deduce from (8.1.5), (8.2.5), and (8.3.6) that

(8.3.7) U(h,k) = —LO(h, k) +U*(h, k) + U (h, k) + O((Xhk)*XC) + O (Q (X,Cr]j;(()g)

Looking forward, we show in Section 9 that ¢4?(h, k) is, up to an admissible error term, equal
to the one-swap terms Z; (h, k) predicted by the recipe. In Section 10, we bound the average
of (hk)~Y2U"(h, k) over h,k and show that U (h, k) is an acceptable error term.

9. THE TERM U?(h,k): EXTRACTING THE ONE-SWAP TERMS

Recall that U?(h, k), defined by (8.2.7), does not include the diagonal terms mh = nk.
As in the analysis of U'(h, k), we will find it advantageous to add these terms back in,
and so we must show that the total contribution of these terms is acceptably small. The
analysis that follows is similar to that of U'(h, k) in Subsection 8.3. However, the treatment
of Y4 (w;mk,nk) is more delicate because the variables m and n are entangled in the factor
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|mh £ nk|. To ameliorate this challenge, we first introduce a bit of averaging as in Section 7
of [CIS19]. This averaging will lead to expressions with absolutely convergent integrals after
separating the variables m and n in Y. (w;mk,nk) (Proposition 9.2 below). The absolute
convergence, in turn, will allow us to interchange the order of summation in our analysis of
U?(h, k) and extract the predicted one-swap terms in the subsections that follow.

To begin, we state and prove the averaging result that we will apply as just described.

Lemma 9.1. Let [ : [0,00) — C be a continuously differentiable function of compact support
such that f is zero in a neighborhood of zero. Let x,y,v € R, with v > 0. Then the function

t— f(vlz = tyl)

s continuously differentiable on R. Moreover, if 0 < § < 1, then

1 /9
floke =ol) = 55 [ (el = i) de -+ O(Junle),
where the implied constant depends only on f.

Proof. That the function ¢t — f(v|x — ty|) is continuously differentiable on R follows by
the chain rule and the assumption that f is zero in a neighborhood of zero. Moreover,
f'(x) = O(1) uniformly on R because f has compact support, and so

d
af(v!x —ty|) = Ty f'(v]z — ty]) < vyl

It follows from this and the fundamental theorem of calculus that, for 0 < < 1,
5 5 5 e g

| sl =caae— [ plo—shde= [ [ rtele -l drag
-5 -6 —0J1 dt

5
< ool [ lelde < foyls”
-5
Rearranging the terms gives the lemma. U

Before we apply Lemma 9.1 to the sum U?(h, k) defined by (8.2.7), we first truncate the
w-integral in (8.2.7). Doing so will enable us to easily deal with the error term arising from
the application of Lemma 9.1. To this end, observe that if £ € R, then a change of variables
implies
©.1) /°° clmh + eSnk| - (c|mh + efnkl) S gy — <c|mh + egnk’|)w W1 —w).

0 grQ grQ 9Q
If w,e,m,h,n, k are as in (8.2.7), then |mh + nk| > 1 since mh # nk, and so the definition
(8.2.2) of Y4 (w;mh,nk), (9.1) with £ =0, and (3.10) imply that

(9Q)°

jw]”

(9.2) T (w;mh,nk) <,

for any positive integer v. Now the definition (8.2.3) of R implies that if Re(w) = —¢, then
(9.3) R(w; ea,mhnk/g*) < (mhnk)®.
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From this and (9.2), we see that the part of the integral in (8.2.7) that has |[Im(w)| > (XQ)°
is negligible. Thus, using also (3.2), the definition g = (mh,nk), and the assumption that V'
has compact support, we deduce that

> R Z

1<e<C ¢ 1<m,n<oo v 1<e<o
(c,hk)=1 (mmn,c)=1 (e,9)=1
mh#nk
(94) :U’(a) 1 —e+i(XQ)

X C— T ;mh,nk)C(1 R(w; hnk/g*)d
> e s |y T RICCL ) s, ik )
alg

(ea ";h-%“) 1

+ O((Chk) Q™).

Having truncated the integral in (8.2.7), we now apply Lemma 9.1. Recall that the support
of W is a compact subset of (0,00). Use Lemma 9.1 with f(u) = uWW(u) and ¢ defined by
(3.4) to deduce that the integrand in (8 2.2) satisfies

clmh £ nk| clmh £ nk| 1 [°¢|mh=+ egnk‘| c|mh + enkl| enkd
W g + O :
gz @ gz @ T 2% grQ grQ gz @

We insert this into the definition (8.2.2) of T4 (w;mh,nk). The contribution of the error
term 1s

cnkd (c|mh + nk| ) !
< Xkd ©
9@ < 9@ 5<)

for w, ¢, m, h,n, k satisfying the conditions in (9.4), because |mh £ nk| > 1,c¢> 1, n < X,

and, by the support of W, the integrand in (8.2.2) is zero unless z =< c¢|mh £+ nk|/(gQ). We
arrive at

1 [ [0 h &+ eénk h+ eénk
Ti(w;mh,nk)ZQ—é/O / c|m ng; n |W(C|m gxcgn |>x“’1d§dw+O(X/€(5(gQ)E)-

This and (9.1) imply

5 w
Yi(w;mh,nk) = i/ (M) W(l —w)dé + O(XEd(9Q)°).
-5

20 9Q
We insert this into (9.4) to deduce that
(9.5)
u(c) Ta(m)7p(n) . (m n (e) pi(a)
=%y M s sy (5) ¥ 40y
1<e<C 1<m,n<oo mn X X 1<e<o0 € alg ¢<€a)
(e,hk)=1 (mmn,c)=1 (e,9)=1 (ea,m—h~"—k):1
mh#nk g g
L[ s 1) () Wi - w
X — C(1+ w)R(w;ea, mhnk/g (—) W(l —w
211 —e—i(XQ)¢ gQ

1 1
X o5 / imh + efnk[* d¢ dw + O((XChEk) EX?Q™7),
)

where, to bound the error term, we have used (3.2), (9.3), the definition g = (mh, nk), the
definition (3.4) of 4, and the assumption that V' has compact support.
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The following proposition, which is Proposition 2 in [CIS19], enables us to separate the
variables m and n in the expression |mh 4 efnk| and thus write the m,n, e, a-sum in (9.5)
in terms of an Euler product.

Proposition 9.2 (Proposition 2 of [CIS19]). Let w be a complex number with Re(w) > 0.
Then for any 0 < ¢ < Re(w), and r > 0 with r # 1, we have

1
N+r™“+1=r=— [ H(z,wr *dz.
21 (c)
Therefore, for any 6 > 0,
1 J 1 652 o 675'2
: — L+ eSr| ™ 4|1 —ebr|™“dé = — F—d
(9.6) 25/—5| +etr| 7Y+ |1l —etr| TV dE 27ri/(c)H(Z’w)T 552 2,

where H(z,w) is defined by (3.13). The z-integral in (9.6) converges absolutely for Re(w) < 1.

We apply Proposition 9.2 with w = —w, Re(w) = —¢, ¢ = €/2, and r = nk/(mh), which
is # 1 in (9.5), to deduce that

g w w -z iz —0z
k nk 1 nk e” —e
LS| [l —efn| de=— —w) (=) =g
e m * ‘ “mh : 27i (6/2)7{(2’ w) mh 202 :
Multiply both sides by (mh)™ to find that
i | s Skl — ek = 5 [
mh + en mh — en = z,—w)(m n —dz.
27T2 (¢/2) ’ 20z
We insert this into (9.5) and arrive at
(9.7)
2 h k’ ,U TA<m>TB(n) @ 2 (6) IU(CL)
u Z Z vmn v <X> v (X) Z e Z o(ea)
1<c<C 1<m,n<oco 1<e<© alg
(e,hk)=1 (mmn,c)=1 (e,9)=1 (eq,mb.nk)—1
mh#nk g g
1 —e+i(XQ)* e\ Y —
X — ¢(1 + w)R(w; ea, mhnk/g*) (—) W(l —w)
271-2 —E—i(XQ)E gQ
1 eéz =0z
— - h)“*(nk)™* dzd O((XChk) kX?*Q™T).

By (3.2), (3.15), (3.10), (9.3), and the assumption that V' has compact support, we may
extend the w-integral in (9.7) to infinity by introducing a negligible error. We then insert
(8.3.1) to deduce that

it =g 3 My PRy (v (§) 5n [ o

1<ce< 1<m,n<oo
(¢,hk)=1 (mn,c)=1
mh#nk
— c\"Y 1 eéz_eféz
W1 —w) (<) = [ H(z, —w)mh)* (k) >
-0 (55) 3 ) Hemmmnr=ob
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< 11 <1_pliw> 11 (1+pw“(;—1)_pi1)

plmnhk/g? plg
ptmnhk/g?
—w
(9.8) X H (1 + 2 ) dz dw + O((XChk) kX?*Q™").
e p(p—1)
pimnhk/g?

We next add the mh = nk terms to complete the m, n-sum. Let us first show that their
total, which is the above main term expression with the condition mh # nk replaced with
mh = nk, is acceptably small. As we have seen in the discussion below (8.3.4), mh = nk if
and only if m = (K and n = (H for some integer ¢. For such an ¢, the condition (mn,c) =1
is equivalent to (¢,c¢) = 1 because (¢, hk) = 1. Moreover, if mh = nk, then the definition
g = (mh,nk) implies ¢ = mh = nk. Thus the total contribution of the mh = nk terms is

¢ 5 M0 5 B () (A) L] oo

1<e<C 1<l<o0

(c;hk)=1 (Lo)=1
Wil — - — —W)——————
% ( w) (Q) 271 (5/2) H(Z’ w) 20z
1 p~v =1
(9.9) X H (1 + ey — ) H (1 + ) dz dw.
S (p=1) p=1/) L\ pp—1)

We may restrict the £ sum to 1 < ¢ < X because V is compactly supported. The product
over p|¢hk is bounded by (hkf)?, and the infinite product over p 1 £hk is absolutely convergent
since Re(w) = —e. Thus (9. 9) i

(hkl)®
<<Q1+E Z clte Z g\/_

1<c<C 1<tk X
e

S dl e

To bound the latter w, z—mtegral, observe that if Re(w) = —e and Re(z) = €/2, then (3.10)
and (3.15) imply that W(1 — w)H(z, —w) is O(Jw|™|z|*71) for |w — 2| > |z|/2, and is
O(|w]|=]2|7%) for |w — 2| < |z|/2 since |w| < |z] and |w — 2| > €/2 in this case. Hence

e

/ / 6z 6—52
(=0 J(e/2) 202
98| le—1 .; 1 1 ;
< w2 minq 1, — & |dz| |dw| < | = | .
(=€) J(¢/2) 62| 0

From this, (9.10), and the definition (3.4) of §, we deduce that the total contribution of the
mh = nk terms is

012 <oy Loy B0
1<c<C 1<Z<<X€

We now complete the m, n-sum in (9.8) by including the mh = nk terms. As we have just
shown, this introduces an error of size (9.12). Then, we apply Mellin inversion to V' (m/X)

(9.10) 5. s

(14 w) (1 —w)H(z, —w) |dz]| |dw|

C(1+w) (1— w)H(z, —w) |dz| |dw]|

(9.11)

(hk)"(h, k)

eNl+te
X Q (hk)l/?
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and V(n/X) and arrive at

(9.13)
u? h k Z :u XS1+S2 %‘7(81)‘7(52)
1<e <C 1<mn<<>o mz"in2 T
(chk (mmn,c)=1
1
C(1+w)W(1—w (—> — H(z, —w)(mh) " (nk)*
/ W) (15) g, e~k
: =) I (s 59)
X ————— 1— 1+ —
262 p|m11 P ( prt g ptip—1) p-1
ptmnhk/g?
X H <1 + u) dz dw dsy dsy
” p(p—1)
ptmnhk/g?
hk)e(h, k
+0 (XEQM% + (XChk)%XZQW) .

We have chosen the s;- and so-lines to be at Re(s;) = Re(s2) = 2 to ensure the absolute
convergence of the m, n-sum.
Our next task is to express the m,n-sum in (9.13) as an Euler product. This sum is

3 TAl(m)TBl(n)g—wmw-&-zn—z 11 (l_piw)

oy e plmnhk/g?
1 1 pv—1
9.14 X <1 + — ) (1 + —)
(914) g pte(p—-1) p-1 lpg p(p—1)
ptmnhk/g? ptmnhk/g*

> T fmon,p),

1<mn<oo p
where f(m,n,p) is defined by

f(m,n,p) = Fi(m,n, p)Fy(m, n,p)Fs(m, n,p)
with Fi, Fy, F3 defined by

(1 ifpte

Fi(m,n,p) := ¢ 1 if p|c and ord,(m) = ord,(n) =0

L0 if p|c and ord,(mn) > 0,

Ta (pordp(m) )TB (pordp (n) )
platsi—w=2)ordp(m) (3 +s2-+2)ordy (n) yuw min{ordy (m)+ordy (k) ordp (n)+ordp (k) }

Fy(m,n,p) =
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and
( 1
: mnhk
1— P if p P
F3(m n p) ={ 1+ 1 L — L 1fp|g and p'f _anhk
Y pt(p—1) p-1 g
p -1 : hk
1+ —— if p1 =228,
(. pp—1) 5

respectively. We can rewrite the conditions in Fs(m,n,p) in terms of ord,(m), ord,(n),
ord,(h), and ord,(k), as follows. Since g = (mh,nk), a prime p divides mnhk/g? if and only
if

ord,(m) + ord,(h) + ord,(n) + ord,(k) — 2min{ord,(m) + ord,(h), ord,(n) + ord,(k)} > 0.

Since two real numbers x,y satisfy x + y — 2min{z,y} > 0 if and only if x # y, it follows
that plmnhk/g* if and only if ord,(m) + ord,(h) # ord,(n) + ord,(k). A similar argument
shows that a prime p satisfies p { mnhk/g if and only if p { mhnk. Thus the definition of
F3(m,n,p) is equivalent to

( 1
1-— e if ord,(m) + ord,(h) # ord,(n) + ord,(k)
1 1 _
Fz(m,n,p) =< 1+ e — v if ord,(m) + ord,(h) = ord,(n) + ord,(k) > 0

—w _q
| if ord,(m) + ord,(h) = ord,(n) + ord,(k) = 0.
( plp—1)
If p|e, then Fi(m,n,p) = 0 unless m = n = 1, in which case
—1
f(l,l,p) F1(171ap)F2(1717p>F3<1717p)71+ ( _1)

because (¢, hk) = 1. Thus, from (9.14) and Lemma 3.2, we deduce that the m,n-sum in
(9.13) equals

I > remp.p

p 0<m,n<oco
—H<1+ )H Z Fy(m,n,p)F3(m,n,p)
pfc 0<m,n<oo

-1
()
p(p—1)
) (14 s — 75)
X H Z pm(%+51*’w72)pn(%+52+2)pwmin{m+ordp(h),n+ordp(k)}

0<m,n<oo
plhk  m-ordy(h)=n+ordy (k)
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™)) (1- 7 )
+
0§m2,n:<oo pm(%+s1—w—z)pn(%+52+z)pw min{m+ordp (h),n+ordp(k)}
m-ordy (h)#n+ordp (k)
=, 7ae")rale™) (1+ ety — 74)
><H<1+ p—1) +Z ()
pfhk
i) Gt
+ i | |
0<m n<oo +s1 w— Z)pn(§+32+z)pwrn1n{m,n}
m;ﬁn

We substitute this for the m,n-sum in (9.13). For convenience, we also make a change of
variables w — 1 — w. The result is

=9 3 M [ [ gt [ - (5)

1<c<C
(c,hk)=1
0z —dz w—1
e’ —e _ _ P —1
<[ - S T (14 2
(/2) 20z lp_! p(p—1)
. 5 ma)rs) 1+l — 55)
X
<o pm(— %+S1+w—z)pn(%+S2+Z)p(1—w) min{m+ordy(h),n+ord,(k)}

pte
plhk  m-ordy(h)=n+ordy (k)

TA(P™)TB(P") (1 — 7}’)—?)
+
O§§<w pm(* %+s1 +wfz)pn(%+52+2)p(17w) min{m+ord,(h),n+ord,(k)}
m-ordy (h)F#n+ordy (k)
© TA(p™)TR(P™) (1 + p_2(z;w_1) - zﬁ)
" H (1 RN + Z m(1+s1+s2)
th
Ta(p™)(p") (1 - ﬂ)
* Z L d - dz dw ds, ds;
0<m, oD Ltsiw— z)pn(§+sz+z)p(1—w) min{m,n}

m;én

e 1+e (BK)*(h, k)
(9.15) +O (X Q (k)12
9.1. Analysis of the predicted one-swap terms from the recipe. Before we continue
our treatment of U?(h, k), we first break down the predicted one-swap terms into several
parts via the residue theorem. Afterward, we will show that U?(h, k) is equal to the sum of
the same parts plus admissible error terms.
Recall that the definition of Zj(h, k) is given by (4.8) with ¢ = 1. For each term in the
definition of Z7(h, k), we denote the element of U by a and the element of V' by 3, and we
multiply the integrand by ((w — 1 + o+ s1 + 5 + s2) and divide it by the Euler product

- (XChk;)EkX2Q—97) .
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of ((w—14+a+ s, + 8+ sg). This “factoring out” of the zeta-function gives us a further
analytic continuation of the integrand and allows us to evaluate its residues when shifting
contours. With these notations and factorization, we thus write Z;(h, k) as

« o 1 s1+s2 YWt 1/ T
Tih k) = Y 5 /@ /(5) X)) ()

a€cA
BeB

(9.1.1) xZ (L +a+s)Z R+ B+ s0) 11 C(1+7+9)

YEAs) N ats1 JU{—F—s2}
d€Bsy~{B+s2}U{—a—s1}

XC(w—14 a4+ s+ 8+ s2)K(s1, 82, w) dw dss dsy,
where K(s1, $2,w) is defined by
K<Sl7327w) :,C(Sla 827w;Aa B,OQB, h7 k:)

1 1
= H { (1 N pw—1+a+51+5+82) H (1 - W)

p|hk vEAsy N ats1 U{—p—s2}
0€Bsy~{B+s2}U{—a—s1}
TAsy ~{ots1 Ju{—B—s2} (pm)T332 “{B+s2}u{—a—s1} (pn)
X Z m/2.,yn/2
0<m,n<oo p p

m+-ordy (h)=n+ord, (k)

1 1
X H { (1 - pw1+a+31+ﬁ+32) H (1 - p1+'y+6)

pihk Y€As Matsi Ju{—f—s2}
0€Bsy\{B+s2tU{—a—s1}
— 2 2(l—w—a—s1—fF—s2)
p—2 1 D
x (1 + pw+a+51+5+82 - (1 o ]_9) 1 — plfwfaf&fﬁfsz
(9.1.2) + i TAsl\{a-i-sl}U{—ﬁ—sz}(pm>TB52\{B—FSQ}U{—a—sl}(pm)
m=1 pm

To facilitate our estimations, we first prove the following lemma, which will allow us to

move lines of integration and bound the integrals that remain after applying the residue
theorem.

