ON THE PAIR CORRELATION CONJECTURE AND THE ALTERNATIVE
HYPOTHESIS

SIEGFRED ALAN C. BALUYOT

ABSTRACT. We prove the equivalence of certain asymptotic formulas for (a) averages over
intervals for the 2-point form factor F'(«, T) for the zeros of the Riemann zeta-function, ¢(s),
(b) the mean square of the logarithmic derivative of ((s), (¢) a variance for the number
of primes in short intervals, and (d) the number of pairs of zeros of ((s) with small gaps.
The main result is a generalization of the fusion of a theorem of Goldston and a theorem of
Goldston, Gonek, and Montgomery. We apply our result to deduce several consequences of
the Alternative Hypothesis.

1. INTRODUCTION AND RESULTS

We assume the truth of the Riemann Hypothesis (RH) throughout this paper, and let % + iy
denote a nontrivial zero of the Riemann zeta-function, ((s). In the early 1970’s Montgomery [15]
introduced a new method of studying the distribution of zeros of {(s). Assuming RH, he defined
the function

T - ic(y—y /
Flo) = FlaT) = (GoiT) 30 0l — ),
0<y,y'<T
where the sum is over all pairs 7,7’ of ordinates of zeros counted according to multiplicityﬂ
Here « is real, T > 2, and w(u) = 4/(4 + u?). He then observed that F is a real valued even
function of «, and proved that

(1.1) F(a,T) = (14+0(1)T2*logT + a + o(1)

uniformly for 0 < a < 1 —¢ for any fixed € > 0. From this he deduced that if RH is true, then at
least two-thirds of the zeros of ((s) are simple. He also showed that if 0 <3 <73 <~73--- isa
list of the ordinates of all the zeros above the real line, counted according to their multiplicities,
then the differences
Yn+110g g1 ymlogym

(1.2) 2 2

are less than 0.68 infinitely often. Later, Mueller and Heath-Brown noted that F' is nonnegative
(see []), and Goldston and Montgomery [I2, Lemma 8] showed that holds uniformly for
0<a<.

The usefulness of F'(a) for deducing information on the distribution of the zeros is limited
by the fact that the asymptotic behavior of F(«) is known only for |a| < 1. To get around
this difficulty, Montgomery [I5] used a quantitative form of the Hardy-Littlewood twin prime
hypothesis to conjecture that for any fixed M > 1,

(1.3) F(a,T) =1+ o(1)
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2 SIEGFRED BALUYOT

as T' — oo, uniformly for 1 < o < M. This led him to make the following conjecture.

Conjecture (The Pair Correlation Conjecture). For any fixzed 8 > 0, we have

N ¥ (L r) S /61 sinmu®
Pr= o 0 ™ “

0<vy,Y'<T
0<y—v'<£25%

as T — oo.

The integrand above is called the pair correlation function of the zeros. It happens that
the eigenvalues of large random Hermitian matrices (the Gaussian Unitary Ensemble or GUE),
which are used in the study of particle physics, have exactly the same pair correlation function.
Thus the pair correlation conjecture provided a surprising connection between number theory
and random matrix theory, two fields that seemed unrelated at the time. Later, Odlyzko [10]
found strong numerical evidence supporting the pair correlation conjecture. Bolanz [3], building
on Montgomery’s ideas, proved that holds for 1 < M < % provided that a strong form of the
Hardy-Littlewood twin prime conjecture is true. He later (unpublished) extended the range to
1 < M < 2 under an additional assumption. Hejhal [I4] proved results similar to Montgomery’s
for the triple correlation function of the zeros of ((s), and Rudnick and Sarnak [I7] proved
results for the n-correlation function, providing even more theoretical evidence that the zeros
are distributed like the eigenvalues of matrices from the Gaussian Unitary Ensemble. Bogomolny
and Keating [I} [2] used a prime-twin type conjecture to heuristically extend the range of the
n-correlation result of Rudnick and Sarnak.

In spite of the overwhelming numerical and theoretical evidence, the pair correlation conjec-
ture has yet to be proved. Thus, it is of interest to determine consequences of other conjectures
about the spacings of the zeros. One well known alternative to the pair correlation conjecture
is the Alternative Hypothesis. There are various formulations of it, but they all essentially say
that almost all the differences (1.2)) are close to half-integers. In a sense, the Alternative Hy-
pothesis is antithetical to the pair correlation conjecture in that the latter says the zeros are
randomly distributed, whereas the former says they are quite regular. Besides supporting the
pair correlation conjecture, a disproof of the Alternative Hypothesis would be useful in showing
that Landau-Siegel zeros do not exist. Indeed, Conrey and Iwaniec [6] have obtained a relation
between the spacings and the size of L(1,x) for real primitive Dirichlet characters x. A
corollary of their Theorem 1.2 is that if the number of ordinates v, < T for which the spacings
are less than 0.49, say, is > T(log T)*/® (as T — o), then

L(1,x) > (logq)~™.

The implied constant in their result is effectively computable.

Conrey [5] formulates the Alternative Hypothesis as the existence of a function h(T) that goes
to 0 as T' — oo such that if ~,, > Tp, then the difference is within h(Tp) of a half-integer.
A more precise formulation is implicit in a lecture of Heath-Brown [I3]. He observed that if
L(1,x) < ¢~ /%%, then there is a sequence of points t,, that are close to the zeros of ¢(s)L(s, x)
such that if ¢,, and ¢, are about the size of T, with T much larger than ¢, then there is an
integer £ with

(tm — tn)log T = 7k + O(|ty, — to|{logq + log?/> T}).
We will base our formulation of the Alternative Hypothesis on this. We let

5= Llogy
2

denote the normalized ordinate of a zero, so that the average spacing between consecutive 7,,’s
equals 1. Our version of the hypothesis is the following.
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Hypothesis (The Alternative Hypothesis). For each n there is an integer k,, with

- ~ 1
(1.4) Yn+1l — Tn = ikn + O(|7n+1_7n|"/}(7n))a

where ¥(7) is a function such that () — oo and ¥ (v) = o(log~y) as v — oo.

The aim of our study is to deduce consequences of the Alternative Hypothesis. To do this, we
look at known consequences of the pair correlation conjecture and determine their corresponding
forms under the Alternative Hypothesis.

Goldston [I0] showed that the pair correlation conjecture is actually equivalent to a weaker
variant of (1.3)), namely

b+d
(1.5) /b Fla,T) ~ 6

as T — oo for all fixed b > 1 and § > 0. He also showed that the pair correlation conjecture is

equivalent to
00 [ (ol 5) v 5) = (-5) 5

as T — oo, for all fixed § > 1. Here, ¥(z) = Engm A(n), where A is the von Mangoldt function
defined by A(p™) = log p for prime powers p™ > 1 and A(n) = 0 for all other n. Later, Goldston,
Gonek, and Montgomery [IT] showed that (1.5) is equivalent to

def (/ b 2 1—e2b 9
T — ~|——— | Tlog"T
I(b,T) = /1 ¢ (2+1 T+Zt) dt ( og

4h?

as T — oo, for all fixed b > 0. Thus, collecting these results together, we have a four-way
equivalence between the asymptotic formulas for F(a,T), I(b,T), J(3,T), and N(T, 3).

Theorem 1.1 (Goldston, Gonek, Montgomery). Assume RH. The following statements are
equivalent.

b

(A1) / F(a,T)da ~b—1 as T — oo, for all fizred b > 1.
1— €—2b

(B1 ~ ( 102 )Tlog T as T — oo, for all fized b > 0.

(C1) (/3 - ) log” T as T — oo, for all fixed B > 1.

2

(D1) N(T,B) ~ / 1- (sm7ru> du as T — oo, for all fized 3 > 0.

0 U

Note that by (1.1)) we can evaluate the integral of F(«,T) on any subinterval of [0, 1] and

write
b 1 b2
Fla,T)doow ~ =+ —
/0 (o T)do ~ 543

as T — oo, for all fixed 0 < b < 1. This gives a version of the statement (A1) for 0 < b < 1 that
is true in any case (on RH). Also, a result of Gallagher and Mueller [§] states that

B2log? T
J(B,T) ~ o7

This is a version of (C1) for 0 < 8 < 1 that holds true in any case (unconditionally).

as T — oo, for all fixed 0 < 3 <1.
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In this paper, we prove a generalization of Theorem (Theorem [1.2). Afterwards, we apply
our result to obtain an analogue of Theorem for the Alternative Hypothesis (Theorem [1.3)).
To state our main result, we set

-1
def T
N*(T) = | —logT
@) (27r ©8 ) 0<;<va,

where m., denotes the multiplicity of the zero %—l—i'y and the sum again counts ordinates according

to multiplicity. Also, for a general measure p, we shall mean by f: fla)du(a) the integral of f
over the set [a,b).

