EXPLICIT FORMULAE AND DISCREPANCY ESTIMATES FOR a-POINTS OF
THE RIEMANN ZETA-FUNCTION

SIEGFRED BALUYOT AND STEVEN M. GONEK

ABSTRACT. For a fixed a # 0, an a-point of the Riemann zeta-function is a complex number
Pa = Ba + iva such that ((pa) = a. Recently J. Steuding estimated the sum

Z xPa

0<va<T
Ba>0

for a fixed x as T" — oo, and used this to prove that the ordinates 7, are uniformly distributed
modulo 1. We provide uniform estimates for this sum when z > 0 and # 1, and 7' > 1. Using this,
we bound the discrepancy of the sequence Ay, when A # 0. We also find explicit representations
and bounds for the Dirichlet coefficients of the series 1/(¢(s) —a) and upper bounds for the abscissa
of absolute convergence of this series.

1. INTRODUCTION AND RESULTS

Let ¢(s) denote the Riemann zeta-function, where s = o +it is a complex variable. As is usual, we
shall denote zeros of the zeta-function by p = 5 + iv. If a is a nonzero complex number, an a-point
of ((s) is a number p, = B, + i7, such that ((p,) = a. That is, it is a zero of F(s) = ((s) — a.
For basic results about a-points we refer the reader to [10], [I2], and [I5]. In particular, it is known
that there exists a number ng(a) such that for each n > ng(a) there is an a-point very close to
s = —2n, and there are at most finitely many other a-points in ¢ < 0. We call these the trivial
a-points, and the remaining a-points nontrivial. Since a Dirichlet series that is not identically zero
has a right half-plane free of zeros, the nontrivial a-points lie in a strip 0 < ¢ < A, where A depends
on a. It was proved in the paper of Bohr, Landau, and Littlewood [2] that the number of these with
0<7v, <Tis

T T T
(1.1) No(T)= Y L= -logo— = o—+Oa(logT)
0<v. <T
Ba>0

provided that a # 1; if a = 1 there is an additional term — log 2(T'/27) on the right-hand side. The
corresponding formula for the number of nontrivial zeros of the zeta-function is

T T T
N(T) = 1= 2 log— — = + O(logT).
T)= > 5 log o — o~ + O(logT)
o<y<T

It was also proved in [2] that if the Riemann hypothesis is true, the a-points cluster about the line
o = 1/2. Much later Levinson [I0] showed that this holds unconditionally. A similar clustering result
was proved for the zeros of the zeta-function by Bohr and Landau [I]. Despite these similarities,
there is a striking difference between the distribution of a-points and zeros: for each fixed o with
1/2 < 0 < 1 the number of a-points with 8, > o and 0 < v, < T is > T, whereas ((s) has only
o(T) zeros in this region (Titchmarsh [15]).
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In 1911 Landau [8] proved the remarkable formula

Z xf = —A(m)% + O(logT) (T = o0),
0<~y<T
where x > 1 is fixed. Here A(z) is von Mangoldt’s function defined as A(n) = logp if n = p* for
some natural number k, and A(z) = 0 for all other real z. A formula for 0 < z < 1 follows on
replacing x by 1/z, multiplying the resulting sum by z, and observing that 1 — p runs through the
nontrivial zeros as p does. The two z-ranges may be combined and stated as

(1.2) Z zf = —(A(m)—l—xA(i))%—l—O(logT) (T — ),

for any fixed positive x # 1. Recently, Steuding [I3], Theorem 6] proved an analogous formula for
a-points, namely,

1 T
Pa — _ - - 1/2-‘1-6
(1.3) D (Aa(:c) +m(x)) oo O,
0<va <T
where x # 1 is fixed and positive and € > 0 is arbitrarily small. When a # 1, A,(n) is defined for
integers n > 2 by means of the Dirichlet series

o0

_ ) Aq(n)
(1.4) o a > R

For other real z, Ay(x) = 0. When a = 1, A, is defined for numbers m2” with m an odd positive
integer and 7 any integer by means of the generalized Dirichlet series

) e v M@m)
(-1~ 2= 2 @mp
odd

n=2

Here too Aj(xz) = 0 for other real x.

The implied constants in (|1.2)) and (1.3]) are highly dependent on . For example, in the case of
(1.2), Gonek [6], [7] proved that when x,T > 1

O<WZ£T P = — %A(Qf) + O(xlog(22T) loglog(3x)) + O(logx min (T, %>)

+ O(log(zT) min (T, @))

where (z) denotes the distance from x to the nearest prime power other than z itself, and the implied
constants in the O-terms are absolute. An immediate corollary of this is that for ,7 > 1 we have

- T /T 1
(]qz;Ta: = %A(x) + O(log(22T) loglog(3x)) + O(loga: min (;, @))
+ O(log(2T) min (%, xlc}ga))

Our first aim here is to prove analogues of these formulae for (1.3)).