Lemma 9.3. Suppose that € > 0 is arbitrarily small. Let « € A and B € B, and let h and
k be positive integers. If si, So,w are complex numbers such that

(i) Re(w —14+a+s ++s2) > 5 +e,

(ii) —3 + 5e < Re(sy + s2) < 2¢, and

(iii) either |Re(s1)] < € or |Re(s2)| <,
then the product (9.1.2) defining K(s1, s2,w; A, B, v, 3, h, k) converges absolutely and we have

IC(Sb 52, W; A7 BJ «, 67 h7 k) <<6 (hk)€

Proof. Since Re(w — 1+ a+ s1 + B+ s9) > % + &, we have

1 1

pw—ltatsi+fts < s4e’

p2

(9.1.3)
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Moreover, each term of the form p~1=7=% in the definition (9.1.2) of K(si, s, w) satisfies
pTITT p_%_e because —% + 5e < Re(s; + s2) < 2¢ and each element of AU B is

< 1/log Q. We may thus multiply out the product and apply the definition (3.1) of 75 to
deduce that

(9.1.4)

1 1
(1 o pw—1+a+81+6+82) H (1 o p1+7+5>

YEAs; ~{ats1 U{—p—s2}
d€Bsy~{B+s2}U{—a—s1}

1 1 1
=1- pw—1+a+81+5+82 - Z pl+'y+6 +0 <p1+a)
vEAs) Natsi JU{—F—s2}

d€Bsy~{B+s2}U{—a—s1}

1 1 TAsl\{a+s1}u{*5*sz}(p)TBsg\{BJFSQ}U{faiSI}(p) +O( : )

pw—1+a+81+,8+82 B P p1+5

We may assume that | Re(sz)| < € as the proof for the case with |Re(s;)| < € is similar.
Since —% + 5e < Re(sy + s2) < 2¢, it then follows that —% + 4e < Re(sy) < 3e. This, the
inequality | Re(sq2)| <€, and the bound (3.2) imply

1 _dete
(915) TAslx{a+sl}U{fﬁfsz}(pm) < pm(z et )7
and
(916) TBS2\{ﬂ+32}U{—a—sl}(pn) <e pn(3e+5).
Therefore
0 m m oo 1
TA,, ~{a+s1 }U{—B—s2} (D) TB., ~{B+s}U{—a—s1} (P™) pmlamete) 1
(917) Z ' 1 : pm : : 1 < Z pm < p1+5
m=2 m=2
and
Z TAsl\{a—i—sl}u{—,@—sz}(pm)TBSQ\{B-i-SQ}U{—a—Sl}(pn>
m/2,n/2
0<m,n<oco p / p /
m+ordy (h)=n+ord, (k)
(918) Z pm(%—4e+e)pn(3e+€)
<
m/2,pn/2
0<m,n<oo p / p /
<1

From (9.1.3), (9.1.4), (9.1.5) with m = 1, (9.1.6) with n = 1, and (9.1.8), we deduce that
if p|hk then the local factor in (9.1.2) corresponding to p is O(1). On the other hand,
from (9.1.3), (9.1.4), and (9.1.7), we deduce that if p { hk then the local factor in (9.1.2)
corresponding to p is 1 + O(p~17¢). It follows that the right-hand side of (9.1.2) converges
absolutely, and is < (hk)® since [],, O(1) < v for any positive integer v. O

We now move the w-line in (9.1.1) to Re(w) = % + ¢. This leaves a residue from the pole
at w =2—a— s — 3 — ss. To bound the new integral that has Re(w) = 3 + ¢, we use
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Lemma 9.3, (3.6), and (3.10). Since the residue of ((s) at s = 1 is 1, we arrive at

BeB
where, for brevity, we define J by

J = Xorte2Qiamn =2 (6 VW (sy)W (2 — oo — 51 — B — s3)

XZ(24+a+s5)2(5+ B+ s2) H C(1+~v+9)

vEAs; Nats1 JU{—F—s2}
0€Bsy~{B+s2}U{—a—s1}

XK (s1,82,2 —a—s1 — 5 — $3).

(9.1.10)

Notice that we have now specified the lines of integration in (9.1.9) to be Re(s;) = € and
Re(sy) = €, with € fixed and arbitrarily small. The purpose of this is to make the succeeding
estimations more explicit.

Next, we move the sy-line in (9.1.9) to Re(sy) = —3 + 5e. This leaves residues from

the pole at s3 = 0 due to the factor V(sy), the pole at s = —s; — a — /3 due to the factor
((1—a—s;—FB—s3), and the poles at s = —s; —a’— 3’ due to the factors ((1+a’+s1+5'+52),
where o/ runs through the elements of A\ {a} and f’ runs through the elements of B~ {f}.
To bound the new integral that has Re(s2) = —3 4 e, we use Lemma 9.3, (3.6), and (3.10).
We arrive at

Zi (h, k) R d Ri d
anA A /6 & J dsi+ Z 4 /6) 82——s1esa— J ds,
BeB ﬁeB

+ZZ m/ Res jdsl

sg=—s1—a'—
a€A o' #a

BEB gip
FO(XE QI (k) + O(X*QE (k).
For brevity, write this as
(9.1.11) Ti(h, k) = i+ Jo+ Js + O(X~24Q3 (hk)°) + O(X°Q2+ (hk)°).

We first evaluate the contribution .J; of the residue at sy = 0. By (3.9) and the definition
(9.1.10) of J, we have

BS% J = XSIQQ—OL—Sl_B‘A//(Sl)W(z —a— 85 — @)3{(% +o+ 31)%(% +8)

(9.1.12) X H Cl+v+90)K(s1,0,2 —a— 51 — ).

vEAs) N ats1Yu{—}
seB{BIU{—a—s1}

We move the line of integration in the definition

to Re(s1) = —3 + be. We find residues from the pole at s; = 0 due to the factor V(sy)
n (9.1.12), the pole at s; = —a — f due to the factor {(1 — a — s; — ), and the poles at
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sy = —a/ — " due to the factors ((1 + o' + s; + ('), where o/ runs through the elements of
A~ {a} and ' runs through the elements of B\ {}. To bound the new integral that has
Re(s1) = —3 + 5e, we use Lemma 9.3, (3.6), and (3.10). We deduce that

1
J = Res Res J + Res Res J
2 51=0 sp= 2 s1=—a—f s2=0
acA acA
BGB peB

SEY Re R T+ 0(EGH0K).
aGAa Za

BEB gi2p

For brevity, we write this as
(9.1.13) J1=Jn+ 2+ iz + O(XiéJrng(hk)e)-
We deduce from (3.9) and (9.1.12) that

h= Y @@ o= B2 (4 )2 (3 )
acA
BEB

% [T <¢a+y+6)K0,0,2—a-p).

yEAN{a}U{-B}
seB~{B}U{—a}

(9.1.14)

Since 27 (3 —3)Z (5+0) = 1 by the definition (3.11) of 2" and the residue of ((1—a—s;—f)
at s; = —a — [ is —1, it follows from (9.1.12) that term Ji2 in (9.1.13) equals

Jo =3 S X QV (o - W) [[C0-a-ptath)

acA a#a
(9.1.15) peB B#B
x [J¢+a—a)[[¢+5-B)K(—a—5,0,2).
ara S

Next, since the residue of ((1+ o' + 51 + (') at s; = —a/ — " is 1, it follows from (9.1.12)
that the term Ji3 in (9.1.13) equals

(9.1.16)
Jiz = Z N XTIQEe Y (ol — BYW (2 —a— B+ d + )

aEAa;éa

PEB przp

x Z(Gta—o =2 G+A-a=F+a+8) [ <A-o-p§+a+h)
o
(@B)#(a’,8)
x [[¢+a—a)J[¢+8-BK(—a'=8,0,2—a—B+a +8).
aFa B#8

This, (9.1.13), (9.1.14), and (9.1.15) complete our evaluation of J;.
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Having estimated J;, we next turn to the integral J, from (9.1.11). Recall its definition

(9.1.17) J _Z4m/ _Res Jds.

a€A (€)
BEB

Since 2°(3 + a+ s1)2Z (3 — « — s1) = 1 by the definition (3.11) of 2" and the residue of

C(1—a—s —f—s2) at s9=—s; —a— [ is —1, we see from the definition (9.1.10) of J
that

—~

Res J =—-X""PQW(s))V(=s1 —a— B)W(2)

so=—s1—a—pf

(9.1.18) x [[¢a+a—a+rp-—p) [ca+a-a)[Jca+5-5)
s =

X ’C(Sl, —S81 — — 5, 2)
We move the line of integration in (9.1.17) to Re(si1) = —e — Re(a) — Re(3). This leaves

residues from the poles at s; = 0 and s; = —a— [ due to the factors V(s;) and V(—s;—a—p)
n (9.1.18), and we arrive at

1 1
Jy = 3 Res Res J+ = Res Res J

s1=0 so=—s1—a— 2 s1=—a—pf sa=—s51—a—
i 2 1 B sl B s2 1 B
BEB BEB

g / Res J dsy.
47” e—Re(a)—Re(B)) 2=~ S1—a~ B
BGB

For brevity, we write this as

(9.1.19) Jo = Jo1 + Jay + Jos.

Since the residue of V(s) at s = 0 is 1 by (3.9), it follows from (9.1.18) that
(9.1.20)

Ta = =5 S XTIQV (~a - BT

acA
BeEB
x[[ca+a—a+3-p)][¢c0a+a—a) [[<1+8-BK0,—a—352).
a7 a7a B#6
B#B

Similarly, since the residue of V(—s; —a — ) at s = —a — 8 is —1 by (3.9), we see from
(9.1.18) that the term Jyp in (9.1.19) equals

(9.1.21)
1 ~ —
Joo = B ;XQBQQ‘/(_O‘ - B)W(2)
BeB
< [[ca+a—a+p-p)[[cai+a—a)[[cA+3-BK(—a—5,0,2).
GFo GFo B+B

B#B
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To evaluate the integral Jos in (9.1.19), we first prove the following lemma that gives a
functional equation for .

Lemma 9.4. Suppose that € > 0 is arbitrarily small. Let « € A and B € B, and let h and
k be positive integers. If s1,s9,w are complex numbers satisfying the conditions (i)-(iii) in
Lemma 9.3, then

h

s1
K(s1,s9,w; A, B, B, h, k) = (E) K(0,s1 + so,w; A, B,a, B, h, k).

Proof. Lemma 9.3 guarantees that the product (9.1.2) defining K(s, s9, w) converges abso-
lutely and thus IC(sq, so, w) is well-defined. Now (3.3) implies that

TAy, ~fots Ju{——s2} (D" ) TBy {452} U{—a—s:} (D)

= TA\{a}U{—ﬁ—sl—sz}(pm)Tle+32\{,B-i-sl-i-sz}U{—a} (Pm)-
Similarly, if m + ord,(h) = n + ord,(k), then (3.3) implies

(9.1.23)

TASI\{a+81}u{—ﬁ—82}(pm)7_352\{5+82}U{—04—51}(pn)

_ ()

=P

(9.1.22)

TA\{a}U{—ﬁ—s1—52}(pm)TleJrsg “{B+s1+s2}U{—a} <pn)
51(ordp(h)*ordp(k))TA\{a}U{_ﬁ_SI_82} (pm)Tle+52\{B+s1+sz}u{—a} <pn)
Also, we have

Y+ =(7—s1)+ (6 +51)
Lemma 9.4 follows from this, (9.1.22), (9.1.23), the definition (9.1.2) of K, and the fact that

Hps1(ordp(h)—ordp(k)) _ ﬁ ' .
k

plhk
O

We now evaluate the integral Jo3 in (9.1.19). Lemma 9.4 implies for Re(s;) = —e—Re(a)—
Re(p) that

(9.1.24) K(s1,—s1 —a—pf,2) = (%)SllC(O, —a— ,2).

Moreover, a change of variables s; — —s — a — [ gives

_ " h s1 " " h —s—a—p
/ V(s1)V (=81 —a— ) (—) ds; = / V(-s—a—p8)V(s) (—) ds.
(~e—Re(a)—Re(5)) d © "f
From this, (9.1.24), and (9.1.18), we deduce that the integral Jo3 in (9.1.19) equals

1 o _
he=-3 1 /@ X BQV (5)V (=5 — a — )W (2)

acA
peB

(9.1.25) < [[cat+a—at+p-pJ[ca+a-a) [Jca+5-p5)
v T

h —s—a—f
X (E) K0, —a — 3,2)ds.
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This, (9.1.19), (9.1.20), and (9.1.21) complete our calculation of .J;.
Now that we have evaluated .J, we next turn our attention to the term J3 in (9.1.11).
Recall its definition

1
9.1.26 Js = — R dsy.
( ) 3 ZZ 1 /(E) es ﬁ/j S1

So=—s1—a/—
a€A o' #a

PEB pp

Since the residue of ((1 + o' + s1 + '+ s2) at s = —s; — o’ — ' is 1, it follows from the
definition (9.1.10) of J that if o’ € AN {a} and §’ € B \ {3}, then

(9.1.27)
Res  J =X 0 Qo0+ (s\W(—sy —a/ — BYW(2—a— B+ + )

so=—s1—a/ =’

XZ(E+a+s)Z(G+B8—s1—o =F)Q1—a—-F+d +7)

II ca+a+p-a=8)][ca+a—a)[J¢+5-8)
o i e
(@.B)#(a,B)
XK(s;,—s1—a —fB,2—a—-pB+a + ).

We move the line of integration in (9.1.26) to Re(s;) = —e. We find residues from the poles
at s =0 and s = —a’ — ' due to the factors V(s;) and V(—s; — o’ — ') in (9.1.27), and
thus deduce that

1 1
J3 == Z Res Res J+ 5 Z Res Res J

2 51=0 sa=—s1—a'—p’ s1=—a/—f' sa=—s1—a/—f'
a€A o' #a a€A o' #a

PEB prp PEB g6

1
+ZZE/(_E) Res Bljdsl.

So=—s51—a'—
a€A o' #a

PEB s

For brevity, write this as
(9.1.28) J3 = J31 + 3z + Jzs.

We see from (3.9) and (9.1.27) that

1 / ’ / 1 o
_ E E —a'—B' N2—a—PB+a’+p5 —o = BOW(2—-a— / /
J31—§ — /;AX Q V( (0 ﬁ) (2 0% B+Oé+6)

PeB przp
x 2Z(5+a)2Z(5+B8—ad = F)1-a-F+a +0)

(9.1.29) « H C(l—l—d—i—B—O/_B/)HC(1+@_Q)HC(1+B_5)
(Sﬁéa a#a B?ﬁﬁ
B#B
(@,B)#(a’,8')
x K(0,~a' =B, 2—a—B+d +5).
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Similarly, since the residue of V(—s; —a’ — ') at s; = —a/ — ' is —1 by (3.9), we deduce
from (9.1.27) that the term Js5 in (9.1.28) equals

1 ’ / ’ o I1r
_ = —o'—p"' N2—a—B+a’+p8 ot o / /
J32——QZZX Q V(i-a/ = YW(@2—-a—8+d +f)
a€A o/ #£a
PEB g6

x XG+a—ad =) Z(F+B)C(1—a—B+d +8)
x ] ca+a+p-o =) [[¢O+a-a)[]¢1+5-8)

e ata B8
B48
(6,8)#(a’,8")
(9130) X]C<—Oé/—/8/,0,2—04—ﬁ—|—0/—|—/8/>.

To simplify the integral Js3 in (9.1.28), we apply Lemma 9.4 to deduce that

K(si,—s1—a' = ,2—a—-p+d+[)= (%) 1lC(O,—o/—ﬂ',Q—oz—6+0/—|—B’).

It follows from this and (9.1.27) that the integral Js3 in (9.1.28) equals

(9.1.31)
]. / / / 1 -~ [
_ —a'—pB' N2—a—B+a’+8 . ot . . / /
J33—ZZ—4M/(_€)X Q Vis)V(—s1—a' = )W —a—f+a +5)
a€A o' #a
BEB g2

XZ(5+a+s)Z(G3+0-—s1—o =) (1-a—-F+ad +f)
< JI ca+a+p-o =8 [[c+a-a)[Jc1+5-5)

o ata p#B
B8
(6,8)#(a’,8")
AN
X (E) KO,—a = p'2—a—-3+d +8)ds;.

This, (9.1.28), (9.1.29), and (9.1.30) complete our evaluation of J;.
Putting together our calculations, we deduce from (9.1.11), (9.1.13), (9.1.19), and (9.1.28)
that

If(h, k) — J]_]_ + J]_Q + J]_3 + JQ]_ + J22 + J23 + J3]_ + J32 + :]33
+O(X724Q3 (hk)7) + O(X°Q2*(hk)?).

The terms Jio and Joo cancel each other by (9.1.15) and (9.1.21), while J;3 cancels with Jso
by (9.1.16) and (9.1.30). Therefore

(9.1.32)  Ti(h,k) = Juy + Joy + Jog + Ja1 + Jss + O(X Q3 (hk)7) + O(X°Q2+(hk)?),

and we have evaluated Jy; in (9.1.14), Jy; in (9.1.20), Jos in (9.1.25), J3; in (9.1.29), and
Js3 in (9.1.31). Our goal for the rest of this section is to show that U?(h, k) is equal to the
right-hand side of (9.1.32) up to an admissible error term.



TWISTED 2kTH MOMENTS OF PRIMITIVE DIRICHLET L-FUNCTIONS 47

9.2. Analysis of U?(h,k). We now continue our analysis of U?(h,k). Our goal for this
subsection and the next is to show that U?(h, k) is equal to the right-hand side of (9.1.32)
up to an admissible error term. We multiply the integrand in (9.15) by

(9.2.1) H((—%—i—ajtsl—l—w—z)HC(%—{—B—{—SQ—I—z)
acA BeEB
and divide it by the Euler product of (9.2.1). The result is

2 ]’L k o / / / / Xsl+52 w ., —w
Uiih k) = 27” 1+€) J (e/2) Q%

1<c <C
(¢,hk)=

. 6 _65,2

X V(Sl)V(SQ)W(w)H(Z, w—1) 555
x(2-w) [[¢-3+a+si+w—2)[[CE+B+s2+2)

acA BeB
x W12 P (51, 89, w, 2) dz dw dsg ds,
(hk)(h, k)
(hk)/?

(9.2.2)

+0 <XEQ”5 + (Xohk)%X2Q97) :

where P(s1, s2,w, 2) is defined by
7)<317 S2, W, Z) = P(Sla S2, W, Z; A7 B> h7 k? C)

I (5= I (1 s T (0 )
: p(p—l) oy pf§+a+s1+w z B p%+ﬁ+sz+z

ple

XH{H( ﬁ)ﬂ(“#)

pte acA peB
plhk
> ma) () (14 s = )
X
<o pm(_%""Sl +w—Z)pn(5+52+Z)p(l—w) min{m-+ord,(h),n+ordy,(k)}

m+ordy (h)=n+ord, (k)

023 > Ta(P™)B(p") <1 - Z—Z)
<o pm(—%—FSH—’LU—Z)pn(%+S2+Z)p(1—w) min{m+ordy(h),n+ord,(k)}
m~ordy (h)#n+ordy (k)
1 1 1
X H H 7—+a+sl+wfz H o %+B+32+z
pte a€cA BEB p
pthk
po-1 < Ta(pP")7(P") (1 + b~ ﬁ)
1 + p + Z pmll+sitsa)

Ly P (1-%) g Taom) (1-%) )}

pm( % +s1 —z)pn( % +s2+2) pm(— %—i—sl—i-w—z)pn(%—i-@ —w+z)

0<m<n<oo 0<n<m<oo
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As in our analysis of Zj(h, k) in the previous subsection, this “factoring out” of the zeta-
functions (9.2.1) gives us the analytic continuation of the integrand and allows us to evaluate
its residues when shifting contours.

To facilitate our estimations, we first prove the following lemma, which will allow us to
move some lines of integration and bound integrals that remain after applying the residue
theorem.

Lemma 9.5. Suppose that € > 0 is arbitrarily small. Let h,k,c be positive integers with
(¢, hk) = 1. If s1, 89, w are complex numbers such that

(i) Re(w) <2 —¢,
.o 1 1
- 1 - )
(ii) Re(=5+s1+w—2) >3 +e€
i) Re(2 +s0+2) > 2 +¢
2 2
(iv) Re(14+s1+s2) > 1+4¢€
(v) Re(5 +s1—2) > ¢, and
vi) Re(2 4+ 59 —w+2) > ¢
2

then the product (9.2.3) defining P(s1, se,w, z; A, B, h, k, ¢) converges absolutely and we have
P(s1,s0,w,2; A, B, h,k,c) <. (chk:)e(h,k)Re(w)_l.

Proof. For brevity, in this proof we will refer to the conditions in the hypothesis by their
respective labels (i), (ii), ..., (vi). We will also repeatedly apply without mention the
bounds 74(m) <« m* and 75(n) < n, which follow from (3.2) and our assumption that
a,f < 1/log@ for all « € A and § € B. The condition (i) implies

—1
pvT —1 1

9.2.4 1+—:1+0<—).