Theorem 1.2. Assume RH. Let u be a positive Borel measure on [0,00) for which the function
a +— min{1, a2} is integrable over [0,00). The following statements are equivalent
b
(A) ul0,b) + o(1) < / Fla,T)da < pl0,5 + o(1)
0

as T — oo, for all fixed b > 0.

e 1
(B) I(b,T) ~ </0 e 2 du(a) — 2) Tlog?T
as T — oo, for all fized b > 0.
1 T
(C) ul0,8) - 5 T o(l) < J(B’T)lm?T < pl0,8] =5 + o(1)
as T — oo, for all fixed 5 > 0.

(D) §N*<T)+/OﬂN(T,u)du~/ooo (Si”ﬁo‘)Q du(a)

yes

as T — oo, for all fixed 5 > 0.

The measure that makes the statement (A) consistent with and is the measure
with p(0) = 1/2, du(a) = ada for 0 < a < 1, and dp(a) = da for a > 1. Thus we see that
Theorem [I.1] corresponds to taking this measure in Theorem [[.:2] Keeping in mind the remarks
below Theorem we see from a straightforward calculation that (A), (B), and (C) with this
measure are equivalent to (Al), (B1), and (C1), respectively. However, to prove that (D) with
this choice of y is equivalent to (D1) is not as straightforward. We shall not carry this out here
because the argument is similar to the one we shall use in Section [4 to prove Theorem

Let g(a) = || for |a| < 1 and be extended to R by periodicity. In Section [5| we shall prove
that the Alternative Hypothesis and the assumption that N*(T") ~ 1 imply that

1 b b 1 b
5+ > 1+/ g + o(1) g/ Fla,T)do < 5+ > 1+/ g + o(1)
n<b/2 0 0 n<b/2 0

for any fixed b > 0 as T'— oo. Thus, the analogue of Theorem [L.1]for the Alternative Hypothesis
is

Theorem 1.3. Assume RH. The following statements are equivalent.

b b b
(A2) %+ 3 1+/O g + oll) S/O F(o, T) do < %+ > 1+/0 g + o(l)

n<b/2 n<b/2
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as T — oo, for all fixred b > 0.

e —1 N 1
4h2(e2b +1) et —1

(B2) I(b,T)~ ( ) Tlog®>T as T — oo, for all fized b > 0.

B T B
()Y 1+/0 g + o(l) <J(B,T) < Y 1+/0 g + o(1)

2 _—
n<f/2 log”T 50
as T — oo, for all fixred 5 > 0.

m — — —_— if m<ﬁ<m+%,

(D2)  N(T,B) ~
+ ! ! §m 4 f m4+i<B<m+1
m D) o2 ~ (271 + 1)2 ) m 3 m 5

as T — oo, for all fited B > 0 not a half-integer. Here m = [(], the greatest inte-
ger < .

By Proposition [5.1]in Section [5] if the Alternative Hypothesis is true and N*(T) ~ 1 holds,
then the statement (A2) holds. An immediate consequence of this and Theorem is

Corollary 1.1. Assume RH, the Alternative Hypothesis, and that N*(T) ~ 1 as T — oo. Then
each of the statements (A2), (B2), (C2), and (D2) is true.

If we assume the Alternative Hypothesis and that all zeros are simple, then we can use
Corollary to estimate the proportion of zeros 7, for which 7,1 — 7, is near a fixed half-
integer k/2. Let By, o(T) be the set of zeros «,, < T such that k/2 is closest among all half-integers
t0 Yn+1 — Yn. We also define

T

-1
def
P2 = Pry2(T) = (27T10gT) |By2(T)]-

Theorem 1.4. Assume RH, the Alternative Hypothesis, and that all zeros of ((s) are simple.
Then as T — oo we have

Po = 0(1)7
1 2
(1.6) D12 = 5—94‘0(1),
4 1
(1.7) — +o(l) < p1 < 5 +o(l),
T 2
1
3 +o(1) for k>4 even,
(1.8) Prj2 <
1 2

i_TkQ_'_O(l) f07’ ]4123 odd.
m

Our estimates for pg, p1 /2, and p; agree with those in Section 2 of Farmer, Gonek, and Lee [7].
However, one should note that the formulation of the Alternative Hypothesis in [7] is stronger
than ours.
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2. LEMMAS

In each of the following lemmas we assume there is a number Ty such that the function f(«,T')
is defined for & > 0 and T > Ty, and f(-,T) is Lebesgue measurable for each such T

Lemma 2.1. Let f(o) = f(a,T) be nonnegative and let  be a positive Borel measure on [0, 00)
such that [ e " dpu(z) < co for allb > 1. If

(2.1) lim /OOO fla,T)e " da = /000 e " du(a)

T—o0

for all fized positive integers b, then

d
(2.2) u0.d) + o1) g/o fla,TYda < pl0,d] + o(1)

as T — oo, for all fixed d > 0.

Proof. The proof uses Karamata’s method (see for example §7.53 of [18]). Let 0 < § < e~¢, and
set n = —log(e™¢ — §). Define k(u) by

1/u if e ?<u<l,
o
k(u) =19 (u— 67”)5 if em<u<e
0 otherwise.

By the Weierstrass approximation theorem, given any ¢ > 0, there is a polynomial P(u) =
N n
Y no Gnu™ such that

(2.3) k(u) < P(u) < k(u)+¢

for u € [0,1]. Now uk(u) =1 for e=¢ < u < 1. Thus, by ([2.3)), 1 < uP(u) for e~ < u < 1. Also,
since k(u) > 0, we have 0 < uP(u) for 0 < u < e~ Hence 1 < e™®P(e™®) for 0 < a < d and
0<e *P(e”®) for a > d. Since f is nonnegative,

d d oo
(2.4) /0 f(a)dag/o fla)e ™ “P(e )da§/0 fla)e™*P(e™ %) da.
By , we have

(oo} N oo
—a -y ¢ . —a(n+1) d
/0 fla)e™*P(e™*) da g a /o fla)e o

(2.5) "
~ ngoan (/0 e_(”H)ad,u(a)) = /0 e~ “Ple”") du(a).
It follows from and that
d o)
2.6 d “*Ple ™) d 1
(2.6) | seyda < [ e P duta) + o)

as T — oo. By (2.3) we have e *P(e™?) < e"“k(e™) + e~ * for a > 0. From this and ([2.6])
we see that
o0
0

d 0
(2.7) /0 fla)da < / e k(e ) du(a) + E/O e"“du(a) + o(1).
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If e < u < e~?, then by the definitions of k(u) and 7, we have

[SY
[SY

€ e‘i

5 5
Thus uk(u) <1 for e < u < 1. Hence e “k(e™®) < 1 for 0 < o < 1. Also, since k(u) = 0 for
u < e ", we have e *k(e~*) =0 for a > . Thus

/ooo e~ k(e™) du(a) = /0" ¢ e dute) /noo o)
< /0 ! dp(er) + 0

uk(u) =u(u—e M — <e e —e M= =96~ =1.

= p[0,n).
We find from this and that
d 0o
(28) [ #t@da <o+ [ e duta) + (1),
0 0

Now 1[0,7) — u[0,d] as n — dT. Since n = —log(e~% — §), we have that n — d* as § — 07.
Thus, making 6 and € small enough in (2.8)), we obtain the second inequality in (2.2)).

To prove the first inequality in (2.2)), define 7 = —log(e~? 4 §) and define £(u) by

1/u if e"<u<l,
f(u) = (u — 6_(1)% if e d <u<e,
0 otherwise.

