ON THE ZEROS OF RIEMANN’S ZETA-FUNCTION ON THE
CRITICAL LINE

SIEGFRED ALAN C. BALUYOT

ABSTRACT. We combine the mollifier method with a zero detection method of
Atkinson to prove in a new way that a positive proportion of the nontrivial
zeros of the Riemann zeta-function ((s) are on the critical line. One of the
main ingredients of the proof is an estimate for a mollified fourth moment of
¢(s). We deduce this estimate from the twisted fourth moment formula that
has been recently developed by Hughes and Young.

1. INTRODUCTION AND RESULTS

Let N(T') denote the number of zeros of the Riemann zeta-function ((s) with
imaginary part between 0 and 7', and let Ny(7') denote the number of these zeros
that are on the critical line Re(s) = 1/2. In this paper we give a new proof of the
following.

Theorem 1.1. The quantity

. No(T)
ro= liminf N(T)

s positive.

We may interpret this theorem by saying that a positive proportion of the non-
trivial zeros of ((s) are on the critical line. This theorem was first proved by
Selberg [22] in 1942. The main new idea in Selberg’s work is to replace ((s) by
¢(s)M(s) in a method of Hardy and Littlewood [I5] for detecting zeros of (s). Here,
M (s) is a certain function called a mollifier, and its purpose is to diminish losses
incurred in estimations. The idea is that inequalities such as the Cauchy-Schwarz
inequality become sharper when used with ((s)M (s) instead of the function ((s)
without a mollifier. Selberg observed that introducing a mollifier in Hardy and
Littlewood’s method improves their lower bound No(T) > T to No(T) > TlogT.
This implies that £ > 0 since [24] §9.4]

T
N(T) ~ %logT

as T'— oo. The lower bound for k that is implicit in Selberg’s proof is very small
[24, §10.9].

Since Selberg’s inception of the mollifier method, there has been a lot of progress
towards improving the lower bound for . All recent advances in the subject are
based on a second approach to the problem, developed by Levinson [20]. The key

2000 Mathematics Subject Classification. Primary 11M06, 11M26.
Key words and phrases. Riemann zeta-function, critical zeros, mollified fourth moment.
The author was partially supported by NSF grant DMS-1200582.

1



2 SIEGFRED BALUYOT

component in Levinson’s technique is a method devised by Siegel [23] to detect
zeros of ((s). Siegel’s method alone leads only to No(T") > T, which is the same
thing that Hardy and Littlewood proved. Levinson combined this method with the
mollifier method, and the result is the second proof of Selberg’s theorem with the
stronger bound k > .3474. This approach has been improved further by Conrey [6],
who arrived at x > .4088 by using deep techniques involving Kloosterman sums.
Conrey’s innovation is now the principal tool for pushing the lower bound of s
higher, and more recent developments involve using stronger mollifiers with Con-
rey’s results. One improvement is due to Bui, Conrey, and Young [5], who showed
that k > .4105. Another is due to Feng [I3], who has claimed to have proved
k > .4128. However, Bui, Conrey, and Young [5] have observed that there might be
an error in his work, and Bui [4] has suggested a correction that leads to x > .4107.
A further step forward is due to Bui [4], who used Conrey’s ideas together with a
mollified third moment and a mollified fourth moment of ((s) to prove x > .4109.

In this paper, we develop a third approach to the problem due to Atkinson [2].
The basic idea in Atkinson’s technique is that one can estimate the number of zeros
of a real-valued function f(t) by counting the number of times it changes sign. This
makes it similar to the method of Hardy and Littlewood, but Atkinson counts the
sign changes in a different way. The approach needs two main ingredients. The
first is an asymptotic formula for the mean-value

2T
(1.1) / e ¢(L +it')¢(L —it) dt,

T
where a is a fixed real number and ¢’ is defined in a way that makes the integrand
real-valued for all t. The second ingredient is an estimate for the fourth moment

(1.2) /T C(5 +at)|* at.

Atkinson proves an asymptotic formula for himself in [2], while he applies the
theorem of Ingham [I7] to estimate the fourth moment. He uses these two compo-
nents together with the Cauchy-Schwarz inequality to show that the integrand in
is often negative. This allowed him to estimate the number of sign changes of
the Hardy Z-function and deduce the lower bound No(T') > T(logT)~*. We give
a more detailed description of Atkinson’s method in Section

The main idea in our proof of Theorem is to combine the mollifier method
with Atkinson’s zero detection technique. We do this by inserting a mollifier into
each of the mean-values and . Using the resulting expressions in Atkin-
son’s argument makes the Cauchy-Schwarz inequality sharper and thus reduces
losses that occur from its use. The end result is an improvement of Atkinson’s
lower bound for Ny (T) by two factors of log T'. To reach this conclusion, we need to
evaluate both of the mollified mean-values. The first main result of the paper is an
asymptotic formula for a smoothed version of with a mollifier. We prove this
using a method developed by Young [26] for estimating a smoothed second moment
of ¢(s) times a mollifier. The result is Theorem below.

The second main result of the paper is an asymptotic formula for a mollified
fourth moment of ((s). This is considerably more difficult to evaluate than the
second moment. The mollified fourth moment, or more generally the “twisted”
fourth moment, has received considerable attention in the past few decades. One
thing that makes the subject difficult is that any progress in it seems to depend
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on the theory of Kloosterman sums. Iwaniec [I8] was the first to give a nontrivial
upper bound for the twisted fourth moment

2

T
/ IC(3 +at)]* Zannit dt
0

n<N

with an arbitrary Dirichlet polynomial > _ ann'. His bound was improved by
Deshouillers and Iwaniec [9, [10], and later by Watt [25]. Their bounds hold when
N is small compared to T, and are of size T'¢. The first asymptotic formula for
a twisted fourth moment was proved by Jose Gaggero Jara [14] in a Ph.D. thesis.
The formula turns out to be quite complicated, and Gaggero did not use it to study
the case when the Dirichlet polynomial is a mollifier. More recently, Hughes and
Young [16] have found a different way of proving an asymptotic formula. Their
method is based on the delta method of Duke, Friedlander, and Iwaniec [11], which
uses Weil’s bound for Kloosterman sums. Still another way of evaluating the twisted
fourth moment has been developed by Motohashi [21]. His method uses the spectral
theory of Kloosterman sums, and allows for a closer study of the error terms in the
asymptotic formula.

Among the results we have described, the one we use to prove our formula for
the mollified fourth moment is the theorem of Hughes and Young [16]. Their result
reveals a permutational structure that is present in the main terms of the asymptotic
formula for the twisted fourth moment. This allows us to use a lemma developed
by Conrey, Farmer, Keating, Rubinstein, and Snaith [7] precisely for evaluating
functions with this structure. This lemma is Lemma 2.5.1 in [7], and the special
case we use is Lemma below. To the author’s knowledge, the mollified fourth
moment that we consider in this paper has not been evaluated before. However,
Conrey and Snaith [8] have formulated specific conjectures for it by using the Ratios
Conjectures. Their hypotheses also apply to the fourth moment with a mollifier
that is different from the one in this paper. Moreover, Bui [4] has proved a formula
for this other fourth moment. To do this, he also used the theorem of Hughes
and Young. Our result confirms a special case of one of the two conjectures of
Conrey and Snaith, while Bui’s verifies a special case of the other conjecture. Our
asymptotic formula for the mollified fourth moment is Theorem below.

To state our results, we need to make a few definitions. Let

Z(t) = WL +it)

be the Hardy Z-function, where ¥(¢) is the Riemann-Siegel theta function defined
by e~ 27 = y(1 + it), where

x(s) =2°7°"sin (Zs) (1 — s).

Stirling’s formula implies that J(¢) is strictly increasing for large ¢ (see (3.8]) below).
Thus, if a is a fixed real number, then we can define ¢’ for all large t by

(1.3) I(t') —9(t) = a.
Let M(t) be the mollifier defined by

(1.4) M) = p(n) <log(y/n)>27

nl/2+it log y

n<y
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where y = T% and pu(n) is the M&bius function. For a function w(t), let

(1.5) W= /Oo w(t) dt.

We use € to denote an arbitrarily small positive constant that is not necessarily the
same for each instance.

Our first main result is the evaluation of a mollified version of Atkinson’s mean-
value . We prove it by using the method devised by Young [26].

Theorem 1.2. Let a # 0 and 6 > 0 be fized real numbers. Suppose w(t) is a
smooth, nonnegative function that is supported on [T/2,4T] and satisfies w9 (t) <5
Ty for all j = 0,1,2,..., where TV?*e « Ty < T. If £ > 0 is a fized integer,
then

30 a

T3+5+e
+ O(IVV> + 0 <y2+1“> + O(y1/2T3/4log3T).

/ T 20 ZM(0) Pty = Weosa + D (Sina>
(1.6)
ogT T(f

Corollary 1.1. Let a # 0 and 0 < 0 < % be real numbers. If b < 1 is a real

number with 0 < 2b — %, then there exists a smooth function w(t) that equals 1 on
[T,T + T° such that

(1.7) /_OO Z()Z(#)|M(1)2w(t) dt = (cosa + 4;2;“ + 0(1)) T

as T — 0.

We will not need the variants of the above results with a = 0. Those versions
can be proved by taking the limiting case « = 8 = 0 of a result of Young [26,
Lemma 3].

Our second main result is the following asymptotic formula for a mollified fourth
moment. We prove this by applying the recent theorem of Hughes and Young [16].
In fact, we generalize slightly and consider the fourth moment with a small “shift”
p. We need to introduce this shift to be able to use our result to prove Theorem

Theorem 1.3. Let 0 < 0 < % and a € R be fized. Suppose w(t) is a smooth,
nonnegative function that is supported on [T/2,4T] and satisfies w9 (t) <; Ty’

forall § =0,1,2,..., where TY/?** < Ty < T. If p = 2a/log(T/2r), then

/Oo IC(3 +ip+ i) | M@®)|*wt)dt = Cla,0)W

(1.8) o -
11/23/4+e 9/4
+ O(IOgT) + Oy /°T (T/To)""),

where C(a,0) is a computable constant that depends only on a and 6.

Corollary 1.2. Leta € R, 0< 0 < %, and p = 2a/log(T/2x). If b < 1 is a real
6

number with § < %b — 17, then there exists a smooth function w(t) that equals 1

on [T, T + T"] such that

/Oo K5 +ip+at)[ MO *w(t)dt = C(a,0)T" + o(T")

—0o0

as T — oo, where C(a,0) is a computable constant that depends only on a and 6.
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A few remarks about Theorem [I.3] are in order. First, note that we have left
C(a, 0) unspecified. In principle, we can compute the exact value of C(a, ). How-
ever, doing so by hand turns out to be a formidable task, and so we resort to
numerical calculations via computer software. We calculate C(a, ) by writing it
in terms of the polynomial R(¢;y, p) in below. Hence we only need to find
the coefficients of R(¢;y, p), and we can use any computer software that can com-
pute coefficients of polynomials. The resulting value we obtain for C(a,) is in
Section The equation results from simplifying certain path integrals by
writing their integrands as power series. Alternatively, we can evaluate these path
integrals by using the method of Conrey and Snaith [8 §6] of using matrix deter-
minants. This will lessen the amount of work needed to compute C(a, ). However,
it does not seem to do so to the extent that we are able to calculate by hand. Thus
we adhere to our approach of using power series because it seems to be the most
straightforward.

Aside from the main term C(a, ), one may also take notice of the form of
the mollifier M(¢). In their proofs of Theorem both Selberg [22] and Levin-
son [20] use the “weight” factor

_ log(y/n)

~ logy
in their mollifiers. On the other hand, we use the weight w?, as one can see in
the definition of M(t). Conrey [6] uses more general weights of the form
P(w), where P(x) is a polynomial with P(0) = 0. This weight is also used in the
above mentioned works of Bui [4], Bui, Conrey, and Young [5], and Feng [13]. We
use the weight w? so that we can deduce a useful formula, namely , for the
mollified fourth moment in a way that is not too cumbersome. At one extreme,
using the simpler weight w leads to a different asymptotic formula that has a
main term of size WlogT. Such a result cannot be applied to prove Theorem [I.1]
because our proof needs a main term of size W. At the opposite extreme, working
with a general weight P(w) makes the computations more complicated. Since our
goal is merely to show that x > 0, we do not need the most general version of
Theorem and we can focus on the simplest case with weight w?. Our method
also works for the general case with weight P(w), where P(z) is a polynomial
satisfying P(0) = P’(0) = 0. It is left to the reader to make the slight changes
necessary to prove the general case.

Theorem does not overlap with the result of Bui [4]. Indeed, Bui uses a

different form of a mollifier, namely

Myt = S F2l) P<log(y/n))’

nl/2+it logy

n<y

where ji2(n) is the nth coefficient of the Dirichlet series for (~2(s). To mollify the
fourth moment of ((s) with this mollifier is to multiply |((s)|* by |M2(t)|? in the
integral. In our case, we multiply |¢(s)|* by |M(t)|*.

Bettin, Bui, Li, and Radziwill [3] have recently improved the formula of Hughes
and Young by increasing the range of h and k on which their formula is valid. We
might be able to increase the size 6 for which Theorem is valid by applying the
improved formula.

Having made our remarks about Theorem [I.3] we now return to the main prob-
lem of the paper. The lower bound for x that we arrive at is very small; we only
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reach

£ > 0.0001049.

Moreover, we are only able to increase this by a small amount when we assume the
(still unproven) assertion that it is possible to take any positive 6 in the hypotheses
of Theorems [[.2] and [[:3] Indeed, the largest lower bound for x that we obtain
through numerical computations is ~ 0.0086729 when 6 = 0.9967280. This seems
to indicate that Atkinson’s method of detecting zeros has an inherent weakness that
makes it difficult for us to apply it effectively. We deduced these estimates by using
the weight w?. It is possible that these bounds can be improved by employing a
more general weight P () and choosing an optimal polynomial P(x). However, we
do not expect any improvements to be significant.