524 p(p—1) ptte

From (ii), (iii), and our assumption that o, 5 < 1/log@ for all « € A and 8 € B, we see
that

1 1
T < =
p—§+a+51+w—z p§+a
for all « € A and
1 1

p§+ﬁ+s2+z < p%“

for all 5 € B. Thus, multiplying out the product and applying the definition (3.1) gives

1 1
H(“m)ﬂ(l—]m)

a€cA bz BEB
1 1 1
(9.2.5) :1—2m—§m+0(pw>
aE (S
) ) (L
p—%-‘rm-‘rw—z p%+52+2 p1+5 '

By (i) and (iv), we have

< ()™ (1+ plg - 5) I

= 1
< < .
e pm(l—i-sl—i-sg) mZZI pm(1+5) p1+5

(9.2.6)
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Next, to estimate the sum

™)) (1- %)

pm(%+s1 —Z)pn(%'f‘SQ +2z)

2.

0<m<n<oo

we separate it into three parts: the term with m = 0 and n = 1, the sum of the terms with
m = 0 and n > 2, and the sum of the terms with m > 1. The part with m = 0 and n > 2
is at most O(p~17¢) by (i) and (iii). To bound the part with m > 1, we evaluate the n-sum
first and use (i), (iii), and (iv) to write

TA(p™)7TR(P") (1 — ’;—Z) o0 plmtDe
1< 2<3< pm(%+sl—z)pn(%+52+z) < — pm(Re(%—i-sl—z))p(m—l-l)(Re(%—l—SQ—l-z))
(m+1) 1

o Z m(Re(1+s1+s2) )+Re( +s2+2)
m=1P

pte
We thus arrive at
o rnn(1-5) o) (1)

1 1 - 1
pm(§+sl—z)pn(§+sz+2) patsats plte

0<m<n<oo

It follows from this and (vi) that

pm(%—ksl—z)pn(%—ksz—i—z) p%+82+2 I+e

0<m<n<oo

A similar argument using (i), (ii), (iv), and (v) leads to

(9.2.8) > e (1-5) ety +O(pi).

m(f%+sl+w7z)pn(%+527w+z) pf§+sl+w z

0<n<m<oo p

We next bound the sum

™)) (14 pl = 5)
(9'2'9) Z m(—2+s1+w—2), n(3+s242),,(1—w) min{m+ord, (h),n+ord, (k)}
P 3 p™2 pli-w min{m-+ordy(h),n+ord,

0<m,n<oco
m+ordy (h)=n+ordy (k)

For brevity, we denote h, := ord,(h) and k, := ord,(k) for the rest of this proof. We make
the change of variable m — v + k, in (9.2.9), so that n = v + h,, to write (9.2.9) as

| o ) (1 - )
hp (3 +s2—w+2) Z pV(1+81+82) ’

v=—min{hyp,kp}

kp(%—l—sl—z)

p p

Hence, by (i) and (iv), we see that (9.2.9) is at most

pshp+€kp+min{hp Jkp} Re(14+s1+s2)

kp(Re(%Jrslfz)

<< p )phP(Re(%“i’SQ*w“i’z)) ’
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The denominator of this bound is > pmintheke} Re(z+s1—2) minthp kp} Re(3+s2—wt2) 1y (v) and
(vi). It follows that

5 ram)rsm) (14 g - )
(9 9. 10) pm(—%+51 +w—2)pn( % +s2 +Z)p(1—w) min{m+ord,(h),n+ordy,(k)}

0<m,n<oco
m+ordy (h)=n+ordy (k)

< pshp+5kp+min{hp,kp}(Re(w)fl).
Next, to bound the sum

(™) a(p") (1- %)

Z m(—l+51+w—z) n(l+82+z) 1—w) min{m+ord,(h),n+ordy,(k ’
o p pGs-Hs22) (1—w) min{m-tordy () n-tord, (k)
m+-ordy, (h)<n+ordy (k)

we split it into the part with m < k, — h,, and the part with m > &, — h, to deduce that

(™)) (1- %)

9.2.11 =X1+ 2
( ) 0<n;<oo pm(—%-&-sl—i—w—z)pn( +52+Z)p(1 w) min{m+ordy (h),n+ordy (k)} 1+ 22,
m+0rdp_(h)7<n+0rdp(k)
where
9.2.12 ol e L Al m(%“_>
. w D

( L ) : Z Z m( +s1— zpn(§+82+Z)
and

= = ™k (1- %)
(9.2.13) Yg = p(wil)hp Z Z m(3+s1—2) n(1+82+i) .

m=max{0,kp—hp} n=m+hp—kp+1 P2 Dz

We use (i) to bound p*/p? and apply (iii) to estimate the n-sums in (9.2.12) and (9.2.13) to
see that

kp hp—
(9214) El <<p Z p Re( +s1— z))
m=0
and
> 1
21 N (Re(w)—1)hyp .
(9 5) 2 < p Z m(Re(1+51+52)_5)p(hp—kp+l)(Re(%—i—w-ﬁ-z)—s)

m=max{0,kp—hp} p

If h, > k,, then the m-sum on the right-hand side of (9.2.14) is zero. Otherwise, it is O(1)
by (v). In either case, we have

(9216) Zl <<p(Re(w)fl)min{hp,kp}'
If h, > k,, then the m-sum in (9.2.15) starts at m = 0 and thus (iii), (iv), and (vi) imply
(Re(w)—1)hyp (Re(w)—1)kp (Re(w)—1)kp
5, < p _ p p

p(hpfkp+1)(Re(%+32+z)fs) (hpfkp)(Re(%+327w+z)75)pRe(%+82+z)f€ < p%Jrs

p
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On the other hand, if h, < k,, then the m-sum in (9.2.15) starts at m = k, — h, and it
follows from (iii), (iv), and (v) that

(Re(w)—=1)hp

p
by
2 < p(kp—hp)(Re(1+Sl+52)_E)p(hp_kp+1)(Re(%+32+z)_€)
< p(Re(w)_l)hpp(kp_hp+1)€ p(Re(w)_l)hpp(kp_hp""l)a.
- p(kp_hp)(Re(%‘i‘Sl—Z))pRe(%-I—SQ—Fz) - pé-i_e

In either case, we have
Yy K p(Re(w)—l) min{hp.kp}+ehptekpte—7

From this, (9.2.16), and (9.2.11), we arrive at

™)) (1- )
(9217> Z pm(—%—i—sl+w—z)pn(%+82+z)p(1—w) min{m+ordy(h),n+ordy,(k)}

0<m,n<oco
m+ordy (h)<n+ordy (k)

< pehp+skp+€+(Re(w)—1) min{hp,k;p}‘
A similar argument using (i), (ii), (iv), (v), and (vi) gives

(™)) (1- 5 )

ssitw—z) n(5+s2+z —w) min{m+-or n—+or
(9.2.18) 09%;<00 p—gtsitw—2) pn(g+s2+2) g (1—w) min{m-+ordy (h),n-+ordy (k) }

m+ordy (h)>n+ordy (k)

< pehp+€kp+€+(Re(w)— 1) min{hp,kp} )

From (9.2.4), (9.2.5), (ii), and (iii), we see that if p|c then the local factor in (9.2.3) corre-
sponding to p is O(1). Moreover, from (9.2.5), (ii), (iii), (9.2.10), (9.2.17), and (9.2.18), we
deduce that if p{ ¢ and p|hk then the local factor in (9.2.3) corresponding to p is

< p(Ro(w) —1) min{ordy (h),ordy (k) }+cordy (h)+cord, (k)+e )

Finally, from (9.2.4), (9.2.5), (9.2.6), (9.2.7), and (9.2.8), we see that if p { chk then the local
factor in (9.2.3) corresponding to p is 1 + O(p~17¢). We conclude that the right-hand side
of (9.2.3) converges absolutely, and is

< (chk)(h, k)Rew)—1

because ¢ and hk are coprime, (h, k) = Hp‘hk prinfordy(h).ordp(k)} - and ley O(1) <« v* for any
positive integer v. 0

We move the sy-line in (9.2.2) to Re(sy) = €. This leaves a residue from the pole at
$s =+ — 8 — z for each § € B because of the factors (9.2.1). Note that we need to assume
the Lindel6f Hypothesis to maintain the absolute convergence of the z-integral, as there is
an arbitrary number of zeta-functions that depend on z and H(z,w — 1) only decays slowly
by (3.15). The result is

hk)e(h, k)

(9.2.19) U(h k) =1+ +O <X5Q1+E( (DE + (X(Jhk)%x?@—‘”) :



52 SIEGFRED BALUYOT AND CAROLINE L. TURNAGE-BUTTERBAUGH

where [; is the integral of the residues at the poles sy = % — 8 — z and 5 is the new integral
with Re(s2) = €. More precisely,

Il — X51+ —fB— ZQU) —w
BeB 1<c<C (2) J(1+4e€) J(€/2)
(e,hk)=
~ ~ — 65Z _ 6752
(9.2.20) X V(s1)V (3 =8 = 2)W(w)H(zw - 1) —~
X ((2—w HC——+a+31+w—z HCl—l—B B)
acA p#B
X WU ETEP (s, 5 — B — z,w, 2) dz dw ds,
and
IQ :
1<c <C (2) J(e) J(1+€) J (e/2)
(¢,hk)=
__ e 0z __ 6752
X ((2—w HC———l—oz—l—sl—i—w—z HC (5+ B8+ s2+2)
acA peB

x W' TUTEETEP (51, 89, w, 2) dz dw dso dsy.
We first bound . We move the s;-line in (9.2.21) to Re(s;) = € to deduce that
(9.2.22) Iy = I + Ina,

where I is the integral of the residues at the poles s; = g —a—w+ z, where o runs through

the elements of A, and I, is the new integral with Re(s1) = €. In other words,

Z Z 27TZ / /1+e (e/2) i A

acA 1<c <C’
(e,hk)=
~ -~ — €6z—67($z
(9.2.23) X V(3 —a—w+z)V(s)W(w)H(z,w—1) o5
xC2-w) [[¢ca+a-a) J[[¢E+B+s+2)

a#ta BeB
« h17w+zkfz7)(% —a—w+ 2,89, W, Z) dz dw dss

and
[22 = X81+82Qw —w
1<c <C (e) J(e) J(14¢€) J (¢/2)
(e,hk)=
. e 0z __ eféz
x V(s1)V (s2)W (w)H (2, w — 1)T

X ((2—w HC——+a+sl+w—z HQ + B+ 59+ 2)

a€A peB
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(9.2.24) X W' TUTEETEP (51, 89, w, 2) dz dw dsg dsy .

Note that we need to assume the Lindelof Hypothesis to justify (9.2.22) like we did to
validate (9.2.19). To estimate I3, we again assume the Lindelof Hypothesis in order to
bound the arbitrary number of zeta-functions in (9.2.24) that depend on the variable z. We
apply (3.10), (3.15), and Lemma 9.5, and argue as in (9.11) to deduce from (9.2.24) and the
definition (3.4) of § that

(9.2.25) Iy < X°QYehokE.

Next, to bound I, we move the w-line in (9.2.23) to Re(w) = 2 — e. We traverse no poles
in doing so. We then bound the resulting expression by applying (3.6), (3.10), (3.15), and

Lemma 9.5. The result is
Iy < X°Q2h°kE.
From this, (9.2.25), and (9.2.22), we arrive at

(9.2.26) I, < X°Q2h°k°.

Having bounded Iy, we now turn our attention to the integral I; defined by (9.2.20).
We move the s;-line in (9.2.20) to Re(s;) = e. This leaves a residue from the pole at
S1 :%—a—w+zf0r each a € A, and leads to
(9.2.27) I = I + ho,
where

Z X27ozfﬁwawcfw
a€A 1<c<C (1+e) /(e/2)
BEB (¢,hk)=1
~ ~ o 652 . 67(52
(9229 V(G o w2V (L~ § = W )Mz w - )
x(2-w) [[¢a+a-a)[J¢a+8-8)
ara S
X WU ETPB —a—wH 2,5 — - z,w,2)dzdw
and
Z Xsl+ —p— ZQU} —w
BEB 1<c<C (1+e) /(e/2)
(e,hk)=1
- ~ . 65,2 _ 6762
(9.2.29) X V(s1)V(3 =B = 2)W(w)H(z,w - 1)—
xC2-w) [[¢(-2+a+si+w—2)[[¢1+8-8)
oA b8

% hlwarzksz(Sl’ % _ ﬁ —zZ,w, Z) dz dw dSl-

To bound I42, we move the w-line in (9.2.29) to the right by a distance of at most €/2,
and then move the z-line to the right by a distance of at most ¢/2. We do this in such a way

as to maintain the inequality 1 + % < Re(w — z) <1+ ¢, so as to not traverse any pole of

H(z,w—1). We repeat this process until the w-line is at Re(w) = 2 — ¢ and the z-line is at



54 SIEGFRED BALUYOT AND CAROLINE L. TURNAGE-BUTTERBAUGH

i_ % This leaves no residues because we do not cross any poles of the integrand. We then

bound the resulting integral by applying (3.6), (3.10), (3.15), and Lemma 9.5. We arrive at
(9.2.30) L1y < X°Q2hk°.

To estimate the integral [;; defined by (9.2.28), our first task is to extend the c-sum in
(9.2.28) to infinity. To do this, we need to bound the sum

X2—a—B—wa —w
aGZA c>C (1+e) 7 (€/2) ‘
BEB (c,hk)=1
~ . 65z o 6—(52
(9.2.31) xV(§—a—w+2)V (% B =)W (w)H(z,w = 1) ————
xC2-w) [[¢ca+a-a)[J¢O+5-8)

ata B#8
% hl—w—i—zk—zp(% —a—w+ z, % — B —_ Z,U),Z) dzdw

We first move the w-line in (9.2.31) to Re(w) = %, crossing no poles.
z-line to Re(z) = % — €, again traversing no poles. Afterward, we further move the w-line
to Re(w) = 2 — 2e. This does not cross any poles since now Re(z) = 3 —e. We bound the
new integral that has Re(w) = 2 — 2e¢ and Re(z) =

e using (3.6), (3.10), (3.15), and
Lemma 9.5, and deduce that (9.2.31) is at most

Then, we move the

2

(XChk)*Q*(h, k)
Cvhk

It follows from this and (9.2.28) that

(9.2.32)

I = Ryt O((XC’hk)EQQ(h, l{;))’

CvVhk
where Ry is defined by

Z X2fozfﬁ7wacfw
acA  c>1 (I+e) J(e/2)
BEB (c,hk)=
. o e(Sz _ 6—62
(9.2.33) xV(§—a—-w+2)V (% B =)W (w)H(z,w— 1)T
X ((2—w HC )HCl—i-ﬂ B)
aFa BB

X WTUHETP(E —a—w+ 2,1 - B -

We may evaluate the sum of u(c)

c"PE-—a—w+z,5—0—

z,w, z) dz dw.

z,w, z) over all ¢ > 1 with

(¢, hk) = 1 by using the definition (9.2.3) of P and Lemma 3.2, with absolute convergence
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ensured by Lemma 9.5. This and (9.2.33) lead to

(9.2.34)
_ 1 2—a—B-wywis(3 _ . (1l _ A N\ _
Ra=2 2(2mi)? /(1+e) (c/2) . VG ma-wt Vi~ - W wilew -1)
BeB
652 _ 6—62 R
x ———C2-w) [[cO+a—a) [[cO1+5-p)
G B#6
—WTr].—=Z2 1 1
< b { I1 (1 - p1+a—a) 1T (1 - 1+B—B)
plhk  aecA GeB p

Z ")) (1+ (p 1) p11>
X
0<mm<oo pm(l_a)pn(l—ﬁ)p(l w) min{m+ordp(h),n+ordy(k)}

m+ord, (h)=n+ord, (k)
(™)) (1- %)
+ Z pm(lfa)pn(lfﬁ)p(lfw) min{m-+ord,(h),n+ordy,(k)}

0<m,n<oco
m+-ordy (h)#n+ordy (k)

A n()

pihk \ GeA jeB

1

(B G e

p p(p— ot

Loy P (1-5) m<pm>TB<p">(1—i—?> o
pm(2 a— w)pn( pm(l—a)pn(Q—ﬁ—w) zaw.

0<m<n<oo
From (9.2.27), (9.2.30), (9.2.32), we deduce that
(XChE)Q*(h, k)
Cvhk

where Ry is expressed as a finite sum of contour integrals in (9.2.34).
To be able to shift the contours and evaluate residues, we analytically continue the inte-

grand in (9.2.34) by multiplying it by

(9.2.36) [[cB+a+p—a—-8-w)
a7
B#B

and dividing it by the Euler product of (9.2.36). The result is

1
RO — : / X2—a—ﬂ—wa
QGZA 2(2m)% J14e) Jies2)

BeB

xV(E—a—w+ z)\N/(% — [ = 2)W(w)H(z,w—1)

0<n<m<oo

(9.2.35) I = Ry + O( ) + O(XsQ%hgkrE),
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xC2-w) [[¢B+a+p-a-B-w) [[¢i+a—a)[[¢a+5-5)

aza ara p#p
B#B

(9.2.37) x W' U R G (w, «, B) dz dw,

where G(w, a, B) is defined by

(9.2.38)
G(w,a,p) =G(w,a, B; A, B, h, k)

—H{H( ﬁ)n( 1+M)H( 1+M>

plhk \ a7a acA €B
B#8
] S (™)) (14 e = 5
o< pm(l—a)pn(l—ﬂ)p(l—w) min{m-+ordy(h),n+ordy,(k)}
<m,n<oo
m+ordy (h)=n+ordy (k)
Ly ™)) (1-2)
o< pm(lfoz)pn(lfﬁ)p(lfw) min{m+ordy(h),n+ordy,(k)}
<m,n<oco

m+-ordy, (h)#n+ordy (k)

1 1 1
X H { H ( 3+d+Ba5w) H (1 B p1+d—a) H (1 B p1+BB>
pthk gig aeA BeB

1

x < (1 — ]%) (1 + %) N i TA(]?m)TB(ij(g(_la—i-ﬁ ug, DI E)

m=1
DY

0<m<n<oo

Ta(p™)75(p") ( - Z—Z) Ta(p™)75(P") (1 - Z—Z)
pm(2—a—w)pn(1—6) + Z pm(l—a)pn(Z—ﬁ—w) ’

0<n<m<oo

We next prove the following lemma, which we will use to justify moving the lines of
integration and bound some of the integrals that remain after applying the residue theorem.

Lemma 9.6. Suppose that € > 0 is arbitrarily small. Let « € A and B € B, and let h and
k be positive integers. If w is a complex number such that

1+ ¢ < Re(w) Sg—@
then the product (9.2.38) defining G(w, a, B; A, B, h, k) converges absolutely and we have
G(w, a, B; A, B, h k) <. ha*k2"(h, k)2 *=.