By the Weierstrass approximation theorem, given any ¢ > 0, there is a polynomial Q(u) =
er\f:o bpu™ such that

(2.9) lu) —e < Qu) < £(u)

for u € [0,1]. Now ul(u) =1 for e™™ < u < 1. Also, if e7% < u < e~7, then by the definition of
T’

wl(u) = u(u —e” )% <e (e — e_d)? =e 7(§)—==1.
Hence uf(u) < 1 for e~% < u < 1. Therefore, by 2.9), 1 > uQ(u) for e~4 < u < 1. Also,
l(u) =0for 0 <u<e % soby (2.9) we have 0 > uQ(u) for 0 < u < e~¢. Hence, by a change of
variable, 1 > e~ *Q(e™®) for 0 < a < d, and 0 > e~ *Q(e™®) for a > d. Since f is nonnegative,

d d [
(2.10) | seyda= [ Qe o> [ fapetQe do
By (2.1), we have

/ f(@)eQ(e)
1

Zb/ fla)e ) da

n=0

~ —(n+1)e = 0067(1 e ¢ ).
an(/o D)) = [T eQe ) duta)
It follows from and (2.11] - ) that

(2.12) / flayda > [ Qe duto) + o(1)

(2.1
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as T — oo. By (2.9) we have e *Q(e™%) > e (e~ *) —ee~* for o > 0. It follows from this

and that
d oo 0o
(2.13) /0 fla)da > /0 e~ (e ) du(a) — 6/0 e “du(a) + o(1).

By the definition of £(u), we have wl(u) = 1 for e™™ < u < 1. Also, £(u) > 0for 0 <u < e 7.
Thus e (e ) =1for 0 < a <7, and e"*4(e™) > 0 for > 7. We now see that

[ et dne = [ty + [T
> /O ' du(a) + 0

= p[0,7).
It follows from this and (2.13) that
d 00
(2.14) / f(a)da > pl0,7) — e/ e~ du(a) + o(1).
0 0
Now u[0,7) — u[0,d) as 7 — d~. Furthermore, 7 = —log(e "¢ +6),s0 7 — d~ as § — 0T. Thus,
making § and € small enough in (2.14)), we obtain the first inequality in (2.2)). O
Lemma 2.2. Suppose that
x
(2.15) / |f(e, T)|da <
0

uniformly for all large x and T, that p is a positive Borel measure on [0,00) such that [0, d] < oo
ford >0, and that r is a real continuous function such that fooo |r(c)| dp(a) < oco. Assume that
there exists a function ri(x) and an xo > 0 such that

(

11

i) |r(z)] <ri(z) for x > xo;

(ii) 7 (z) exists for x > xg, and ] is Riemann integrable over closed subintervals of [xg,00);
(iif)

)

(iv

ar ()—>Oasx—>oo;and
> zlri(z)|dr < oo.

Zo

If for each fized d > 0, we have

d
(2.16) u0,d) + o(1) < / f(a,T)da < pf0,d] + o(1)
as T — oo, then
(2.17) TILH})O/ fla, T)r da—/ r(a) du(a).

Proof. Let z( be as in our hypotheses and let B’ > B > zy. By condition (ii)
(2.18)
a=B'

/ * f@ () da = (rite) [ 17t a0 - i ([ 17 D1du) (@) o

The assumptions ([2.15)), (iii), and (iv) allow us to let B’ — oo in (2.18]) and obtain
oo B 00 a

219 [t nin@da= - [ @ nia [T [Crania) e
B 0

0 B
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By the same assumptions if € > 0, then the right-hand side of (2.19) is less than ¢ for B and T
large enough. Thus by (i

(2.20) / Fla, T)r _/ F (e, T)|r1(a) da < &

for B and T large enough. Furthermore, since fo a)|dp(a) < oo, we see that
(o)

(2.21) / r(a)du(a)| <e
B

for B large enough. Since pla,b] < oo for b > a > 0, not all points of [0, 00) can have positive
measure. Thus, we may choose a B such that (2.20) and (2.21)) hold and such that u{B} = 0.
By ([2.15]) we can also choose an n > 0 so small that

B
(2.22) nul0,B] <e  and 77/ |f(a, T)|da < €
0

for all large T. Let x1,x9,... be the distinct points in [0, B] with positive p-measure. Since
1[0, B] is finite, there can only be countably many such points. For the same reason, a positive
integer v can be chosen such that

(2.23) 2( max_|r(u |) i plzy} < e

0<u<B
k=v+1

Since r is continuous, we can partition [0, B] into small subintervals [c, d] such that |r(z) —r(y)| <
7 for all ,y in [c,d]. We may also choose the endpoints of each subinterval [c, d] so that none,
except possibly ¢ = 0, is equal to x1, 23, ...,z,. Now, for each subinterval [c, d] we have

/ flay(a)da— | " 1 (0) du(o)

d d d
a) - r(d)) da + / f(0)r(d) dot — / r(d) du(a) — / (r(a) — (d)) dpa(r)

da—/c du( /Ir —r(d)| dp(a).

Thus, since |r(z) — r(y)| < n for z,y in [c7 d], we have
d d
a) da —/ du(a) +77/ du(a).

(2.24)
Now replace d by ¢ in (2.16)) and subtract the resulting formula from (2.16]) to obtain

/|f JIr() — r(d)] dov + |r(d

d
<n / (@) dat]r(d)

/ floyr(e)da— [ " 1(0) du(a)

d
plesd) + o) < [ f(0,T)da < plesd] + 1),
Thus
d
“ufeh+o(V) < [ flaT)da— ple.d) < u{d) + o),
and we find that

d
[ #(@T) da plend)| < pfe) + ud) + o(0)

da—/ du(a

Hence

a)da — ple,d)| < p{c} + p{d} + o(1).
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It follows from this and (2.24) that

(2. 25
d
a) da f/ r(a) dp()

We will use this estimate for subintervals [c, d] with ¢ > 0, but a different estimate when ¢ = 0.
When ¢ = 0 we proceed as follows. By (2.16)) we have

d d
<7 If(a)lda+\T(d)l(u{c}+u{d}+0(1))+77/ dp(cv).

d
1) < / f(e,T) dav— [0, d) < p{d} + o(1).
Thus

d
/O f(Ot,T) da — H’[O,d)

da—/ du(a
0

It follows from this and (2.24)) that

d
o) da 7/0 r(a) dp()

Next we sum our estimates over all the subintervals [c,d]. Let Z[C q) denote a sum over all the

< pfd} +o(2).

That is,

a)da — pl0,d)| < p{d} + o(1).

d d
(2.26) < 77/0 If(a)lda+lr(d)\(u{d}+0(1))+n/0 dp(cv).

subintervals [c, d] of our partition of [0, B], and let Z[C 4 denote a sum that excludes the term

p{c} if ¢ = 0. Then by (2.25) and (2.26)) we see that

’ ( / flayr(@)da— | e du(@))‘

B
f(0)r(a) do — / r(a) du(a

0

/ " fayr(a)do - / " 1(0) du(a)

[e,d]
<nZ/ F@)da+ Sl (@d)| (e} + p{d} + o(1) +n2/ dyu(a
[e,d] [c,d] [c,d]
Hence
227

< 77/0 |da+z |r(d)|(u{ct+u{d}+o(1) —|—77/ du(a

[e.d]

B
da—/o r(a) dp(a)

To estimate the sum on the right-hand side, we first note that

S (d) (e} + p{d} + o(1)) < ( max_|r(u >|) S (ufe} + u{d} +o(1)

0<u<B
[e,d] [e,d]

(2.28)
— (s, ) (Z’u{c} " Zu{d}> Fo(1).

le,d] [e,d]
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Since none of the nonzero endpoints of our partition are among the points zi,...,z,, we see
that
oo oo
dofey < > pfany and Y pfdy < Y pfan}
[e,d] k=v+1 [e,d] k=v+1

Using these estimates in (2.28]), we obtain

Z’IT(d)I(u{c}Jru{dHO(l))S2( max_|r(u )) S e +o().

0<u<B
[e.d] k=v+1

From this and (2.23]) we now find that
>l @l(ufe} + pfd} +o(1) < e+ o(1).

[e.d]

Inserting this in (2.27]), we obtain

/ fley(@)da— [ " H(0) du(a)

Since fOB du(a) = po, B) it follows from ) and (2:29) that

(2.29)

B B
Sn/o |f<a>|da+n/0 dyu(a) + & + o(1).

(2.30) < 3e+o(1).

B
da—/o r(a) dp()

Finally, by (2-20), (2:21), and (2.30)), we see that
@)da— [ r(a)duto)

/ flay(@)da— | ¥ 1) du(a)

<e—|—35+5—|—o( ) =be+o(1).

a)da| + +

| @ duta)

B

Lemma 2.3. Assume that f(«,T) > 0 and that

(2.31) /Ox fla,T)da < z

uniformly for x > 1 and large enough T. Let p be a positive Borel measure on [0,00) such that

/OO min{1,a %} du(a) < oo
0

If
°° [sin 2 °° [sin 2
(2.32) Tlgrgo ; (S aﬁa) f(oz,T)doz:/0 (S aﬁa) dp(o)
for each fized B > 0, then
d
(2.33) H0.0) + o) < [ fleT)da < ul0.d] + of)
0

as T — oo for all fired d > 0.
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Proof. Our approach is similar to that used to prove Lemma 4 of [I2]. Let n > 0, and define
sin 2wz + sin 27 (1 + n)x

K@) = Ky(z) = 2z (1l — 4n2x?)
Then
oo 1 if It <1,
(2.34) K, (t) d:ef/ Ky(z)e 2™t dy = { cos? (n(|t| — 1)/2n) if 1<[t| <1+,
- 0 if [t| > 1+n.