One possible way of improving this approach is to modify it so that the lower
bound for x tends to 1 as # — oo. This phenomenon was observed to hold for
Levinson’s method by Farmer [12]. As we have found in the above paragraph, this
does not hold for the current version of our approach. Sandro Bettin has suggested
to the author that perhaps this might not be the case if one instead uses the mollifier

2
w ) = 3t (U5

n<y

where \(n) is the nth coefficient of the Dirichlet series for ¢ ~'/2(s). His suggestion
is to use the factor | Mo (t)M; o (t')[* instead of [M(t)]? on the left-hand side of
. Applying Cauchy-Schwarz as in below would then result to inequali-
ties involving |Z(¢)|*| M 2(t)[® and |Z(t')[*| M ,2(t')|® instead of |Z(t)M(t)[* and
|Z(t')M (t)|*. The idea is that M (t) is an effective mollifier for Z(t), but a poor one
for Z(t'). Hence, using the mollifier instead of would eliminate losses
caused by the incompatibility of M (¢) and Z(t'). However, evaluating the mollified
mean-values of ((s) in this case is much more complicated. Thus this is left for
future work. We do not make any claims that this suggestion will lead to any de-
sirable results. In any case, it would be interesting to see how Atkinson’s method
can be further improved in this or in other ways.

2. ATKINSON’S METHOD AND OUR STARTING POINT

In this section, we describe the key idea in the method of Atkinson [2] for deduc-
ing a lower bound for the number of zeros of ((s) on the critical line. We present
it in a form that enables us to use Theorems and to prove Theorem [1.1

Since |Z(t)| = |¢(5 + it)|, each real zero of Z(t) corresponds to a unique zero
of {(s) on the critical line. Thus we can prove Theorem by showing that Z(t)
has many zeros as a function of the real variable t. To do this, we show that the
sign of Z(t) changes often. We define S to be the set of t € [T/2,4T] for which
Z(t)Z(t') < 0. Atkinson’s approach is to prove a lower bound for the measure of
S. Using such an estimate, we can deduce a lower bound for the number of critical
zeros of ((s) by an elementary argument (see Section [19).

To find a lower bound for the measure of S, let w(t) be a smooth nonnegative
function supported on [T'/2,4T]. Apply the Cauchy-Schwarz inequality twice (or
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Hélder’s inequality once) to write
2
([1z0zemropua)
S

<N ( JARECIREOR0 dt)m ( |z dt)w,

— 00 — 00

(2.1)

where
N :/ 1s(t)w(t) dt

and 1s(¢) is the characteristic function of S. We can estimate the measure of S
from the size of A (see Section [19)), and so it suffices to bound N from below. We
do this by dividing both sides of by the two factors on its right-hand side that
are different from N. Hence, to prove a lower bound for A/, we need a lower bound
for the mean-value on the left-hand side of and an upper bound for each of
the fourth power moments on the right-hand side.

We estimate the left-hand side of as follows. Since Z(t)Z(t') <0 fort e S,
it is true that

1Z0)Z(t)] = —Z2(H)Z(¢)

for such ¢. Moreover, if ¢ € [T/2,4T] is not in S, then Z(t)Z(t') > 0. It follows
from these observations that

[1zoz@npePew e = - [ zoz@)00 P
(22)  °F .

> — / Z®)Z()| M (t)|*w(t) dt.
Thus we can use Theorem to bound the left-hand side of from below. For
the lower bound to be nontrivial, we will need to choose a value of a that makes
the right-hand side of negative.

We can use Theorem [I.3] to deduce upper bounds for the fourth power moments
on the right-hand side of . The special case of Theorem with @ = 0
immediately gives a formula for the fourth moment that does not involve t'. For
the other one, we approximate it by the left-hand side of . We fill-in the details
and finish this argument in Section

The structure of the rest of the paper is as follows. In Section [3] we state
basic lemmas and develop the machinery we need in our proof of Theorem (1.2
In Section [4] we prove an asymptotic formula for a smoothed version of the mean-
value with a factor (h/k)~%. We then use the formula to prove Theorem in
Section[p] The starting point of our proof of Theorem [I.3]is in Section[6} There, we
apply Theorem 1.1 of Hughes and Young [16] and Lemma 2.5.1 of Conrey et al. [7]
to write the mollified fourth moment as an iterated integral. Sections [7] through
are devoted to simplifying this iterated integral. We complete the proof of
Theorem in Section In Section we construct a specific smooth function
w(t) and prove Corollaries and In Section we apply Theorem to
evaluate the integral with Z(t') on the right-hand side of (2.1). We use our results
from Sections [I7] and [I§] to finish our proof of Theorem [I.1]in Section [I9] Finally,
we describe the results of our numerical computations in Section
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3. LEMMATA

Our first lemma is a generalization of the well-known Euler product formula.
Special cases of this have been implicitly used in various places in the literature.
We will need only the cases k = 2 and k = 4 in this paper.

Lemma 3.1. Let f(ny,...,ng) be a complez-valued function such that
f(hljla cee 7hkjk?) = f(h17 e ,hk)f(jla cee 7jk:)
whenever the products hy - - - hy and ji - - - ji. are relatively prime. If

(31) Z |f(n17"'ank)| <

1<ny,...,nE<co

or

(3.2) II oo e ™) < oo

0<4y,... €k <00

then

(3.3) Z fny,...,ng) = H Z fph, ... p™)

1<nq,...,np <00 p 0<l1,....0 <0

Proof. Assume first that (3.1]) holds. Let
g(n) = Z f(ny,...,ng),

ny--np=n

where the sum is over all k-tuples (nq,...,nx) of positive integers that have prod-
uct equal to n. It follows from our hypothesis for f(ni,...,n;) that g(n) is a
multiplicative function, i.e. g(mn) = g(m)g(n) for relatively prime m and n. This
implies the Euler product formula (see, for example, Theorem 11.6 of [I])

(5.4 S - 1 (zgm),
n=1 =0

P

because the sum on the left-hand side is absolutely convergent by (3.1)). By inserting

the definition of g(n) in (3.4) and rearranging the terms, we arrive at (3.3).
(8-2

Now suppose that (3.2) holds. Let
gO(”) = Z |f(n13"'ank)|'
T

Our hypothesis for f(nq,...,n;) again implies that go(n) is a multiplicative func-
tion. Therefore, for any integer N > 2, it is true that

N N
> an) < ] ( 90(101“))) <11 S 1f@", ™)
n=1 =0

p<N p 0<ly,... <0

Thus the sum Y~ ; go(n) converges absolutely by (3.2)). Hence (3.1)) holds, and so
(3.3) is true by the above paragraph. O

The following are basic estimates for {(s) from chapter 3 of Titchmarsh [24].
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Lemma 3.2. Let z = u + iv. There is an absolute constant ¢y > 0 such that if
—00 < v < oo and

Co
% < 1,
log(u[+2) = " =
then (1 + z) # 0 and the following bounds hold:
1
C1+2) < max{lz| ) log(|v|—|—2)}7
L < log(Jv| +2)
- v 7
((1+2) &
and )
C'(1+2)
2 1 2).
02D < og(ol +2

In the rest of this section, we develop the basic machinery used in our proof of
Theorem [T.2] The implied constants in our estimates never depend on ¢, but may
depend on other parameters, such as a, that we take to be fixed. The next lemma
can be easily proved by induction.

Lemma 3.3. If f and g are differentiable functions, then for n > 2,

d’n

g fea®) = (f 0 g)(g™ (1) + (F" o g)(t)(g' ()" + %,
where X2 is a sum of terms of the form

(Flmbma ) o 6)(6)(g/ (1) (9" (1) - (gD (1)
with 2?2—11 jm; =n, mj; >0 for all j, and m; > 1 for some j > 2. The sum ¥ is
empty when n = 2.

Lemma 3.4. Let a be a fized real number. If t' is defined by (1.3]) for large t, then
the following formulas hold for large enough t:

(3.5) t’—t=102at+0< L )
g 5 tlog”t
dt’ 1
59 Y vo(ih)
and
(3.7) d—nt’ Lp ——— n>2
dtn " tnlogt’ -7

Proof. Equations (3.5) and (3.6) are proved in Atkinson [2], but we include their
proofs here for completeness. We will use the formulas

(3.9) 9(1) = %log % L0 (;) ,
and
(3.9) 9 (1) = % +0 (;L) . m>2

which both easily follow from Stirling’s formula.
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To prove (3.5), observe that the mean value theorem of differential calculus gives
V() — 9(t)
19’(%1)

for some z1 between ¢t and . Hence t’ —t < (logt)~! by (1.3) and (3.8). This and
the second-order Taylor expansion of 9 at ¢ imply that

v —t =

79[/
) — It) = (' — D) + O ( (§2))
log“t
for some x5 between t and ¢'. We arrive at (3.5) upon dividing both sides by ¢ (t)

and using (1.3)), (3.8)), and (3.9) with n = 2.
To show ({3.6)), differentiate both sides of (1.3]) to deduce that

ﬂ’(t’)a — 9'(t) = 0.

From this and (3.8)), it follows that
dt’ V' (t) log &= + O ()

dat  9(t) log 2+ 0 (%)

T

We can approximate logt’ by logt using , and the result is .

We next prove (3.7). Suppose, by way of induction, that (&7 /dt’)t’ < (t/logt)~?
for 2 < j < n — 1. We differentiate both sides of n times and use Lemma
with f(t) = 9(t) and g(t) =t to write

9 () (dnt’> + 9t (dt)n + % — 9™ =0
dtn dt -

We apply (3.8)), (3.9), (3.6), and our inductive assumption to estimate all the terms
except for the first term on the left-hand side. After some rearrangement, the result

is
dn 1 c c 1
— ¢ = n_o_ n —
' = 5w e meto(z)

where ¢, = (—=1)"(n — 2)!/2. Tt follows from (3.8) and (3.5 that the right-hand
side is < (t"logt)~!. This proves (3.7). O

Let H(t,s) be defined by

L 4it' +s i _it+s
Pt
it 1—it '

r () (%)

Lemma 3.5. If Re(s) is fized and > —%, then for large enough t,

(3.10) H(ts) =

(3.11) H(t,s) < t}/%e3

uniformly for —oo < Im(s) < co and

(3.12) H(t,s) = (;) <1+O (Ht|8|2>>

uniformly for |Im(s)|? < t.



ZEROS OF THE RIEMANN ZETA-FUNCTION 11

Proof. We first prove (3.12)). If ¢ is large and |[Im(s)|?> < ¢, then it follows from
Stirling’s formula that
(3.13)

1 . st 2

S+it+s t 2 7Tz Tt 1+ s

2 77 — e R S S S e
I‘( 5 > \/27r(2> exp(z2 24 z2>(1+0< ; )),

where z = %(% + it + s). We use this and its complex conjugate to estimate each
gamma function in the definition (3.10)) of H(¢, s). The result is

e - (57 ()" r0(45)).

The estimate (3.12)) now follows from this and (3.5).
To prove (3.11), apply the trivial bound I' <« 1 to estimate the numerator of

H(t,s) and (3.13) to estimate the denominator. O
Lemma 3.6. If Re(s) > —% and n > 1 are fized, then for large enough t,
d’ﬂ
(3.14) prm log H(t,s) < log|s|
uniformly for t < 2|Im(s)| and
dr 1+ s
3.15 — log H(t
( ) dtn 0g (’8) < tn
uniformly for t > 2|Im(s)|.
Proof. We prove (3.15]) first. Observe that
dr dr dr
(3.16) —logH(t,s) = —Y{") + —=T(-1),

dtn
where Y (t) is defined by

3 +it 3 +it
Y(t)=7"(t,s) = log]f‘(mz_'_s> - 10g].“<2_;—Z )

If ¢ > 2|Im(s)| and m > 1, then we see from Stirling’s formula that
(3.17)

ﬁT(t) _ (T R e A AL AN TR AW AN
dtm T 2 2 T 2 2
1+ |s]

tm

To estimate the derivatives of Y(¢'), we apply Lemma with f(¢) = YT(¢) and
g(t) = t'. We use (3.17)) to estimate the derivatives of f(¢) and (3.6) or (3.7) to

bound the derivatives of g(t). The result is
dr 14 s]
—T(t
T
for t > 2|Im(s)| and n > 1. We now insert this and the bound (3.17), which also

holds for Y(—t), into (3.16) to deduce ([3.15]).
The proof of (3.14) is the same, except that we use the bound

am logls| iftm=1
—T() <
dtm ®) { 1 ifm>2

dtm dtm

<
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instead of (3.17)). This bound follows from Stirling’s formula when ¢ < 2|Im(s)|. O
Lemma 3.7. If Re(s) > —% and n > 0 are fized, then for large enough t,

(3.18)

(3.19)

uniformly for |Im(s)|? < t.
Proof. By Lemmawith f(t) = et and g(t) = log H(t, s), we see that (d"/dt™)H (t, s)
dn
—log H

uniformly for —oo < Im(s) < co and

H(t,s) < tY%e%tlog™(|s| + 2)

n

dtm
(t,s) < tH=" (145"

g

dtn

)

(3.20)

equals a sum of terms of the form
d m
Ht — log H(t
(o) (1owmres) (5
with mi + 2mgy + 3ms + - - - + nm,, = n. To prove (3.18)), observe that (3.14]) and
(3.15)) together give
47
pred log H(t,s) <, log(]s|+2)
for —oo < Im(s) < oo and j > 1. We use this and (3.11)) to bound each term of the
t > 4B, then v > 2B implies 2v < 112/B < t, while v < 2B implies 2v < 4B < t.
Hence |Im(s)|? < ¢ implies that 2[Im(s)| < ¢ and so (3.15)) holds for large enough
O

form ([3.20) and thus deduce (3.18)).
Now we show (3.19). If v and t are positive real numbers with v? < Bt and

t. Using (3.15) and (3.12) to bound each term of the form (3.20)), we arrive at
%+it+s)

1 g
§7zt+s
%—n)

2

()
Let K (t,s) be defined by
)i (s

K(t,s) = it =it (

9

)

(3.21)
= ot X()H(t, s

Since I'(z) = I'(z), we can write
K(t,s)

(3.22)
where

r (%*“’) r (%”t)
X(t) F(%git/)r<;zit).

The following lemma states that Lemma holds verbatim when H (t, s) is replaced

(3.23)

n

by K(t,s).
Lemma 3.8. If Re(s) > f% and n > 0 are fized, then for large enough t,
d n
—K(t,s) < tY%e3tlog"(|s| +2)

dtm
uniformly for —oo < Im(s) < co and
d’I’L
Tl s) < T [s])”
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uniformly for [Im(s)|? < t.