Proof. In this proof, we will repeatedly apply without mention the bounds 74(m) < m*, and
Tp(n) < n°, which follow from (3.2) and the assumption that o, 5 < 1/log@ for all « € A
and 3 € B. Since Re(w) < 2 — ¢, we have

1 1

pitath-a—p—w < p§+s
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for all @ € A and 3 € B. Also, it holds that

1 1
and
1 1
<

p]-'f‘B_ﬁ pl—é‘

for all & € A and ﬂA € B. Hence, multiplying out the product and applying the definition
(3.1) gives

e

o};éa acA BeB
B#B
1
(9239) = 1 - Zp3+a+ﬂ a—fB—w - Z l+a [e% o Z 1+5 5 (pl+£>
B#8
T T 1 T T 1
o), )l L)) (L),

p p p p p p

P
Since 1 + € < Re(w Sg €, we have

(9.2.40) ( - %) ( %) =1+ pg—l_w +0 (p11+€> .
(w)

< 2 — ¢ also implies Re(3 —a — f — w) > 1 + ¢ and thus

The assumption Re

(9.2.41) > ) (1 7 = 51) oty +0 (L) .

pm(3—a—,3—w) - p3—a—,3—w pl—i-a

m=1

Next, since p¥/p? < pz ¢, the terms with m > 1 in the sum

T (1-%)

(2—a—w)yn(1-p)
0<m<n<oo pm “ wp”

add up to at most

1_

p2 1
< Z pm( S—ete) pn(i—e) < Z m(—L_ete p(m+1)(1 5 <<p]_+57

1<m<n<oco m=1D

while the terms with m = 0 and n > 2 add up to at most

[e.e]

pr 1
< n(l—e) < =50
n=2 p p§+6

Hence

Ta(P™)T(p") (1 - %) 8(p) _ 78(p) 1
(9.2.42) > prC—a—w)pn(i=B) =B ppp-w +0 (p1+€> ‘

0<m<n<oo
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Similarly, or by symmetry, we have

w

(9.2.43) 3 ralr")7a (") <1 - ];_2) ~malp)  7alp) +0( 1 ) |

0<n<m<oo
We next bound the sum

TA(pm)TB(p ) (1+ (p ) p11>
(9244) Z pm(lfa)pn(lfﬁ)p( —w) min{m+-ord, (h),n+ordy(k)}

0<m,n<oo
m+-ordy (h)=n+ordy (k)

For brevity, we denote h, := ord,(h) and k, := ord,(k) for the rest of this proof. We make
the change of variable m — v +k, in (9.2.44), so that n = v + h,, to see that (9.2.44) equals

00 vtkp v+hp <1 Y L)
kp(wta—2)+hp(w+L-2) Z TA(p )TB(p ) T p2(p—1) p—1

pl/(3*&*ﬁ7w) ’
v=—min{hy,kp}

This and the inequality (k, + h, — min{h,, k,}) Re(w) < g(k:p + h, — min{h,, k,}) imply

Z pm(l—a)pn(l— )p(l—w) mln{m+ordp(h),n+ordp(k)}

0<m,n<oco

(9.2.45) m~+ordy,(h)=n-+ord, (k)

p

< pkp(Re(w)fQJrs)Jrhp(Re(w)72+€)+min{hp,kp} Re(3—w)
< p(%+5)(hp+kp+min{hpvkp})‘
Next, to bound the sum

(™)) (1- %)

Z m(l—a) yn(1—p)(l—w) min{m+ordy (h),n+ord,(k)}’
0<m,n<oo p p p
m+ordy (h)<n+ordy (k)

we split it into the part with m < k, — h,, and the part with m > k, — h,, to deduce that

(™)) (1- %)

(9246> Z pm(l—a)pn(l—ﬁ)p(l—w) min{m-+ordy(h),n+ordy(k)} - 21 + 22’
0<m,n<oco
m+~ordy (h)<n+ordy (k)
where
e 1-5)

. 'w 1)h p
(9247) 2 ' Z Z m(2—a— 'wp n(1—p)
and

o = a6 (1- %)

(9.2.48) Sy = p Y $

m=max{0,kp—hp} n=m+hp—Fkp+1
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We apply Re(w) < 2 — € and bound the n-sums in (9.2.47) and (9.2.48) to deduce that

0.2.49 5, < pli-oh S
2 P -
021 ==
and
(2-e)h N P
(9.2.50) ¥y < pla I >

T }pm(%fere)p(hpfkarl)(lfe).
m=max{0,kp—hyp

The right-hand side of (9.2.49) is zero if hy, > k,, and otherwise it is < p(z=h+kp—ho)(5+e),
In either case, we have

(9251) 21 < p(%+5)(hp+kp+min{hp’kp}).
If h, > k,, then the m-sum in (9.2.50) starts at m = 0 and thus

2 _)hp+t—e
22 < p(2 Yoty <<p(%+€)hp+kp7%+€.
p

(hp—kp+1)(1—¢)

On the other hand, if h, < k,, then the m-sum in (9.2.50) starts at m = k, — h,, and hence

3 1
(5—€)hpt5—¢ L

p ¢ p(1+s)hp+(%+s)kpf§+s.

b
2 < p(kp—hp)(é—a+e)p(h,,—kp+1)(1—a)

In either case, we have
22 < p(%"‘&)(hp"rk’p-‘rmin{hp’kp})_%_’_a.

From this, (9.2.51), and (9.2.46), we arrive at

(9.2.52)
TA(P™)TR(P") (1 — p—w>
> =) (f(g) 213(? ){< dpQ(h) Ty << pU et tmintn o),
m(l—a)pyn(l— —w) min{m+ordy (h),n+ord,
0<m,n<oco p p p
m+ordy (h)<n+ordp (k)
Similarly, or by symmetry, it holds that
(9.2.53)
TA(P™)TR(P™) (1 — ﬂ)
Z — 114(5 )1B(p )< dp2h _ <<p(%+a)(hp+kp+min{hp,k,,})‘
o pml-a pn( - )p( —w) min{m+-ord, (h),n+ord,(k)}
m+-ordy (h)>n+ordy (k)

From (9.2.39), (9.2.40), (9.2.41), (9.2.42), and (9.2.43), we deduce that if p f hk then the local
factor in (9.2.38) corresponding to p is 1+O(p~'7¢). To bound the local factors corresponding

to the primes p|hk, observe that (9.2.39) is O(1) because Re(w) < 2 —e. This, (9.2.45),

(9.2.52), and (9.2.53) imply that if p|hk then the local factor corresponding to p is
< p(§+a)(hp+kp+mm{hp,kp})'
We conclude that the right-hand side of (9.2.38) converges absolutely, and is
< h%“k%“(h, k)%+e
because hk(h, k) = [ phwthptmin{hpkp} and [1,, O(1) < v* for any positive integer v. [
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We now move the w-line in (9.2.37) rightward to Re(w) = 2 — € to deduce that
(9.2.54) Ry = Ry + Ry + Rz + Ry,

where R; is the integral of the residue at w = 2, Ry is the integral of the residue at w =
% —a+ 2z, Ry is the integral of the residues at the poles of (9.2.36), and R, is the new integral
with Re(w) = 2 —e.

We first bound R4, which is defined by

1
Ry=) — / xPrempege
;2(27”)2 (3-0 J(e/2)

6€B~ " ~ 66,2 _ 6—62

XxVE-—a—-—w+2)V(E -8 —2)W(w)H(z,w— I)Tiz

x¢2-w) [[¢cB+a+B—a-B-—w) [[ca+a—a)]]c+5-5)
GF#a GF#a B+£8

B#8
x W' kG (w, a, B) dz dw.

We move the z-line to Re(z) = % — €, traversing no poles in the process. We then bound the

resulting integral using (3.6), (3.10), (3.15), and Lemma 9.6. The result is
(9.2.55) Ry < X 2%°Q3 (hk)e.

We next evaluate the integral R; defined in (9.2.54). To do this, observe that the winding
number in the application of the residue theorem in (9.2.54) is —1. Also, the definition (3.13)
implies that

Rgg H(z,w—1)= -2

because Res,—o['(s) = 1 and T'(1/2) = /7. Furthermore, ((0) = —1/2. Hence

B 1 b2 " _ 652 _ 6—52
Rl —OKGZAR (6/2)X Q V(_%_Q+Z)V(%—ﬁ—Z>W(2> 28
BeB
(9.256) L0 +a+5-a-mT[ct+a—[C0+5-
o v

x " k*G(2, o, B) dz.

Some factors here do not depend on z, and we only need to evaluate

- . ~ €6z _ e—éz
/(6/2) V(_E_O“LZ)V(i_ﬁ_Z)Th k™ dz.
The part of this with [Imz| > 1/0 is negligible because of (3.10) and the definition (3.4) of
. In the complementary part with [Imz| < 1/6, we have

652 _ 676,2

(9.2.57) =

=1+ 0(5]2]).
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- . ~ eéz _ 6—52
V-l a0Vl —B8-" % pk2ds
/(5/2) 2 Vi ) 20z

— /2+6 V(- —a+2)V(QE — 8- 2)h*k™ dz + O((hk)9).

By (3.4) and (3.10), we may extend the range of Im(z) in the latter integral to (—oo, c0)
by adding a negligible quantity. We then make the change of variables s — % —f —z, and
afterward move the line of integration to Re(s) = e. We traverse no poles in doing so, and
we arrive at

- ) . 663_6—(52
V(—l—atr VA -2 pk2ds
[ Ptmas PG50

- [ Pcams-070) (%)m s+ O((hk)"d).

From this and (9.2.56), we deduce that

Ri=-) ﬁ /(6) X PQV(—a— B—s)V(s)W(2)

acA
peB

(9.2.58) < [[cait+a+p—a-p)[[cai+a-a)[Jc+8-8)
5% C"“ B#B

x h™1 0=k 3H555G(2, 0, B) ds + O ((Xhk)*k2Q ™),

where we have applied (3.4), (3.6), and Lemma 9.6 to bound the error term.

Having evaluated Ry, we next turn our attention to the integral Ry defined in (9.2.54). By
(3.9), the residue of V(3 —a —w+ 2) at w =2 — o+ 2 is —1. From this and the fact that
the winding number in the application of the residue theorem in (9.2.54) is —1, we deduce

that

1 1 3
R, = - X2 B-zpz—atz
2 a; dmi J @

€/2)
BeB
~ — 662_6—5,3
V(== W —at DR —a+ )
xCG+a-2)[[¢G+a+B-p-2)]][ca+a-a)[[c0+5-8)
a#a a#a B8

BB
X h™7H %k *G(2 — a4 2, 0, B) do.
We move the line of integration to Re(z) = 1 — 2¢ to deduce that
(9.2.59) Ry = Ro1 + Ros + Ras + Rau,

where Ro; is the residue at z = % — 3, Ry is the residue at z = % + «, Ry3 is the sum of the
residues at the poles z = %—1— o' + ' — 3, where o runs through the elements of A~ {a} and
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B’ runs through the elements of B \ {f}, and Ry, is the new integral with Re(z) = 1 — 2e.
To bound Ry4, we apply (3.6), (3.10), (3.15), and Lemma 9.6. The result is

(9.2.60) Ry < X 2%5Q3 (hk)*

We next estimate the residue Ry defined in (9.2.59). By (3.9), the residue of ‘N/(% —f—2z)
at z = % — [ is —1. From this and the fact that the winding number in the application of
the residue theorem in (9.2.59) is —1, we have

1 N 5(3-B) _ ,—0(3-B)
B = 5 ;QQMW(? —a-BHG =B l-a-f——om
BeB
(9.2.61) xCa+p) [[ca+a+p [[ca+a—a)[Tca+5-5)
ata GFa B#B
B#B

x h™ite 2 48G(2 — o — B, a, B).
Now (3.14) gives
Hiz-B1-a=-B)=2(1-a-p)2(;+B)Z(5+a)
and thus the functional equation of ((s) implies
CatPH(z =B 1-a=p)=C1-a=B2(;+8)Z (5 +0a)
It follows from this and (9.2.61) that

. . 53-8 _ o—(3-8)
Rﬂ:iaezAQQ BW(?—a—ﬂ)%(%+0‘)%(%+5) 5(1—2p)
BeB
(9.2.62) x(U-a=-p) [Jca+a+p) [[ca+a-a)[[ca+5-5)
a#a d#a BB

B#B
x b2tk 3G (2 — o — B, o, ).
By (3.4) and the assumption that «, 8 < 1/log @ for all & € A and 5 € B, we have
66(%_5) — 6_6(%_'8)
d(1—2p)

We insert this into (9.2.62) and apply Lemma 9.6 and (3.6) to bound the contribution of the
error term. The result is

Ra= 3 Y@ W —a-HZ(G+a) 2 +)

—110(Q™).

a€A
BEB
(9.2.63) x(l-a-BJ[ca+ra+p[[ca+a—a)J[ct+5-5)
s i i

x W3k 50G(2 — o — B, a, B) + O((hk)*(h, k)/2Q™).
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Our next task is to evaluate the residue Rys defined in (9.2.59). To do this, observe that
the winding number in the application of the residue theorem in (9.2.59) is —1. Moreover,
the definition (3.13) implies that

Res H(z,5 —a+z)=-2

-1
z—2+a

because Res;—oI'(s) =1 and I'(1/2) = /7. Furthermore, ((0) = —1/2. Hence

Gt _ (5 ta)

R =5 S X @V (—a - T (2)

= O(1 + 2a)
(9.2.64) < [[ca+a+s—a-p)[[ca+a—a)[]ca+p-8)
% . i

x h™2 k770G (2, B).
By (3.4) and the assumption that «, 8 < 1/log @ for all & € A and [ € B, we have
ed(5+a) _ o=d(5+a)
O(1 +2a)

We insert this into (9.2.64) and apply Lemma 9.6 and (3.6) to bound the contribution of the
error term. The result is

R =5 3" X QW (~a— BT (2)

=1+0(Q™").

a€cA
BeB

(9.2.65) < [[cat+a+p—a-p)[[ca+a-a)[Jca+5-5)
po e i

X WG (2,0, 8) + O((XRRY: (,F) Q).

We next estimate the sum Ros defined in (9.2.59). Since the winding number in the
application of the residue theorem in (9.2.59) is —1 and

Res (B +d+p —-B-2)=-1,
z=g+a/+5—f

it follows that
1 Il —a— o /
Roz = Z Z §X_O‘ B Q2 B+a’'+3

A /
sEkg

V(o —=BWQ2—a—-B+d +B)HE+o +5 - B 1-a-B+d +f)
G+ +8'=B) _ o—d(5+a/+8'=B)
263+ o'+ 3 = B)

x [ <a+a+g—a=p)][cO+a—a)[[¢O+5-8)

a7 ata B#6
BB
(@B)(a8)

X

(lat+p—ad =p)
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(9.2.66)

x W3t FG(2 —a — B+ ol + B, B).
Now (3.14) gives
HE+d +f -Bl—a—B+d+8)=2Z(1-—a-B+d+B8)2E+8-o =B Z (3 +0),
and thus the functional equation of {(s) implies

Cla+f—ad = YHG+d' + —B,1—a—B+d + 1)
=((l-a-B+d+0)ZG+B-d -B8)Z (5 +a).
It follows from this and (9.2.66) that
1 g g
Roz = Z Z 5X—a -8 Q2—a—ﬁ+a +8

a€A o' #a
PEB pp

xV(—a' = YWQE2-—a-B+d+8)ZE+5—ao -2 (L +a)
S5t/ +'=B) _ o—0(5+a'+5=p)

(9267) X 25(%+a,+6,_/8) C(l_&_ﬁ—i_a/—i_ﬂ/)
x ] <a+a+p-o=-p)[]Jca+a-a)[J¢cO1+B-8)
brc aFa B8
B#B
(6,8)#(/,B8")

x B2tk PG —a — B+ + B a, B).
By (3.4) and the assumption that «, 8 < 1/log @ for all & € A and € B, we have
OG5/ +8'=B) _ o—(3+/+8'—B)
)

We insert this into (9.2.67) and apply Lemma 9.6 and (3.6) to bound the contribution of the
error term. The result is

—1+0(Q™™).

(9.2.68)
1 / ! / /
_ ~ yv—ao' =" N2—a—pF+a'+p
Ros = E E 2X Q
a€A o' #a
PEB g'p

XV(—a' = YWE2-a-B+d +8)ZE+5—ao —8)2 (L +a)
xCl—a—-B+a+8) ] <+a+p-o-p)][[¢1+a-a)

éf;éa a#a
BB
(@B)#(a’,p")
[Tca+p—pniser i@ —a—5+a'+7.a.0)

BB
+ O((Xhk)*(h, k)2Q).
This, (9.2.59), (9.2.60), (9.2.63), and (9.2.65) complete our evaluation of Rs.
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Having estimated Ry, we next turn our attention to the integral Rj defined in (9.2.54).
Since

R 3+d+8 —a—B—w)=-1
w:z_a_%iafw“ +do+0 —a—-p—-w)

and the winding number in the application of the residue theorem in (9.2.54) is —1, we may
write

(9.2.69)
1 / ’ / 1= =
Ry=3 % [ X IQu V(g — V(- B~ 2)
a€A o' #a m (€/2)
PEB przp
. 65,2 o 6762
W(Z—a—ﬂ—ko/—i—ﬁ')?—[(z,l—a—ﬁ+a'+ﬁ')T
xCa+p-o=p) [ ca+a+p-ao-p)[[¢t+a-0)
aFo GFa
B#B
(@.B)#(e/,B")
X H C(1+4 = p)htHotb-a'=F+2p=2G(0 — o — B+ o' + (', a, ) dz.

b8
By (3.14), we have
Hzl-a-F+d +8)=Z(1-a-0+d +)Z A -2)Z(a+f—-a = F +2),
and thus the functional equation of ((s) implies
(la+B—a =B )VH(z,1—a—B+d + ) = ((1—a—B+d+5) 2 (1—2)Z (a+B—a - +2).
It follows from this and (9.2.69) that

(9.2.70)
1 / / / 1 e
Re= Y Y o [ X Qe s by o - g V(- 5 - 2)
rch iz AT (e2)
PEB s
— 652 _ 6—52
><VV(2—oz—ﬁ—ko/—l—ﬁ')ﬁi”(l—z)ﬂi”(a—f—ﬂ—o/—B'—i—z)T
x(U—a=p+d+p8) J] <d+a+p-a-p)]]c+a-a)
éf;éa a#a
BB
(6,8)#(/,B")
% H C(l + B . 5)h—1+a+57a’*,3'+zkfzg(2 —a—fF+ o + ﬁ/, Q, ﬁ) dz.
B#B
Some factors here do not depend on z, and we only need to evaluate
_ » 0z __ ,—0z
| Vb ea—a =B V(=522 (1) F (a4 ool = 5 +2) bk de
(¢/2)
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The part of this with |Imz| > 1/ is negligible because of (3.10), (3.12), and the definition
(3.4) of . In the complementary part with |Imz| < 1/, we have (9.2.57) and thus

| etrs-a—g T -5
(/2)

0z —0z

X %(1—z)%(a—l—ﬂ—a’—ﬁ’—l—z)%hzk’zdz
z

o 1 / / 17(1

:/ 1- V(-3 +B8—a =p'+2)V(5 - 8—2)

575

X Z(1=2)Z(a+ B —d =B +2)R*k % dz+ O((hk)%9).

By (3.4) and (3.10), we may extend the range of Im(z) in the latter integral to (—oo, 00) by
adding a negligible quantity. We then make the change of variables

1
3»—>—§+5—0/—5’+z,

and afterward move the line of integration to Re(s) = —e. We traverse no poles in doing so,
and we arrive at

/ V(lip-o—F+aV(E—p—2)
(€/2)
0z -z

x Z (1 —z)%(a—l—ﬁ—a’—ﬂ'—l—z)%hzk’zdz

=/ Vo)V (—a' — 7 — 5)
(—9)

h) —B+a'+B'+s

< Zri-d - 92 G+ (]

- ds + O((hk)°5).

From this and (9.2.70), we deduce that

oY [ xege e

a€A o' #a
PEB g#p

xV(WV(—d = —s)W2—a—B+a +83)
XZE+B—d =0 —5)Z(G+a+s)((1—a—-F+d +05)

(9.2.71) « I ca+a+p-a—g[[ca+a-a)[[ca+5-5)
o};éa aFo B#B
B8
(@A) )

x hateta it G0 — 0 — B+ ol + B, a, B) ds
+ O((Xhk)*k2Q™9),

where we have applied (3.4), (3.6), (3.10), (3.15), and Lemma 9.6 to bound the error term.
Putting together our calculations, we see from (9.2.19), (9.2.26), and (9.2.35) that

U (h, k) = Ry + O((QHE N C?i) (th/);_;h, k)

) +0 (chﬁhsks + (X(Jhk)%X?Q—W).
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From this, (9.2.54), (9.2.55), (9.2.59), and (9.2.60), we arrive at

2\ (Xhk):(h, k)
2 h ]{? _ 1+e Q ( )
U=(h, k) Rl+R21+R22+R23+R3+O((Q +015) N

i) (XEQ%h%E X TEEQE (hk) + (XChk)kaQQ*W),
where we have evaluated the residue R; in (9.2.58), R in (9.2.63), Rgo in (9.2.65), Ra3 in
(9.2.68), and Rj in (9.2.71). In the next subsection, we will match these five residues with

the five residues on the right-hand side of (9.1.32) in such a way that corresponding residues
are equal, thus showing that U?(h, k) is equal to Z7(h, k) up to an admissible error term.

(9.2.72)

9.3. Matching the residues: Euler product evaluations. To be able to show that each
of the residues on the right-hand side of (9.2.72) is equal to some term on the right-hand
side of in (9.1.32), we will prove the following identity involving the Euler products G and
K.