Note that K () is an even function and
(2.35) K9 (z) <, min{1, 2%}
for x > 0 and j = 0,1, 2. Integrating by parts twice, we have

(2.36) / K'(x (Sm”m> d

for all real t. To prove the lemma, we first show that

(2.37) / fla, 1)K ) da = /OOOK(‘;‘) du(a) + o(1)

as T — oo, for all fixed d > 0. We substitute (2.36) for K and interchange the order of integration
to obtain

(2.38) /faT )da—/OOOK<d)d,u - /K” )dm

where

(2.39) R(k,T) = /O o) (Sinam)Q do — /O b (Si“a"o‘f du(a).

The validity of the interchange in the order of integration will be justified below. From (2.38))
we see that (2.37) will follow from

™

(2.40) im [ K'(2)R (7

T—o0 0

,T) da = 0.
We write

(2.41) /ODOK”(x)R (%”,T) dr = /OD + /DOO

and estimate the two integrals on the right-hand side separately.

In order to estimate the integral over [0, D], we first show that
(2.42) R(k,T) < 1+ K>
uniformly for k > 0 and large enough T. By integration by parts and -,

> T
fla / /ngdgda < 1
for T sufficiently large. It follows that

) o
(2.43) ! o2 =
2 %)
/ fla (SIHH()[) da < /1 f(Z;T) da < 1

for such T. Also, by (2.31)) we have

. 2 1
/ fla <smna) do — 1 / f(a <SH;ZO¢) da < H2/O fla,T)da < K?
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for all sufficiently large T'. Hence
(2.44)

° T sin ko 2d ! T sinka '\’ ° T S A 2, q
[T ran () a = [pan () 4 [T e () <

for T' large enough. A similar computation shows that

(2.45) /OOO <Sm m)Q dp(e) < K2+ 1.

(07

The bound ([2.42)) now follows from (2.39)), (2.44]), and (2.45)). Now by (2.32), we have

Tlgxclx) R(k,T)=0

for fixed k > 0. By this, (2.42)), and Lebesgue’s dominated convergence theorem, we now see
that

b T
(2.46) lim [ K"(z)R (7

] d,T)dx:()
—Jo

for fixed D > 0.

Next we show that the integral over [D, c0) in (2.41)) is small. That is, we show that if d > 0
is fixed, then

= e e 1
(2.47) /D K (:c)R( : ,T) dr < —

uniformly for D > 1 and all T sufficiently large. For D > 1 write

2
//faTK” )(51n7rdx) dadx
) 1
:/ / ...dader/ /...dad:z::JlJrJg,
D J1 D Jo

> fla,T) 1 > fla,T)
1 < / x3a? - 2D2 ) a?

It follows from this and (2.43) that

say. By (2.35),

1
(2.48) J1 K D2

uniformly for large T'. To estimate Jz, let h(c, z) = (sin 71'%3?/7‘(‘%)2, and observe that
2 dof Oh
(2.49) ha,z) <z and  hy(a,z) = 6—(a,x) <Lz
x
uniformly for & > 0. Using this and (2.31]), we see that
1 1
/ fla,T)h(a,z) da < xQ/ fla,T)da < z* and
0 0

1 1
/f(a,T)hﬁ(oz,x)da < x/ fla,T)da < =z
0 0
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uniformly for x > 0 and all sufficiently large T. It follows from these estimates, (2.35)), and
integration by parts that

i)QJQ _ /OO/1 Flo, TYK" (2)h(a, z) dvdz

= K'(x /faT)(amda

/ K'(x /faT (o, ) dadx

< i
D

Combining this and (2.48)), we now find that

2
// Fla, T)K"( )(bm”dm> dadm<<%

for all sufficiently large T'. A similar computation gives

2
1
// K" (x (Slmdx) dp(a)dr < o

Using these and the definition of R(k,T) from ([2.39)), we obtain (2.47]).

By , -, and (2.41]), we obtain upon taking D large enough. The formula
now follows from 1-) and (2.40).

Having established (2.37), we now complete the proof of the lemma. If x(, 5 is the character-
istic function of the interval [a,b], then by (2.34]) we have

(2.50) X)) < Ky(t) < X140 ()

for t > 0. Thus
/ f(a, TR, ((1+dn)a) da
0

< /Odf(a,T)da < /Ooof(a,T)K'n (%) da.

Using (2.37)) to replace the first and third integrals in (2.51)), we obtain

(2.52) /Ooo K, (md”)“) du(a) + o(1) < /Odf(a,T)da < /000 Ry () duta) + o(1)
By , we have
7 (522 ) = [ v (S dute) = o1+ )

o . o o
K, (=) du(a §/ X du 1[0, d(1 + n)].
|80 (5) dute) < [ o (5) dute) = ulo.d(1 + )
It follows from this and (2.52) that

(2.51)

and

10,d/(1+n)] + of / Fla,T)da < pl0,d(1+n)] + o(1)

as T — oo, for all fixed d > 0 and n > 0. Since u[0,d] — p[0,d) as § — d~ and p[0,0] — u0, d]
as § — dT, making 7 small gives ([2.33)).
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It remains to show that the interchange in the order of integration in (2.38) is valid. Write

&) ae = [T e (““” ””)dedum)
/1/0 . dx du(a // cdrdu(a

= I + I, say.

By (2.35) and the fact that |sinz| < 1 for real z, the double integral I; converges absolutely.
Thus the order of integration can be interchanged in I; by Fubini’s theorem. For I, we use
(2.35)), (2.49)), integration by parts (twice), and Fubini’s theorem (twice) to see that

:/1 OOK”(gc) h(a, ) de dp(o // K'(2)hy (o, ) dz dp(e)
= //K (o, ) dp(a) de :/O K“(w)/o/o hy (e, §) dp(a) d dx
:/O K”(x)/o/o ha (o, €) d€ dp(er) de = /OOOK”(w)/Olh(a,w)du(a)d%

A similar computation using (2.43|) justifies the interchange in the order of integration on the
right-hand side of

/ fla, K // fla, T)K"( )<51n7r x>2 dx do.

This proves .

3. PROOF OF THEOREM
By a result of Goldston [10} (2.6)], on RH there exists a Ty such that
d
(3.1) / F(a,T)da < max{1l,d — c}

uniformly for real ¢ < d and T > Ty. Thus (2.15)) holds for f(a,T) = F(a,T) (we can dispense
with the absolute value sign because F(a,T) is nonnegative). We will use this fact repeatedly
below without mention.

To prove Theorem [1.2| we show that (A) = (B), (B) = (A), (A) = (C), (C) = (A), (A) =
(D), and (D) = (A).

First we show that (A) = (B). Suppose that (A) holds. Take r(z) = ri(z) = e 2% in
Lemma [2.2] to get

oo

(3.2) Thm F(a,T)e % da :/ e 2 du(a).
— 00 0 0

By Theorem 1 of Goldston, Gonek, and Montgomery [I1], stated in a slightly different form,
e 1
(3.3) I(b,T) = (/ F(a,T)e 2 da — 2) (1+o(1))Tlog*>T
0
as T — oo, uniformly for T'log® T' < b < 1. Inserting (3-2) in (3.3)), we obtain

I1(b,T) = </000 e 2 du(a) 4+ o(1) — ;) (1+0(1))Tlog®> T
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as T — oo for fixed b > 0, which is (B).

To prove (B) = (A), suppose that (B) holds. Then combining (B) and (3.3]), we see that ((3.2])
holds for all b > 0. Now apply Lemma to obtain (A).