In stating our results it will be convenient to write
(1.5) B = sup B,
Pa
and
B=p; +e,

where ¢ > 0 is arbitrary. Thus, the value of B may be different at different occurrences. As was
mentioned above, there is a number A such that all 8, < A, so S} is finite. Furthermore, (see



EXPLICIT FORMULAE FOR a-POINTS 3

Theorem 11.6 (C) of [15]) we know that for every § > 0 the equation ((s) = a has solutions in the
strip 1 <o <1+4. Thus 87 > 1.

Theorem 1.1. Suppose a # 0,1 is a fized complex number and let z,T > 1. Then

¥ o = Eaer s oen(t + wafr ) + ol e (s 1)

+ O(loff (1 + min {T, @}))

The implied constants depend only on a and the value of € in the definition of B.

To estimate Z 2P* when 0 < x < 1, we consider Z 2~ P with > 1. In this case we do

0<va<T 0<v. <T
Ba>0 Ba>0
not need to exclude a = 1.

Theorem 1.2. Let a #0 and 0 < @ < 1 be fized. If T > 1 and 1 < x < T, then

—Pa T logT T 1
0<%:<Tat Pa — _%A(m) + O<logx)+ O(log(Zx)mm{;’@}) + O(log4T)_
Ba>0

It would be interesting to have a version of Theorem [I.I]when a = 1 also. This looks possible but
rather complicated and is not needed for the applications below.

Steuding [I3] used (|1.3)) to prove the interesting result that the fractional parts of the sequence

{Ma}ry.>0 are uniformly distributed modulo 1, where X is any fixed nonzero real numberﬂ Our
uniform versions of (1.3) allow us to prove a discrepancy estimate for this sequence.

Theorem 1.3. Let a # 0 and let X # 0 be a fized real number. Then for T sufficiently large we

have
1
— Z 1
Na(T) <o<%§T, Ba>0 >

{)"Ya}ga

(1.6) sup

- o <L —F,
0<a<1 loglogT

where {x} denotes the fractional part of the real number x.

The analogous problem for the zeros (i.e. the “case a = 0” of Theorem [1.3) has been studied
extensively. The interested reader is referred to the survey [I3] and the references therein for an
informative discussion of this problem and related results.

As another application of Theorem [I.2] we prove
Theorem 1.4. Let
n<N

IThe statement of Theorem 6 in [I3] is incorrect when a = 1 because in that case —(¢’(s)/(C(s) — 1) cannot be
expressed as an ordinary Dirichlet series.
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where the a(n) are complex numbers such that |a(n)| < n° and N = T% with T > 2 and 0 < 0 < 1
fixed. Then for a # 0 we have

> Alpa) :;(a(l)logT— > “(")TLA(”))jL o(T).

0<va<T 2<n<N
5a>0

Specializing the Dirichlet polynomial A(s) leads to the following formulae.

Corollary 1.1. Let

M(s) = Z p(n) and P(s) = Z %

If N =T9 with 0 < 0 < 1 fized and a # 0, then

T
(1.7) > M(pa) = (1+0)5-logT + O(T)
0<v. <T
Ba>0
and
(1.8) > Plpa) = (1_0)110gT + O(T).
@ 2T
0<v, <T
Ba>0

These results seemed counterintuitive to us at first. To the extent that one expects M(s) to
approximate 1/((s) and P(s) to approximate ((s) on average, one might expect the first sum to
be large and the second small when |a| is small, and expect the reverse to be true when |a| is
large. However, from the corollary we see that the first sum is always larger than the second. The
explanation seems to be that many a-points are quite close to zeros of ((s). In fact, the same
argument as in the proof of the corollary shows that and hold with the p,’s replaced by

p’s.
Theorems [I.1] and [I.2) are proved by calculating the integrals
1 !/
7/ xis C (8) ds
271 J o ¢(s)—a
over an appropriate rectangle Z. The size of the coefficients of the Dirichlet series for 1/({(s) — a),
and its abscissae of convergence and absolute convergence enter into this analysis, so we shall also

prove the following results. Although we do not require as much detail as the next two theorems
provide, we record them in the hope that they may prove useful to others.

Theorem 1.5. For a # 0,1 the coefficients of the Dirichlet series

1 _ 2 ba(n)
C(s)—a_z ns

n=1

are given by

if |al > 1,

_ if 0<|a|l <1,
—Yola—1)"Feg(n) if |a| =1, buta # 1.
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Here dy(n) is the nth Dirichlet coefficient of ((s)! and e;(n) is the nth Dirichlet coefficient of (¢(s) —
1)!. When a =1 the series is the generalized Dirichlet series
> bl m2
SRR
od

with coefficients

by (m2") = Z (=DF fr.(2'm),
where fi,(n) is the nth Dirichlet coefficient of (((s) —1 — 27%)F.