Proof. In view of (3.22)) and Lemma we only need to bound the derivatives of

7'~ and X (t). First observe that from (3.6), ([3.7), and Lemmawith f(t) = et
and g(t) = i(t' —t)logm, it follows that

3.24 — —
( ) dt’ tJ

for j > 0.
The next task is to estimate the derivatives of X (). We first consider log X (¢).
Write
& & di
(3.25) Troex(t) = Ty - Ty,

1 ; 1 g/
$+it 3+it
Y(t) :1ogr(2 Z) —1ogr<2 ! )
2 2
It follows from Lemma [3.3) with f(t) =logI'(t) and g(t) = (3 +it’) that
_ - , o - ) N ,
Py = (TN (2 (2 (T (it (1Y (Y
dti r 2 2 r 2 2 dt
_ I‘: % +at! i ijt’ -3
r 2 2 dti
for 5 > 1. The last two terms on the right-hand side do not appear when j = 1. Use

13.6), (3.7), and Stirling’s formula to bound the last two terms on the right-hand
side and deduce that

o= () (56 -6 ()6 @) 6)

We estimate the first two terms on the right-hand side via Stirling’s formula and
(13.6). The result is

where

N|—=

Al i log t/ 1
202gt_202gt N O(t> =1,
47
a’ W=
b, b, 1

where b; = (—4)7(j — 2)!/2. From this and (3.5)), we arrive at (&7/dt/)Y (t) < t™7
for j > 1. This bound and the equation (3.25) imply that

dJ
(3.26) e log X(t) < 7
for j > 1.
Now we can estimate the derivatives of X (¢). It follows from Lemma with

f(t) = e and g(t) = log X (t) that (d’/dt?) X (t) equals a sum of terms of the form

(3.27) X(t) (jt logX(t)>ml . (5;. log X(t)) "
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with mq +2mge+3mg+---+jm,; = j. We apply the estimate (3.13]) to each gamma
function in the definition (3.23]) of X (¢) to deduce that

(3.28) X(t) = (g)t (;)itei@’” <1+0<1)>.

Hence X(t) <« 1. Use this and (3.26) to see that each term of the form (3.27)) is
< t~J. Therefore

d? 1
(3.29) @X(t) <5 7
for j > 0.
Lemma, now follows from (3.22), the product rule, (3.24)), , and the
bounds (3.18]) and (3.19)). O

Let ¢g(t, s) be defined by
(' — )% + 4s°
CEDE

Using Lemmas and we can estimate the derivatives of H(t,s)q(t,s) and
K(t,s)q(t, s), as follows.

(3.30) qt,s) =

Lemma 3.9. If Re(s) > —% and n > 0 are fized, then for large enough t,

n

d x
(3.31) S H(ES)q(ts) < 112 (10gt)" e (14 |s])? og" (5] + 2)

uniformly for —oo < Im(s) < co and

dn
(3.32) T H(ts)a(t,s) < )= (log ) F2(1 4 |s|)" 2
uniformly for [Im(s)|?> < t. The same bounds hold when the expression H(t,s) is
replaced by K (t, s).
Proof. We use Lemma with f(t) = (t? + 4s%)/t? and ¢(t) = t' — t and the
estimates (3.5)), (3.6)), and (3.7)) to deduce that

dm 5 (log t)m+2

R t m ~ =27

dtmq( ,8) Km 8] =
for m > 1. For m = 0, the bound is ¢(¢, s) < 1+ |s|>log® t. The lemma now follows
from these, the product rule, and Lemmas and O

For a function F(s), we use f(c) F(s) ds to denote the path integral of F(s) along
the line from ¢ — oo to ¢+ ico. Let Vi(t,x) and Va(t, z) be defined by

1 exp(s?) ds
. t = — Ht t,§) ———
(3 33) Vl( 7x) 21 ) ( 78)(]( 35) 8 s
and
1 exp(s?) ds
.34 t = — K(t t —
(3 3 ) V2( 756) 2 ) ( aS)Q( 75) s s )

where H(t,s) and K (t, s) are defined by (3.10) and (3.21)), respectively.
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Lemma 3.10. Let n >0 and B > 0 be fized. For j =1 or 2, if t is large enough

then
dr (logt)"+2
g Vit 7) < :TB (t"

uniformly for x > 0.

Proof. We first treat the case with j = 1. By Cauchy’s theorem and the rapid decay
of exp(s?) as |Im(s)| — oo, we can move the line of integration in the definition
of Vi(t,x) to Re(s) = B. Then we differentiate under the integral sign to
deduce that

P Vittr) = o= [ (s T2 &

datm 211 (B )dtn xS S

Write this integral as I; + Iz, where I; is the part with [Im(s)|> < 100t and I is
the rest. To bound I, use (3.32)) to deduce that

tB [ (logt)"+?
L <np —g ((gtg)

On the other hand, we see from (3.31)) that

I, <, B x Be .

The conclusion of Lemma [3.10] for j = 1 now follows from these estimates for I
and I>. We can reach the same conclusion for 7 = 2 in the exact same way because
of the last sentence of Lemma [3.91 O

4. THE TWISTED ATKINSON MEAN VALUE FORMULA

In this section, we prove the following.

Lemma 4.1. Let w(t) be a smooth function with support in [T'/2,4T] such that
w9 (t) <; Ty for j >0, where TY/?*¢ < Ty < T. If h and k are relatively prime
positive integers, then

/°° (Z)itq +it')C(5 — it)w(t) dt

—o0
—i2a 00

1 o s e it' —i
— [ ETFCA it —ityw(t)dt + BT — it + it)w(t) dt
Vhk /m Vhk J oo

Ti+5+e
+ O =)+ O((hk)_1/4T3/4log2T)
0

for any fixed integer £ > 0.

Our starting point in proving Lemma[4.1]is the following approximate functional
equation. Its proof closely resembles the proof of Proposition 2.1 of Hughes and
Young [16] (see also Theorem 5.3 of [I9] and Lemma 4 of [26]).

Proposition 4.1. Ift is large enough, then

oo 00

1. Vi(t, mmn) ai Va(t, mmn) 24
CGHit)E—it) = D D —rom e + 2 ) e + 0.

m=1n= 1 m=1n=1
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Proof. Define A(s) = m/?T'(5/2)((s), so that the functional equation for ((s)
implies A(s) = A(1 — s). Let I be the integral

1 d
(4.1) I = — A(5 +it' + s)A(5 — it + s)q(t, ) exp(sQ)—S.
211 (1) S
The poles of the integrand between the lines Re(s) = 1 and Re(s) = —1 are at

s=0,s = :I:% —qt’, and s = :I:% + it. The residues of the poles different from
s = 0 are of negligible size due to the rapid decay of exp(s?) as |[Im(s)| — oo. More
precisely, we can bound them by O(e*t2/ 2). Thus, the residue theorem gives

(4.2) I = AL +ithAG —it) + T + 0@ /?),

where J is defined in the same way as I, except with Re(s) = —1 as its line of
integration. We can easily deduce from the functional equation A(s) = A(1 — s)
and a change of variable that

1 ds

(4.3) J = —— A3 —it' + s)A(S + it + s)q(t, s) exp(s?) —.
211 (1) S

Now recall the definitions (3.10) of H(t,s) and (3.21) of K(t,s). Insert (4.1) and
(4.3) into (4.2) and rearrange the result to deduce that

(3 +it)C(5 —it)

1 d

= — | wH( ) it s)C(L — it + s)alt,s) exp(s?) S
2w J s

1 ds

+ — 7K (t, s)C(% — it + s)cj(% + it + s)q(t, s) exp(sZ)— + O(e_t2/4).
21 J oy S

We expand each zeta-function into its absolutely convergent Dirichlet series, inter-
change the order of summation, and then use the definitions (3.33) and (3.34) to
arrive at the conclusion of Proposition 4.1 O

We now begin our proof of Lemma For brevity, we define

I(h,k) = /OO (Z) B C(3 +it")((3 —it)w(t)dt

—00

We apply Proposition [£.1] to deduce that

(4.4) '
I(h k) = i i ! / = (hm _ltm*it’“tvl(t rmn)w(t) dt
’ L fmn | \ kn ’
oo 0o 1 0o hm —it o
+ Z Z — () ' TVt mmn)w(t)dt  + O (e77),
i vmn ) kn

where we have interchanged the order of summation of the right-hand side.
We will first estimate the contribution of the “off-diagonal” terms, which have
hm # kn. Before we can do so, we need to bound the derivative
dé

Wmfit/”tvl (t, 7mn)w(t).
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We restrict our attention to those ¢ with T'/2 < ¢t < 4T since we are assuming that
the support of w(t) is contained in [T'/2,4T]. Recall that we are also assuming that

4.5 w(t) <5 —,
® < 5
where T2+ <« Ty < T. From (3.6), (3.7), and Lemma with f(t) = e! and
g(t) = —i(t' — t)log m, it follows that

a’ G log’ (m + 2
& it it g’ ( : )

dty ’ VE
for j > 0. This implies
& v log? (m + 2)

since Ty < T. Moreover, from Lemma and the fact that Ty, < T, it follows

that
& TB (log T)7+2
a ) <o <mn>3< T

for any integer j > 0 and real number B > 0. We apply this, (4.5, and (4.6)
together with the product rule to deduce that
d@ TB

—it' it 042 14
(47) Wm 1+ V]_ (t7 Wmn)UJ(t) <<£)B W(log T) 10g (m + 2)
for £ > 0 and B > 0. A similar argument leads to
d’ it’ —it B 42 4
(4.8) Pk Va(t,mmn)w(t) < p W(log T)"=log"(m + 2).

for any integer ¢ > 0 and real number B > 0.
Using these, we can now estimate the contribution of the off-diagonal terms on
the right-hand side of (4.4). By integrating by parts ¢ times and applying (4.7)), we

see that
< (hm\ 7" —it' it
A m Vi(t, mmn)w(t) dt
n

T T8
locT 42 1 14 )
<0 g (e D) 08 01+

for any integer ¢ > 0 and real number B > 0. We multiply both sides by (mn)
and use the fact that |log(hm/kn)| > 1/vhkmn to arrive at

1 < (hm)\™" it it
— — m~ " TV (E mmn)w(t) di
vmn /_Oo (kn)

B+1

—1/2

(4.9)

<up (hk)"? {
T3 (

— = (log T)"*?log’(m +2) ¢ .
mn)B_%%(og) og'(m +2)

We choose B = % + % + € so that the sum of the right-hand side over all m,n > 1
converges. Summing (4.9) over all m,n > 1 with hm # kn, we now deduce that

1 /°° <hm>“ it it oy [(TET2TeE
— m= Y (G rmn)w(t) dt <. (hk)Y? | —— | .
Z vmn J_ \ kn c T

hm#kn
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A similar argument using (4.8)) leads to

, T3+5+e
Z ( ) n MV (t, mmn)w(t) dt <pe (RE)? | —f— .

mn ‘
hm#kn Tp
From these estimates and (4.4)), we conclude that
(4 10)
Z */ m Y (8, emn)w(t) di
hm=kn
ﬁ
+ Z %/ ' TV (G rmn)w(t) dt + O (TZ;Z(hk:)é/Q>
hm=kn 0

for fixed ¢ > 0 and € > 0.

Having bounded the contribution of the off-diagonal terms, our next task is to
estimate the sums on the right-hand side of ([£.10). Since h and k are relatively
prime, the relation hm = kn holds if and only if m = kv and n = hv for some

integer v. Thus we can write (4.10) as
(4.11)

I(h, k) =f§ / )Y (¢, mhkv ) w(t) di

4 L Zl/ )V mhk () dt + O [ T s
— - v , mhkv?)w —_— .
Vik = v ) 2 ¢

Let X1 and X5 denote the first and second terms, respectively, on the right-hand
side of (4.11)).
We first estimate X1. Replacing Vi (t, thkv?) by its definition (3.33)) and inter-
changing the order of summation, we see that
(hk.)—l/2

o0 Y 2 dS
s = BT i [ g eat 9 SRS e i it 29 Pt dt.
1 57 /_OO " (t,s)q(t,s) (hk): C(1+iat —it+2s) 5 w(t)

The interchange of order of summation is justified by absolute convergence. Observe
that the pole of the zeta-function in the above integral is canceled by a zero of ¢(t, s).
Thus s = 0 is the only pole of the integrand that lies in the region bounded by the
lines Re(s) = —1 and Re(s) = 1. Since H(t,0)q(¢,0) = 1 by and (3:30), we
therefore deduce from the residue theorem that

(4.12)
¥ o= \/27:/ L it — it)w(t) dt

1 Rl it’ +it ( 2) iy ) ds
i ) /77 H(t,s)q )( hE): C(L+it —zt—|—23)?w(t)dt.

To complete our evaluation of X1, we need to estimate the last term in (4.12). Write

the s-integral in (4.12)) as

/ H(t,s)q ) (2)4(1+z‘t’—z’t+2s)ﬁ—f + I
27i (whk)s s ! >
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where I; is the part with [Im(s)|? < 100t and I is the rest. Note that it follows
from (3.5) and a well-known bound for {(s) (see (2.12.2) of Titchmarsh [24]) that
(4.13) C(1+it' —it +2s) < 1+ |[Im(s)]

uniformly for Re(s) = —1. To bound I, use (.13) and (3.32)) with n = 0 to deduce
that
log

1/4
m / 1 (hk;)
On the other hand, we see from (4.13)) and (3.31)) with n = 0 that

I, < (hk)Y*e ™t

I <

From these estimates for I; and I, it follows that

1 exp(s?) . ds log? t
H(t,s)q(t, s )(th)s C(1 4+t —zt+2$)? < ez

— hk)Y/4,
2mi S )

Insert this into (4.12)) and use our assumptions that w(t) < 1 and w(t) = 0 for
t & [T/2,4T] to conclude that

1 o way
114) By = —— [ Rt iyt de + O ((hk) VAT A 10g? T)
) = = o [ u(®) (ki) g

We next estimate the second term ¥ on the right-hand side of (4.11). We
repeat the arguments leading up to (4.12)) to deduce from the definition (3.34)) of

Vo(t, mhkr?) and the residue theorem that
(4.15)

1 oo,
Yy = — R =K (4,0)C(1 — it + it)w(t) dt
s = o [ Ju(?)

1 pit it exp(s?) ds
— K(t t 1 —it’ + it + 2s)—w(t) dt.
* g | L K ) TR i it 29t

By the last sentence in Lemma we can carry out the same reasoning leading

up to ) to deduce from (4.15] that

(4. 16)
_ 1 > it’ —it YA —1/4m3/4 2
D = o /_mh K (1,0)C(1— it! +ityw(t) dt + O ((hk) T 108 T)

To evaluate K (t,0), we apply (3.22) and the fact that H(¢,0) = 1 to write K (¢,0) =
7' =it X (t). Hence, by (3.28) and (3.5)), it follows that

K(t,0) = e @ (1+0<1>>.