To show (A) = (C), we make the change of variable v = fgg; in the definition of J(5,T) and
see that

T
log? T

dv

T @
J(6,T) Tv-1logT

B
= [ war et s pn -y
(3.4)

0
B
= Wi(v,T)dv, say.
0

A special case of a result of Goldston [10, Theorem 2] isﬂ
o x T\2 _plozz dx
[ @lerg)-vw-g) G

e 1\ log?T
~ F(o,T)e " do — =
(/0 (o, T)e o 2) T

as T — oo, for fixed b > 0. From this and our previous change of variable we find that

o0 o0 1
(3.5) / Wi (v, T)e™ " dv ~ / F(a,T)e " da — 7
0 0

Let w(v, T) be a nonnegative function such that
g 1
(3.6) / w(v, T)e " dv ~ 5 8 T — oo
0

for fixed b > 0, 3 > 0 (for instance we can take w(v,T) = T=?"1logT). Let W(v,T) =
w(v,T) + Wi (v,T). Then combining (3.5) and (3.6), we obtain

(3.7) / W(v,T)e " dv ~ / F(a, T)e b dav.
0 0

Now suppose that (A) holds. Take f(a,T) = F(a,T) and r(a) = 71 (a) = e7*® in Lemma
to see that

(3.8) Tlim F(a,T)e " da = / e " du(a).
= Jo 0
It follows from this and (3.7]) that
oo oo
(3.9) Tlim W (v, T)e " dv = / e b du(a)
—.Jo 0

for all b > 0. Thus, by Lemma 2.1 with f(a,T) = W(a,T), we have

B8
(3.10) 10,8) + o(1) g/o W, T)dv < 0,8 + o(1)

as T — oo for any fixed 8 > 0. Since W (v,T) = W1(v,T) + w(v,T), it follows from (3.10) and

(3.6) that

B
u[Oyﬁ)—% + o(1) g/o Wi(v,T)dv < u[o,g]_% + o(1)

as T — oo for any fixed 8 > 0. From this and (3.4])) we obtain (C). This proves (A) = (C).

2This can also be proved using (3.3) and an explicit formula due to Selberg, as in [T1].
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Next we prove that (C) = (A). Let W(v,T), W1(v,T), and w(v,T) be as in the previous
paragraph. By Theorem 1 of Goldston and Montgomery [12], if RH is true, then

/1X (6 (24 2) ity - )" B2 o (osR)o2T)

T
for T > 1 and X > 2. Thus, letting 3 > 1 and X = 77, we see that
log T')(log 2T
JB.T) < M

for T > 2. Tt follows from this and (3.4) that

B
/ Wi(o, T)dv < B
0

uniformly for § > 1 and T' > 2. Since W(v,T) = Wi (v,T) + w(v,T), by (3.6) we have
B

(3.11) / W(v,T)dv <« [ uniformly for §>1 and T > 2.
0

Thus (2.15) holds with f(a,T) = W(a,T) (note that W(«,T) is nonnegative). Now assume
that (C) is true. Since W(v,T) = Wi (v,T) + w(v,T), we see from (3.4)), (3.6, and (C) that

(3-10) holds as T' — oo for any fixed 8 > 0. By (3.10) and (3.11) the hypotheses of Lemma
are satisfied with f(«o,T) = W(a,T) and r(a) = r1(a) = e~ °*. Hence we have (3.9). It now
follows from (3.9 and (3.7 that (3.8)) holds for all b > 0. Applying Lemma we finally obtain
(A).

To prove (A) = (D), we use the formula (6.14) of [9] (see also (2.3) and (2.5) of [10]), namely

sin(rBa) > 1 (ﬁ 1+p )
/ Fla ( ﬂ'ﬂa ) da—ﬂN (T)+ /NTu du+ O log?

Since F(a, T) F(—a,T), we can also write this as
(3.12) / NTudU*/ F(a,T)(Sm(Wﬂa) do +O<ﬂ Hﬂ).
TQ log? T

Suppose that ( ) holds. By (3.1) and (A) we may use Lemma 2.2 with f(a) = F(a), r(a) =
(sin(mfa)/ma)? and (o) = (ﬂ'a) ~2 to obtain

(3.13) im [ F(e,T) (““(7“30‘))2 da = /OOO <Sm(”5“))2 dp(a).

T—oo Jg ye’ yiye;

From this and (3.12)) we obtain (D). This proves (A) = (D).

To prove that (D) = (A), suppose that (D) holds. Then by (3.12)) we have (3.13). We may
therefore apply Lemma to obtain (A). This completes the proof of Theorem |

4. PROOF OF THEOREM [I.3]

Recall that g(a) = |a] for || < 1, and is defined for all R by periodicity. Let v be the
measure on [0,00) defined by v(0) = l v(2n) = 1 for all integers n > 1, and dv(a) = g(«) do
for 2n < o < 2n+2, n > 0. When /1, = v, we can easily evaluate the expressions in (A), (B),
and (C) involving p and see that the statements (A), (B), and (C) are the same as (A2), (B2),
and (C2), respectively. Thus (A2), (B2), and (C2) are equivalent statements by Theorem
However, showing that they are equivalent to (D2) is not as straightforward. To do this, we will
define a new statement (D’) and show that, when p = v, the statement (D) is equivalent to (D’),
which in turn is equivalent to (D2).
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Lemma 4.1. Assume RH. Let p be a positive Borel measure on [0,00) for which the function
a +— min{1, a2} is integrable over [0,00), and define

o0 = plo.m) = [ (Si”ﬂ“)z du(a).

T
If p(B) is absolutely continuous on each closed (finite) subinterval of [0, 00), then (D) is equivalent
to

(D) SN*(T) + N(T,8) = ¢/(8) + o(1)

as T — oo, for all fized B > 0 for which the derivative exists.

Proof. Suppose that ¢(8) is absolutely continuous on any closed subinterval of [0,00). Then
¢©'(B) exists almost everywhere. Also, ¢(8) = foﬂ ¢'(z) dx for all B > 0. To show that (D) =
(D), assume that (D) holds and suppose that @ > 0 is a real number such that ¢'(5) exists.
Since N(T,w) is an increasing function of u for fixed T', we have

1 B8 1 B+h
- N(T,u)du < N(T,B8) < — N(T,u)du
h Js-n hJs
for all small enough h > 0. It follows from this and (D) that
p(B) — (B —h) B+h)—e(B)

- +o(l) < %N*(THN(T&) < ¥l

Making h small enough, we obtain (D).

W + o(1).
Now suppose that (D’) holds. To show that (D’) = (D), we use the estimate
(4.1) N(T,B) < 1+ uniformly for 8> 0 and large T,
which follows from Lemma 9 of [12]. By and (D), if 8 > 0 is such that ¢'(5) exists, then
NY(T) < 1+ 8+ 1 (9).
Hence, since the left-hand side does not depend on (3, we have
N*(T) < 1.

This and (4.1)) gives
N*(T)

+ N(T,u) < 14w uniformly for v >0 and large T.

Thus, by Lebesgue’s dominated convergence theorem and (D) we have

lim /0 ’ (N*Qm +N(T,u>) du = /O " ) du= (5,

T—o0

which is (D). This proves that (D) = (D), thereby completing the proof of the lemma. O

To show that Lemma is applicable when p = v, we need to show that ¢(3, ) is absolutely
continuous. We do this by explicitly calculating ¢(3,v) and computing its derivative. By the
definition of v (see the beginning of this section), we have

(s 2 X /g 2 o0 . 2
421 ot = [ (00) = G 3 () [t (M)

n=1
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To evaluate the sum on the right-hand side of (4.2)) we integrate the Fourier series expansion of
z — [z] — 1 term-by-term to see that

(4.3) —Ww)——-W)* _ i(sinwny>2

2 ™

n=1

for all real y. (This can also be obtained by directly computing the Fourier series expansion of
the left-hand side of (4.3)).) It follows from (4.3 that the sum on the right-hand side of (4.2)
equals

o~ (sin2mBn\* (26 - [26)) — (26 — [26))”
” S (e i)

—~ ™
To evaluate the integral on the right-hand side of (4.2)), we expand ¢ as a Fourier series:

o0 ;i 2
1 1 _ 677!'7,’”, .

4.5 = - —— mna,
(15 o= () ¢

Use this and the Fourier transform pair

(4.6) r(a) = (W)Q and  #(u) = ;max{O,l - ';'}

o0 sin(rfa) o Ll e (sin(nfa))? rina
/_mg(“)< mfa ) do= 2. 2( min >/_oo< mfa >e .

n=—oo

to write

(4.7)

1 <1<1>”>2<1n)
28 w2p Eas n 28 )"

The interchange in order of summation is justified by absolute convergence. Inserting (4.4) and

in ([4.2), we obtain
B, 0, (26-[20]) — (28 [20)”

2 () -5

0<n<2p8

(4.8)

We see from this that ¢(8,v) is differentiable at each § > 0 that is not a half-integer. Thus
(B, v) is absolutely continuous on every closed subinterval of [0, 00).