Theorem 1.6. Let a # 0. Define o* > 1 to be the unique solution to the equation

((o) = lal if laf >1,
Clo)=14+1—a| if |a|=1a#1,
¢(20) =la ) a

C(U) - | | f | | < 17

C(o)=1+2"7 if a=1
Then the abscissa of absolute convergence & of the series for 1/(¢(s) — a) satisfies

g <o".
Remark. When a =1, 0* ~ 2.4241.
Theorem 1.7. Let a # 0,1 and let oy be the abscissa of convergence of the Dirichlet series
=},
<<s>1— > Tgsn)'

n=1
Then o¢ = B, with B2 as in (1.5), and

l<og <o <"

Moreover, for every e >0

ba(n) < nPate,
This bound is sharp in the sense that

|ba(n)| > nfe—e

for infinitely many n.

2. PROOF OF THEOREM [L.1]

In the following proof we shall appeal to Theorem though it is proved later.

The functional equation for ((s) is
(2.1) () = x(s)¢(1 = s),
where, by Stirling’s formula,
E N7 in /s 1
— (= im /4+it -
22 K = (5;)" er(ro(p)

as t — oo in any fixed vertical strip. From (3.11.8) of [I5], we have

<) > —

logt



6 SIEGFRED BALUYOT AND STEVE GONEK

ast — oo wheno >1— lo‘gt and, in particular, when o > 1. Thus, from (2.1)) and . we have

(2.3 @) > B

logt

as t — oo in any fixed vertical strip with ¢ < 0. We may therefore choose a number T > 2 such
that |((s)| > |a| for ¢ < 0 and ¢ > Tp, and also so that no v, equals Tp. With this Ty, and any
T > Ty with T # ~, for any ~,, consider the contour integral

1 B+1+4T —2+iT —2+iTo B+144T, ¢'(s)
I (/ +/ +/ +/ )()xsds
2mi B+1+iTo B+1+iT —24+iT —2+iTo ((s) —a

=0 + I + Is + I,

I = Z e,

To<va<T
Ba>0

To prove the Theorem we estimate I; through I,.

say. By the calculus of residues

To estimate I; we use the Dirichlet series expansion (|1.4), which by Theorem is absolutely
convergent for 0 = B + 1, and integrate term-by-term. This leads to

e ()" (5, ()" )

T-T,  [Aa(?)| g . 1
= - OAa(HC) + O<7LZ:27”LBHIB+ mm{ﬂlog(x/nﬂ})'

n#x

L

(2.4)

To estimate the sum in the error term note that |log(z/n)| > 1 for n < z/2 or n > 2z. Thus the
part of the sum with n < z/2 or n > 2z is

(2.5) <<Z |nB+1| BYl o B+l

The part with z/2 <n < x is

< Z [Ao(n |m1n{ m}

_ §§N|Aa(n)|min{T,bg(i/m} + |Aa(N)|min{T,m},

where N is the largest integer less than . By Theorem [1.7, we have A,(n) <. n®. Thus, since

_ N —
logf = —log(l—x n) > n’
n x
we see that
Z |Aa(n)\min{T #} <z Z [A(n )| <e xNPlogz <. o1
"logz/n) — N —
F<n<N F<n<N
On the other hand, we have
1

|Aa(N)|min{T } <e NBmm{T L} < mein{T,%}.

"logx/N z—N x)

Hence the part with /2 <n < z is
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A similar argument gives the same estimate for the part with z < n < 2z. Using this and (2.5 in

(2.4), we obtain

(2.6) I = —%Aa(x) + O€<xB+1 + 2B min {T%})

To estimate I, we require the following lemma.

Lemma 2.1. There is a positive number R, depending only on a such that for R > R, we have

7</(8) = Z L + Og(logt)

C(S) ¢ \Pafs\<RS @

uniformly for —2 < o < R—2 and large t.

Proof. Let f(s) = ((s)—a. If rq > % is large enough, then for oy > r, we will have | f(oo+it)| >, 1
for all large t. We will show how to determine such an r, later. We apply Lemma « of §3.9 in [I5]
with f(s) = ((s) —a, so = g0 + 1T, r = 4(009 + 2), and T large. By the Phragmen-Lindelof theorem
applied to ((s) (see, for example, Chapter 5 of [14]), we have f(s) = O,(T*) for some constant A
uniformly for |s — sg| < r. Thus

’f(s) <, TA

f(s0)

uniformly for |s — so| < r. It now follows from Lemma « that

70(5)@ > ! + O,(logT)

-
lpasl<r/a 7~ Pa

for [s —so| < r/4. if s =0 +iT and —2 < 0 < 200 + 2, then |s — sg| < r/4 because r = 4(0g + 2).
This proves the lemma with R, = 4(r, +2) and R = r/4.