We insert this into li and arrive at

—i2a
(4.17) By = & h” “ite(1 — it +it)yw(t) dt + O((hk)_1/4T3/4log2 T),

T

where we have used (3.5) and the Laurent series expansion of {(s) near s = 1 to
bound the contribution of O(1/t).
Lemma [£.1] now follows from (£.11)), (£.14)), and (4.17).
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5. PROOF OF THEOREM
We now begin our proof of Theorem For brevity, we define

T = / C 200 20| M (1) Pw(t) dt.

— 00

Since Z(t) is real for real ¢, it follows that
Z(t) = e"W¢(d +it) = e PO —it).
Use this and the definitions (1.3)) and (1.4) to deduce that
T = em/ C(3 +it")((% —it)| M (t)Pw(t) dt

S pi(m)p(n) (log(y/m)>2 (10g(y/n))2

gy vmn logy logy
o /! —it
X / (n,) C +it") (5 — it)w(t) dt,

where m’ = m/(m,n) and n’ = n/(m,n). We apply Lemma to the inner
integral. To estimate the contribution of the second error term in the conclusion of
Lemma [£.1] we let ¢(d) be the Euler totient function and write

m'n’ —-1/4 m,n 1/2 m,n
> T = Y T S 2 g

m,n<y m,n<y m,n<y
2
1 p(d) 1
- Z (mn)3/4 Z pld) = Z 4372 Z j3/4
m,n<y d|(m,n) d<y J<y/d
< y'?logy.

Therefore the result of applying Lemma to the inner integral in (5.1)) is

7 = 1024y/ C(1+it' — it)w(t)S(t' —t) dt
(5.2) + l(e)g4y/ C(1 =it +it)yw(t)S(—t +t)dt
T5+5+e
+ 0 <ye+12’T;> + O(y1/2T3/410g3T>,
0

where

sto) = 3 MO gty (rentum) L2

Ion/!
m,n<y men

Since m’ = m/(m,n) and n' = n/(m,n), we can write this as

59 s = ¥ O g1+ oty ) (rostom))
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Our next task is to evaluate S(p). To do this, we apply Perron’s formula

9 - log2 z ifz>1
S () 8 0 if0<a<l,

which holds for any 1 > 0, to the right-hand side of (5.3)). The result is

€1+g2 )/J,(TL) 1+
(55) Q 271_2 / / Z Z W(m n) e d82 dS]_7

SS
)12m1n1

where the interchange of order of summation is valid by absolute convergence.
To facilitate later discussions, we choose the lines of integration in (5.5 to have
n=1/L, where L =logT. Let

p(m)p(n) (m

Nk St e SOV n)1+ig
m1+51 n1+52+i9

g(m,n) = g(m,n;s1,s2,0) =

7

be the summand of the inner sum in (5.5)). This function satisfies the multiplicative
property

g(h1g1, hajz) = g(h1, h2)g(j1, j2)
for (hiha,j1j2) = 1. Thus, it follows from Lemma with k = 2 that

(5.6) Z =11 (i i 9(17’”710")) 7

m=1n=1 p m=0n=0

so long as either side is absolutely convergent. We will see in what follows that the
right-hand side is absolutely convergent when p is real and both s; and s, have
positive real parts. Indeed, observe that g(p™, p™) = 0 when either m > 2 or n > 2.
Thus if g is real and s; and sy have positive real parts, then

H (Z > 9l ) =11 (gm)+g<p,1>+g<17p>+g<p,p>)

m=0n=0 P

1 1 1 1
1;[ - p1+81 - p1+82+i9 + p1+81+52

(5.7)

_ C(1+ 51+ s2)
= Tt )l s Fig) o)

where G(s1, $2, 0) is an Euler product such that

(5.8) G(s1,82,2) = H(1+O( 31/2>)

p
i, and 2| < §. In view of (5.6) and (5.7), we now

for Re(s1) > —g5, Re(s2) > —
deduce from 1) that

51+s2 C(1+51+82)
G(s y 52, dss ds
(2mi) /n)/ 5353 C(1+s1)C(1+ s2 +ip) (s1,52,0) ds2dsy

for real o, where we have chosen n = 1/L. For brevity, we define

ysLtse C(1+4 51+ s2)
5.10 , 82, 05 = -
(5.10) o152, 09) = “ma T3 e+ 4 i0)

(5.9)  S(o)

G(s1,52,0).
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Hence we can write (5.9) as
4
(5.11) S(o) = 7/ / G(s1,82,07y) dsads
(2m0) Sy S

where g is real and n = 1/L.

To complete our evaluation of S(p), the idea is to move the lines of integration in
to the left and use the residue theorem. In the rest of the paper, o; denotes
the real part of s;, and ¢; the imaginary part. We assume that p is a real number
such that o < 1/L. Also, we use A to denote some positive absolute constant that
is not necessarily the same for each instance. The more trivial estimations will be
left to the reader.

Let E; be the line segment from n—iL® to n+iL>, and let E; be the line segment
from n — i2L5 to n +i2L5. The exponent 5 of L° is arbitrary, and the discussions
that follow remain valid if we replace 5 by any larger real number. Since n = 1/L
and y = T?, it follows that y% < 1 for o; = 17 Usmg this, Lemmau 3.2, and .,
we can show that the part of the integral in (5.11)) that has large |¢1]| or [t2] is small.
In other words,

4
(512) S(Q) = . 2/ g(517827Q;y)d‘92d51 + O(LiA)
(27”) Ey JEg

Next, we let Dy be the line segment from —c(log L)~! —i2L5 to —c(log L)~ +
i2L%, where ¢ > 0 is an absolute constant that is so small that we can apply
Lemmato bound the zeta-functions in when —c(log L)™! < 05 < 1 and
$1 € Fy. One can take ¢ = ¢y/6, say. We “move” Es to Dy. That is, we integrate
G with respect to so along the rectangle with right side Fy and left side Dy and
deduce from the residue theorem that

(5.13) / Gdsy = Resg + Res G + —/ Gdsy + —/ G dss,
Ez D2

S2=—81

where H is the union of the horizontal sides of the rectangle. Here and in the sequel,
Ress—, f denotes the residue at s = w of a function f(s). We multiply both sides
of (5.13) by (27i)~! and integrate with respect to s; along E; to arrive at

(5.14)

1 1
— dssdsy = — R R d
2mi)? /El EQQ s2ds1 = o /E1 {52359 —i—”_e;sag} s1
1

1
— dss d. —_— dss dsy.
+ (2m')2/El DQQ sodsy + (2Wi>2/151/719 Sgdsy

Using Lemma (5.8), and the fact that |sg| > |ta| = 2L5 for sy € H, we can
easily prove that

Similarly, applying Lemma [3.2] m |D and the bound y% < y~¢/18L for s, € Dy,
we can show that
1

(5.16) i

/ Gdsods; < LAy_C/IOgL < L4,
Ey J Dy
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It now follows from (5.12)), (5.14)), (5.15), and (5.16) that

4
(5.17) S(o0) = —/ {Resg + Res § } dsy + O(L™%).
211 E; s2=0 S2=—81
Now we estimate the integral on the right-hand side of (5.17). We first bound
the integral of the residue of G at sy = —s;. From the definition (5.10) of G and
the fact that Ress—1( = 1, it follows that

G(sla —51, Q)
5.18 Res = - .
( ) 52:*819 S?C(l + Sl)C(l — 851+ ’Lp)
Let I'y be the path defined by the equation
c
I (t = —— it —LP<t; < LA
1( 1) 10g(|t1‘+3) + 2 1, >~ U1 >

We move Ej to I'y, i.e. we integrate Res,,—_5, G along the closed curve obtained by
connecting the endpoints of F; and I'y with horizontal line segments. By Cauchy’s
theorem, the result is

(5.19) / Res G ds; = / Res G ds; + O(L™%),
El S2=—81 Fl S2=—81
where we have bounded the integrals along the horizontal line segments using (5.18]),
(.9), Lemma and the fact that |s1|® > [t1]® = L3° for s; on those line segments.
We can also bound the integral along I'y via (5.18)), (5.8)), and Lemmato deduce
that
/ Res G ds1 <« 1.
r

Sop=—S8
1 2 1

From this and (5.19)), it follows that

(5.20) / Res G ds; <« 1.
E

S2=—S8
i 2 1

We next estimate the integral of Res;,—oG on the right-hand side of (5.17)). By
the residue theorem and the definition (5.10|) of G, we can write

1 yrte (14 51+ s2)
5.21 ResG — , o155, ) dss,
( ) sz:Og 271 jéz s‘f‘s% C(1+31)<(1+$2+ZQ) ( 1,52 Q) 2
where Cy is the circle |sq| = 1/2L, taken once in the posmve direction. Let D;

be the line segment from —c(log L) —iL® to —c(log L)™' + iL%. We move F;

to D;. That is, we integrate Ress,—0G along the rectangle determined by E; and

D; and use the residue theorem. We bound the integral along the horizontal line

segments using (5.21), (5.8), Lemma [3.2 m and the fact that |sy| > |t;| = L°, while

we estimate the mtegral along D, via , 7 Lemma [3.2] m and the bound
Yy < y~¢/logl « =4 The result is

1
— ResG ds; = Res Resg + O(L™).

271 E, s9=0 s1=0 s2=0
From this, (5.20]), and (5.17)), it follows that
(5.22) S(o) =4 Res Resg + O(1).

$1=0 s2=0



24 SIEGFRED BALUYOT

It is left to evaluate the main term on the right-hand side. By (5.21) and the
residue theorem, we can write

(5.23)
$1+92 (1 + 51+ 82)

Res R G dse d

516% Sggsg 2’/TZ fél %}2 8183 1+51)<(1+32+20) (51;827Q) 52451,
where C; is the circle |s2| = 1/L, taken once in the positive direction. If f(z) is
analytic and bounded for |z| < %, then Cauchy’s integral formula gives

s f(z)

5.24 = f(0) + — ————dz= f(0)+O
G21) S5 =0+ o 75 L e = FO+ 0]

uniformly for |s| < 1/16. By (5.8)) and uniform convergence over compact sets, we
see that G(s1,s2, 2) is analytlc in each of its variables for |s1],|sz],|2| < §. Thus
we can apply (5.24) repeatedly to G(s1, s2,0) to deduce for sy, s2, 0 < 1/L that
G(s1,89,0) = G(0,52,0) + O(L™") = G(0,0,0) + O(L™") = G(0,0,0) + O(L ™).
A straightforward computation using the definition (5.7) of G(s1, s2, 0) shows us
that G(0,0,0) = 1. Thus
G(s1,52,0) = 1 + O(L™)

for s1,82,0 < 1/L. Also, for the same sy, s2, and o, we have the Laurent series

expansions
1
0O(1),
S1+ S2 (1)

=51+ O0(|s1]*) = s1 + O(L7?),

C(1+451+82) =

L
C(l + 81)

and
1

C(l + so + ig)
We insert all these into (5.23) and arrive at
1 yo1ts2 g9 +ip 9
5.25 Res R = — —— dsa d O(L
(5.25) es ResG i yil ]i 3 ( sadsy + O(L7)

$1=0 s2=0 8%82 S1 + So

= 89 +i0+ O(|sy +i0|?) = so +io+ O(L?).

for real g such that o < 1/L.
Next, we use the fact that

1 1 _37A7+ .
s1+sy  si(l+sa/s1) s 83 i{’

to deduce from ([5.25) that

(5.26)

Res Res@

s1=0 s2=0

1 51459 1 1 10 10 10 9
- e ) dsydsy + O(L
(27i)2 jécl f;,z y s3s3 stse  s3sy sisk 0 sQso 52451 (Z%)

for o < 1/L. For integers j and k, it follows from the residue theorem that

(log y)/++—2

S +s T N1/ a1
%‘f lzd&d&:: (j— D)k —1)!
27TZ Cy JCo 3132

0 else.

if j, k> 1,
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From this and (5.26]), we arrive at

_ (logy)®  (logy)®  io(logy)* io(logy)* | io(logy)* 5
Reg Resd = —5 6 ' 4 6 o oL
log? iolog*
- og3y+zg (;g Y 4+ o)

for real o with o <« 1/L. We insert this into (5.22)) to conclude that

4log®y  iology
S =
(e) 5 T
for real p with ¢ < 1/L. This completes our evaluation of S(p).
We now finish our proof of Theorem By (3.5),if T/2<t<4T and p =t'—¢
or o = —t' +t, then p < 1/L and so (5.27)) holds for such p. It follows from this

and (5.2)) that

(5.27) +O(L?)

ia oo 4log® i(t' — t)log®
T = 10;@// C(l—f—it’—it)w(t)( 0§ y U 2) % Y +O(L2)> dt
—ia oo 4log® i(t' — t)log®
¢ . / ¢ — it +ityw(t) [ —2Y i Jlog +O(L?) ) dt
log”y J oo 3 2
T§+£+5 )
+ oyt — Z + O(y1/2T3/410g5T).
TO

For brevity, write this as

T3+5+e
(5.28) T=T +5+ 0y —| + O(y1/2T3/4log3T>.
0
By (3.5) and the Laurent series expansion of ((s) near s = 1, it is true that
log 5=
L+it' —it) = —2= + O(1
Ctit —it) = 252 4 o)

and
it —t)C(1+it —it) = 1 + O(L™).
We insert these into the definition of 77 to deduce that

ia

2¢'® 0 t e w
2 7T = — log — — —
(5.29) : i3a10gy/_oow(t) o8 o dt + 2W+O(L>,

where W is defined by (1.5). Since the support of w(t) is contained in [T'/2,4T],
we can write

e t
/ w(t)log%dt = WlogT + O(W).