It now follows that we may apply Lemma with p = v. Using (4.8)), we obtain

Lemma 4.2. Assume RH. Denote [3] by m. When u = v, the statement (D) is equivalent to

m—1

11 4 _ .

1 m+a—w§0m iFom<f<mds,
SN(T) + N(T, B) ~

(4.9) 2 1 & 4

’ 1— — - i 1 1

m + 2W21§J(2n+1)2 Zf m+2<ﬂ<m+

as T — oo, for all fivzed B > 0 not a half-integer.
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To complete the proof of Theorem we need to show that is equivalent to (D2).
Observe that if both N*(T') ~ 1 and re true, then (D2) holds. Similarly, if both N*(T") ~ 1
and (D2) hold, then is true. Thus, to prove that is equivalent to (D2), it suffices to
show that each of them implies N*(T) ~ 1.

First we prove that (4.9) implies N*(T) ~ 1. Let N(T') denote the number of zeros of ((s)
with 0 < v < T, counting multiplicity. If A > 0, then by the definition of N*(T'), the definition
of F(a,T), and the Fourier transform pair (4.6)), we have

(4.10)

(;logT)lN(T) < N*(T) < <21;10gT>1 3 <bm( 5(v — 7)1ogT> -

0<’)’7’)’/ST 2 ’y ’y )1OgT

:/OOOF(a T)- Xmax{O,l—%} da.

Now suppose that (4.9) is true. Then by Lemma the statement (D) holds with u = v. Hence,
by Theorem the statement (A) is true with x4 = v. It follows from this and Lemma [2.2) with
fla,T) = F(a,T), p=v, r(e) = 2max{0,1 - ¢}, and r1 () = 0, that

oo

. 2 « o2 «
(4.11) lim F(a,T) - 5, max {0, 1-— X} do = /0 5, max {0, 1- X} dv(«).

T—o0 0

By a straightforward calculation using the definition of v, we may write the right-hand side of

A1) o
/0 imax{o,l—%} dv(a) =

[h/2)-1
9 P 4 Sn+4
RA. A - if 0<9<1
(4.12) et ; ()\ \2 ) BUsTsS
a [A/2]—

v 202 193 2 4 8n+4 .
,F+V 3)\2+ Z < > if 1<9<2,

where ¥ = 2 (3 — [3]). Using the fact that the sum of the first m positive integers is m(m-+1)/2
and the fact that ¥ is bounded, we easily see that the limit of (4.12) as A — oo is equal to 1. It
follows from this and (4.11) that making A large enough in (4.10]) gives

T 1
<2logT) N(T) < N*(T) <14 o(1)
T
as T — oo. From this and the fact that

T T

(see [19], Theorem 9.4), we obtain N*(T) ~ 1 as T — oo. This proves that (4.9) implies
N*(T) ~ 1.

Next we show that (D2) implies N*(T) ~ 1. First split the integral

/°° <sin7rﬁa)2
F(a,T) da
0 ye:;
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into two integrals, one over [0, 1], and the other over [1,00]. For the integral over [1, co] we use
(3.1) and integration by parts, as in (2.43)), to see that

0o - 2 0o
/ F(a,T) (mn?rﬂa) da < / F(a,T)% < 1
1 1

yes

For the integral over [0, 1] we use (1.1)) to see that

1 . 2 2 1 . 2
/ F(a,T) <sm7rﬁa) da ~ % + / @ (smwﬂa) da.
0 ye:; 0 yes;

If 8 > 1, then we may write the latter integral as

/01a<sin7r7;ﬁa)2da: /1/5 /m / (smm> du+/

1
o) + & [ e _ b ),

w2 18 @ w2

IN

Hence for a fixed § > 2, say, we have

(4.14) / Fla (Sm”ﬁo‘> da = %ﬂQ—FO(logﬁ)—ko(l).

as T — oo. The implied constant in the O(log 3) term is absolute. We insert (4.14)) into ([3.12))
and multiply through by 2/ to obtain

(4.15) / N(T,u)du = B+0 (1025) +o(1)

as T — oo for all fixed 8 > 2. Now suppose that (D2) holds. By (4.8), the right-hand side
of (D2) is equal to the derivative of ¢(3,v) — $/2. From this fact, (4.1)), (D2), and Lebesgue’s
dominated convergence theorem we have

/ N(Tu)du ~ ,§+5j+(ﬂ*[2ﬂ])*(2ﬂf[2ﬂ])2
2 8
1 - (="

B 20<§<:2B< n ><6_)

Inserting this into (4.15]), we obtain

2,5, (5 (o5) o ()

0<n<2p3

(4.16)

as T — oo for all fixed 5 > 2. By the monotone convergence theorem and the special case a = 0

of (4.5)), we have
1 1—(=1)™\? n
lim — — ) (1-—=
s 3 () (-5)

0<n<28
A e A | 1
-2y () - -0 - 5

We now see that N*(T') ~ 1 on taking [ large enough in (4.16]). This proves that (D2) implies
N*(T) ~ 1. The proof of Theorem is now complete.
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Remark 1: As we mentioned in Section [T Theorem [I.2] may be used to prove Theorem [I.1] by
taking p to be the measure defined by p(0) = 1/2, du(a) = ada for 0 < o < 1, and dp(a) = da
for @ > 1. The process in doing this is similar to the one in this section.

Remark 2: A stronger conclusion holds in Lemmain the special case when (o) = (sin fa/a)”
and 71(a) = a~2. Namely, the conclusion of Lemma holds uniformly for all £ in any
fixed closed interval. It follows from this and our proof of Theorem I.2]that if (A) holds, then (D)
holds uniformly for all 8 in any fixed, closed interval. Therefore, by our proof of Lemma if
(A) holds, then (D’) holds uniformly for all 8 in any fixed, closed subinterval of an open interval
on which ¢'(3) exists and is continuous. Hence, by our proof of Theorem if (D2) holds, then
it holds uniformly for all § in any fixed closed subinterval of [0, c0) not containing half-integers.
Similarly, if (D1) holds, then it holds uniformly on any fixed closed interval. This uniformity in
(D1) was first observed by Gallagher and Mueller [§].

5. THE ALTERNATIVE HYPOTHESIS

In this section we prove Proposition which states that the Alternative Hypothesis and
the assumption that N*(T) ~ 1 imply (A2). We also prove Theorem [1.4] First, we need the
following lemma.

Lemma 5.1. Suppose the Alternative Hypothesis is true. There is a function ¥(T) such that
Y(T) = o0 as T — oo, U(T) = o(logT), and such that the zeros of ((s) have the following
property: if v and ' are ordinates of zeros for which

y—
1
(5.1) -

<y <T and ‘ 10gT'<M,

log? T

then there is an integer k such that

MlogT
(v =) logT = 7rk+0<|7—'y' (\I/(T)—i— ;g +10glogT>).

Proof. Recall the definition of ¢ from the statement of the Alternative Hypothesis. Let ¥ (T) =
max{¢(y) : T(logT)~? <~ < T}. The facts that ¥(T) — o0 as T'— oo and ¥(T') = o(log T)
follow from the same properties of 1. Let v and 7' be as in the hypothesis of the Lemma.
Suppose, without loss of generality, that v/ = 7, and v = ~,, with m > n. From and the
definition of ¥(T), it follows that

=

m—

=7 =Y Gerr — )

T
LS

3

(5.2)

(ks + O((Vet1 — WW(W)))

n

+ O(ly —=~'|¥(1)),

N~

where k = 7" k;. Now by (5.1)), we have

Y v—=7 v , 2r M log T '
log L <~ (1= ) =1 Ay < (1 e — ).
vogv,_v( o ) <+ " >(7 7)_< + T (vy—=7"
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Hence
5 T
_ A — 1 ’ T o0 L
7= 27r(’7 7") logy +27r og’y/
! 2 M log T
=5-(r=7)(logT + O(loglogT)) + O ((1 + WT()g) (v - v')) .
This and (5.2)) complete the proof of the Lemma. 0

We will prove Proposition 5.1 by first showing that if v is the measure defined at the beginning
of Section [ then

(5.3) /Od/OtF(mT)dadt _ /Odu[O,t] dt + o(1)

as T — oo for any fixed d > 0. To prove this, we use the assumption that N*(T') ~ 1 to handle
the “diagonal terms” that have v = 4/ in the definition of F(a,T). For the “off-diagonal terms”
with v #£ 7/, we use the Alternative Hypothesis, as follows.