Lemma 9.7. Let « € A and B € B. Suppose that h and k are positive integers. If G is
defined by (9.2.38) and K by (9.1.2), then

(9.3.1)  h 2tk 2tPG(2 —a — B,a, B; A, B, h, k) = K(0,0,2 — a — B; A, B, o, B, h, k).

Our proof of Lemma 9.7 will depend on the following three lemmas. The first is a slight
generalization of an identity due to Conrey and Keating [CK15¢]

Lemma 9.8. Let a € A and € B. Suppose that j and { are nonnegative integers and p is
a prime. Then

Tastayo(-ay (7)) B (s} (1) + Tt} (0 7B 10t-0} () — Tasta) (7)) (1)
= Ta{ayu{-p}(P") TB{B}U{-a} (pz) - pa+BTA\{a}U{*5}(p]_l)TB\{ﬁ}U{fa} (PZ_1)>
where Tg(p~1) is defined to be zero for any multiset E.

Proof. We argue as in [CK15¢]. Observe that the definition (3.1) implies that if m is any
nonnegative integer, E is any finite multiset, and v € E, then

(9.3.2) 5(p") = Ty (P") + p TTE(p

We apply this, multiply out the resulting products, and then cancel one 74 {4} (pj)TB\{ﬁ} (p°)
with its negative to deduce that

m—l).

Tataruf—y ()T s () + Tatar () T8 810{-a} (0)) — Ta () (P )TB (51 (D)
= (TA\{Q}(pj ) + PP Taqatups (P ‘1)) 515 (p")

+TA\{a}(P’)(TB\{5}( O+ p* T (srof—a} (P ) — Tagay () TB (5 (D)

= Ta (o} () 7B 151 () + PP Taqayui—sy (07 )Ty (D)) + P Taqar () TB(810{—a) (P ).

We add and subtract p®™ 74 (apui—s (P ) Tes10{-a} (P'!), and then factor part of the
resulting expression to arrive at

Tagayoi—sy (0T (0°) + Ta o} () T y530(-ar (0°) — Taqar (07 TB (5} (D)
N

)

—p* T A aputesy (0D TB B0 —ay (D).

= (TA\{a} () + P’ Taqayoi-n (pj_1)> (TB\{B}(pe) + 0T (Bpu{—ay (P
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The lemma now follows from this and (9.3.2). O

Lemma 9.9. Let a € A and € B. Suppose that j and { are nonnegative integers and p is
a prime. Then

Tavgoyoi—s) ()T s (0) = (1= p ™ D) ravi s )78 (0") + p Pra(p’)m5(0")
—p_BTA(pj)TB(pE 1) - (1 —-p E)TAU{—B}(P] I)TB(PZ_I)

where Tg(p~1) is defined to be zero for any multiset E.

(9.3.3)

Proof. We apply (9.3.2) and multiply out the resulting expression to deduce that

(1= p N 7avp (@) 7B(0") = (1 —p*77) (m(pj )+ PP Tanp (P ‘1)> 5(p")
=1a(p) (") — p~* P1a()) 7B (p")
+ (0 = p ) rav s (P70

The term —p~*FAr4(p/)7p(p") cancels with its negative on the left-hand side of (9.3.3), and
it follows that

(1= sy (0)rs(") + 0~ 74 78(0")
-p TA(P])TBQ?E_l) — (1= p P ravesy (P ()
=74 78(0°) + (0° = p™ ) Tavi-sy (P )T (D")
—p a0 — (1= p D) ravsy (@ )me().

The right-hand side factors as

(m(p’) + (7 = ) Taup (pj‘l)> (TB(pZ) - p‘BTB(p€‘1)>,

which, by (9.3.2), equals 74 {aju{-s1 (P") 756} (P"). O
Lemma 9.10. Let 8 € B. Suppose that j and { are nonnegative integers and p is a prime.
Then
pi-Ae-0 3 TA(p;)T(JlEf(gl) S Tau{-p} (P")75 (mlﬂ— A(p™)TB(p")
0<m,n<oo p=rp 0<m,n<oo pz-2
m4j<n+¢ m+j=n+L

Proof. The definition (3.1) of 75 implies that if D and E are finite multisets, then the
Dirichlet convolution 7p * 7 of 7p and 7 is 7pug. It follows from this and the definition of
Dirichlet convolution that, for each nonnegative integer m,

m—1
TAU{—B}(pm_l) — (TA * T{—,B} Z TA 7_{ ,3} m I—V) — TA(pu>p,6’(m—1 v)
v=0
This and the identity (9.3.2) imply
m—1
Tau-s3 (0™) = Ta(P™) = PP Tav-ay (0" = ) a0
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Therefore
1
3 Tav(-5 (P")7B(P") — TA(P")TE(P") _ 3 (")
pEti pEti alp
0<m,n<oo 0<m,n<oco v=0
m~+j=n+{ m~+j=n—+{

In the latter sum, we may replace m with n + ¢ — j to write the sum as

(e’ n+l—j—1

75(p") v\, Blnt—j—v) _ (A—B)(j—0) Ta(p")7B(P")
> nt 5 (—3) > Talp - P > pBpr(=F)
n=0 p v=0 0<v,n<oco

v+j<n+4

O

Proof of Lemma 9.7. We may write each side of (9.3.1) as an Euler product by the definitions
(9.1.2) of K and (9.2.38) of G. The Euler products converge absolutely by Lemmas 9.3 and
9.6. To prove Lemma 9.7, it suffices to show for each p that the local factors corresponding
to p in these Euler products agree.

We first examine the local factors corresponding to a given prime p t hk. For brevity, let
Sp denote the local factor corresponding to this p in the Euler product expression for the
left-hand side of (9.3.1). Thus, from the definition (9.2.38) of G, we see that §, is defined by

(9.3.4)

1 1 !
o ::ég[a <1 - p1+a+/§> Il <1 - Jm) 11 <1 B p1+3_6)

Y acA BEB
BB
1 pf - 1) ( p““ oo ) — Ta(P™)TE(P™)
x| (1-—— ) (1+5%0— )+ (14
( ( prep ) ( p(p—1) p—1 p- mzl P
o TA(p™)TB(P") can TA(P™)75(0")
+ (1 -p ﬁ) Z mB,n(l—4) + (1 p B) Z Cpm(l—a)pna |
0<m<n<oo p=rp 0<n<m<oo p p

Lemma 9.10 with j = ¢ = 0 implies

(9.3.5) > Ta@™)B(P") _ i Tav-p (P")78(p i Ta(p

mpByn(1—5
0<m<n<oco perp ) p

") 75(0"™)

m=0

Similarly, Lemma 9.10 with A and B interchanged, 3 replaced by «, and j = ¢ = 0 implies

(9.3.6) S Ta™)7E(") _ i TA(P™) U0y (0") i TA(pm;TB(pm>‘

pm(lfa)pna pm m

0<n<m<oo m=0 m=0

We complete the first m-sum in (9.3.4) by adding and subtracting its m = 0 term, and then
insert (9.3.5) and (9.3.6) to deduce that

() (.

a#o acA BeB
p#B

(=) (5 ) - (55 -5)
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4 (Qp—a—ﬂ I P’ 1 ) i Ta(p™)75(P")

p—1 p—1 pm

m=0

(9.3.7)

gy N Taug-s (™) TE(0™) oy N TA™M) TBUE-a) (P)
HA=p ) Y SR ) Y )
m=0 p m=0 p
Observe that there is the factor (1 —1/p)? in (9.3.7). This factor is the product of the factor
corresponding to & = « in the product over & € A and the factor corresponding to § = ( in

the product over 3 € B. We distribute (1 — 1/p) among the terms in (9.3.7) and arrive at

1 1 1 1
o (I () I s ) T (2 )
(9.3.8) B#8
1 1 1 1 2 1
X < <1 - p2—a—,8> <1 T p t pltats E) N (1 o + p1+a+ﬂ> . 20)’
where ¥ is defined by

Yo = (Qp_a_ﬂ -1- ]ﬂ) i Ta@™) 7B (™)

p P

m=0

p m=0 p" m=0 p"

" <1 B 219 L ) (i Tau=ap (")) i Ta(p™) TBU{—0} (p’”))

Multiply out the products in the latter expression and rearrange the terms to write

So = io (1—p7 )TAu{—ﬂ}(Pm)TZ%m) +p A" (P™)
N i (1=~ P)1a(@™)TBUf-0a} (P™) + i:‘ﬁm(pm)m (p™) — Ta(@™)TB(P™)

e =) (o (0 me(0™) + TaA™) =0y (™)) + 27 Ta(P™) T (P™)
Z_O pm—l-l ’

We make a change of variables in the last m-sum on the right-hand side by replacing each
instance of m with m — 1. To the resulting expression for ¥y, we add

m—l)

0— f: p o Ta(P™ ) E(P™) + pPTaA(p™)TE(D
pm
m=0

m5(p™) +p Pralp™)TB(P™ ")

0 pm

and rearrange the terms to deduce that

o0

1
(9.3.9) o= (Dl,m + Dy + Dg,m) —

m
m=0
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where D, ,,, Da,y,, and Ds,, are defined by

D=1 =p PV @) 5(0™) + p~* Pra(@™)6(p™)

—p ra@™) (™) = (1= p ) ravsy (0" (™)

Doy = (1= p PV ra(p™) 80—y (P™) + 0 Pra(@™)m5(0™)
—p *talp™ 7e(P™) — (1= p=* )ma(p™ 7010y (0™,
and
D3 = —7a(p™)75(0™) + p A" N 7E(™)

+p Pralp™)me(pP™ ) — p Pralp

m—l) m—l)

7B(p

Y

where we recall that 7(p™!) is defined to be zero for any multiset E. Now Lemma 9.9 with
Jj ={ = m implies

(9.3.10) Dim = Taqayui-sr (") 75151 (P")-

Moreover, Lemma 9.9 with A and B interchanged and j = ¢ = m implies

(9.3.11) Dam = Taqay (P )T (804~} (P).
As for Dj,,,, we may factor it and apply (9.3.2) to deduce that
D3 = —(TA(Pm) - p_aTA(pm_l)) (TB(pm) - p_BTB(pm_l))
= _TA\{a}(pm)TB\{ﬁ}(pm)'
From this, (9.3.10), (9.3.11), and Lemma 9.8 with j = ¢ = m, we arrive at

Dl,m + D2,m + D3,m

B

= Ta{a1u{—6 (P™)TB(B10{-ar (™) — D" Tafayuiemr @™ DT su—ay (™).

This and (9.3.9) imply

Yo = Z TA\{a}U{fﬁ}(p ;;B\{ﬂ}u{a}(p )
m=0

_ et i Ta{ou(-8) (P" ) B (8010 (P" )
pr '

m=0

We make a change of variables in the latter m-sum by replacing each instance of m with
m + 1. The result is

1 - N1« - " AN —Q m
5, - (1 _ pl_a_ﬁ) 3 Tasta s (p ;;B oo (")

m=0
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We insert this into (9.3.8) and arrive at

$p==(1——%)(£15(1—‘pHi%5) II (1__pHi—a) II (1__pmé—ﬁ)

. aFa B#B
B#B

9.3.12 1 T R D PR
( | ’ ((1 pz‘“‘ﬁ) (1 p P bt e

1 1 > Tadatvf—s (0™ TB 801 —ay (D
(1) + (1- kg 5 Tesmen 0 msncals),

m
m=1 p

where we have separated the m = 0 term from the m-sum. A direct calculation gives
] 1 . 1 1 1 1 2 1 ] 1
e )\ Ty T T 2) T\ T T ome ) T T pias
1 1 1
~(1-57) (143) (-5).

We insert this into (9.3.12) and then factor out (1 — p~1*2*#) to deduce that

0 ()0 )0 )T ) I )

Gz ara b6
BB
1 1 - TA{a — T N —a m
y (1+—) (1__2) £y Tasta 5 (P )mB B (") |
p p m=1 p

The right-hand side is exactly the local factor corresponding to p in the Euler product
expression for K£(0,0,2 — a — ) by the definition (9.1.2), because we are assuming that
p1 hk.

We have now shown for each p 1 hk that the local factors corresponding to p in the Euler
product expressions of both sides of (9.3.1) agree. Our next task is to do the same for each
plhk. To this end, let p|hk be given, and let &, denote the local factor corresponding to this
p in the Euler product expression for the left-hand side of (9.3.1). Also, for brevity, for the
rest of this proof we denote h, := ord,(h) and k, := ord,(k). With these notations, we see
from the definition (9.2.38) of G that &, is defined by

1 1 1 1 1
c— (5= )hp—(5-B)kp | | _ — —
&, :=p 2 2 (1 p1+d+é) H (1 pl—I—éz—a) H (1 p1+35>

ata A BeB
B#B
—a—pf 1 m n
o (142 B T Ta(0") 75 (")
(9.3.13) p—1 p—1 o (=) pn(1=B) p(=1+a+B) min{m-+hy.n-+p}
m,n<oo
m+hy=ntkp
. s
+(1-p ) D (=) (1B (Lot By minfrrthy ik} |
0<m,n<oo

m~+hp#n—+kyp
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If m + h, = n + kp, then

(=14 a+ B)min{m + hy,,n+k,} = (—% —|—a) (m+ hy,) + (—% +5) (n+kp),

and so
p—(%—a)hp—(é—ﬂ)kp Z : 1 ;A(pn?TB(Bpn). -
0<m,n<oo pm( a)p”( )p( +a+8) min{m+hp,n+ky}
(9 3 14) m+hp:n+kp
-y @)
— L .
0<m,n<oco pz 2
m+hp=n+kp

If m+h, <n+k,, then min{m+ h,,n+k,} = m+ h, and it follows from Lemma 9.10 with
Jj = hy, and ¢ = k, that

Gl GAk 7 ma(P")75(p")
p pm(l—a)pn(l—ﬁ)p(—l—l-a—l—ﬂ)min{m+hp,n+kp}
0<m,n<oo
m~-hp<n+kp
9.3.15
(9:3:19) L T )
e |

0<m,n<oco
m~+hp=n+kp

Similarly, Lemma 9.10 with A and B interchanged, 3 replaced by «, j = k,, and ¢ = h,
implies

pr Gk 37 a7 (1")
m(l—a) pn(1—75) p(—1+a+8) min{m-+hyp,n+ky
e P (1=a) pn(1=5) p( ) min{ }
m+hp>n+kp
-y TA(P™)TBU{=a} (P") — TA(P")TB(D")
0<m,n<oo p7+§
m+hp=n+kp

It follows from this, (9.3.13), (9.3.14), and (9.3.15) that

0TI (- VI ) ()

dta acA BEB
B#B
o (")7s(P")
—a— p TA\P")TB\D
(- T - L) y ml
3.1 ( 1 773
(93 6) < p 1 p 1 0<m,n<oco p
m~+hp=n+kp
o Tau(-p; (P™)TB(P") + TA(P™) TBU{—a} (P")
+ (1 —-Pp ﬁ) Z Sk mn ) .
p2T2
0<m,n<oco

m-+hp=n+kp
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There is the factor (1 —1/p)? in (9.3.16) by the same reason mentioned below (9.3.7). We
distribute (1 — 1/p) among the terms in (9.3.16) and deduce that

A

ata aFa B#8
B#B
where ¥, is defined by
—a—p8 m n
mom (o1 D0) 3 M
p 0<m,n<oco p=-2
m-+hp=n+ky
1 —a—p T _ Lave ") 4+ mY Y n
i (1 _peh Sy > Z au(-p} (P™)7B(P )m+£A(p )TBU{ 0} (P ).
p p 0<m,n<oco p=z-*
m+hp=n-+k,
Multiply out the products and rearrange the terms to write >, as
s (1= p* Pravp @) 70") + 0~ 1a(0™) 7B (0")
1 — Z mn
p 2 2
0<m,n<oo
m4hp=n+kp

N Z (1= p ) ra(@™)TB0{-0a} (") -;g_a_BTA(pm)TB(p”) — 7a(p™)7TB(P")

3
0<m,n<oo
m-+hp=n+kp
(1= ) (rau-s (™) (") + 7a(W™) TBUL-0) (")) + 2~ PTa (™) B (")
- Z p1+%+% .
0<m,n<oco
m+-hp=n+kp

We make changes of variables in the last m, n-sum on the right-hand side by replacing each

instance of m with m — 1 and each instance of n with n — 1. To the resulting expression for
Y1, we add

0= 3 P““TA(10"1‘1)73(19”);+ A" )
p 2 2
0<m,n<oo
m~+hp=n+kp

. P ta(™ (") + p Al T (P" )
n,n

0<m,n<oo p=-z

m-+hp=n+kp

and rearrange the terms to deduce that

1
(9318) E1 = Z <D1,m,n + D2,m,n + D3,m,n) mn
0<m,n<oco pz e
m—rhp:n—&—kp

where Dy .0, Damn, and Ds,, ,, are defined by

Dy = (1 = p~* ) ravg—sy (™) 7(0") + p~* P 1a(p™) 7B (P")
—p A" ) — (L= p P )ravm (0™ 7B,



TWISTED 2kTH MOMENTS OF PRIMITIVE DIRICHLET L-FUNCTIONS 75
Do = (1= p~* ) 1a(@™)B01-0y (07) + 0~ Ta(0™)75(0")

—p A" ) T(") — (1= p* ) a(p™ N TBU(—ay (0" ),

and

Ds = =1a(@™)78(0") +p~*Ta(0™ )R (0")
+p P (") = p O Pra(™ TR,
where we recall that 7z(p~!) is defined to be zero for any multiset . Now Lemma 9.9 with
7 =m and ¢ = n implies
(9.3.19) Dimn = Tasfayor-5 (0")B 5y (")
Moreover, Lemma 9.9 with A and B interchanged, j = n, and ¢ = m implies
(9-3.20) Damn = Taqa} (0" )TB(510(-a} (P")-
As for Ds ., we may factor it and apply (9.3.2) to deduce that

Dsnp = —(1a(0™) = p*ma(p™ ") (1(0") = p~ 750" ))

= —Ta o} (P") B 5y (P")-
From this, (9.3.19), (9.3.20), and Lemma 9.8 with j = m and ¢ = n, we arrive at
Dipmn+ Domn + Dimn
= Tastayu(-p (P") B (00—t (") = P Tasqayur-s) (P ) B (81010 (P)-

This and (9.3.18) imply

B TA{au{-5} (D) B (8}U{—a} (D")
D= ) P33
0<m,n<oco
m—l—hp:'n—i-kp

ats Y Tastapor-p (0" )TB (sut-ay (P71

P PR

0<m,n<oo

m4-hp=n+kp

We make a change of variables in the latter m, n-sum by replacing each instance of m with
m + 1 and each instance of n with n + 1. The result is

5 = (1 1 ) Z Tafa}uf—8y(P™)TB(B1U{-a} (D)

pl—a—ﬁ p%-l-%

0<m,n<oco
m4-hp=n-+kp

We insert this into (9.3.17) and arrive at

(D) IO )T ) I )

) a B#B
B#B
X Z Tas{au-8} (P") 7B (8)ui-a} (P")
543 |
0<m,n<oo p
m+hp:n+kp

The right-hand side is exactly the local factor corresponding to p in the Euler product
expression for K£(0,0,2 —«a— f3) by the definition (9.1.2), because we are assuming that p|hk.
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We have now shown for each p that the local factors corresponding to p in the Euler product
expressions of both sides of (9.3.1) agree. This completes the proof of Lemma 9.7. U

We will also use the following variant and consequence of Lemma 9.7.