— 00

From this and the definition y = T, we see that ([5.29)) simplifies to

2¢ta ete w
. 7, = e LAY
(5.30) - L 2W+O<L>

A similar argument leads to

2672'(1 677;0’ W
Iy = — — .
2 3ap T 2W+O(L>
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From this, (5.30]), and (5.28]), we conclude that

4W (sina w
I = =3 (a0>+WCOSG+O<L)

T3+5+e
+ O y“‘liZ + O <y1/2T3/4 log® T) .
Ty
This completes the proof of Theorem [T.2]

6. APPLICATION OF THE THEOREM OF HUGHES AND YOUNG

Our main tool in proving Theorem is the formula for the twisted fourth
moment of {(s) that is due to Hughes and Young [16, Theorem 1.1]. In this section,
we apply their theorem to write the mollified fourth moment in terms of an integral
that can be evaluated using residue theory. We assume that w(t) is a function
satisfying the properties in the hypothesis of Theorem

We first express the formula of Hughes and Young in a form that is easier to
handle. To do this, we make a few definitions. Let = be the set of permutations o of
{1,2,3,4} such that o(1) < 0(2) and 0(3) < o(4). For a function K (a1, ag, ag, ay)
of four variables, define

(VK)(o1, a2, a3,04) = Z K(ao(1), Qo (2)5 Qo (3)5 Ao (4))-
oEE

Let oa.8(0) = > nes m~%n =P and for a positive integer h, let h, be the exponent
of p in the prime factorization h =[], p/». As in Hughes and Young [16], we define

Cl4+a+9)C1+a+0)CA+8+v)CA+8+9)

(6.1) Aapr.5(0) = C2+a+pB+7y+9) ’
(6.2)
B > 520 as(P)aq,s (0T )p”
Boperona0) = g < >0 0a,(p7)ay,s(p7)p~I >

+kyp N\ —J
xH( JOUaﬁpj )wa(pj)pj>7

o\ 2im 720 0a,6(P7)0y,5(p7)p~I
and

(6.3) ZoB,74,6,h,k(0) = Aa,5,4,6(0)Ba,g,v,5,,k(0)-

Since the value of Z, g,,6,n,%k(0) does not change when « and (3 are interchanged
or when v and ¢ are interchanged, we can write the conclusion of Theorem 1.1 of
Hughes and Young [I6] in the form (note the minus signs before v and §)

(6.4)

[ (3) cGrarinct+oingd— - e - - ud

== [en(5) T R s
+O(T? e (hk)T/3(T ) Tp)*/4),
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where

" a+[3;7—5
K 0) = | — Zo By — .
0(0[,/8,’}/, ) <2ﬂ_> By=, 6,h,k(0)

As stated in the hypothesis of Theorem 1.1 of Hughes and Young [16], the formula

(6.4) holds when «, 3,7,d are complex numbers that are < 1/L (recall that we

use L = logT) and h and k are relatively prime positive integers such that hk <
T2/1175.

To be able to use (6.4) in our proof of Theorem we replace each of the

variables «, 8,7, d by itself plus ip, where

2a
6.5 =
(6.5) P = og T
and a is a fixed real number. The result is
(6.6)

0o —1it
/ (Z) (3 +a+ip+it)((5+B+ip+it)

x((5 — W—Zp—lt)C(f—J—zp—zt) (t) dt

_atf—y—
2

- = / < ) (WK,)(a, B,7,0) dt
O (k)T o)),

where K,(a, 3,7,0) is defined by
(6.7)

atB—v—95
2

t
Kp(a7 ﬁa s 5) = Kp(aa ﬁa e 5; ha k) = (2,”) Za+ip,,6’+ip,—’y—ip,—6—ip,h,k(0)-

We next express the factor (VK,)(a, 3,7,9) in as an integral. To do this,
we use the following lemma, which is a special case of Lemma 2.5.1 of Conrey et
al. [1].

Lemma 6.1. Let f be analytic in a neighborhood of s = 0 except for a simple pole
of residue 1 at s = 0. Suppose that F(«, 3,7,0) is a function that is analytic in
each variable in a neighborhood of (0,0,0,0) such that F(a, 8,7,0) = F(8,,7,9)
and F(a, 3,7,0) = F(«a, 8,0,7). Let

K(a,B,7,6) = F(o, ,7,0) f(a = 7) f(a = 6) f(B =) f(B =)
If a # 7,0 and B # ~,0, then

(VE) (e 6%

21722723724) Hl<]<€<4(zj 25)2
— d d
4(2ni)t ﬁﬁn Az — )z =) R

where the path of integration is the same for all four integrals and encircles each of
the four points o, 8,7,9 exactly once in the positive direction. In particular, VK is
analytic at (0,0,0,0).

Now let w #0 and set « = f =w and y = 0 = 2w in . We apply Lemma
to the right-hand side of the resulting equation, and then take the limit of both
sides as w — 0. The result we arrive at is stated in the following proposition.
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Proposition 6.1. Let w(t) be a function satisfying the conditions in the hypothesis
of Theorem [1.5. Suppose that h and k are relatively prime positive integers with
hk < T%/M=¢_ [f p is defined by (6.5), then

(6.8) |
/O:O (Z)lté(l Fip+it) (L +ip+it)C(L —ip—it)C(E —ip— it)w(t) dt

+ O(T**=(hk)"*(T/To)*"*),

where the path of integration of each line integral encircles 0 exactly once in the
positive direction.

In view of Proposition we can now write the mollified fourth moment in
terms of path integrals. For brevity, we define

7- TR i+ i) M) Fut)

— 00

where 0 < § < 1/22 in the definition (1.4 of M (t). We start by inserting the defini-
tion of M (t) into the above equation. Since 6 < 1/22, we can apply Proposition
to the resulting expression and deduce that

7 = 3 HM1/2 (log y/m)) 1 -

ni,n2,ng,na<y logy (nlnz)/(n3n4

2
X /_OO Tomi) 2,23,21) | (25— 20) ]1;[1?4] dt

1<j<e<4

+ O(y11/2T3/4+E(T/T0)9/4),

where (n1nz2)’ = ninz/(ning,ngng) and (n3ng)’ = nzng/(ning, n3ng). Note that
we have trivially bounded the contribution of the error term in . Using the

definition (6.7) of K,(z1,22,23,24) with h = (ning)’ and k = (ngn4)’ and the
definition (6.3)) of Z, we rearrange the factors in and write it as

(6.10)
_ [T w®)
J = /004(271'2 4

4
X <(10gy)8> Q(z1 +ip, 220 +ip, —23 — ip, —24 — ip) H oy dt
J:l J

+ Oy 2T (T 1)),

z1tzo—23—24

t Pl
<27T) Az1,22,—237—z4(0) H (Zj _ Z[)Q

1<j<e<4
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where Q(a, 3,7,6) = Q(a, B,7,d;y) is defined by
(6.11)
Q(a7 IB’ 77 5)

n;) (log?(y/n;
= Z HM J ( g(g/ J)) (n1n2,n3n4) Ba,ﬁ,’y,é,(nan)’,(ngn4)’(O>-

ni,n2,nz,na<y | j=1

To facilitate later discussions, we choose the path of integration of each line integral
in (6.10) to be a circle with center 0 and radius 1/L.

7. EVALUATION OF @

The purpose of this and the next few sections is to evaluate the sum Q(«, 3,7, 9)
defined by . We may assume throughout that «, 3,7, < 1/L since we will
use our formula for Q(«, 3,7, d) only to estimate the right-hand side of .

We apply Perron’s formula to deduce from that

(7.1)
51+52+53+54
Q(a7ﬁ377 = 2 / / / /
7T’L (m) J(m2) /(n3) J(na) 51525354
4
win
x > H 1+s (n1n2,m3n4) Ba,g,y.6,(n1n2) (nana) H dsj,

1<ni,n2,n3,n4<co

where the interchange of order of summation is valid by absolute convergence.
For ease in later discussions, we choose the lines of integration in (7.1) to have
n; = ¢;/L for j = 1,2,3,4, where ¢1, ¢g, c3, and ¢4 are positive constants that
satisfy the inequalities

7.2 a <228 4

(72) lal, 181, 1,19 2B

We next write the inner sum in as an Euler product. Let

win
(73) f<n17n27n37n4> = H l+s nanan3n4) Ba,ﬁ,w,é,(nlng)/,(ngn4)’(0)-

It follows from the definition (6.2 and from the multiplicativity of the ged function
that f is multiplicative, i.e.

f(hiji, haje, hajs, haja) = f(h1, ha, hs, ha) - f(j1, g2, 33, Ja)
whenever hihsohshy and ji1j2j3j4 are relatively prime. Hence, it follows from Lemma
with k& = 4 that
(7.4)

Z f(ni,n2,ng,m4) = H Z f(p€17p€2’p€37p€4) )

1<n1,n2,n3,n4 <00 P 0<€y,€2,03,£4<00

so long as either side is absolutely convergent. We will see in what follows that
the right-hand side is absolutely convergent when «, 3, v, and ¢ are small and the
real part o; of s; is larger than each of |al, ||, |v|,|d] for 7 = 1,2,3,4. Observe
that f(ni,m9,n3,n4) is zero when at least one of ny,ng,ng, ny is divisible by the
square of a prime. Thus, to evaluate the right-hand side of , we only need
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to calculate f(p“,p?2,p%s, pf) for 0 < £1,05,03,0, < 1. To do this, we use the
following lemma, which is a special case of Lemma 6.9 of Hughes and Young [16].
Recall the definition (6.2) of Ba g.~,5,h,%(0).

Lemma 7.1. For small enough o, 3,~,6, it is true that
Bagyomk(0) = Bagysh Bysak
where Ba g ~.6.n 15 defined by

BO) — »p=1BM) 4 p—2B(®)
Bagysn = 1|_[ ((p'y — p*‘s)(l _ p2aﬁ'y§)> )
plh

where
BO :p*v(lJrhp) _ p76(1+h,,)’

B — (p~© _,_p—ﬂ)p—v—é(p—vhp _p—éhp%
B®@ — pfafﬁfvfé(pféﬂhp 7p4,75hp)’

and h = Hp plr is the prime factorization of h.

Using Lemma and the definition ([7.3), we can evaluate each of the sixteen
quantities f(p®, p®2, p®,p®) with 0 < £y, 45, 03,04 < 1. For example, if a, 3,7, 6
are small enough, then a straightforward calculation shows that

-1 p N —p B —plp e +p Pp 7 (p7 —p9)
pitse (p=7 —p=0)(1 —p=2-a=F=7=9)

B 1 1 o2
T pltsity plisite + P32

for o1 > —1/8, say, with absolute implied constant. Similarly, we can evaluate each
of the other fifteen quantities in a straightforward way. The details are left to the
reader. From the results of these calculations, we deduce that if «, 3,7, are small
enough, then

4 4 - (4
> f™, =07, p™)
0<0q,£2,£3,04<00
1 1 1 1 1 1
pltsity - pltsi+s - plts2+y - pltsato - pltssta - pltssth

f(p’171’1) =

= 1—-

1 1 1 1 1 1 1
N p1+84+a - p1+84+6 + p1+31+33 + p1+81+34 + p1+32+33 + p1+82+S4 +0 <p3/2>
for prime p and complex 1, s2, S3, sS4 having real parts o; > —1/8. Therefore, if
o; > max{|al|,|5], 7], ]} for j =1,2,3,4, then
(7.5)

11 > """ ")

p 0<¥1 4 ,03,04<00

=T s+ A+ s+ )T A+ 52+ )¢ (L + 52 +0)
XC'1+s34+a) A 4+s3+0)C A +s4+a) (1 +54+0)
X C(L+ s1 4 s3)C(1+ s1 4 s4)C(1+ s2 4 s3)C(1 + s2 + s4) F(s1, 52,53, 54),



ZEROS OF THE RIEMANN ZETA-FUNCTION 31

where F(s1, $2,83,84) = F(s1, 82, $3, 84; 0, 3,7, 0) is an Euler product satisfying

(7.6) F(s1,82,83,81) = H<1 + O<p31/2)>

p

uniformly for all small enough «, 3,7, d and all complex s1, so, 83, 84 that have real
parts g; > —1/8.

In view of the assumption and the definition , we now deduce from
, , and that

1
(7.7) Q(a, B,7,8) = 7/ / / F(s1,82,83,54) dsqdszdsadsy,
@)t Sy Sy Jns) Jna)

where

(7.8)
ysl+52+53+54
F(s1,52,83,54) = F(s1,82,53,845;0,03,7,0,y) = T H3a3a3 S
152535

X CTH 451+ 7 (L 451 +0)C (1450 +7)¢ (1 + 52 +0)
XM+ s3+ ) (14534 68)C (T +sa+ )¢ (1 + 54+ )
X C(L+ 81+ 83)C(L+ 81+ 54)C(1 + 82 + 53)C(1 + 82 + 54) F'(s1, 82, 83, 84).

Recall that we have chosen n; = ¢;/L for j = 1,2,3,4, where the constants c;
satisfy the assumption (7.2)).

8. INITIAL SHIFTING OF CONTOURS

To continue with our evaluation of Q(«, 3,7, ), the idea is to move the lines of
integration in and write Q(a, 8,7, d) in terms of the residues of F(s1, s2, s3, 54)
at its poles. This turns out to be a rather involved process, and will occupy us for
the next few sections. Recall that we use the notation s; = o; +it;, that L = log T,
and that A denotes a positive absolute constant that is not necessarily the same for
each instance. Recall also that we are assuming . The more trivial estimations
will be left to the reader.

We first truncate the lines of integration in , as follows. For m = 1,2, 3,4,
let E,, be the line segment from 7,, — imL'” to n,, +mL'". The exponent 17 in
L' is arbitrary, and the discussions that follow remain valid if we replace 17 by
any larger real number. Since 7, = ¢,,/L and y = TY, it follows that y% < 1
when o; = n;. Using this, Lemma and , we can deduce from and
that

1
(81) Q = W/ / / f(81,82783,84) d54d83d52 dSl + O(LiA)
E1 EQ E3 E4

The next step is to move Ey4 to the left and write @ in terms of an integral of
residues of F. Let ¢ > 0 be an absolute constant that is so small that we can apply
Lemma to the zeta-functions in the definition of F when —c(log L)™1 <
o4 < 1lands; € Ej for j =1,2,3. We can take ¢ = ¢9/99, say, where cg is as in
Lemma Let Dy be the line segment from —c(log L)~ —i4L'" to —c(log L)~* +
i4L'". We move E, to D, and proceed in a way similar to that in the above
discussion containing equations through . That is, we integrate F with
respect to s4 along the rectangle determined by F; and Dy. We use the residue
theorem to write that the integral equals a sum of residues of F. Then we integrate



32 SIEGFRED BALUYOT

both sides of the resulting equation with respect to s3, s2, and s; along E3, Fs,
and F1, respectively. The contribution of the integrals along the horizontal sides
of the rectangle is small because of Lemma 3.2} (7.6), the bound y®1+s2+sstss « 1,
and the small size of the factor 323 of F. Similarly, the contribution of the integral
along D4 is small because y** < y~°/196L for s, € D,. The result we arrive at
frorn and this process of moving F, to Dy is

Q— / / / {Res}"+ Res F+ Res ,7-"} ds3dsyds; + O(L’A).
27TZ Ey JE> JE;

54=0 S4=—581 S4=—82

In a similar way, we move E3 to the line segment D that runs from —c(log L)™' —
i3LY7 to —c(log L)~ +43L'7 to deduce from (8.2)) that

s3=0 s4=0 s3=0 s4=—s51 s3=0 sg=—s2

/ / {Res Res]: + Res Res F + Res Res F
27T'L B,

+ Res Res F + Res Res F + Res Res F

sz3=—51 s4=0 S3=—81 S4=—S81 $3=—81 S4=—S82

+ Res Res F + Res Res F + Res Res F }d82d51 + O(L™%).

s3=—53 s4=0 S3=—82 S4=—S1 §3=—82 S4=—S52

Write this as

1
Q_(Qm.)Q/ / { Roo + Ror + R
Ey JEo

(8.3) + Ro + Ru + R

+ Ry + Rai + Ra }dszdsl + O(L™).