Lemma 5.2. Assume RH. Define
T ! ey
G(a,T) = (%log T) Z T 0= D w(y — ).
0<y'<y<T

If the Alternative Hypothesis is true, then
d+2

¢ d rt
/ Gla,T)dadt = / / G(a,T)dadt + o(1)
c+2 0 c 0

as T — oo, for all fixred ¢ < d.

Proof. By a change of variable, the conclusion of the Lemma is equivalent to

/cd/tt-ﬂ G(a,T)dadt = o(1)

as T — oo, for all fixed ¢ < d. To prove this formula, we integrate the definition of G(«,T)
term-by-term to see that

d pt+2
// G(a,T)dadt
c t
1

= (;logT> >

0<y'<~<T

Tid+2)(v=7") _ i(e+2)(v=") _ pid(v=y") 4 pic(y=")
(i(y =) logT)?

w(y =7').
Let M > 1 and write the above equation as

d 42
(5.4) / / Gla,T)dadt = Zo+ Z1 + Za,
c t

where Zj is the sum of the terms with 7/ < T'(logT)~2, Z; is the sum of those that satisfy the
conditions (5.1]), and Zs is the sum of the remaining terms.

To bound Zj, observe that

i(d+2)(y=") _ pi(e+2)(v—") _ pid(v—>") ic(vy—7") d rt+2 ,
T Y= T . Y= T27 7)) el =y _ / / Tia(“f_W)dadQ
(i(y =) logT) e Ji
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which has absolute value at most 2(d — ¢) since |T°*(=7)| = 1. Thus

T -1 .
(5.5) Zy < <27TlogT> oD wy=A).
7' < 5k 0<Y<T
Using
(5.6) N(T +1) — N(T) < logT

(see [19], Theorem 9.2), we see that

Z w(y—1t) < logT

0<~y<T
uniformly for all real ¢. From this, (4.13)), and (5.5)), it follows that
1
5.7 Z —.
(5:7) o< logT

To estimate Zi, let v and +' satisfy the conditions (5.1) and let o be a real number. By
Lemma we can write

milat+2)(y=y") _ pialy=") _ piely—y") (exp(i2(7 —~+)1ogT) — 1)
= Tt (exp(i27rk +i€) — 1)
= Tiet=7) (exp(ig) - 1) :
where £ = £(,7/,T) is a real number such that

E=0 <7—7’| (\II(T)—i- Ml;gT +10glogT)> .

From the identity
£
exp(t€) — 1 = z/ e do
0

and the fact that |e?| = 1, we see that

MlogT
exp(i€) — 1 < |y —7| <\I/(T) + ;g + log logT> .
Therefore
. / . / MlogT
Tie4D(=2") _ piat=v) < |y _ o] (‘I,(T) 4 Mlog +loglogT>.

We now express each term in Z; as an integral, and then insert the above estimate, as follows.

Write
T —1 d pi(t4+2)(v—=y') _ it(v=y")
7 = (210g T) > / ‘ , dt w(y —7")
T T , c Z(’y - ’y ) log T
m<’)’ <y<T

0<| 22 1ogT|gM
T ! U(T) M loglogT
ZlogT 2 0808 — ).
< (271' °8 ) Z <1ogT - T * logT wly =)
o <V ST
0<| 252" tlog | <M
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Thus, since w(y — ") < 1, we see that

logT T logT
From this, (4.1)), and the fact that M > 1, it follows that
MY(T) M? MloglogT

logT +T+ logT

7 < N(T.M) (\I/(T) M loglogT> .

To bound Zs, we use the trivial estimate
|Ti(d+2)(v—v’) — ile+2)(y=") _ pidly=7") 4 TiC(’Y—"/,)| < 4
to write

T -1 1

Zy < (logT) > e
2 — N 1og T)2
7r o Ser ((y=9")1logT)

M<| 52 108 T)|

<T & 1
= | —log T) g g —_—
27 =0 hr < <T (v =7")1ogT)

2’5M<| 1= logT‘SQZJrlM

kS

< (Zigr) 'y % 1
Lo -
on 8 (200M)2
=0 0<y,y'<T
0<| 252 log T| <2+ M

2N (T, 271 M)

~

I
I~

< (2CM)2
Therefore, by (4.1]), we obtain
e 2(+1M 1
. Z —.
(5.9) ) < ;(QZM)Q < 37

It now follows from (5.4, (5.7)), (5.8)), and (5.9) that

d otz MU(T) M? MloglogT 1
T) de dt — = 4
//t GlanT)dadt < =0+ T+ =0 T

We end the proof of the Lemma upon making M large and taking 7' — oo.

Now we can prove the claim we made at the beginning of this section.

25

Proposition 5.1. Assume RH and suppose that N*(T) ~ 1. If the Alternative Hypothesis is

true, then (A2) holds.

Proof. We first prove (5.3). If 0 < d < 1, then we integrate (1.1)) twice to see that

drt d d
(5.10) // Fla,T)dadt = & + & 4 o(1).
0Jo 2 6

From the definition of F(a,T) in Section [I]and the definition of G(c, T) in Lemmal5.2] we have

(5.11) F(e,T) = NY(T) + G(e, T) + G(v, T),
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where Z denotes the complex conjugate of z. Inserting (5.11]) in ((5.10)) and using our assumption
that N*(T") ~ 1, we obtain

L AP d d &
(512) // (G+ G)(a,T) dadt = 5 + g - ? + 0(1)
as T — oo for 0 < d < 1. Now let d > 1 and set m = [(d — 1)/2]. Write

o [([osafofof o L

We use Lemma repeatedly on the right-hand side of (| - ) to obtain

/od (/ot G+ Gda> dt = /01 i /_11 * /_11 L /j‘Qm_Q o

Since G + G is an even function of «, we have f_ll =0 and

1 d—2m—2 1 0 d—2m—2 |d—2m—2]
[of L[
0 ~1 0 -1 Jo 0
d t . |d—2m—2| t .
/ (/ G—i—Gda) dt:/ (/G+Gda) dt+ o(1).
0o \Jo 0 0

Since 0 < |d — 2m — 2| < 1, it follows from this and (5.12) that

d /gt 3 2
— d—2m—2 d—2m —2 d—2m—2
/ </ G+Gda> dt:| o |+| m_2" _| m — 2| + o(1).
o \Uo 2 6 2

By this, (5.11)), and our assumption that N*(T") ~ 1, we have

(5.14) /Od/OtF(av T) dovdt

- dj+ |d —2m — 2| N |d—2m 2> |d—2m -2 +o(l)
2 2 6 2
as T — oo, for all fixed d > 1. Notice that reduces to when 0 < d < 1. Thus (5.14)
is true for all fixed d > 0. By a stralghtforward computation using the definition of v, we see

that the right-hand side of ( is equal to fo v[0,t] dt + o(1). This proves (5.3)).

Thus

Now we complete the proof of the proposition. Since F(a,T) is nonnegative, we may write

1 rd t d 1 [d+h ¢
f/ (/ Fda) dt§/F(oz,T)da§ 7/ (/ Fda) dt
h Ja—n \Jo 0 d 0

for d > 0 and small enough h > 0. Thus by (5.3) we have

L[ ¢ d+h
E/d—hy[o,t]dt—i_o(l) < /0 F(a,T)da < E/d v[0,t] dt + o(1)

as T — oo for fixed d > 0 and fixed small A > 0. By making h small enough, we obtain (A) with
W = v, that is, we obtain (A2). O

>

Before we prove Theorem we need to make a few definitions. Recall from Section [I] that
we used 0 < 73 < 72 < --- to denote the sequence of ordinates of all the zeros above the real
line, counting multiplicity. We also defined By, /»(T") as the set of v, < T such that k/2 is closest
among all half-integers to ;41 — Vn, and we wrote

1
det [T
P2 = prya(T) = (%logT) | By j2(T)|.
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It is possible that ~, belongs to two of the sets By 2(T); this happens when 7,1 — 7, equals
the midpoint between two consecutive half-integers. Thus, for convenience, we will deal instead
with the sets

def ~ ~
BioI) € {yn<T:5-1<Fa-Fu<i+1} k=012,

which are pairwise disjoint. If 7, is in Bj /2 (T), then, without loss of generality, we may take
kn, =k in (1.4). With this convention, we can write
(5.15) B,’C/Q(T) = {W<T: k,=k}
Note that By ,(T") is a subset of By,>(T'), and an ordinate 7, that is in By,5(T) is not in By »(T)
if and only if Y41 — ¥, = £ + %. Thus if , is in By,/2(T) and not in B,'C/Q(T), then k, =k +1
and so by (1.4) we have

1

~ ~ kn
(5.16) 1= [Yn+1 = Yn — 7| < (Vg1 = )Y (n)-

We will use this and the following Lemma to show that B}, /2 (T') has essentially the same size as

Byo(T).