Lemma 9.11. Let a,a* € A and 3, 3* € B. Suppose that h and k are positive integers. If
G is defined by (9.2.38) and K by (9.1.2), then

Wt G (2 — 0 — B4 o + %, a, 8, A, B, h, k)
=K(0,—a"=p"2—a—-pF+a" +05A B,a,p,hk).
Proof. The definition (9.2.38) implies
G2—a—-pB+a"+ " a,p;A B, hk)

1)) (Y [ (e

plhk gzg acA feB
—a—B+a*+8* 1
. 5 Ta(pP™)7B(p") (1 B E)
o< pm(l—a)pn(l—ﬁ)p(—l—&-a—&-ﬂ—a* —p*) min{m+ordy (h),n+ord, (k)}
<m,n<oo

m+ordy (h)=n+ordy (k)

3 Ta(p™)s(p") (1 — p~ @) ) }

+ pm(17a)pn(1fﬁ)p(fl+a+ﬁfa* —p*) min{m+-ord, (h),n+ord,(k)}

0<m,n<oco
m+-ordy (h)#n+ordy (k)

1 1 1
X H { H (1 N p1+&+[§a*5*) H (1 - p1+d—a> H (1 o p1+5‘5)
pihk \ a#a acA peB

B#B

1 pl—a—ﬁ—i-a*—i-ﬁ* -1
X < <1 o p2—a—ﬂ+a*+ﬂ*> (1 + (p . 1)

—a—pB+a*+8*
= (")) (14 T - )
+ Z pm(l—a*—ﬁ*)

m=1
N Z TA(pm)TB <pn) (1 . p—a—ﬂ+o¢*+ﬁ*)
P8 (- B)

0<m<n<oo

0321) . TA<pm>TB<p">(1—paﬂﬂ“*ﬂ*))}

pm(lfa)pn(afa* —B*)

0<n<m<oo

with the product absolutely convergent by Lemma 9.6. Now

1 1
11 (1 B p1+B—6) = 1l (1 - p1+vﬁ+a*+ﬁ*) )

BeB YEB_ox _px

while (3.3) implies
m8(p")  TB .- 45 (P")

pn(lfﬁ) pn(1*5+0¢*+5*)
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and
TB(pm) _ TB_ox_p» (pm)

m(1—a*—B*) m
It follows from these, (9.3.21), a];d the definition (92.92.38) of G that
G2—a—-pF+a"+ 5% a,0B;A B, hk)
=02-—a—-p+a" +5a,—a" —35A B_o g, hk).

Lemma 9.7 with B replaced by B_,«_g« and  replaced by f — a* — 8* implies
hoatepmatB B G o — B a4 B, B— o — B A, B_ge_pe, h k)

=K(0,0,2—a—-fF+a " +55A B_g_p,a,f—a" — [ h, k).
To see that the right-hand side is the same as

KO,—a*—=5*2—a—F+a"+ %A B,«, (8, h, k),
we make the following observations. If w =2 —a — 4+ o + " and s; = s; = 0, then
w—1l4+a+s+(f—a" =)+ s =1,
Ag~{a+s1}U{—pF+a"+ 0" — s} = A~{a}U{-F+a" + 5},

(9.3.22)

(9.3.23)

and
(B—a*—ﬁ*)SQ N{B—a" ="+ st U{—a—s1} =B_gp {8 —a" =} U{—-a}.
On the other hand, if w =2 —a — + o* + 8%, s;1 =0, and s, = —a* — 3%, then
w—1+a+s + 5+ sy =1,

A ~H{a+s1}U{=B8—s2} =A~{atU{-B+a" + 5"},

and
By, ~{f+ s} U{—a—s1}=B_pp-~{f—a" =G }U{—a}.

These observations and the definition (9.1.2) of K imply that

K(0,0,2—a—pF+a "+ A B_g—p,a, f— " — " h, k)

=K(0,—a" —p"2—a—-pF+a "+ A B, o, B, hk).
From this, (9.3.22), and (9.3.23), we arrive at Lemma 9.11. O
The special case of Lemma 9.11 with o* = « and * = [ implies that

(9.3.24) hztekm2eG(2, o, B) = K(0, —a — 8, 2).

As a side note, we mention that (9.3.24) may be proved directly from the definitions (9.2.38)
of G and (9.1.2) of K by using the identity

5(p") n
Zm = TB_a_ﬁ(p ),

which follows from (3.3), and observing that if m + ord,(h) = n 4 ord, (k) then

pm(l—a)pn(l—ﬁ)p— min{m-+ordp(h),n+ordp(k)} _ pm(l—a)pn(l—,B)p— % (m—i—ordp(h))—%(n—l—ordp(k))
_ - (h=a)ordy ()~ (+a)ordy ()43 +n(} ~a—6)

because a(ord,(h) — ord,(k)) = a(n —m).
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We are now ready to match each residue on the right-hand side of (9.2.72) with a residue
on the right-hand side of (9.1.32) in such a way that corresponding residues are equal. The
identity (9.3.24) implies that

—s—a—pf
hE PR ERG(2,a, B) = (%> hEETE0G(2,0, )

h —s—a—F

From this, (9.1.25), and (9.2.58), we deduce that

(9.3.25) Ry = Jog + O((Xhk)“k2Q™%).

Now from (9.1.14), (9.2.63), and Lemma 9.7, we immediately see that

(9.3.26) Roy = Ju + O((hk)*(h, k)/2Q™).

Next, (9.1.20), (9.2.65), and (9.3.24) imply

(9.3.27) Roy = Jo1 + O((Xhk)*(h, k)'/2Q ).

From (9.1.29), (9.2.68), and Lemma 9.11 with o* = o/ and * = ', we deduce that
(9.3.28) Roy = J31 + O((Xhk)*(h, k)/2Q™%).

Finally, (9.1.31), (9.2.71), and Lemma 9.11 with o* = o/ and * = " imply
Ry = Js3 + O((Xhk)*k*Q ™).
From this, (9.3.25), (9.3.26), (9.3.27), (9.3.28), and (9.2.72), we arrive at

2\ (Xhk)s(h, k)
2 h k — 1+e Q ( )
U(h, k) J23+J11+J21+J31+J33+O((Q +Cl—5) N

+ O(XEQ%haka +XEEQY (hk) + (XOhk)athgQ‘%).

From this and (9.1.32), we conclude that
Q* \ (Xhk)*(h, k)
U2 (h, k) = T (h, k +0(( ey
( ) 1( ) Q 1= \/%
+O(X737Q3 (hk)* + X°Q=*(hk)" + (XChk)*hkX2Q™%).

(9.3.29)

10. THE ERROR TERM U" (h, k)

Recall that Aq, A9, ... are arbitrary complex numbers such that A\, <. h® for all € > 0. In
this section, we bound the sum

Ak
25U (hy k),
PR

where U"(h, k) is defined by (8.1.7). The majority of the work that follows consists of
preparing the above sum for an eventual application of the large sieve.

We begin by showing that the terms in (8.1.7) that have sufficiently large af are zero.
Since the support of W is compact and contained in (0, 00), the summand in the definition
(8.1.7) of U"(h, k) is zero unless |mh + nk| < g¢Q/c, which implies that either mh > gf@Q/c
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or nk > g{Q/c. Since a|g, c < C, and h, k < Q”, this means that the summand in (8.1.7)
is zero unless

Qgl _ Qal Qgl _ Qal
LA —_— > .
" e Togn N " he T Q)
Now V(m/X)V(n/X) = 0 except if m,n < X. Thus the summand in (8.1.7) is zero unless
Qal
10.1 X>—.
(10.1) > G50

In other words, the terms in the definition (8.1.7) of U"(h, k) are zero unless af < XCQ"~!.

We next show that the terms in (8.1.7) that have sufficiently large ael are negligible. We
first consider the terms that have mh/g = Fnk/g (mod aefl). In this case, |mh £ nk|/g
is a multiple of ael that is not zero because mh # nk. Thus |mh 4+ nk|/g > ael, and the
triangle inequality implies that either mh/g > ael/2 or nk/g > ael/2. Since h,k < Q” and
g = (mh,nk) > 1, these lower bounds imply that either ael < mQ? or ael < nQ’. Hence,
using the support of V' in the same way we deduced (10.1), we see that the terms in (8.1.7)
that have mh/g = Fnk/g (mod ael) are zero unless ael < XQ".

Next, we consider the terms in (8.1.7) that have mh/g # Fnk/g (mod ael) and ael > Y,
where Y is a large parameter that we will choose later (in Section 11). For these terms, the
orthogonality of Dirichlet characters implies that the ¢-sum in (8.1.7) is O(1). Moreover,
we have shown that these terms are zero unless (10.1) holds, and thus we may assume that
e>YQ"1/(XC). It follows from these and (3.2) that the sum of the terms in (8.1.7) that
have mh/g # Fnk/g (mod ael) and ael > Y is bounded by

(10.2)
(mn)® 1 (ael)s  |mh + nk| clmh £ nk|
— - : w :
NIDDD Sy I DR DI B 70
1<e<C 1<mn<X yQl—" <e<oo alg 1<l<0
XC al<XCQ?~!

Since the support of W is compact and contained in (0, 00), we have |mh +nk|/(gl) < Q/c
in (10.2), and so (10.2) is

1 (mn)s [YQI=\ " X20Q?
1;0019%)( vmn XC %

This bound is small if Y is, say, a large power of (). We have thus shown that the terms in
(8.1.7) that have mh/g # Fnk/g (mod ael) and ael > Y are negligible for large enough Y.

From all these observations, we deduce for h,k < QY and Y > X@Q" that the total
contribution of the terms in the definition (8.1.7) of U"(h, k) that have al > XCQ"~! or
ael >Y is

XQC 9
< (XCQY): YQ .
Thus
’ 2 vmn X X e
1<e<C 1<m,n<oco 1<e<©
(c,hk)=1 (mn,c)=1 (e,9)=1

mh#nk
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o 2 g 2 (7))

alg 1<l<oc0 1 mod ael 9 9
(eaZ,mTh-"?k):l P#o
al< XCQY1
aelLY
|mh £ nk| clmh £ nk| xX2cqQ?
w O (XCQY)* )

We multiply both sides by A, \x(hk)™/2? and then sum over all h, k < QV to arrive at

Ny 1 0] pla)
I UOCEE D WD DI DD DI
h k<Q19 1<e<C 1<e<oo 1<l<oco 1<a<o
Al XCQv1
(103) aelLY
X2 29
Z {Z/{+(c, a,e, () +U (c,a,e,/l, zp)} + 0 ((XCQY)E%) 7
mod ael
v #po

where U*(c, a, e, (1) is defined by

UE(c,a e, b)) = Z A e Z, TA <}) v (%)

h,k<Q?
(10.4) i

e e ()

with the symbol Z/ denoting summation over all positive integers m, n such that (mn,c) = 1,
mh # nk, (e,g) =1, a|g, and (eal, mhnk/g?) = 1, where g = (mh,nk). We split the a, e, (-
sum in (10.3) into dyadic blocks and deduce that

Ak . ael)e
D SUTE SID DED DR DD DI

hk<Q? 1<e<C  AEL  A<a<2A E<e<2E L<{<2L
AL<XCQY!
(10.5) AELLY
XQC 219
X Z {|U+(c,a,e,f7¢)|+\U_(c,a,e,€,¢)|} + (XOQY)ETQ’
¥ mod ael
v#Po

where each of the summation variables A, E, L runs through the set {2 : v € Z,v > —1}.
Note that we are abusing notation here and using the symbol A to denote both the summation
variable in (10.5) and the set in 74 in (10.4). However, this will not cause confusion.

To remove the interdependence of the summation variables in (10.4), we let g = (h, k),
g2 = (m,n), g3 = (m/g2,k/q1), and g4 = (n/gz,h/g1), and make the change of variables
h=g19.H, k = g193K, m = gogsM, and n = g2g,N. Recalling the definition g = (mh, nk),
we note that ¢ = ¢1929394. By their definitions, the new variables satisfy the coprimality
conditions (g3, g94) = 1, (H,g3) = 1, (K,g94) = 1, (H,K) =1, (M,94) = 1, (N,g3) = 1,
(M,N) =1, (M,K) = 1, and (N,H) = 1. Furthermore, the properties of m,h,n,k in
(10.4) are equivalent to (¢, MNHKg1g2g394) = 1, MH # NK, (e, 91929394) = 1, alg1929394,
(eal, MNHK) =1, gigsH < QY, 193K < @Y, and 1 < M, N < oco. Since V has compact
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support, we may assume that m,n < X in (10.4) and hence go < X. Thus, the result of
this change of variables is

(10.6)

*

Ut (c,a,e b)) = Z

Ag1gaH Ag1gs K TA(9293M)TB(9294N)V (9293M> v (9294N)

91,92,93.91 1V 939+ H K 92V 9394 M N X X
M7 b 7K
— MH + NK
x(MH)p(FNK)|MH + NK|W (dé—Ql) ,

where * denotes the conditions for ¢1, g2, g3, 94, M, N, H, K listed above.
Our next task is to write (10.6) in terms of an Euler product. To this end, we apply Mellin
inversion twice to write

v (gzgax>v <9294y) wH + yK|W (cy;cH iyK\)

X X Q
1 o0 oo
10.7 =— / / (:EH)_Sl(yK)_SZ/ / ut Tyt
(10.7) (27m8)% J(11e) J (2 1) o Jo
G2g3u 9294 clu £ |
XV(HX>V<KX>|U:I:U|W< Q )dvdudSstl.

We have chosen the lines of integration to be at Re(s;) = Re(s2) = 3 + ¢ to facilitate later
estimations. We let ¥ : [0,00) — R be a smooth nonnegative function of compact support
such that W(£) =1 for all £ in the support of V. Then

V(%) = (ze0)v Cirx)

for all u > 0, and applying Mellin inversion on the right-hand side gives

V() = i) [ () T

Similarly,

1% (9}2{%}) _ QLM\I;(XZW) /@ (;;gi)m V(s4) dsa.

It follows from these and (10.7) that

v (%)g;:c)v (.QQ?ZJ) wH £ yK|W <c|xH€g yK\)

1 X \®/ X \*
5 e L ) G
T (3+e) J(E+e) J(e) (o) 9293 9294

y /0“’ /Omusl_ss_lv@-u—w()(gﬁ)xp( X2§>V(53)‘7(s4)\u:|:0\

+
x W (C’qu v|) dvduds, dss dse ds;.
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Now take = M and y = N, and insert the result into (10.6) to deduce that
(10.8)
—~ NgigiHAgigsk TA(9293M)7B(g2gaN) -
U*(c,a.e b,9) = N v Y(MH)P(FNK)
( g1,£,94 91V 939aHEK  gav/g394MN

M.N,H K

5 Ly fyen L L () )
(27’(’2)4 (%4_6) (%+E) (€) J(e) 9293 9294

X M_slN_S2V(Sl, S9, S3, 84) dS4 ng d82 dSl,

where V(s1, s9, 83, $4) is defined by
V(Sh S2, 83, 84) = V(Sla 52, 53, 54, X Q 19 C €>

(10.9) = Vi(sa) 54/ / wtT e 1‘I'<XQ9> (XQﬂ)

+
X |u £ v|W <c|u€Qv|> dv du.

The following lemma gives a bound for V(s1, s9, S3, S4), and is analogous to (3.10).

Lemma 10.1. If jq, jo are nonnegative integers and si, So, S3,S4 are complex numbers such
that j1 + j2 > 1, Re(s; — s3) > 0, and Re(sy — s4) > 0, then

/ooo /OOO US1_83_1U52_54_1\P(Xlé219>\11<X2219> lu £+ v|W <c|u€22: U|> dv du

X v Re(81+82—83—84) g X 9—1\ Jitj2—1
o

|s1 — s3lit|sg — syl \ ¢ 14

where the implied constant may depend only on W, W, Re(s; — s3), Re(ss — s4), j1, or ja.

Proof. For brevity, let D denote the double integral in question, and let W, denote the
function Wy(&) := EW (). Make the change of variables u +— ufQ/c and v — vlQ)/c, then
integrate by parts with respect to u j; times and with respect to v j, times to deduce that

D ( )]1+J2 <£Q)81+$2 s3—satl / / ust— s3+j1—1
B (51 —s3) - (51— s34+ 71— 1)
V52~ s4+72—1 j1 812 { < ul

vl
v v + :
(S92 — 84) -+ (82 — 84+ jo — 1) Oudt Qvi2 XCQ'91> (XcQﬁ1>WO(|u UD} dvdu

We may use the product rule and chain rule to bound the derivatives in the integrand. We
also observe that the integrand is zero unless u,v < XcQV~1/¢ and |u & v| < 1, because
U is supported on a compact subset of [0, 00) and W is supported on a compact subset of
(0,00). Thus

X

EQ Re(s1+s2—s3—s4)+1 / Ji+i2 1
D — 1+ — , .
< ( c ) T X |51 — s3]71[s2 — s4]72
(10.10) y // yRe(s1=s3)+j1—1, Re(s2—sa)+j2—=1 o, 710

0<u,wXcQ?=1 /0
Jlutv|x1
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Since 7j1, Jo are nonnegative integers with j; + jo > 1, it holds that either j; > 1 or j5 > 1.
By renaming the variables v and v if necessary, we may suppose, without loss of generality,
that j, > 1. Then v271 < (XeQ?~1/£)7271. Moreover, for each u, the v-integral is over an
interval of length < min{1, XcQ?~'/¢}. Hence the u, v-integral in (10.10) is at most

X cOV-1 Re(s1+s2—83—54)+j1+j2—1 X1
< (L) min{l,L}.

14 ¢
Since min{1,1/z} < 1/(1 + z) for > 0, this proves the lemma. O
Now (3.10), (10.9), and Lemma 10.1 imply that
(10.11)

(XQﬂ>Re(51+sz—53—34) Q XcQﬂ—l Jitj2—1
: ‘ . — | — ) [14+ ——
T () ()
for any nonnegative integers j1, j2, j3, J4 With j;+j2 > 1 and any complex numbers s1, So, 53, S4
such that each of Re(s; — s3), Re(s2 — s4), Re(ss), and Re(sy) is > ¢. It follows that (10.8)
is absolutely convergent, and we may interchange the order of summation to deduce that,
recalling the conditions indicated by * and listed before (10.6), we have

(10.12)

1
z/{i | ’g’ 1 X53+s4
(C,CL (& ¢) (27”')4 /(é-i—@ /(é+5) /(e) (e)

V(s1, 82, 83, 54) e jy jojsia

)‘9194H/\9193K w(H)@(:FK>

1+s34s4 1453 1454 %—1—81—83 %“1‘52—84
1<g1,92,93,94,H, K <max{Q”, X} 9192 g5 g1 H K
9194H<Q?, 9193 K<Q”, gaX
(93,94)=(H,g3)=(K,g4)=(H,K)=1

(ec,91929394)=(cael, H K)=1

X

alg1929394
» Z Ta(9293M)75(g294 N )Y (M )p(N)
l S l S
1<M,N<oo MzrerNzte

(M, g4)=(N,gs)=(M,K)=(N,H)=1
(M,N)=(M N ,cael)=1
MH#NK
X V(s1, S2, 83, S4) dsy dss dsy ds;.
We next write the M, N-sum in terms of an Euler product. To do this, we first add and
subtract the terms with M H = NK and write

74(9293M )75 (9292 N ) (M) (N
3 (9293 M) 7B (9294 N )Y (M) (N)

(10'13> M%+81N%+52

= fgzl - ‘9227
1<M,N<oo
(M,g4)=(N,g3)=(M,K)=(N,H)=1
(M,N)=(M N,cael)=1
MH#NK
where &; is the sum on the left-hand side, except without the condition M H # N K, and &,
is the sum with the condition M H = NK instead of MH # NK. To evaluate &,, observe
that the conditions (H, K) = 1 and (M, N) = 1 imply that MH = NK if and only if M = K
and N = H. Since (M,K) = (N,H) = 1, this is only possible if M = N = H = K = 1.
Thus

(10.14) Py = 74(9293)75(9294)-
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Next, we express the sum &7 defined in (10.13) as an Euler product and write

(1015) ‘@1 = H L(% + 51+ a7¢) H L(% + s2 + B;E)R(Sla 82)7

acA peB
where R(sy, s2) is defined by

(10.16)
R(s1,52) =R(s1,52; G2, g3, g4, H, K, cael)

I () T (112

p Laca pz BeB pz
Ta(ptordr(9208) ) (prtordp(9204) o) (pm o) (p™)
X Z pm(%—&-sl)—&—n(%-i—sz) '
0<m,n<oo

min{m,ord,(g4K)}=min{n,ord,(g3H)}=0
min{m,n}=min{mn,ord,(cael)}=0

If Re(s1), Re(s2) > € and p|gegsg4H K cael, then the local factor in (10.16) corresponding to
p is O(peordr(929394)) by (3.2). Moreover, if Re(s1), Re(sy) > ¢ and p { g2g3g4H K cael, then it
follows from (3.1) and (3.2) that the local factor in (10.16) corresponding to p is

U(p) Y(p) TA(P™) (") (™) (p")
H4 (]- - p§+51+a) H (1 - p;+32+,8> Z : pm(BJrsl) ( 52)
= e S

0 ) (-0 ()

y (1+ maP)V(p) TB(Zf)E(p) Lo (L»

pzts pzte2 plte

1
= 1+O <pl+zs) :

Thus, if Re(s1), Re(s2) > ¢, then the product in (10.16) converges absolutely and we have

(10.17) R(s1,82) < (g2g3g4H Kcael)*®

because [],, O(1) < v* for any positive integer v. Hence, (10.13) with (10.14) and (10.15)

gives an analytic continuation of the M, N-sum in (10.12) to the region with Re(s;), Re(s2) >
e. If 9 is non-principal, then this analytic continuation has no poles in the region, and (3.2)
and (10.17) imply that it is bounded by

< (92994 H K cacl) {1+H|L +s+a, >|H|L<§+32+M>|}

acA peB
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for Re(s1), Re(se) > . This fact together with (10.11) implies that if ) is non-principal,
then we may move the s;- and so-lines in (10.12) to Re(s;) = Re(sg) = 2¢ and deduce that

(10.18)

UE(c,a,e,l,1)) <<(XQcae€)5/ / //
(2€) J(2¢) J(e) Y (¢)

% Z )‘9194H>‘9193K ¢(H)¢(3FK)
1+s3454 1453 1+54H%+S1—53K%+52—84
1<91,gz,937g47H K<<maX{Q’9 X} 9192 93~ Ya
9194 H<Q?, g193K<Q?, goX
(93,94)=(H,g3)=(K,94)=(H,K)=1
(ec,91929394)=(cael, HK)=1
alg1929394
acA peB

X |V(s1, S2, 83, 84)| |ds4 dss dsg dsq].