We treat each of the nine integrals [[ Ry, in one by one in the following
sections. As mentioned at the beginning of this section, the basic idea is to move
the paths of integration in and express @ as a sum of residues of F. When
we “move” one path of integration to another, we always do so by connecting the
two paths with horizontal line segments and then applying the residue theorem to
write one path integral in terms of the other. The contributions of the integrals
along the horizontal line segments are always bounded by < L~4. These bounds
follow from using y*/ <« 1, Lemma (7-6)), and the fact that |s,| > [t,| =< L7
for some m = 1,2, 3,4. The calculations involved in bounding the integrals of these
horizontal segments are straightforward, and are thus left to the reader. From now
on, we will move paths of integration without further mention of the horizontal line
segments.

Another thing to keep in mind in the calculations below is that the factors
¢1(1+s;+&) with € = a, 3,7, or § are holomorphic functions of s; in the domains
we are concerned with. This is because we will only work within the known zero-
free region of ((s) given by Lemma Also, the euler product F' defined in
is holomorphic by ([7.6). Thus we can determine the poles of each Ry, by looking
only at the factors s, and ((1 + s; = sx) in our expression for Ry,.
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9. EVALUATION OF [[ Ri2 AND [ Ry

If f(s) is a function with a simple pole at s = w, then
(9.1) Resf = lim(s —w)f(s).

From this, the definition (|7.8), and the equation lim,_,0 s¢(1 + s) = 1, it follows
that

1
Ry = @Cl(l + 514+ A 451 +0)C L+ 52 +9)¢C LA + 59+ 0)
1°2

(9-2) x(rTl=s1+a)( M1 =51+ 31— s2+a)(TH 1 — 524 B)

X C(l + 81 — SQ)C(]. + 8o — Sl)F(817827 —S1, —82)

when s; € Ey and sp € Es. For a fixed s1 € Fq, let I'g be the path defined by
c
Lo(ts) =

olt2) log([t1] + [t2| + 3)
Note that 'y lies to the right of F5 for large enough L. Thus it also lies to the
right of E; by our assumption ([7.2]). Hence, if s1 € E1, then Rjs has no poles as a
function of sy on the region between E5 and I'g. Thus, the result of moving F5 to
FO is

(93) / / Ris dsodsy :/ Riy dsodsy + O(LiA).
E1 Eg El FO

To bound the integral on the right-hand side, we estimate the factors in (9.2)) as
follows. We take s; € E; and so € Ty in (9.2)), and we recall our assumption ([7.2)).
First, by Lemma we see that

+ ity, —2L' <ty < 2L'7.

1
C(1xs1Fso) K max{o p log([t1| + |t2] + 2)} < log(|t1| + [t2| + 3).
2 — 01

Second, if |t;| < 1 then we can use the power series of (~!(s) near s = 1 to write
1
s1C(1 =51 +a)
Otherwise, we use Lemma [3.2] Thus, if —co < t; < oo then
1 log(|t1] +3)
s1¢(1 £ 51 + ) [t }

The same estimate holds when s; is replaced by sy or « is replaced by 3, ~, or J.
Therefore

< 1.

< min {1,

1
S s A (U514 8 (1 s ) (1452 4 6)
152
(9-4) XM =s1+ ) (1 —s1 4+ 8¢ (1 —sa+ )¢ (1 =52+ )
log([t1] +3)1* log(|ts| +3)1*
<<min{l,0g(|1|+)} min{l,Og(hH)} .
[t1] [t2]
Third, it is true that
1 1
- —- L% log?(|t to| + 3).
) < 02032 < og”([ta] + [t2| + 3)

Fourth, it follows from (7.6) that F'(s1,s2, —s1, —$2) < 1.
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From all these bounds, we arrive at
/ ng dSQ d81 < LQ.

E, JT'y

It follows from this and (9.3) that

(9.5) / / Ria dsods; < L2,
E1 J Eo

A similar argument gives

(9.6) / Ro1 dsads; < L2
E, JEs

10. EVALUATION OF [[ Roo

From (9.1)), the definition (7.8)), and the equation lim;_,g s((14s) = 1, it follows
that

(10.1)
Ry = ysgsg A4+ s+ A48+ A+ 52 +9)CHL + 59+ 0)
1°2

XM A=s24+a)T' Q=52+ ) A —s2+ ) (1 =52+ )
X C(1+ 51— $2)C(1 + 81 — s2)F (51, 52, —S2, —S2)

when s; € F) and sy € Ey. Let T be the line segment from c(log L)~ — i2L17 to
c(log L)™' +42L'7. Note that Y5 lies to the right of Ey for large enough L. Thus it
also lies to the right of F; by . Hence, if s; € F4, then Ry has no poles as a
function of s, inside the rectangle determined by Fo and Ys. Therefore the result
when we move Fs to Yo is

(10.2) / Roy dsyds; = / Ray dsadsy + O(L™%).
E, JE, E1 JY,
Using (10.1]), Lemma (7.6)), and the bound 3~*2 <« y~/1°8 L we can show that
(10.3) / / Roy dsyds; < LAy~¢/18l « =4
Ey JYo
It follows from this and (10.2)) that

(10.4) / Roy dsyds; < L4,
E1 E2

11. EVALUATION OF [[ Ry
We use (9.1)) to deduce from ([7.8) that if s; € F; and so € Es, then
(11.1)

Rip =555 C 1+ 49 T+s14+0) T +s2+79)C 1+ 52+ 0)

x(rTl=s1+a)( M1 =51+ B¢ 1 —s14+a)H1— 514 6)
X C(l + So — Sl)C(l + So — Sl)F(Sl,SQ, —S81, —81).
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Let Dy be the line segment from —c(log L)™' — i2L'7 to —c(log L)~ 4 i2L'7. We
move Fy to Do and arrive at

1 1
7/ / Riy dsads; = 7/ / Ry dsadsy
277@ E1 JE, 27T'L E1 JDy

(11.2) + / Res Rq1ds; + / Res Riids; + O(L™%)
E E

| 52=0 | s2=81
= Ju + Lo + L + O(L™4),
say. We can bound Ji; in the same way we showed . That is, we use
and y*2 < y~/ 198 L to write
(11.3) Ju < LA

To estimate the integral I11¢ in , let Y1 be the line segment from c(log L) ~!—
iL'" to c(log L)~ +4iL'". Observe that T lies to the right of E; when L is large
enough. Thus, we see from that Ress,—oR11 has no poles between E; and
T;. Hence we deduce from moving E; to T that

Iiio = / Res Rj1ds; + O(LiA).
e

So=
12

The integral on the right-hand side is < L=4 as in (10.3), because R;; has the
factor y~*t in (11.1]). Therefore

(11.4) I < L=,

We next estimate the integral I717 in (11.2)). If f(s) is a function with a double
pole at s = w, then

ls:{:egf = lim i(sfw)2f(s).

s—w ds
It follows from this, (11.1]), and straightforward differentiation that
lo
Res R11 = gy

e SRR e (R
(11.5)  s2=s a2 ¢ Qs 4 (1 s+ 0)

X 472(1 —s1+ 01)472(1 — 51+ ﬂ)F(shsla —S1, 751) + XO(Sl)v
where Xo(s1) = Xo(s1;0,8,7,9) is an expression involving ¢!, ¢'/¢, F, and
OF/0sg. The function Xo(s1) is independent of y. Now let I'; be the path de-
fined by

c

11.6 I'i(ty) = ————

( ) 1( 1) 10g(|t1| _|_3)

Note that I'; lies to the right of F; when L is large. From (11.5), we can deduce

that Ress,—s, R11 has no poles between E; and I'y. Thus, the result of moving F4
to I'y is

+ ity, LY <t <LY.

(11.7) i1 = / Res Ri1dsy + O(L_A).
r

S2=s
, S2=s1

We use Lemma and ([7.6) to bound each term on the right-hand side of (L1.5])
with s; € I'; to see that

/ Res Ri1ds; = O(logy) + O(1) <« L.
Fl S2=81
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This and (11.7) imply

Ii11 < L.
From this, (11.4]), (11.3]), and (11.2]), we arrive at
(118) / / R11 dSQ d$1 < L.
E1 JEs

12. EVALUATION OF [[ Rg2 AND [[ Ry
Applying (9.1) and the residue theorem, we see for s; € Fy and sg € F that

1 y51+33
Roz = _Tf{ 35043 %
T Je, 515553

(12.1) X CH I+ s+ T+ s+ 0)C 1+ 52 +7)¢ 1+ 52 +6)
X (M1 4s3+a) A 4s3+6)C A —sy+a)H1 =52+ 0)
X g(l +s1 + 83)6(1 + 51 — SQ)C(l + so + 83)F(81, S92, 83, —82) dss,

where Cj is the circle |s3| = ¢1/2L, taken once in the positive direction. Let Dy be
the line segment from —c(log L)~ — iL'7 to —c(log L)~* + iL'7. We interchange
the order of integration and then move F; to D; to deduce that

2 / R02 d82 d51 = 7/ / R02 d81 d82
T El 271 Es, JE;

E>
(12.2) - / Roy dsidsy + / Res Ry dsy + O(L™%)
E, JD; E.

27TZ 251:
= Joo + T2 + O(L™),

say. Note that the pole of Ry at s; = 32 does not leave a residue because it is

not between F4 and Dy when sy € Es, by (7.2 Usmg 1 , we can estimate the
integral Jys in in the same way we arrlved at (10.3] In other words, we can
write

(12.3) Jog < LAy~¢/losl « =4

because of the presence of the factor y*' in ((12.1]).
To evaluate the expression Ip2 in (12.2]), we use the residue theorem to write
Ress,—0Ro2 as an integral along a circle. The result is

(124) = / % ROQ dsldSQ,
27i By Jey

where C; is the circle |s1| = ¢1/L, taken once in the positive direction. Define the
path I's; by the equation

Ty(ty) = ‘

log(|t2| + 3)
This path lies to the right of F5 when L is large. If s; € C; and s3 € C3, then the
integrand in is holomorphic as a function of sy between Ey and I's, by .
Therefore we deduce from (12.4) and moving E5 to I'y that

(12.5) = 9. /1“2 fél Roy dsydsy + O(L™%).

We need to estimate the integral on the right-hand side. To do this, we bound the
factors in (12.1]) as follows. Let so € T'a, s1 € C1, and s3 € Cs, so that |s1| = ¢1/L

+ ity —2LY <ty < 2L'7.
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and |s3| = ¢1/2L. Also, recall the assumption (7.2]). First, we see by the Laurent
series of ((s) about s = 1 that
1
1+s14583) €« —— < L.
C(1+ 514 s3) o1t 5l

Second, we see from Lemma [3.2] that

C(1+s1—89) K max{ log([t1] + |t2| + 2)} < log(|ta] + 3),

02—01’

and similarly (1 + s2 + s3) < log(|t2| + 3). Third, we can prove the inequality

1

720 (s (1481 +0)C (15 +7)C (1452 +9)
15253

XM+ s3+ )T 1+ s34+ B)CTH 1 = sa+ )T (1 = 52+ 6)

1Og<|t2|+3>}4
[t2]
in the same way we showed (9.4]). Fourth, it is true that
1 1

<
515553 |s1](02)?|s3]

< min {1,

= L?log*(|ta| + 3).

Fifth, the estimate y*1 1% < 1 follows from the fact that s1,s3 < 1/L. And finally,
sixth, it follows from ([7.6)) that F(s1, s2, 83, —s2) < 1.
Using all these bounds, we deduce from (12.1)) that

1
(12.6) 7/ j{ Ryo dsydse < L.
27TZ s JC,

From this, (12.5)), (12.3)), and (12.2)), it follows that
1

2mi

(127) / Ryo dsods; < L.
E1 JEs

A similar argument gives

1
(128) 7/ / Rgo d52 d51 < L.
271 Ei JE,

13. EVALUATION OF [[ Ro1 AND [[ Ry

We use (9.1)), (7.8), and the residue theorem to write
1 y82+83
Ryy = —— BT

ot 2mi Jo, s$s3s3
(13.1) X CH L8147 (1 +s1+0)C 1+ 52 +7)¢ (1 + 52 +9)

xC M1 4s3+a) A 4+s3+6)C 1 —s1+a)H 1 — 51+ )

X C(l + 81 + 83)6(1 + 8o + 83)4(1 + 89 — Sl)F(Sl, S2, 83, —81) d83
for sy € Ey and so € Es, where Cs is the circle |s3] = ¢;/2L, taken once in
the positive direction. Let Dy be the line segment from —c(log L)~! — i2L17 to
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—c(log L)’1 +i2LY7. Move E5 to Dy to see that

2 / / R01 dSQ d81 = / / R()l ng d81
i) B E2 271'1 5, JD,

+ — RGS R()l d81 + — Res R()1 d81 + O( )

271'2 B, 52=0 2m B, S2=51

(13.2)

= Jo1 + Inio + Ion + O(L™%),
say. By the presence of the factor y*2 in ([13.1)), it follows that
(13.3) Joo < LAy~¢/losl =4

in the same way that (10.3]) holds.
To bound the integral Ip1p in (13.2)), apply the residue theorem to write it as

=)
— Ro1 dsa dsq,
(2mi)? E Je,

where Cq is the circle |so| = 3¢1/4L, taken once in the positive direction. Let I’y

be the path defined by (11.6). Since there are no poles of Res;,—oRp1 between E;
and T';, we deduce from ([13.4)) and moving F; to I'; that

1
(135) 1010 = T / f R()l d32 dSl + O(LiA)
(2mi)? Jr, Je,
We can use ([13.1)) and arguments similar to those leading up to (|12.6]) to show that

7
To_n\9 R01 d52 dSl < L.
(2mi)? Jr, Je,

From this and (13.5)), we arrive at

(13.6) Igo < L.