We now show how to choose an 7, such that if o9 > r, then |f(og + it)| >4, 1 for all large ¢t. If
a # 1, then |1 — a| # 0. Hence, since lim,_,; {(¢) = 1, we may choose a number o so large that
|1 —a|l > ((c)—1for ¢ > oy. If a =1, we choose o1 = 4. In that case ¢ > oy implies

=1 © 1 ol-o 2 1
O A =
= n 5 Uu° oc—1 3 2

which in turn implies that

CGs) =11 =27+ > ne| 22773,
n=3

We now set r, = max{oy, 35 4+ 1}. It then follows that if a # 1 and og > 74, then
[floo +it)] =|C(o0 +it) =1+ (1 —a)| =2 [1 —a|] = ((o0) +1 > 0.
On the other hand, if a = 1 and o9 > r,, then
|f (o0 +it)| = |C(og +it) — 1] > 371270 > 0.

This completes the proof. O
By Lemma [2.1]
1 —2+iT s B+1
I, = —/ ds + O(logT/ x”do).
’ Z 27 Jpy14iT S~ Pa -2

|pa—s|<Ra
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The error term is
B+1

< logT z .
log x

To estimate the sum, note that by Cauchy’s integral theorem we may replace the line segment of
integration in each term by the semicircle above or below the segment depending on whether p, lies
below or above that segment. Thus, the sum is

< Z B

[pa—s|<R

By (1.1)) the number of terms in the sum is O(log T"). Thus,

1
(2.7) I, < zB+ logT<1 n —)
log x

To estimate I3 note that by our choice of Tp, if 0 = —2 and t > Tj, then

()

\MS

1 1 1 1
((s)—a c<s>(1—a/< ) = ()

Thus
1 —2+1iTyp C/(S) 1 —2+1iTy C/(

ds + — S)Z(g(as))k

2.8 I3 = —
(28) ’ 2mi ) _gqir C(s) 21 J oyt ’ (s) =

From the logarithmic derivative of the functional equation for {(s) (for example, see [7] or [], pp.73,
80, 81]) we have

d(s) _ d(d-5s) t 1
29) T T clizsy Tleg T O(Z)

in any half-strip A; < o < Ag,t > 1 that does not contain zeros of {(s). Thus, the first integral on
the right-hand side of (2.8]) equals
7,t C/ 1‘72 r

; t
(B —dt)dt + — z' logQ—dt + O(z%logT).
T

27T Ty 2 To

We insert the Dirichlet series for ¢’/¢ into the first integral here and integrate term-by-term, and in
the second we integrate by parts. In this way we find that

(2.10) % _ZZTO s g((j)) ds < IOEQT + min {L 1§§T7 7;205) ; }
To estimate the second integral on the right-hand side of , note that by we have
5/2
C(=2+it) > Togt
for t > Tp. Also, by (2.9), we have
"(—2+it
w < logt

for t > Ty. Hence
1 —2+1iTy CI(

2

§) o=/ a \F 2/T log=t 9
— d dt .
Z(C(s)) s L - w2 L

- x
21 J oyt ¢(s)

k=1
From this and (2.10) we obtain

logT . (TlogT logT
2.11 I { , }
(2.11) 8 < z2 +min z2 ' z2logx
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Finally, ¢’(s)/(¢(s) — a) is bounded on [—-2 + iTp, B + 1 + iTp], so

I, < B+t
Combining this, .7 and (2.11] , we find that for T > Ty
T
(212) ij%=—%mm+o4ﬁﬂ+ﬂmqn%p
To<va<T
Ba>0

+ O(xB+1 logT(l + @)) + O(longT + 10§2T min {T, @})

Recall that we have assumed T # -, for any 7,. To remove this assumption, observe that by
(1.1), changing T' by a bounded amount in (2.12)) changes the value of the sum on the left-hand side
by at most O(z®logT). This is clearly no more than the resulting change on the right-hand side.

As we mentioned in the first paragraph of Section 1, all the nontrivial a-points lie in a strip of
the form 0 < o < A. There are at most a finite number of these with 0 < v, < Ty, hence

(2.13) > < 2P

0<v, <Y
Ba>0

uniformly for 1 < Y < Ty. Taking Y = T and combining this with , we see that we may
extend the sum on the left-hand side of to run over all p, with 0 < ~, <T and S, > 0. The
resulting formula holds for T" > T > 2. To see that it also holds when T is between 1 and Ty, note
that holds with Y = T, and it right-hand side is bounded by the second error term on the
right-hand side of . This completes the proof of the Theorem

3. PROOF OF THEOREM

Let a # 0 and suppose that > 1. As in the proof of Theorem (see below ), we can
choose a Ty > 2 such that [((s)| > |a| for o < 0,t > Ty, and such that no ~, equals Ty. We also
choose a T' > Ty which is not equal to any v,. With ¢* as in Theorem we see by the calculus
of residues that

B 1 o*+144T ~toatzay HT ~toztzmy HiTo o +1+iTy ¢'(s) .
Z pPa — : + + + (7)x °ds
210\ Jo# 4144, o 14T — togtamy T — ogtsay +iTo ((s) —a
=L + I + I3 + Iy
say.