We apply Mobius inversion to remove the interdependence of the variables H and K and
write

Z AgigsHAg1gs K Y(H)Y(FK)
S+s1—83 JC 5+s2—s4
1<H,K<max{Q",X} H> K>
9194 H<Q?, g1g3 K<Q"
(H,g3)=(K,g4)=(H,K)=1
(cael, HK)=1

Y S p e e VG
1.i¢ s 1 .
1<H K<max{Q?,X} dH Hiztsi—ss (atsa—s
9194H<Q?, g1gsK<Q? dIK
(H,g3)=(K,g4)=1
(cael, HK)=1

Z u(d)W(d)F Z )‘d9194H w(H) Z )\d9193K E(JZK)
d1+81+82783*s4 %—&-51—53 %4—52—54 !
a<Q’ H<Q"/(dg1ga) K<Q"/(dg1gs)

(d,g3gacael)=1 (H,g3cael)=1 (K,gacael)=1

where in the last line we have made the change of variables H — dH and K — dK. From

this, (10.18), the triangle inequality, and the fact that ¢(FK) = (F1)¢¥(K), we deduce

that

1 1
+
Z/{ (07 a,e, £7 w) <<(XQCG€€)E Z 14+e 14€ 14€ Z d1+s

1§917927g3rg4<<maX{Q197X} g 92 g g deﬁ

9194<Q%, g193<QY, gaX (d.g3gacael)=1
(93,94)=(ec,91929394)=1
alg1929394
)‘d91g4H w(H) Z )‘dglgsK w(K)
(2¢) J (2¢) () H%+S1—S3 %-1—52—54

H<Ql9 /(dg1 g K<Q"/(dg193)
H,g3cael)= (K,gacael)=1

X {1+ H IL(3 + s1+ o, ¥)| H |L(%+S2+57@)|}

acA peB
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X |V(81, S92, S3, S4)| |d84 d83 dSQ d81|.
From this and (10.5), we arrive at
M (CXQY)*
> Mgy Y Y Y G
hk<Q? 1<e<C  AEL  A<a<2A E<e<2E

AL<<XC’Q“9—1
AELLY

1 1
(10.19) X > DD Jite

1<g1,92,93,94<max{Q?, X} 9192° 93 94 d<Q?
9194<Q7%, g193<QY, gaX (d,g3gacae)=1
(93,94)=(ec,g1929394)=1
alg1929394

X2CQ219

by
X v

qa,e,d,gl »92,93,94 + (XCQY)(E

where Y q¢.dg1,90,95,9: 15 defined by

Ec,a,e,d,gl792793794 = Z Z / /(2 ) /() /()

L</<2L v mod ael

(d,0)=1 7o
Z AdgigiH Y(H) Z Adgigs K E(K)
%+51*53 %+82*S4
H<Q"/(dg194) K<Q"/(dg193)
(H,g3cael)=1 (K,gacael)=1
{1 + JTILG+ s+ o) JTIZG + 52 +6,E>\}
acA BeB

X |V(s1, S2, S3,84)| |ds4 dsz dsg dsq].

We interchange the order of integration and then make the change of variables s5; = s1 — s3
and sg = s9 — sS4 to write

D VD DI I (I e

L<€<2L Y mod ael

(d.6)= Y#o
>‘d9194H w([—” )\dglg?,K E(K>
% Z H3tss Z K 3ts6
(10.20) H<Q?/(dg194) K<Q"/(dg1g3)
(H,g3cael)=1 (K,gacael)=1
X {1 + H |L(5 + s3+ 55 + a, 1)) H IL(3 +54+56+ﬁ>w)|}
acA peB

X |d86 d85 d84 d83| .
Now GLH and the Phragmén-Lindelof principle together imply that if € > 0 then
L(s, ¢) < (q(1+ 1))

for all s = o + ¢t with % < ¢ < 1 and real ¢t and all non-principal Dirichlet characters v
modulo ¢, where the implied constant depends only on . It follows from this and (10.20)
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that
(10.21)
Yeaedgr gagsg < Z (ael)® Z / / / V(83 + 55,54 + S6, 83, 54)|
L<Z<2L Y mod ael
(d.6)= Y#o
A H A (K
X |$3848556]° Z Sl P/ vH) Z Cdggslk 220 Vi)
H2+55 K2+56
H<Q"/(dg194) K<Q”/(dg1g3)
(H,g3cael)=1 (K,gacael)=1

X |d86 d85 d84 d83|.

Our next task is to apply the bound (10.11) for V. We will facilitate later estimations
by choosing particular values of ji, ja, J3, 4 in (10.11) for specific ranges of s5 and sg. To
this end, we split the range of integration of the s5- and sg-integrals in (10.21) into dyadic
segments to write

Ec7a767d7g1 »92,93,94

«Yuwr ¥ ¥y [ ]

L</<2L Y mod ael S5 S
(d.0)=1 I i S
10.22
( ) X/ / |s3545556|°| V(83 + S5, 84 + S6, 53, 54)]
(e) /(e
A H Moy aatic V(K
3 e tUD s Rk 8D g s
H<Q? /(dgigs) ’ K<Q" /(dg195) ’
(H,g3cael)=1 (K,gacael)=1

where each of S5 and Sg runs through the set {0} U{2” : v € Z,v > 0}. Here, we make
an abuse of notation and interpret the condition S5 < |s5| < 255 to mean € < s3] < 1
when S5 = 0, and similarly for Sg. We now apply (10.11). We choose j3 = j4 = 2 in every
situation, while we choose j; and j, depending on S5 and Sg, as specified in the following
table.

conditions on choices of
S5 Se J1 J2
S5 - 0 Sﬁ - O 1 0
X I9—1
S5 =0 0<S@-§1+—CCL2 0 1
X v—1
S5 =0 Sy > 14 X 0 3
L
X -1
0<S5<1+ % S5 =0 1 0

(table continued on next page)
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(table continued from previous page)

conditions on choices of
S5 Se Ji J2
X v—1
Sy > 14 % S5 =0 3 0
X V-1
0 < S5 < S 0<S6§1+% 0 1
X 9—1
0 <S5 < Sg Sﬁ>1+% 0 3
X I9—1
0<S5§1+% 0 < Sg < S 1 0
X v—1
S5>1+% 0<Ss<Ss 3 0

TABLE 1. Our choices of the values of j; and j, depend on the ranges of the
variables of integration s5 and sg.

We arrive at
(10.23)

XchS—l J1tj2—1
Leaedggegno < (XQ)° < )Z Z Sjl 63]2 E( + 7 ) Z (ael)®

S5>0 Sg>0 L</<2L

(d0)=1
€+1i2S5 €+1i2Sg o

/ / Adgrgai Y (H) 3 Adgigs K () \dse dss|
§ 1 1 )
5+85 3+s6
2 2
3 mod ael ¥ € 255 Je—i256 H<Q"L9 (dg194) H K<Q?/(dg1g3) K

Y#po (H,g3cael)=1 (K,gacael)=1

where the values of j; and j, depend on S; and Sg as described in Table 1. Note that,
for conciseness, we have bounded the term with S5 = S = 0 in (10.22) by the term with
S5 = S¢ = 1 in (10.23). We may do this because both terms have the same value of j; + jo
by Table 1. Similarly, we have bounded the sum of the terms with S; = 0 and Sg > 0 in
(10.22) by the sum of the terms with S5 = 1 and Sg > 0 in (10.23), and we have bounded
the sum of the terms with S5 > 0 and Sg = 0 in (10.22) by the sum of the terms with S5 > 0
and Sg = 1 in (10.23).

In order to be able to apply the large sieve inequality, we use the Cauchy-Schwarz inequality
to deduce from (10.23) that

a@LS5SG XcQﬁfl Jitje—1
Ecaedg1g29394<<(XQ < )ZZ SJlSJQ (1-|— L

S5>0 Sg>0

(x s

L<¢<2L ) mod ael H<QY/(dg1g94)
(d,0)=1  #o (H,gscaef)l;i

3 Adgygatt ¥ (H)
H3tss

2\ 1/2
‘d85’} >
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e+1i2Sg 2\ 2\ 1/2
(10.24) ><< >y {/ 3 %M sd}) .

L<{<2L 1 mod aef 2% | K<Q? /(dgigs)
(d,0)=1  p#o (K,gacael)=1

We now apply the hybrid large sieve inequality in the form of the following lemma.

Lemma 10.2. Let R, T, N,o be real numbers with T > 3, R,N > 1, and 0 > 1/2, and let
7 be a positive integer. If {an} 1s any sequence of complex numbers, then

anx(n)
X#XO

where the x-sum is over all non-principal Dirichlet characters x mod qj.

|an|2

2
) c . 522
dt) < (JRNT)*(RNT + jR°T”) Z n2o

n<N

Proof. The proof of the lemma is contained within the proof of Proposition 1 of [CIS19]. For
full details, see Appendix A. O

From Lemma 10.2 with R = 2L, T = 2S5, N = Q?/dg1g4, 0 = % + ¢, and j = ae, we

deduce that
, 2
s s (] 5 )

. L4ss
L<¢<2L 1 mod ael —1255 H<Q?/(d e
(=1 btvo R o)
(1025) e QﬁLS5 2 02 |Adg1g4H|2
< (aeLQSs) ( 1010 + ael S5> Z e

H<Q" /(dg194)
(H,g3cael)=1

< (dg192aeLQS5) (Q" LS5 + aeL?S3),

where the last line follows from the assumption A\, <. h°. Note that, in using Lemma 10.2
here, we may assume without loss of generality that 255 > 3 since if not, then we may extend
the interval of integration because the integrand is nonnegative. Similarly, Lemma 10.2

implies
e+i2Sg 2
> > ] |

L<t<2L ¢ mod ael ~129 | K<Q?/(dg1gs)
(d0)=1 Y#io (K,gacael)=1

< (dg1g3aeLQSs)*(Q” LSs + aeL*S?).
From this, (10.25), and (10.24), we arrive at
(10.26)

XCQﬁfl Jitj2—1
Ecaedgl 92,93,94 <<(XQLaed919394 ( ) Z Z Sjl aSJZ - ( + T)

S5>0 Sg>0

3 Ndgigarc (K)
K 5tse

« (@19 LSs + aeL2s§) (QﬁLS6 + aeL2s§>

By our choices of the values of j; and js described in Table 1, if M, N € {2":v € Z,v > 0}
are given, then the term on the right-hand side of (10.26) that corresponds to the pair
(S5,56) = (M, N) is equal to the term that corresponds to the pair (S5, 5) = (N, M).



90 SIEGFRED BALUYOT AND CAROLINE L. TURNAGE-BUTTERBAUGH

Thus, the part of the right-hand side of (10.26) that has Sg < S5 is a bound for the left-hand
side. In that part, we have jo = 0 by Table 1. Hence

XcQﬂfl J1—1
Seaedgr g < (XQLaedgigsga)® ( > Z Z SJl 5( L )

(10.27) S5§6°<S;5>0

X (QﬁLSg‘) + aeL2S§>.

Recall that, as stated below (10.22), the variables S5 and Sg in (10.27) each run through the
set {2 : v € Z,v > 0}. Moreover, as described in Table 1, we have j; = 1 for the terms in
(10.27) that have S5 < 1+ XcQ?"!/L and j, = 3 for the terms with S5 > 1+ XcQ”~1/L.
We may thus evaluate the S5- and Sg-sums in (10.27) by writing

(10.28) > S5« s
0<Se<Ss
for each S5,
QVLS5 + aeL?S? 9 9 Xc@?!
(10.29) > e < (XeQ) [ Q'L + aeL?( 1+ —))
5

0<S5<1+XcQ?-1/L

and

3 QLS5 + aeL?S2 - Xe@Q' 1\
ST L

< (XcQ)® (QﬂL + ael? (1 + %ﬂl)) .

S5>1+XCQ"9_1/L

From this, (10.27), (10.28), and (10.29), we deduce that

L
Yeaedgrgogsg < (XQLcaedgigsgs)® (TQ> (QﬂL +ael? + aeLXcQﬂ_l).

From this and (10.19), we arrive at

AnAe ’ (CXQY)*
S Mugney >y y G

hk<Q? 1<e<C  AEL  A<a<2A E<e<2E
AL<<XCQ19—1
AEL<Y
1 1
R D S
1<g1,92,93,94<max{Q”, X } a<Q’
9194<Q”, 9193<Q”, g X (d,g3gacae)=1
(93,94)=(ec,91929394)=1
alg1929394
L X20C 29
(10.30) X <—Q) (Q"L+ AEL* + AELXCQ"™") + (XCQY)aTQ.
c
Our final task for this section is to evaluate the right-hand side of (10.30). Observe that
1
(10.31) > S A< Q.

d<q@?
(d,g3gacae)=1
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To evaluate the g1, g2, g3, g4-sum in (10.30), we group together terms with the same product
91929394 and use the divisor bound to write

Z (91929394 =< Z

1§917927937g4<<maX{Q197X} V<<XQ279
9194<QY, 9193<Q?, goX alv
(93,94)=(ec,91929394)=1
alg1929394

(XQa)* _ (XQA)*

<K
a A

From this, (10.31), and (10.30), we deduce that

3 )‘h)‘_’“ur(h,k:)<<Q > ! > (CxeYy

\/ c AEL
h,k<Q? hk 1<e<C AE,L
AL« XCQv1
AELLY

XQCQM
—Y .

The condition AL < XCQ"~! implies that AEL? < AELXCQ"~' because A > 1. More-
over, we have ) _.(1/c) < C*. Hence

x (Q'L+ AEL* + AELXCQ"™") + (XCQY)*

)\h)\_k 1 9 -1
> U(h k) < (CXQYYQ Y —+(LQ"+AELXCQ"™)
W Ik & ABL
AL<XCQ? !
AFLLY
X2 29
(10.32) + (XCQYf%.

Recall that, as stated below (10.5), each of the summation variables A, E, L in (10.32) runs
through the set {2" : v € Z,v > —1}. We may thus evaluate the A, E, L-sum in (10.32) by
writing

Qﬁ
Z Z 4@19 <<YEQ19

AE -
A,E,L A,E,L
AL XCQ?-1 AELLY
AELLY

and

Yo XCQUT X0 Y 1<YTXoQ

AE,L AE,L
AL<XCQ?1 AELLY
AELLY
We conclude that
A )\_ XQC 29
(1033) > ;h_;ur(h, k) <. (XOQY)\Q(Q” + XCQ"™Y) + (XC’QY)ETQ.
h,k<QY

11. FINISHING THE PROOF OF THEOREM 2.2

We put together our estimates and deduce from (4.7), (5.2), (6.2.3), (7.1), (8.3.7), and
(9.3.29) that

(11.1) S(h, k) = Ty(h, k) + Ty (h, k) + E(h, k),
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where
s : Q¥ (XCQIE):(h. 1
112 E(h,k)=L"(h,k)+U (h,k)+0((Q+ ) NG )

0 ((XCQhk:)E(XC’ FXTEQE 4+ QF 4 X2hk:Q‘96)> .

For any ¥ > 0, we have

hk)e(h, k hk)e d 1 : e
Z —( )hgf ): Z %Z¢(d)22§§—2< Z ‘1—5) <@,

hk<Q? hk<Q? d d<Q? i<qvja?
d|k
hk
Z ( ) <<Q19+5
L=, ik

and

S BRI

hk<Q?

From these bounds, (7.1.2), (10.33), and (11.2), we deduce that if ¥ > 0 and {\,}?2, is any
sequence of complex numbers such that A\, <. h® for all positive integers h, then

Z )\h)\k h /{: << (XCQ) (Q1+ﬁ+%2) _'_(XC«Qy)a(Ql—f—ﬁ_’_XCQﬁ)
(11.3) hk<Qﬂ
X2CQ219 L s )
"‘(XCQY)ET + (XCQ)E(XCQ19 +X2Q2 + Q= + X2Q 96+319)'

Recall our assumption that X = Q" with 1 < n < 2. We optimize the upper bound (11.3)
by choosing

C=Q"5 3,
which implies Q?/C = XCQ" = Q'*5+%. We impose the condition
P<2—n

so that C' > )°. Note that v < 2 — n implies ¥ < 1 since n > 1. We also choose Y to be a
large power of @, say Y = Q. With these choices for C' and Y and the condition ¥ < 2 —n,
we deduce from (11.3) that

(114) Z Ah)\k h k’ <<Q1+ +3+e Q§—§+19+£
hk<Q79

We have thus proved that the conclusion of Theorem 2.2 holds under the additional as-
sumption (3.5). To complete the proof of Theorem 2.2, it is left to show that (11.4) holds
for any multisets A and B of complex numbers with moduli < C;/log @, where C; is an
arbitrary fixed positive constant. We do this by showing for each ¢ = 0,1 that Z,(h, k) is
holomorphic in each of the variables « € A and § € B in the region where |a/, |5] < Cy/log @
for all @« € A and § € B (or, more precisely, that the only singularities of Z,(h, k) in this
region are removable singularities). The holomorphy of Zy(h, k) is immediate from (4.3) with
¢ = 0: if ¢ = 0 then the integrand on the right-hand side of (4.3) is holomorphic in each of
the variables & € A and 8 € B so long as «, f < ¢ for each a € A and 5 € B. To prove the



TWISTED 2kTH MOMENTS OF PRIMITIVE DIRICHLET L-FUNCTIONS 93

holomorphy of Z; (h, k), define Iy p(n) for finite multisets E, F' of complex numbers by the
Dirichlet series expression

ngEC f + S N
HpEF C(p + S
This definition implies that if « € A and Re(s) is sufficiently large, then
I o
Z—AU{ 84 () (=B+s) HCa+s

ns
n=1 GFa

n=1

From this and the uniqueness of Dirichlet coefficients, we deduce that if o € A, then
(11.5) Lavg-p} 403 (n) = Taqayu-s3(n)

for every positive integer n. Similarly, if 8 € B, then

(11.6) Ipug-ayi5}(n) = To (1010} (1)

for every positive integer n. Now we claim that if A and B have no repeated elements and
the elements of AU B are distinct from each other and are < 1/log @, then

- 2 b 1 s1+s27/ 1/
; W(Q)Xéq(%i)‘* /<e>/<e>/q|{ze/47|{yle/4X Vi)

(q,hk)=1
X %@ -2+ 31)%(% — Y+ So)g" YT

HgggC(1+a+B+sl+32)H%A§(1+a+z)H66BC(1+5+y)

X
HaeAg(l_}—O{_{_Sl _y+82)H/BeBC(1_Z+Sl+ﬁ+82)
(11.7) x{(l+y+z—sl—SQ)C(l—y—z+51+32)HPO
plg
L, Uty—so} et a1} (P ) Bo, Ufa—s1} {—y+s2} (D7)
q{n ¥
p|hk 0<m,n<oo

m~ordy(h)=n+ordp (k)

X H {PO Z LA, Ufy—ss) f—2ts1) (P )IBSQU{z—Sl},{—y+52}(pm)}

plghk m=0 P
X dydzdsy dsy,

where P, is defined by

1\ 2 1 1
Py = Po(z,y, 51,80, A, B) 1= (1_1_)) (1_1m) (1_Zm>

1 1
XH( m)ﬂ(“m)ﬂ(*m)

a€cA acA BEB
BeB

-1 —1
1
X H ( 1+a+81 y+82) H <1 o plz+81+6+32) ’

acA peB
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To see this, we use the residue theorem to evaluate the z- and y-integrals. The Euler product
on the right-hand side of (11.7) converges absolutely by an argument similar to the proof of
Lemma 9.3. Thus the poles of the integrand that are enclosed by the circles |z| = €/4 and
ly| = €/4 are precisely the poles of the factors

[[ca+a+2)[[ca+8+y).

acA pseB

After evaluating the z- and y-integrals using the residue theorem, we may simplify each
residue by using (11.5) and (11.6) to see that the right-hand side of (11.7) is equal to the
right-hand side of (4.3) with ¢ = 1. This proves our claim that (11.7) holds if A and B
have no repeated elements and the elements of A U B are distinct from each other. Now
the right-hand side of (11.7) is holomorphic in each of the variables & € A and § € B in
any region with o, < 1/log@ for each a € A and € B because the Euler product in
its integrand converges absolutely. Hence, by analytic continuation, it follows that Z; (h, k)
is holomorphic in each of the variables a € A and [ € B in the region. As a side note, we
remark that this argument can be generalized to show the holomorphy of Z,(h, k) for each ¢
with 0 < ¢ < min{|A|,|B|}.