The next step is to estimate the integral Io;; in (13.2)). We use (9.1)) with (13.1))
and pass the limit under the integral sign to write

(13.4) Ioio =

1 y81+53
Res R()l = —— 9.3 X
s2=51 21t Jo, 8183

(13.7) X2+ 514+ (1451 +0) ¢ 1+ s34+ )1+ s34 8)

X C_l(l — 51 + a)C_l(l —s1+0) C2(1 + 51+ s3)F(s1, 51,53, —s1) dss.
Let D; be the line segment from —c(log L)~ —iL'" to —c(log L)~ +4iL'". Move
FE1 to Dy to deduce that

1
Ipi1 = Res Res Rg1 + ﬂ/ Res Rg1 dsi + O(LiA).
T

s1=0 s2=s1 D, 52751

The integral on the right-hand side is < L™ as in ((10.3), since the factor y*' is
present in (13.7)). Therefore

Ipi1 = Res Res Rg1 + O(L_A).

51:0 S2=81

It now follows from this, (13.6]), (13.3), and (13.2) that

1
(13.8) W/ / Ro1 dsads; = Res Res Ryp1 + O(L).
B JE,

5120 S2=81
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By a similar argument, we can show that

1
(139) (271_2)2/ / R10 d52d81 = Res Res Rl() + O( )
E1 JEo

s1=0 s2=s1

14. EVALUATION OF [[ Rgo

By the definition (7.8) of F and the residue theorem, we can write
1

(27‘(7’&')2 is 3 F dS4d83

for s1 € By and sy € Es, where Cs is the circle |s3| = ¢1/2L and Cy4 is the circle
|s4] = ¢1/2L, both taken once along the positive direction. Let Dy be the line
segment from —c(log L)~! — i2L17 to —c(log L)~* + i2L'7. Move E5 to Dy to see
that

(14.1) Roo =

1
W/ Roo d$2 d51
E1 E2
1
(142) = (27m)2/ ROO dSQdSl + 7/ Reb R00 d31 + O(L A)
B, JD, 52=0

= Joo + Ioo + O(L™%),
say. Because of the presence of the factor y*2 of F in (14.1]), we can show that
(14.3) Joo < LAy=¢/losl « =4

To evaluate the integral Ino in (14.2)), let Dy be the line segment from —c(log L)1 —
iL'" to —c(log L)™' +4iL'". We move E; to D; and write

1
Ipo = —/ Res Roo dsaodsy + Res Res Roo + O(L’A).
211 s2=0 51=0 s2=0
The integral on the right-hand side is < L~4 since F has the factor y°* in (T4.1]).
Hence
Ioo = Res Res Roo + O(L™4).

S1= 62—
From this, (14.3)), and ( -7 it follows that
1

(14.4) P

/ Rog dsadsy = RGS Res Ropo + O(LRA)
Ei1 JEs

s1=0 s2=0

15. PUTTING TOGETHER THE ESTIMATES

We now collect together the nine estlmates 1 9|, , , , ,
(12.3), (13-8), (13.9), and (14.4), and then insert them into 1.} to deduce that

(15.1) Q(a, B,7,8) = Res Res Rgy + Res Res Ry + Res Res Riy + O(L?).

s1=0 sa2=s1 51=0 s2=s

In this section, we simplify this further and prove an asymptotic formula for
Q(a, B,7,0) that has a polynomial main term. We continue to assume that a, 3,7, 0 <
1/L.

We first write the main terms in (15.1) as path integrals. By (14.1) and the
residue theorem, we can write

1
(15.2) Res Res Ryg = 7% 7{ j{ F dssdszdssdsy,
51=0 52=0 2mi)* Je, Je, Jey Jes
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where C; is the circle |s1| = ¢;/L and Cy is the circle |sa3| = ¢1/L, both taken once
in the positive direction. Similarly, from the residue theorem and ((13.7)), it follows
that

(15.3)

51+53
Res Res Rop1 =
51=0 s2=s1 271'1 ¢, Jes s9s3

X (21451 +NC 21+ s1+6) ¢ L+ s3+a) L+ 53+ )
x (M1 =s1+a)(T (1 =51+ B) (P(1+ s1+ 53)F(s1, 51, 83, —51) dsz dsy.

Similarly, or by symmetry, the same equation holds with Ry in place of Ry;.
We put these equations into simpler forms by using Laurent series expansions,
as follows. By repeated applications of ([5.24)), we see that

F(s1, 82,83, 8430, 3,7,6) = F(0,0,0,0;0,0,0,0) + O(L™")

when each variable is <« 1/L. We can show that F(0,...,0) = ((2) by a straight-
forward computation using the definition (7.5)) of F'. Thus

F(315827S3784;a7ﬁ7776> = C(Q) + O(L_l)

when each variable is < 1/L. We use this, the definition (7.8)) of F, and the Laurent
series of ((s) and (~1(s) near s = 1 to simplify (15.2)) to

(15.4)

31+32+53+54
Res Res Roo = X
51=0 s2=0 2m ¢ Jes Jes Jey 53 325354

X (s14+7)(s1+0)(s2 +7)(s2 +6)(s3 + @)(s3 + B) (84 + @) (84 + )
x (514 83) (s1 +54) M (s2 + 53) " H(s2 + 84) dsydszdsads; 4+ O(LP).

Similarly, (15.3) simplifies to

(15.5)
91+33 9
Rey Res R = —g o f f S vt 0n + a4

X (—s1 + a)(fsl + B)(s1 + s3) 2dszds; + O(L?).

The same formula holds with R;( in place of Ro;.
We may express the factor y®152+3%84 in (15.4) as an infinite sum using the
series expansion of exp(z). The same is true for y*1+3 in (15.5). Also, we may

write each factor (s; + s) "' in (15.4) and (15.5) as the infinite sum

1 1 Sk n si +
s; (14 sk/s;) 8; 53 57 '

By Cauchy’s theorem, all but finitely many terms from these sums contribute zero
to the values of the integrals. With these observations, we now deduce from (15.1)),

50, i (59 o
(15.6) O, B,7,8) = C(2)P(a, B,7,8) + O(L?),
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where P(«, 3,7, 9) is defined by

12
1 (logy)™(s1 + s2 + 83 + s4)"
P(aaﬁavaé):f% % % %
@mi)t Je, Je, Jey Je, T;) nl s7s3s3s}

X (s14+7)(s1+0)(s2 +7)(s2 + 0)(s3 + @) (53 + B) (54 + @)(84 + )

2 2 2 2 2 2
S S S S S S S S S
x (1—3—3+§+3+ ;‘) (1——4+;‘+4+;‘>
S1 S92 S1 51852 S5 S1 S92 57 5182 S5
(157) X dS4 d83 d82 dSl
}{ 7{ logy (514 83)"
271'2 o e |2 n! silss

X (s14+7)%(s1+0)*(s3 + @)(s3 + B)(—s1 + @) (=51 + B)
( S3 s§>
X 1—2*4-3*2 dss dsi.
S1 57
Note that it immediately follows from the residue theorem that P(a,3,7,d) is a
polynomial in «, 3,7, 6, and logy.

16. PROOF OF THEOREM [L.3|

Having evaluated Q(«, 3,7,9), we can now complete the proof of Theorem
We first simplify (6.10). Observe that |s;| =< 1/L for each variable of integration s;

in and (15.5)). Therefore, it follows from , , and that
Q(a,8,7,6) < L*

for o, 8,7,0 < 1/L. Hence, if |z;| = 1/L for j =1,2,3,4, then

(16.1) Q21 +ip, 22 +ip, —23 —ip, —24 —ip) < L*

because p =< 1/L by (6.5). Moreover, we see from the definition (6.1) and the
Laurent series of ((s) near the points s = 1 and s = 2 that

1 1
Nracas®) T1 G = plams)aa) [T (-0 +0(45)
1<j<t<4 1<j<t<4
when z; < 1/L for j = 1,2,3,4. We insert this into (6.10). We bound the
contribution of the error term O(L~?) by applying (16.1)) and the fact that |z;| =
1/L and t*% < 1 for each j. The result is

Z1TZ2 23724

7= [ (%) (1 —z) [ =20
1<j<e<4
Ldz,
X (C()(logy)) Q(z1 +1ip, 20 +ip, —23 — ip, —24 — ip) 1 ]J dt

W
+ O(L> + O(y11/2T3/4+E(T/T0)9/4),

where W is defined by .

We now insert into this formula the expression with the appropriate values
for o, 3,7,5. We can easily bound the contribution of the error term O(L?) in
using the fact that |z;| = 1/L and t*% < 1 for each j. Furthermore, we can write
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the factor (t/27)(*11#2=23=24)/2 35 an infinite sum via the series expansion of exp(z).
Only the first few terms from this infinite sum actually contribute to the value of
the integral, because of Cauchy’s theorem and the fact that P is a polynomial.
Hence the result we arrive at is

J = / { _ log;?rz (21+Z2—23—Z4)m}
x (21— 2)(zm—2) [[ (25— 2)

1<j<e<4

4
4
x( 8) P(z1 +ip,zo +ip,—z3 — ip,—24 — ip) H 4

(logy) el

+ O(‘zf) + O(y11/2T3/4+6(T/T0)9/4).

We next simplify this equation by evaluating the path integrals. Write the
equation as

(16.2) J = 4 ) /_oo w(t)R(t;y, p) dt + O (T) + Oy Y/ 23/4+= (T ) T) 4.

(logy)®
By the residue theorem and the definition (15.7) of P, it follows that R(¢;y, p)
equals the sum of the coefficients of certain monomials of the type

(16.3) sishsisizizbzizl,  h+k+g+r=12,

in the polynomial RogR1 — 2RoR2, where

Ro = {Z (l(:f%(zl + 20 — 23 — 24)m} (21 — 22)(23 — 24) H (2 — ze),

m=0 1<j<e<4

12

1 , .

Ry = {Z —(logy)" (s1 + s2 + 53 + 84)"} (s1 =23 —1p)(s1 — 24 —1p)
n=0

X (82 — 23 —ip)(s2 — 24 — ip)(s3 + 21 + 1p) (83 + 22 + ip)(Sa + 21 + ip)(Sa + 22 + ip),
and

Re = {Z %(bg y)"(s1+ 53)"} (s1— 23 —ip)*(s1 — 24 — ip)?

n=0
X (83 + 21 +ip)(ss + 22 +ip)(—s1 + 21 +ip)(—s1 + 22 + ip).

Observe that the exponents of the z; in (16.3]) add up to 12, and the same can be
said of the si. Therefore R(t;y, p) is the sum of terms of the form

t m
A (1og 27T> (logy)™ (ip)™ "%,

where 0 < m < 4, 0 < n < 12, and each A,,, is an absolute constant that is
computable. We write R(t;y, p) as this sum to express ([16.2)) as

o0 t m
o n—8/: \m+n—=_8 v
7 =43 Annllogn) (i)™ [ o) (log ) ar
(16.4) mhn
+ O<‘2/) + O(y11/2T3/4+E(T/T0)9/4),
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where the sum runs through all pairs m,n of integers satisfying 0 < m < 4 and
0<n<12.

We can further simplify by using the properties of w(t) and the definitions
of y and p. Indeed, recall that L = logT and W is defined by . Since w(t) is
supported on [T/2,4T], it follows that

/_Zw(t) <1og2’;>mdt — wrm (1 + 0(2))

Also, the definition (6.5 of p implies that

m—+n—8
2a 2q\ "8 1
m+n—8 _ _ == 1 o= .
g (m;) <L> (* (L))

Moreover, it follows from the definition y = T that logy = L. We insert these

into (|16.4)) and arrive at

j _ ZAm,n 0“78Gm+n78 W + O <W) + O(y11/2T3/4+6(T/T0)9/4),

L

m,n

where A\, p, = 4Am,n(2i)m+"_8 and the sum runs through all pairs m,n of integers
with 0 <m <4 and 0 < n < 12. This completes the proof of Theorem with

(16.5) Ca,0) = > App 0" ™78,

m,n

17. PROOFS OF THE COROLLARIES

In this section, we choose a specific w(t) to prove Corollaries [I.1] and There
may be many ways of doing this, and we do not claim that the method here is the
best in any sense.

Let h(x) be the smooth function

e~ tr if x>0,
h(z) =
0 itz <0.
For each positive n > 0 and each interval [u, 7], define the function ¢(x) =
¥(x;u,7,m) by

B hr—z+n) h(x —u+n)
(17.1) (@) = (h(T—w+77)+h(x—T)) <h(w—u+n)+h(u—x)>'

The properties ¥(z) are summarized in the following proposition.

Proposition 17.1. The function ¢ (x) is smooth and nonnegative on (—oo,00). It
takes the value 1 on [u, 7] and is supported on [u —n, T + n]. Moreover,

. 6i
(17.2) p9)(2) <, exp <7‘77>
forallj=0,1,2,....

Proof. Since h(x) is smooth and nonnegative, the first sentence of the proposition
follows from the fact that the denominator in the definition (17.1]) of ¥(x) is never
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zero. The second sentence follows from the fact that h(z) = 0 for x < 0 and
h(z) > 0 for > 0. Thus it is left to prove (17.2]). Observe that
(17.3) h(z) <5 1
for all j > 0. Since h(x) is nonnegative, we can show that

2
(17.4) h(r—x+mn)+h(zx—7) > exp <_77>
for all real = by considering the two cases © > 7+ 7 and x < 7+ 7 separately. Now
apply Lemma [3.3| with f(¢) = 1/¢ and g(¢t) = h(7 —t+n) + h(t — 7) to deduce from
(T73) and (T7.4) that
d’ 1 < o 2(j +1)
e 1 X
ati \n(r—t+n) +ht—r) ) ST TP

for all 7 > 0. Similarly, we can prove that

cCZlTjj (h(t—u+n1)+h(u—t)> S oxp (20;1))

for j > 0. With these bounds and (I7.3), we can prove (17.2) for j > 1 by a
straightforward computation using the product rule. The case ;7 = 0 of -

trivially follows from the fact that ¢ (z) <

We now start our proof of Corollary Let b < 1 be a real number with

0 <2b—3 For large T, we take n = L™Y2 u = T/T®, and 7 = (T + T%)/T" in
the deﬁnltlon of w( ) and define

t
(17.5) w(t) = ¢ (Tb>

It immediately follows from Proposition that w(t) is smooth and nonnegative,
and that

(17.6) w(t)=1 for t€[T,T+T"
and
b b b
17.7 t)y=0 fort¢g |T———=,T+T
(17.7) w(®) ort ¢ { ViegT ’ T ViegT

Hence, since b < 1, it follows that w(t) is supported on [T/2,4T] for large T.
Differentiating j times and applying , we see that

(17.8) w(t) <, Ty

for all j > 0, where

(17.9) Ty = Tte 6VIeT,

Note that T/?t¢ « Ty <« T since the inequalities b < 1 and 0 < 6 < 2b — %
imply that 2 < b < 1. Hence w(t) satisfies the conditions in the hypothesis of

Theorem Thus we can apply Theorem th w(t) defined by (17.5).