Lemma 5.3. Assume RH and suppose the Alternative Hypothesis is true. If § > 0 is fixed, then
#O<y <T + (Yn+1 —7)¥(yn) 2 6} = o(TlogT).

Proof. Recall the properties of the function () from the statement of the Alternative Hypoth-
esis. Define

(5.17) Wo(T) = max ¢(ym).

It is immediate from the properties of () that ¥o(T) — oo and Vo (T') = o(logT) as T — oo.
It follows from that

(5.18) #{O0<7% <T : (Ynt1 = 1)¥(m) =26} < #{0<1 <T @ Y1 — > A/ log T},
where A = 6log T/Uo(T). By a result of Fujii (see §9.25 of [19]), we have

(5.19) #O0 <7 ST ¢ g1 — v > A log T} < N(T)exp(—AX2(log A)~H/4).

The Lemma now follows from (5.18)), (5.19), (4.13), and the fact that A — oo as T' — oc. O

By (5.16) and Lemma [5.3] we see that there are at most o(T logT") ordinates -, that are in
Byj2(T') and not in By (7). Hence

(5.20) Prj2 = Plja + o(1)
as T' — oo.
We now prove Theorem By (L.4), if k,, = 0 then
log vn, ~ ~
(Yn+1 = ) < Tt =T < (a1 = )Y (M)

21
This implies that logvy, < ¥ (V,) since Y11 — n > 0 by our hypothesis that all the zeros are
simple. Since () = o(log~), it follows that k,, = 0 for at most finitely many n. Thus

(5.21) 1 Bo(T)| = O(1),
and so pg = o(1) as T — oo by (5.20).

We next compute upper bounds for p, /o when k > 1. By (4.13) there exists a positive constant
Q for which

(5.22) N(T+Q)— N(T) >0
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for all T > 0. Let § > 0 be small enough so that k/2 is the only half-integer in the interval
[k/2—4, k/2+(5] Define Cj,/2(T') to be the subset of By, ,,(T) for which T'(log T)™? < v, <T—Q

k)2
and [Yp4+1 — Yn — kn/2| < 6/2. Note that by (4.13), (5 i, and Lemma [5.3] we have
(5.23) |Bj,jo(T)] = |Crya(T)| + o(T'logT).

Furthermore, define

27 k 27 k
. = O "< 5 -9 < 9 :
(5.24)  Epa(T) {(%v) 0<yy =T 07 <2 5) SYTY S, T (2 M)}

We will show for large T that if 7, is in Cy/2(T') then (v,41,7,) is in Ey /(7). The mean value
theorem of differential calculus gives that there is a real number = between 7, and ~v,4+1 such
that

Tn+1 1Og'7n+1 —Tn IOg Tn = (’Yn-i—l - ’Yn)(logx + 1)'
Therefore
logT

~ ~ log1
2 — — _ )
(5 5) ('YnJrl 'Yn) B <7n+1 )n) (log:c 1)

If 7y, is in Cy,o(T), then [Yy41 — Fn — k/2| < 6/2 by the definition of Cj,5(T) and (5.15)); thus

(5-2) a-o) < G- (o) < (E+5) a+o)

as T — oo. From this and (5.25)), it follows that

k logT k
5—5<(’7n+1—7n) o <§+5

for large T. Moreover, from the definition of Cj/o(T), we have v, < T — @Q and therefore
Ynr1 < T by . Hence, if 7, is in Cy/2(T) and T is large enough, then (y,41,7,) is in
Ej},2(T). Thus |Cyo(T)| < |Ej/2(T)| for large enough T'. It follows now from and (D2),
which holds by Corollary that

= if k£ is even,

T
Cura(T)| < Eua(D)] ~ 5108 T)
T 1 2 e
5 - W if k is odd.

From this, (5.23]), and (5.20)), we now deduce (1.8)), the upper bound for p; in (L.7)), and that

the right-hand side of (1.6]) is an upper bound for p ;.

Next we prove the lower bound for p; /5. To do this, we first consider the set I /5(7T") defined
by (5.24) with k = 1. Write the set as a disjoint union

(5.26) E1/5(T) = Dyo(T) U Vya(T),
where D1 /5(T) contains all the pairs (v,7') in Ey5(T) that have 4/ < T'(logT) 2 and V4 5(T)
contains the rest. We claim that if (,7’) is in V; /5(T") then 4/ is in B1/2 (T'), provided T is large

enough. To prove this, let (y,v,) be in Vi /5(T) and note that m > n since v, > 7, by the
definition of E, »(T). By Lemma and the fact that v, — v, < 1/logT, we have

logT J
m — In = = 1
IR LU Y
for some integer j. Since (Vm,Vn) is in Ey/5(T), we must have j = 1 for T large enough.

From the proof of Lemma we see that j = T:;Ll ke. By , 7 and the fact that
vn > T(log T) ™2, we see that if T is large enough then k, > 0 for all £ > n. Hence, since j = 1,
the only possible values for m and the k; are m =n+ 1 and k,, = 1. Therefore v, is in B] /2 (T
by , and we have proved our claim.
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We have shown that the map (v,v") — «' from V; 5(T') is into B1/2( ). This map is injective
because of our assumption that all zeros are simple. Hence

(5.27) Vi (T )I < BT
To estimate the size of the set Dy /o(7T) in (5.26), write

[D12(T)| < Z Z 1

0<y’ <log2T (%76) 10gT<(’Y 7)< ( +5)
> (N +1)=NED)
0<y'<

<T

for large enough 7', by (4.13)) and (5.6). From this, , and ({ , it follows that
[Erj2(T)] < O(T) + |B1/2( )l
Hence, by (5.24]) and (D2), we have

From this and (5.20)), it follows that
1 2
3 2 +o(1) < pyj2.

Combining this with the upper bound for p; /2, we obtain (L.6).

IN

log2 T

To prove the lower bound for p;, we need the formulas

(5.28) > bl =1+ o(1)
k=0
(5.29) Z (];) Pra = 1 + o(1).
k=0

The first formula follows from (4.13)) and the disjoint union
UBk/Q = {'Vn : 'YngT}

To prove the second, observe that by we have

(5.30) i <k> | B2 (T Z o

k=0 Yn <T
Let Wo(T) be as defined in . By (L.4), we have
> 7" = > {%H =Y = O((yn+1 —%)1/}(%))} = Ym+1=71 + O ((Ym+1 — 1) ¥o(1)),
Y <T Yn<T

where m is the largest integer for which ~,, < T. It follows from (5.22)) that T < v41 < T+ Q
and so

~ T
VYmy1 ~ =—logT and Yms1 ~ T
2w
as T — oo. Hence

Z % = (1+0(1))%10gT + O(T¥(T)).
Y <T
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Since y(T) = o(log T'), it follows that

k T
Z — = (1+0(1)—logT
2 2
Yn <T
as T — oo. From this and (5.30]), we deduce (5.29).
Now we can prove the lower bound for p;. The following elegant trick is due to Yoonbok Lee.

Multiplying both sides of (5.28) by 3/2 and subtracting the respective sides of ((5.29)) from the
result, we obtain

3 1 1 1
(2> PO+ D+ (2> Pi— (2> Py =Pspp =0 = 5 Fo(l).
Since p;/Q > 0 for all k, it follows that
3 1 1
(2> Po+ P+ (2) P> 5T o(1).
Therefore, by (5.20), we have

3 1 1
(2>p0 +p1/2+(2>p1 > —+o(1).

The lower bound for p; in (1.7) now follows by inserting pg = o(1) and our estimate (1.6 for
p1/2 into the inequality and rearranging. This completes the proof of Theorem

[\)

Remark 8: The upper bounds in , , and can be proved using the assumption that
N*(T) ~ 1 instead of the stronger assumption that all the zeros are simple. To do this, we
only need to define the sets Ej/o(T) so that they count multiplicity. However, we did use the
hypothesis that all the zeros are simple to prove the lower bound for p;,,. This is because we
required Ej, /o(7T') to count multiplicity to be able to use (D2), and at the same time we needed

Ej}/2(T') to not count multiplicity in proving (5.27).
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