To estimate I; we first assume a # 1. Using the Dirichlet series expansion (1.4 and integrating
term-by-term, we obtain

- iAa<n><nz>“*“(; , G a)
1

o1 |Aa
Z no" +1log nx) < " +1logx Z no" +1 2ot logx’

Now assume a = 1. By (6.4) below we see that
o*+1+iT /
I :/ _os) () x %ds

o*+1+iT, C(s) =1

T S logy < P
_ -1 k‘2(k§+1)8 L —sd .
[ e O W C I LRl S

“H14iTo =2 k=0 n=3k
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Note that by Theorem the double series over k£ and n converges absolutely when ¢ = o* + 1.

Hence
30 3D WIS M sy

V=2 k=0 n—3k o*+1+1iTy

(o clNe S BNe o}

1 f ok+1 o +1
<y Yy R (20)

v=2 k=0 n=3k IOg 2k+1

This is absolutely convergent because
rny 3k.2 3
for k > 1, while
-2
log (%) > log (J;g) =logzn > logz >0

for k = 0. Thus

3.1 I - -
(3.1) 1€ e

which is the same as our estimate when a # 1.

To estimate Is we use Lemma [2.1] to write

lug(S_L)JrZT 78 o +1
I2 = Z 27.”/0- dS + O(IOgT/ ) x_o'da').

P
lpa—s|<R THL+T Pa ~Tor(3m)

The error term is )
x Tos(32) logT
< logT < Tl
log x log
To bound the sum, note that by Cauchy’s integral theorem we may replace the path of integration
in each term by the semicircle above or below the path depending on whether p, lies below or above

it. In this way we see that the sum is

1
< Y amem < Y 1< logT
|pa—s|<R [pa—s|<R

by (L.1)). Thus

(3.2) I, < 1ogT(1 +

)
logx/"
Next we come to I5. Since |((s)| > |a| when o < 0 and t > Tp, we have

1 1 1 1 a \*
((s)—a @(1—a/<<s>) - <<s>kz_0(<<s>) '

Hence
1 [ @ +iTo / 1 [ wee@ +iTo "(5) & k
I = — x_sg(s)ds + —/ x_SC(s)Z(—a )
2mi _log(131)+iT C(S) 2mi _log(13.r)+iT C(S) k=1 C(S)
=1I31 + I3,
say.

We first consider I3z. By (3.11.7) of [15] and (2.9) we have
¢'(s)

(3.3) O

< logt
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for 0 < 0 bounded and ¢t > Ty. Using this and (2.3), we see that the terms in I3y with & > 1
contribute at most

T 3
log” ¢
2 4
(3.4) <a /TO T g Mt < log" T.

By integration by parts, the term with £ =1 is

_a T ) e

- T s = a—
2mi — ogtsy +iTo ¢2(s) 2mi ((s) — oy +iTo

——ds.
~ toatzay HiTo C(S)

1 ; 1 .
Toz@a) TiT 10gx/10g(3x)+ZT T
a

211

By (2.3) the first term on the right-hand side is < T_l/ 2 log Ty < 1. Hence,

1 log( JL)'HT
(3.5) Iy = a287 / T (log T).
— atsey 1o Q(S)

Using the functional equation in the integral and switching the order of summation and
integration (by absolute convergence), we see that

log x otz HT gms (2 p(n) 4
I3 0 =a—= / Z s ds + O(log™T)

“To (13m)+iTO X(S) n=1

,LL log(Sa‘
=al
a ogxz (27” /

1 )
~Tozamy T10

3 +1iT

(%) 78% ds) + O(log* T).

By (2.2), we next obtain

—im/4 > T _1__1 1
_ae 1/log 3z p(n) (i) T Tosdm ( tn ) ( (7))
I30 = o T log x nE:I 171/ 108G) 27 exp (itlog Sron 1+0 ; dt

+ O(log* T).

The O-term inside the integral contributes

1 3 _1
< log 3z Z Hl/log(?m:)(/ t 2 dt) < TO 2 log2(3$€) < 10g2 T.

Thus

ac " 4 ) Tt -iomm
== gl/leg3a oM (7> 5 (
I35 o T logxng1 71/ 10a(37) </To o exp (itlog 5

) )

We next split the interval of integration into dyadic intervals I, = (T/2*+1,T/2%] with k
0,1,2,..., K = [(log(T/Ty)/ log 2)] — 1, plus the possible additional interval Ix +1 = [Ty, T/25+1]
[To,2T5). We then have

+ O(log* T).