We need to simplify the right-hand side of (L.6) for our choice of w(t). It follows

from ([17.6), (17.7), and the definition (1.5)) of W that
(17.10) W = (1 + o(1)T"
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as T' — oo. This simplifies the main terms and shows that the first error term on
the right-hand side of (1.6)) is o(7?) for our specific w(t). To simplify the second
error term, observe that it follows from (17.9) that

(17.11) Ty >. T

for arbitrarily small € > 0. Thus the second error term in (|1.6) is bounded by

< T3+4+e _ pl(0-bte+d)+0+3+e

Since 6 < 2b — % and b < 1, it follows that 8 — b + % < 0. Thus, if A > 0 is any
constant, then we can choose € small enough and ¢ large enough such that

1
£<0—b+5+2>+0+§+5 < —A

Hence the second error term in (T.6)) is O(T~4) for a suitably chosen £. Next, to
simplify the third error term, observe that our assumption 6§ < 2b — % implies that
g + % < b and so

Y2734 0g® T = T340 10g® T = o(T)

as T'— oo. This ends the proof of Corollary
Now we prove Corollary (1.2). Let b < 1 be a real number with 6 < $3b — 2.

We continue to use the function w(t) defined by (17.5). As we have proved above,
w(t) satisfies the conditions in the hypothesis of Theorem and so we can apply
Theorem We can simplify the main term and the first error term in (|1.8)) using
(17.10). To bound the second error term, observe that our assumption 6 < 55b— 16—1
implies

11 9

—0+3—--b < b

2 + 4
It follows from this and (17.11)) that the second error term in ([1.8) is
(1712) < y11/2T3/4+€(T/T0)9/4 < T%9+37%b+8 — O(Tb)

for small enough . This proves Corollary

18. THE FOURTH MOMENT OF Z(t')M (t)

We are almost ready to complete the proof of Theorem Before we can do so,
we need to prove an asymptotic formula for each of the integrals on the right-hand
side of (2.1). We do this for one of them in this section, and prove the following
theorem.

Theorem 18.1. Let 0 < 6 < 2—12 and a € R be fized. Suppose that w(t) is defined
by [I75). If 2+ 220 <b<1—20, then

(18.1) /oo \Z() M () [ w(t)dt = C(a,0)T" + o(T?)

— 00

as T — oo, where C(a,) is the same as that in Theorem[1.3
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Proof. For brevity, let Jy denote the integral on the left-hand side of (18.1]). Recall
that [Z(t)| = |(($ +it)|. We use the definition (T.4) of M(t) to write

(18.2)

a= Y {4 T (10”/””) | (("3”4):)_“|<<;+z’t’>|4w<t>dt,

lo nin
ni,nz,n3,na<y | j=1 &Y —oo \(m172)

where (ning)’ = ning/(ninz, ngng) and (n3ng)’ = nang/(ning, nang).
We first estimate the inner integral on the right-hand side. Recall that w(t)
satisfies the property (17.7)). Thus, if w(t) # 0, then it follows from (3.5)) that

2a Tb-1
(18.3) . 0()

log 5— log® T

since b < 1. This formula implies that

(Lo ™ = (L) (14 0 (g

for n1,n9,n3,n4 < y, where p is defined by (6.5). We insert this into (18.2) and
apply the definition ([1.4)) of M (¢) to deduce that

(18.4) To = [ G - e + €,
where

szb_l > 1 14
(18.5) AR S g T /_m|§(§ +it")|*w(t) dt.

We need to bound the integral on the right-hand side of (18.5)). To do this, we
define g(t) to be the inverse function of ¢ — ¢’. Recall that ¢’ is defined by (1.3).
Hence ¢(t) is defined by

(18.6) D(g(t) —0(t) = —a

for large enough ¢. Note that g(t)’ = g(t') = t. Since a can be any fixed real number
in the hypothesis of Lemma g(t) can take the role of ¢’ in its statement. That
is, we may replace a by —a in the statement of Lemma [3.4] to deduce that

d 1
18.7 —g(t) =1+ O ,
( ) dtg( ) (tlog2t>
and
(18.8) n>2

—g(t no o1 — &
ATy
for large enough t.
Using the properties of g(t), we can bound the integral on the right-hand side of

18.5)) via Proposition Indeed, make a change of variable and use the estimate
18.7) to deduce that

|G ritumar = [ i+ i) Lo
(18.9) o o

< /Oo IC(% +dt)|*w(g(?)) dt.
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Note that w(g(t)) is smooth because both w(t) and g(t) are. Also, it follows from
and . that w(g is supported on [T'/2,4T)] for large T. To bound the
derlvatlves of w(g(t)), we use Lemma with f(t) = w(t) and g(t) defined by
(18.6). We apply the estimates (17.8), (18.7), and (I8.8) to the resulting equation
for (d7 /dt7)w(g(t)) to see that it is <; Ty’ for all j > 0, where Ty is defined by
(17.9). Therefore the function w(g(t)) satisfies the conditions in the hypothesis of
Theorem Hence we can apply Proposition with h =k =1and p =0 to
arrive at

| e+t a

(18.10)  _ /°° ;v((29(t))2

where

4
2
22723724) H (Z] - Z@)z H TJ dt

1<j<<4 ji=
T O(T3/4+s (T/TQ

\_/>—‘
v

" z1+zzgz3*54
K(Zl,22,23,24) = <27r> A21722,—23,—Z4(0)'

We choose each path of integration to be a circle with center 0 and radius 1/logT'.
To estimate the right-hand side of ((18.10]), first observe that a change of variable

and give
o0 o] dt/
/ w(g(t)) dt = / wt) o dr < W,

—0o0
where W is defined by (|1.5). Using this, the definition (6.1)), and the Laurent series
of ¢(s) near s = 1, we can bound the integral on the right-hand side of ([18.10) by

< W log4 T.

This bound is < T?log T by (17.10). By (17.9) and our assumption b > 12/13,
the error term in (18.10) is o(T?). From these bounds and (18.10)), it follows that

/OO IC(L +it)[*w(g(t) dt < T*log*T.

o0

From this, (18.9)), and (18.5)), we arrive at
£ < PT? Mog® T = T20+2- 11663 T
Thus € = o(T®) by our assumption b < 1 — 26. This and (18.4)) together give

as1) o = [ I+ = e d + o)

—00

as T — oo.
The next step is to estimate the integral on the right-hand side of (18.11)). By a
change of variable, we see that

|l - e a
(18.12) o

= [l i O e+ ) e+ p) dr
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It follows from ((17.7) and (3.5)) that w(g(t+ p)) is supported on [T'/2,4T] for large
enough T'. Thus, by (18.7)), if w(g(t + p)) is nonzero, then

dg 1
Ft+p) =1+ 0(—5—).
a1 ) <T10g2T>

Insert this into ((18.12) to deduce that

/ TG i) M — p)Puo(t) de
(18.13) %

- 1+ o(TllgT» ket it + i) oo + p) de

By arguments similar to those below ((18.9), we can show that w(g(t + p)) satisfies
the conditions in the statement of Theorem (1.3} with Ty defined by (17.9). Therefore
we can apply Theorem [I.3] to write

/ T it i) M) (gt + ) dE = Cla6)W,
(18.14) /7=

W,
+ 0 (1) + OWMPTIET/ T,

where

W, = [ o+ o)

— 00

By a change of variable and (3.6]), we see that
o0 dt/
W, = [ G = (oW,
where W is defined by (1.5]). It follows from this and (17.10) that

(18.15) W, = (1 + o(1))T"

as T — oo. Moreover, since b > 2 + %9, the bound (|17.12)) applies to the second
error term in (18.14)). By this, (18.15)), and (18.14)), we conclude that

/OO IC(5 + it +ip)[ [ M@®)|*w(g(t +p))dt = C(a,0)T" + o(T")

as T — oo. This together with (18.13) and (18.11) complete the proof of Theo-
rem [I87] O

19. PrROOF OoF THEOREM [L.1]

We now prove Theorem [I.I] To do this, we choose suitable values for the pa-
rameters 6, a, and b. Then we finish the arguments we started in Section

Let 0 < 6§ < 1/48. This guarantees that we can choose a real number b with
% + %9 < b<1-26. Also, let a > 0 such that the right-hand side of is
negative for large T. We may take a = m, say.

Our choice of the parameters 6, a,b allows us to apply Corollary [I.I} which we

proved using the function w(t) defined by (17.5). Hence, from (1.7)) and (2.2), we
deduce that

<cosa + 4;:;‘1 + 0(1)) T < /S|Z(t)Z(t’)||M(t)\2w(t)dt.
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We may square both sides because both are positive by our choice of a. Thus

4sina

(19.1) (Cosa + 5 0(1))2T2b < (/S|Z(t)Z(t’)||M(t)|2w(t)dt>2.

The restrictions on 6, a, b also allow us to apply Corollary [I.2)and Theorem [I8.1
We use the special case of Corollary [[.2] with a = 0 to write

0o 1/2
(19.2) (/ | Z()[* M (t)[*w(t) dt) = (C(0,6) + o(1))/* T2,
Also, the conclusion of Theorem [I8.] gives

S 1/2
(19.3) (/ |Z ()|} M () *w(t) dt) = (C(a,0) + o(1))"/? T2,

We now see from (2.1), (19.1)), (19.2)), and (19.3) that
(19.4) (A + o(1))T" < N,
where N = [ 1s(t)w(t) dt and

(cosa + %)2

C(0,0)1/2C(a,0)1/2
The properties (17.6) and (17.7) of w(¢) imply that

N = /_o:o 1s(Hw(t)dt = /T”Tb Ls(t)dt + (%)

= M + o),

where M is the measure of the set SN[T, T+ T"]. Hence gives a lower bound
for the value of M.

From this estimate for M, we can deduce a lower bound for the number of zeros
of {(s) on the critical line, as follows. Recall that S is the set of ¢ € [T/2,4T] for
which Z(t)Z(t') < 0. Let t € SN[T, T +T"], so that Z(t) and Z(t') are of opposite
sign. This implies that there is a v such that ¢ < v < ¢’ and Z(vy) = 0. Since
t € [T, T + T?], the inequality ¢t < v < ¢’ implies T < v < (T + T®)’, which gives
T <~ <T+T+1 for large T by . Now holds since ¢ € [T, T + T"].
Thus it follows from the inequality ¢ < v < ¢’ that

t < <t+2a+O<Tbl>
7 log L log’T )"

A:

(19.5)

S o
We can also write this as
2a
- ——=(1 1) <t <.
YT gzt o) g
Hence we have proved that the set S N [T, T + T*] is contained in the union of
all intervals of length (1 + o(1))2a/logT that have right endpoints at zeros v of
Z(t) satisfying T < v < T + T + 1. The number of such intervals is at most
No(T +T® 4 1) — No(T) because Z(v) = 0 if and only if ((3 +iy) = 0. We thus
conclude that

2a

M < (1+ o(l))logT

(NO(T + TP +1) - NO(T)) .
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It follows from this, (19.5)), and (19.4) that

2a
b
<
(A + o(1)T* < g T

We rearrange this and arrive at

(NO(T + T +1) - NO(T)) .

s T b
(—A + 0(1)) ~logT < No(T+T°+1)— No(T).
a 2m
By the well-known bound N(T + 1) — N(T) < logT (see Theorem 9.2 of Titch-
marsh [24]) and the fact that No(T) < N(T), it follows that
No(T+T°+1) = No(T+T° + O(logT).

Hence
m T b
(19.6) (EA + o(1)) S-logT < No(T+1T") = No(T).
7r
The following elementary argument now shows that Theorem follows from
(19.6). For large T, let Uy,Us,Us, ... be defined by U; = Tb and the recursive
relation
Uy = (T+U +Usg+---+U;_1)°, §=2,3,4,....
Let r be the unique integer for which
U1++Ur § T < U1+"'+U7-+UT+1.
Note that the definition of r implies that
U+ 4U. > T Uy =T~ (T+U +Us+---+U,)" > T—(2T)°.
Hence, since T'— (27)° = (1 + o(1))T, it follows that
(19.7) I+o)T < Uy+---4+U, <T.
By (19.6), we can write
U
(gA + 0(1)) 2 logT < No(T+Uv+Ust- - +Up) = No(T+ U1 +Us 4+ -+ Uj 1)

for j =1,2,3,...,r. Add the corresponding sides of these r inequalities to deduce
that

U+ +U,
(gA + 0(1)) %bﬂ < No(T+ Uy + -+ Uy) — No(T).
It follows from this and (19.7) that
s T
z - < - .
(aA + 0(1)) S-logT < No(21) = No(T)

Now replace T in turn by %, %, %7 ... and add the results to conclude that

m T
(EA + 0(1)) ElogT < No(T).

From this and the fact that N(T') ~ - log T' (see Theorem 9.4 of Titchmarsh [24]),
we deduce Theorem [[1] with

; 2
T 7T(COSG T 4sma)
19.8 > A = 3ab 0.
(19:8) S aC(0,0)172C(a, 0)12 ~

This completes the proof of Theorem [1.1
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20. NUMERICAL COMPUTATIONS

We can use any standard computer package to compute the coefficients of the
polynomial R(t;y,p) in (16.2). By such numerical computations we are able to
determine the values of the coefficients A, ,, in (16.5) and see that

24 s, 14684 o 2896 o 5 64,

C(a,0) ~ 31185 ¢ 42525 10395 ¢ 45
+ %9@4 %6‘%4 + %9%4 + %9_2(12
+ %9—1(12 + %aQ + %9@2 + 59_4
+ %6‘3 + %9—2 +%9‘1 + 1.
Note that

2 4 1
C(0,0) = §9‘4 + 3—56‘3 + 309‘2 +§9—1 + 1.

This agrees with the conjecture (6.29) of Conrey and Snaith []].

With the above explicit form of C(a,#), we can numerically optimize the value
of the lower bound for k. For fixed 6 close to 1/48, we find that the value
a =~ 4.3120526 is optimal, and we arrive at the lower bound

& > 0.0001049.

If we assume the (yet unproved) statement that Theorems and hold for any
6 > 0, then we can optimize numerically by varying both a and §. We find that
the values a ~ 3.0407338 and 6 ~ 0.9967280 are optimal, and they give

K > 0.0086729.
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