We have now shown that Zy(h, k) and Z; (h, k) are each holomorphic in each of the variables
a € A and f € B in any given region such that «, f < 1/log @ for each & € A and § € B.
Now S(h, k) is holomorphic in the same region since its definition (2.1) has only finitely
many nonzero terms by the assumption that W and V' are compactly supported. It follows
from these and (11.1) that E(h, k) is also holomorphic in the same region. Thus, since (11.3)
holds for A, B satisfying the condition (3.5), the maximum modulus principle implies that
(11.3) also holds for finite multisets A, B satisfying |al,|5| < Cy/log@ for all « € A and
p € B, where () is the arbitrary positive constant in (3.5). This completes the proof of
Theorem 2.2.

APPENDIX A. PROOF OF LEMMA 10.2

In this section, we give the details of the proof of Lemma 10.2, which is an analogue of
Proposition 1 of [CIS19] and likewise a consequence of the hybrid large sieve in the form of
Theorem 9.12 of [IK04].

Proof of Lemma 10.2. To apply Theorem 9.12 of [IK04], we need to express each x mod ¢j
in terms of a product of two characters, one with modulus ¢ and the other with modulus 7,
where ¢ and j are factors of ¢j such that (¢,7) = 1. To this end, recall that each Dirichlet
character y mod ¢j is induced by a unique primitive Dirichlet character modulo some divisor
of ¢j. We may write this divisor uniquely as ¢j, where (¢,7) = 1 and j is composed only of
primes that divide j. Note that if x is non-principal, then ¢j > 1. Since §j is a divisor of ¢j,
it holds that qj = Dqj for some positive integer D, and dividing both sides by (j,7) implies
J ~ J
LT V)
It follows that j/(j,7) divides D because j/(j,]) is relatively prime to both ¢ and 7/(j,7)-
Thus we may write D = dj/(7,7) for some positive integer d. Hence ¢ = dgj/(j, 7). We have
thus shown that for each non-principal x mod ¢j, there is a unique quadruple (7, d, g, X) such
that 7 is a positive integer composed only of the primes dividing j, ¢ is a positive integer with

(G,j) = 1 and ¢j > 1, d is a positive integer such that ¢ = d§j/(j,]), and X is a primitive
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character modulo ¢j such that x = Xxo, where x¢ is the principal character modulo ¢j.
Therefore we have
2
dt)

>y (/.
>y » oy ([

q<R x mod qj
X#X0
<R 1<j<00 1<d,G<oo x mod Gj
pli=pli  (@4)=1
qi>1
q=dqj/(4.)

(1)
>

n<N

Z anX(n)xo(n)

naJrit

2
dt>

because the summand is nonnegative, where the * notation indicates that the sum is over
primitive characters. We substitute ¢ = dgj/(j,7) to write

> 5 ([ 5 ma)

x> vy (f

n<N

XFX0

3 anX (1) xo(1)

2
dt) ,

where Yo denotes the principal character modulo ¢j = dqjj/(j,7). Now we may replace
the function yo on the right-hand side with the characteristic function of the condition
(n,dj) = 1. Indeed, if (n,dj) > 1, then n and dgjj/(j,]) are not relatively prime, and so
Xo(n) = 0. If (n,dj) = 1 and (n,q) > 1, then x(n)xo(n) = x(n) because both quantities
are zero. If (n,dj) = 1 and (n,§) = 1, then n and dGjj/(j,7) are relatively prime, and so
Xo(n) = 1. Hence
2
dt)

>y (/.
‘x> v v/

q¢<R x mod qj
XF#X0
1<j<ood<R(JJ) <R(J])Xm0d qj ‘
pli=pli (n,dj)=1
(@)= 1
qr>1

na-i—it
1<j<00 d<R(] ) ~<R(J J) x mod Gj n<N
plj=pli —
(3.9)= i
q>1

()
> i

n<N

To bound the ¢, y-sum, we apply the Cauchy-Schwarz inequality and then Theorem 9.12 of
[IK04]. (There, take k = 7, @ = R(j,7)/(d)), T =T, N = N, a, = a,/n° if (n,dj) = 1,
and a, = 0 if (n,dj) > 1. Note that we may apply the theorem because if Y is a primitive
Dirichlet character modulo ¢j, then x equals the product of a primitive Dirichlet character
modulo ¢ and a primitive Dirichlet character modulo j since (¢,7) = 1.) This gives

2
>y ([]y m )
T nO' 1
4<R(j,3)/(dj) X mod ¢j n<N

(G.j)=1 (n,dj)=1
qj>1
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cor Y[y e

dt

G<R(j,5)/(dj) X mod g5~ — n<N
(@,g)=1 (n,dj)=1
gr>1
.o 2R2T |CL |2
T(loe(iRTN ([ N (G, J)° BT 1@nl”
< Tloa(RTN)F (N + B0 ) 57 e
(n,dj)=1

where the implied constant is absolute. Therefore

> 5 ([|s ey

q<R x mod qj <N

XFX0
N2 D2 2
J,]) R ap
< Y Z T(log(jRTN))? (N+—( ;25 ) > —‘n%‘;.

1<j<co d<R(3,7)/ s
pl7=plj (n,dj)=1

We may ignore the condition (n,dj) = 1 and then evaluate the d-sum to deduce that
2

anx(n)
ZZUZW@

q<R x mod qj <N
p RN R2 (1n 2

XFX0
1<j<oo n<N
pli=plj

Now let j = Hp| ; p’» be the prime factorization of j. Multiplicativity implies

Z HZP _H<Jp p) < j°

min{jp.}

1=j<eo plj v=0 oli
pli=pli
and
© 22
Z (] ~J) < Z M < ]
15500/ 1S
pli=plj pli=plj
Hence
T 2 )
anx(n) 272) |an|
> 3 ([ m0la) < gneryir ern 3
g<R x mod qj T | p<N =

X7X0

REFERENCES

[AK14] J. C. Andrade and J. P. Keating. Conjectures for the integral moments and ratios
of L-functions over function fields. J. Number Theory 142 (2014), pp. 102-148.

[Apo76]  Tom M. Apostol. Introduction to analytic number theory. Undergraduate Texts
in Mathematics. Springer-Verlag, New York-Heidelberg, 1976.



[BCR17]

[BFK21a]

[BFK21b]

[Bui+20]
[CGO1]
[CGO6]
(GOS8
[Cha+14]
[CIS11]
[CIS12a]
[CIS12b)]
[CIS13]

[CIS19]

[CK15a]

[CK15b)

[CK15¢]
[CK16]
[CK19)]
[CL14]

[Con+05]

REFERENCES 97

Sandro Bettin, Vorrapan Chandee, and Maksym Radziwill. The mean square of
the product of the Riemann zeta-function with Dirichlet polynomials. J. Reine
Angew. Math. 729 (2017), pp. 51-79.

Hung M. Bui, Alexandra Florea, and Jonathan P. Keating. The Ratios Conjec-
ture and upper bounds for negative moments of L-functions over function fields
(2021). arXiv: 2109.10396.

Hung M. Bui, Alexandra Florea, and Jonathan P. Keating. Type-I contributions
to the one and two level densities of quadratic Dirichlet L-functions over function
fields. J. Number Theory 221 (2021), pp. 389-423.

Hung M. Bui et al. Moments of quadratic twists of elliptic curve L-functions over
function fields. Algebra Number Theory 14.7 (2020), pp. 1853-1893.

J. B. Conrey and S. M. Gonek. High moments of the Riemann zeta-function.
Duke Math. J. 107.3 (2001), pp. 577-604.

J. Brian Conrey and Amit Ghosh. Remarks on the generalized Lindelof hypoth-
esis. Funct. Approz. Comment. Math. 36 (2006), pp. 71-78.

J. B. Conrey and A. Ghosh. A conjecture for the sixth power moment of the
Riemann zeta-function. Internat. Math. Res. Notices 15 (1998), pp. 775-780.
Vorrapan Chandee et al. Simple zeros of primitive Dirichlet L-functions and the
asymptotic large sieve. Q. J. Math. 65.1 (2014), pp. 63-87.

J.B. Conrey, H. Iwaniec, and K. Soundararajan. Asymptotic large sieve (2011).
arXiv: 1105.1176.

J. B. Conrey, H. Iwaniec, and K. Soundararajan. Small gaps between zeros of
twisted L-functions. Acta Arith. 155.4 (2012), pp. 353-371.

J. B. Conrey, H. Iwaniec, and K. Soundararajan. The sixth power moment of
Dirichlet L-functions. Geom. Funct. Anal. 22.5 (2012), pp. 1257-1288.

J. Brian Conrey, Henryk Iwaniec, and Kannan Soundararajan. Critical zeros of
Dirichlet L-functions. J. Reine Angew. Math. 681 (2013), pp. 175-198.

Brian Conrey, Henryk Iwaniec, and Kannan Soundararajan. The mean square of
the product of a Dirichlet L-function and a Dirichlet polynomial. Funct. Approzx.
Comment. Math. 61.2 (2019), pp. 147-177.

Brian Conrey and Jonathan P. Keating. Moments of zeta and correlations of
divisor-sums: 1. Philos. Trans. Roy. Soc. A 373.2040 (2015), pp. 20140313, 11.
Brian Conrey and Jonathan P. Keating. Moments of zeta and correlations of
divisor-sums: II. Advances in the theory of numbers. Vol. 77. Fields Inst. Com-
mun. Fields Inst. Res. Math. Sci., Toronto, ON, 2015, pp. 75-85.

Brian Conrey and Jonathan P. Keating. Moments of zeta and correlations of
divisor-sums: III. Indag. Math. (N.S.) 26.5 (2015), pp. 736-747.

Brian Conrey and Jonathan P. Keating. Moments of zeta and correlations of
divisor-sums: IV. Res. Number Theory 2 (2016), Paper No. 24, 24.

Brian Conrey and Jonathan P. Keating. Moments of zeta and correlations of
divisor-sums: V. Proc. Lond. Math. Soc. (3) 118.4 (2019), pp. 729-752.
Vorrapan Chandee and Xiannan Li. The eighth moment of Dirichlet L-functions.
Adv. Math. 259 (2014), pp. 339-375.

J. B. Conrey et al. Integral moments of L-functions. Proc. London Math. Soc.
(3) 91.1 (2005), pp. 33-104.


https://arxiv.org/abs/2109.10396
https://arxiv.org/abs/1105.1176

98

[Con93]
[CR]

[Dav00]

[DGHO3]

[Flo17a]
[Flo17b)
[Flo17¢]
[Har13]
[Heal0)
[Hea81al
[Hea81b)

[HL18]

[HN21]

[HRS19]

[HS22]

[Hux70]

1K04]

[Ing26]

[KS00a]

REFERENCES

Brian Conrey. A conjecture for the sixth moment of the zeta function. Lecture
in Central 1993 Spring AMS Sectional Meeting. May 1993.

Brian Conrey and Brad Rodgers. Averages of quadratic twists of long Dirichlet
polynomials. preprint.

Harold Davenport. Multiplicative number theory. Third. Vol. 74. Graduate Texts
in Mathematics. Revised and with a preface by Hugh L. Montgomery. Springer-
Verlag, New York, 2000, pp. xiv+177.

Adrian Diaconu, Dorian Goldfeld, and Jeffrey Hoffstein. Multiple Dirichlet series
and moments of zeta and L-functions. Compositio Math. 139.3 (2003), pp. 297
360.

Alexandra Florea. Moments and Zeros of L-functions over Function Fields. Thesis
(Ph.D.)- Stanford University. 2017.

Alexandra Florea. The fourth moment of quadratic Dirichlet L-functions over
function fields. Geom. Funct. Anal. 27.3 (2017), pp. 541-595.

Alexandra Florea. The second and third moment of L(1/2, x) in the hyperelliptic
ensemble. Forum Math. 29.4 (2017), pp. 873-892.

Adam Harper. Sharp conditional bounds for moments of the Riemann zeta func-
tion (2013). arXiv: 1305.4618.

D. R. Heath-Brown. Fractional moments of Dirichlet L-functions. Acta Arith.
145.4 (2010), pp. 397-409.

D. R. Heath-Brown. Fractional moments of the Riemann zeta function. J. London
Math. Soc. (2) 24.1 (1981), pp. 65-78.

D. R. Heath-Brown. The fourth power mean of Dirichlet’s L-functions. Analysis
1.1 (1981), pp. 25-32.

G. H. Hardy and J. E. Littlewood. Contributions to the theory of the Riemann
zeta-function and the theory of the distribution of primes. Acta Math. 41.1 (1918),
pp. 119-196.

Alia Hamieh and Nathan. Ng. Mean values of long Dirichlet polynomials with
higher divisor coefficients (2021). arXiv: 2105.03525.

Winston Heap, Maksym Radziwilt, and K. Soundararajan. Sharp upper bounds
for fractional moments of the Riemann zeta function. Q. J. Math. 70.4 (2019),
pp. 1387-1396.

Winston Heap and K. Soundararajan. Lower bounds for moments of zeta and
L-functions revisited. Mathematika 68.1 (2022), pp. 1-14. 1SsN: 0025-5793. DOTI:
10.1112/mtk.12115. URL: https://doi.org/10.1112/mtk.12115.

M. N. Huxley. The large sieve inequality for algebraic number fields. II. Means
of moments of Hecke zeta-functions. Proc. London Math. Soc. (3) 21 (1970),
pp. 108-128.

Henryk Iwaniec and Emmanuel Kowalski. Analytic Number Theory. Vol. 53.
American Mathematical Society Colloquium Publications. American Mathemat-
ical Society, Providence, RI, 2004, pp. xii+615.

A. E. Ingham. Mean-value theorems in the theory of the Riemann zeta-function.
Proc. London Math. Soc. (2) 27.4 (1926), pp. 273-300.

J. P. Keating and N. C. Snaith. Random matrix theory and ((1/2 + it). Comm.
Math. Phys. 214.1 (2000), pp. 57-89.


https://arxiv.org/abs/1305.4618
https://arxiv.org/abs/2105.03525
https://doi.org/10.1112/mtk.12115
https://doi.org/10.1112/mtk.12115

[KSO00b)
[KS03]
[Ng21]
[Pal31]
[Ram78]
[Ram80)]
[RS05]
[RS13]
[Saw20]
[Sou00]

[Sou07]

[Sou09]

[Tit86]

[Youll]

REFERENCES 99

J. P. Keating and N. C. Snaith. Random matrix theory and L-functions at s =
1/2. Comm. Math. Phys. 214.1 (2000), pp. 91-110.

J. P. Keating and N. C. Snaith. Random matrices and L-functions. Vol. 36. 12.
Random matrix theory. 2003, pp. 2859-2881.

Nathan Ng. The sixth moment of the Riemann zeta function and ternary additive
divisor sums. Discrete Anal. (2021), Paper No. 6, 60.

R. E. A. C. Paley. On the k-Analogues of some Theorems in the Theory of the
Riemann sigma-Function. Proc. London Math. Soc. (2) 32.4 (1931), pp. 273-311.
K. Ramachandra. Some remarks on the mean value of the Riemann zeta function
and other Dirichlet series. I. Hardy-Ramanujan J. 1 (1978), p. 15.

K. Ramachandra. Some remarks on the mean value of the Riemann zeta function
and other Dirichlet series. II. Hardy-Ramanujan J. 3 (1980), pp. 1-24.

7. Rudnick and K. Soundararajan. Lower bounds for moments of L-functions.
Proc. Natl. Acad. Sci. USA 102.19 (2005), pp. 6837-6838.

Maksym Radziwilt and Kannan Soundararajan. Continuous lower bounds for
moments of zeta and L-functions. Mathematika 59.1 (2013), pp. 119-128.

Will Sawin. A representation theory approach to integral moments of L-functions
over function fields. Algebra Number Theory 14.4 (2020), pp. 867-906.

K. Soundararajan. Nonvanishing of quadratic Dirichlet L-functions at s =
Ann. of Math. (2) 152.2 (2000), pp. 447-488.

K. Soundararajan. The fourth moment of Dirichlet L-functions. Analytic number
theory. Vol. 7. Clay Math. Proc. Amer. Math. Soc., Providence, RI, 2007, pp. 239—
246.

Kannan Soundararajan. Moments of the Riemann zeta function. Ann. of Math.
(2) 170.2 (2009), pp. 981-993. 1sSN: 0003-486X.

E. C. Titchmarsh. The theory of the Riemann zeta-function. Second. Edited and
with a preface by D. R. Heath-Brown. The Clarendon Press, Oxford University
Press, New York, 1986, pp. x+412.

Matthew P. Young. The fourth moment of Dirichlet L-functions. Ann. of Math.
(2) 173.1 (2011), pp. 1-50.

N

AMERICAN INSTITUTE OF MATHEMATICS, 600 EAST BROKAW ROAD SAN JOse, CA 95112
Email address: sbaluyot@aimath.org

CARLETON COLLEGE, 1 NORTH COLLEGE STREET NORTHFIELD, MN 57707
Email address: cturnageb@carleton.edu


mailto:sbaluyot@aimath.org
mailto:cturnageb@carleton.edu

	1. Historical overview and motivation
	2. Main result
	3. Notation, conventions, and preliminaries
	4. The CFKRS recipe for conjecturing asymptotic formulas for moments
	5. Initial setup and outline of the proof of Theorem 2.2
	6. The diagonal terms D(h,k)
	6.1. The prediction for the zero-swap term
	6.2. D(h,k) coincides with the prediction for the zero-swap term

	7. The term L(h,k)
	7.1. Bounding the contribution of Lr(h,k) 
	7.2. Preparing L0(h,k) for eventual cancellation

	8. Preparing the term U(h,k) for analysis
	8.1. U(h,k): Switching to the complementary modulus
	8.2. The principal contribution U0(h,k)
	8.3. The term U1(h,k) approximately cancels with L0(h,k)

	9. The term U2(h,k): extracting the one-swap terms
	9.1. Analysis of the predicted one-swap terms from the recipe
	9.2. Analysis of U2(h,k)
	9.3. Matching the residues: Euler product evaluations

	10. The error term Ur(h,k)
	11. Finishing the proof of Theorem 2.2
	Appendix A. Proof of Lemma 10.2
	References