Nl

—im/4 K+1
_ae 1/10 3z (n) 4
13,2 —T S 10giE Z TWW( Z Ik > + O(lOg T)
(36) —i‘n’/ K+1 [e’e) )
o 1/log 3z 4
L 837 Jog 1 Z (Z n1+1/log(3z)I k(0 )> +0(log™ 1),
where
t N3 wEm tn
. Zi(n) = (—) e ('tl ) dt.
(37) o= [ (5 exp (itlog 51

To estimate this we apply the following minor modification of a lemma in Gonek [5].
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Lemma 3.1. For large A and B with A <r < B <2A,
B t t o3 i
/ exp (z’t log (—)) (—) dt = (2m) = arae= T4 L O(E(r, A, B)),
A re 27
where a 18 bounded and where
Aotz Bats

(3.8) E(r,A,B) = A" % 4 _ _.
|A—r|+ Az |B-r|+ B2

Forr <A orr > B,

(3.9) /B exp (it log (i)) (%)_ dt = O(E(r, A, B)).

A re

For us the cruder bound E(r, A, B) <« A® suffices. Assuming that Ty is sufficiently large (as we
may) we then find that for k =0,..., K,

(oo} oo
win) 1 1 2z T T
D oy B(n) < > SR Diwrzyirrer E(T ok+1 27)
n=1 rx2ktl /T<n<mx2k+t2/T n=1
1 o0
3.10 1 T\ ozt 1
(3.10) <) nT (QT) 2. 1 +1/log(3x)
n<z =

< log(3x) ((2%) R + 1).

We similarly find that

o p(n)
> 1/ Tog@a) LK +1(1) < log(32).
n=1

Inserting these estimates in (3.6)) and summing, we find that

& (28 matem 2K\ rostom
I35 < log*(3z) z_: (<T> =+ 1) +log! T < log3(3x)(<T> =+ K) +log* T
3 1 \ oatamy 4 4
<log (Sm)((T) +1ogT) +log* T < log* T
0

To estimate I, we use (2.9) to write
L
— = +iT /
1 log(3x) s C

I3, = — %2 (1-s)ds
271—7/ - log(13;n) +iTO C

1 .
~Tog3my 7T t T gt

+ / ) z %log —ds + O(/ >
7log(l3z)+iTO 2m To t

Integrating by parts, we see that

T
, t log T
/ z " og — dt < o8

Ty 21 log x
Hence
L
1 [Ty tT ¢ logT
Iy = — TS (1= s)ds + O(12) +O(log).
31 21t f_ 1 H-Tom C( 5)ds + log z +0(logT)

log(3x)
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The remaining integral equals

3w (D) (G [ () )

_ —7;§%u@-+0<i§2AWN2)H“$”mm{Twmalm>}>

By Lemma 2 of [7] this equals

T-To (T 1
R — A(z) + O(log(2z)loglog(3x)) + O(log(?x) mln{;,@}>.
Hence,
T (T 1
I3 = — %A(x) + O(log(2z)loglog(3x)) + O(log(2o:) m1n{;,®}>
logT
logT).
+ O(logx) + O(logT)
Combining our estimates for I3 ; and I5 2, we obtain
T (T 1
- Iy = — %A(z) + O(log(2z) loglog(3x)) + O(log(2x) min {E’ E})
| + O(lOgT) + O(log* T)
log '

Finally, since ¢’(s)/(¢(s) — a) is bounded on [—2 + Ty, 0* + 1 + iTp],

I, < a9 < 1.

It follows from this, (3.1)), (3.2), and (3.11) that

312y 2 TS —%A(x) + O(ﬁii) + O(log(22) min{g,éj}) +0(log™ 7).
ot

To complete the proof of the theorem, we argue in much the same way as at the end of the proof
of Theorem That is, we first remove the constraint that no v, equals T" and then note that
we may extend the sum on the left-hand side of to include the a-points with 0 < v, < Tp.
Finally, it is easy to see that we may replace our condition that 7' > Ty by T > 1.

4. THE PROOF OF THEOREM [[.3]

Levinson [10] has shown that for § > 0 and T sufficiently large (depending on a), the number of
a-points p, = Bq + iva With |3, — 2| > & and T < v, < 2T is O(6~'T'loglog T'). Thus,

Z |ﬁa_%| = Z |ﬂa_%| + Z |6a_%|
T<v,<2T T<v,<2T T<v,<2T
|Ba—31>5 1Ba—31<5

T loglogT
< 10808 L
1)
Taking 6 = (loglogT/log T)'/2, we deduce that

(4.1) Z 1Ba — 3| < T+/logTloglogT.

T<va<2T

+ SNL(T).

Since e¥ — 1 < |y| max{1,e¥} for any y > 0, we see that
|z /2 — g Be| = 27V/21 — g2 Pe| <« |8, — %Hlogﬂmax{m—lm,xfﬁa}'
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By the remark after (2.3)), there is a number T, such that if v, > Tp, then 8, > 0. We may obviously
also assume that Tp is so large that (4.1]) holds for 7' > Tj. It follows that if z > 1, then for these
pa we have 7% < 1. Hence, for z > 1

o7V2 — 5P| < |8, — L[loga.
This and (4.1) imply that

Z roE e — Z TP+ O(Tlogx\/m)

T<v,<2T T<v,<2T

for z > 1. Replacing T' by 2, T,

>ooamEe = 3 a7 4+ O(Tlogay/log Tloglog T).

%, ... and summing, we see that

To<va<T To<va<T

Now fix 0 < § < 1 and assume that 1 < 2 < 7% From this and Theorem we find that

, T logT
Z T = — —_A(z) + O(\/E—Og ) + O(Vzlog'T)
2m\/x log x
(4.2) To<va<T
T 1
+ O(ﬁlog@x) min{;, ®}> + O(\/ETlogx\/longoglogT).

By the Erdés-Turédn inequality (see [I1], Chapter 1, Corollary 1.1), if K is a positive integer, A # 0
is a real number, and [« 8] is a subinterval of [0, 1], then

N(T) 1
< el
S k41 T SZ;IC

Z e(kMva)

To<va<T

(4.3) Y1 = (B—a)(Nu(T) — No(Tp))
To<va<T
{Ma}€la,b]
Without loss of generality we may assume that A > 0. Taking x = exp(27k\) with k a positive
integer in (4.2)), and then taking the complex conjugates of both sides of the resulting equation, we
find that

1 T
z Z e(kMa) < o + ™\ /log Tloglog T

To<va<T

Inserting this into (4.3)) and evaluating, we obtain

N, (T
< I(( ) + TK + ™7 \/logTloglogT.

Z I - (B_a)(Na(T)_Na(TO))
T0<'YaST
{Malt€le,B]

Note that including the terms (if any) with 0 < 7, < Tp, 8, > 0, and {\y,} € [, 8] changes the

left-hand side by at most O(1). If we now choose K = [1/772;6 (loglog T')], we obtain

1
M@, 2, b

0<va<T, B4>0
{AVa} €[, B]

for A > 0 fixed, and uniformly for any subinterval [a, 8] of [0,1]. The estimate (|1.6) follows easily
from this.

1
loglog T’

<

5. PROOF OF THEOREM [I.4] AND COROLLARY [L.1]

By (1.1) and Theorem with = n an integer > 2, we see that

1 T
= A 1 log? T).
0<7§<Tnpa 9 (n) + O(logn) + O(log™ T)

Ba>0
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Thus, since N = T with 0 < 6 < 1 fixed, we have

S Ap) =Y am) Y wre

0<vo <T n<N 0<v, <T
Ba>0 Ba>0
(5.1) —a(ONT) + 3 a(m)( — 5 A(m) + Oflog" 1))
. 2<n<N 2mn

:T(a(l)logT— Z CL(’I’L)A(T?,)>+ O(T0+25).

21 n
2<n<N

This gives Theorem [I.4] assuming ¢ is so small that 6 + 2¢ < 1.

To prove Corollary first take A(s) = M(s) in (5.1), where M(s) = >, on p(n)n™* and
N = T? with 0 < 6 < 1 fixed. Then we find that

> M(pa) :;;r(logT— > “(")nA(”)>+ o(T).

0<va<T 2<n<N
Ba>0

The sum over n equals

1
- Z 8P _ —log N + O(1).
p

p<N
Thus,
T T
E M(pa) = —logT +0—1logT + O(T),
21 2
0<v. <T
Ba>0

which is the same as ([1.7]).

For P(s) =}, <1 °, we similarly find that

> Plod =g (toer- 3 ) o)

0<va<T 2<n<N
Ba>0

T
:%(logT —logN) + O(T).
This gives (1.8).
6. THE PROOF OF THEOREMS [[.5] AND

As in the previous sections we assume a # 0 is a fixed complex number. Throughout this section
we write

£() = ¢(s) — a.

As we shall show, when a # 1 and o is sufficiently large, 1/f(s) has a Dirichlet series representation

8
>

1 Wl
& 5 —a &= w

We shall also show that when a = 1 and ¢ is large, one has the generalized Dirichlet series repre-
sentation

1 - 1 o bl(m2’")
(6.1) T 1 2 2 ()

We denote the abscissa of convergence of 1/f(s) by o and its abscissa of absolute convergence by
7. Both, of course, depend on a and, in general, neither is easy to determine precisely. Theorem [T.5]

~
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gives explicit formulae for the coefficients b, (n) of f(s) and Theorem gives upper bounds for &.
The two theorems are most conveniently proved together for the various ranges of a.

First we consider the case when |a| > 1. Clearly ((o) decreases from oo to 1 as ¢ increases from
1 to co. Hence ((0) = |a| has a unique solution ¢* > 1, and for ¢ > ¢* we have ((0) < {(c*).
Moreover, |((s)| < ((o) for ¢ > 1. Thus, when o > o*

[¢(s)| < ¢(0) < ¢(0") = al.

Furthermore, for ¢ > ¢* we have
1 Ll (g(s)> 1
¢(s)—a a =\ a a
The double sum, in fact, converges absolutely since dj(n) is positive and
1 i 1 i dy(n) 1
“al Talk o —lal
faf 2« TaF 2« "0 = (o)~ Ial
Thus, when |a| > 1 we have & < ¢* and

bat) == 3 2.

k=0

o0 oo

1

k
k=0 n=1

Remark. It is not difficult to see from the proof that when a > 1 is real, we in fact have & = o*.
Next we consider the case 0 < |a] < 1. For ¢ > 1
1\ ((20)
I=T[(1+ ) =32
1;[ p° (o)

Since ((20)/¢ (o) increases from 0 to 1 as o increases from 1 to oo, there is a unique solution o* > 1
of the equation ((20)/{(c) = |a|, and if o > o*, then |((s)| > C(20)/C(a) > |a|. Thus, for o > o*

oo

1 1)
(6.2) m: k+1 Z nz k+

For any prime power p’, we have d_ (k+1)( ) = (kﬂ)( 1)7. Hence

S (8- ()"

Therefore the double sum in is absolutely convergent and has modulus

o k(S0 )T Co) 1
S,;' | (<<za> = 20) ToJalk()/C20)

It follows that ¢ < ¢* and that

Suppose next that |a| =1but a # 1. If o > 1
C(s) = 1] < (o) —

and the right-hand side decreases from oo to 0 as ¢ increases from 1 to oo. Thus, there is a unique
solution o* > 1 to the equation {(o) —1 = |a — 1|. Moreover, if ¢ > ¢*, then [((s) —1] < {(c*)—1=
|a — 1|. Hence, for o > o*,

1¢(s) = 1] < |a—1].
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We therefore see that

o 1 v s) -1
((s)—a  ((5)=1)~(a—1) ,;) (@ — 1)kt
. = 1 er(n)
N kzzo (@ — 1)kt &= ps
where
(6.3) (qg—nk:E:%@) (0 >1).

We note that the egx(n) > 0, so for o > o*

(Co) - " !
Z\a MHZ Z|a—1|k+1 A= 1= -1

Thus @ < ¢*, where ¢* is the unique solution to {(¢) =1+ |1 —a| in ¢ > 1. We also see that

balm) == Y- =5k

k=0

where eg(n) is given by (6.3)).

Finally, suppose that a = 1. Then for o > 1
1 29
C(s)—1  1+(2/3)5+(2/4)s +

This time we let 0* be the unique solution in ¢ > 1 of

1=(2/3)7 + (2/4)° +

or, equivalently, of
(o) =142'7.
Then if 0 > o*,
(2/3)7 +(2/4)7 +--- < 1

and we have

1 25
C(s) =1 1+ (2/3)" + (2/4)
(6.4) :’;( 1)k2(/€+1)s (C(S) 1 %)k
:i( 1)kl t)s i fk(ﬁ)’
k=0 n=3k e

where

By our choice of ¢*, the double series in (6.4]) converges absolutely when o > ¢*. Thus we have
7 < o*, and ([6.1) holds with coefficients given by

bi(m2) = > (1) fr(2'm).
Yeiso

This completes our proof of Theorems [I.5] and [T.6]
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7. THE PROOF OF THEOREM [[.1]

By a theorem of Landau [9] (Appendix, Satz 12), if

> a
n
g(s) = e
n=1

is convergent and nonzero for ¢ > a and a; # 0, then
(oo}
1 by,

q(s)

converges for o > . We apply this to the function ¢g(s) = {(s)—a when a # 1 or 0. Let p, = B, +1i7,
denote a typical zero of {(s) — a and let

ns
n=1

Ba = sup Ba,
Pa
as before. Then the series for 1/(¢(s) — a) converges when o > S%. In fact, 5} is the exact abscissa
of convergence because 1/({(s) — a) has a pole at every zero p, of {(s) — a and, therefore, the series
cannot converge at p,. Thus, we have og = 8} < 7. Next recall that 8} > 1 (see just after (1.5])).
From this and Theorem we see that for a # 0, 1,

l<og=p;<7<o"

Finally we turn to the growth of the coefficients b,(n). Since the terms |b,(n)/n%| must tend to
zero when o > %, it is clear that for any € > 0

ba(n) < nfate,

By a theorem of Bombieri and Ghosh (3], Theorem 3) this upper bound is sharp when a # 0,1 in
the sense that
|ba(n)] > nPae

for infinitely many n. this completes the proof of Theorem [I.7}
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