RATIONAL SEPARABILITY OF THE INTEGRAL CLOSURE.

ALEXANDRA SHLAPENTOKH

Abstract

We investigate the following question. Let K be a global field, i.e. a number field or an algebraic
function field of one variable over a finite field of constants. Let #k be a set of primes of K, possibly
infinite, such that in some fixed finite separable extension L of K, all the primes of #x do not have
factors of relative degree 1. Let M be a finite extension of K and let #), be the set of all the M-primes
above the primes of #. Then does #), have the same property? The answer is “always’ for one
variable algebraic function fields over finite fields of constants and “not always” for number fields. In
this paper we give a complete descriptions of the conditions under which #), inherits and does not
inherit the above described property.

1. Introduction.

The question raised in this paper came out of an investigation of some logical properties
of subrings of global fields (number fields and function fields over finite fields of constants).
More specifically the prime sets which are investigated in this paper play a role in a study of
weak presentations of these rings, as well as in the investigation of the first-order definability
over global fields. We start with defining the sets of primes in question.

Definition 1.1. Let K be a global field. Let #k be a set of primes of K such that there
exists a finite extension M of K where each prime of # has no factors of relative degree 1
over K. Then #j will be called a K-separable set of primes.

It is not hard to show that for a global field K being K-separable is equivalent to existence
of a polynomial P(X) € K|[x] such that for all a € K, all p € #i we have that ord,P(a) < 0.
The Logic applications are based on this fact. For example, if we have a weak presentation
of K (a map from K into N translating all the field operations by recursive functions), then
for any K-separable prime set #k, the ring where the complement of #) (denoted by WK)
Is inverted,

Oz, =1{x € K :ordyx > 0Vp € ¥k},

will have a Turing degree which is equal to the Turing degree of the field. This is so, because
for any a € K we have that ﬁ € Ok, (See [5], [9], [10], [11] for more details concerning
weak presentations). We say that the ring OK,WK is “inseparable” from K by analogy with a
similar relation between a pair of fields, and thus we call the set of primes #x and the ring
Ok, “separable” (from the field K).
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The applications to the existential definability have to do with the fact that using a poly-
nomial like P(x) we can say something about integrality at infinitely many primes. Further,
rings Oy, are precisely the subrings of global fields where we have successfully defined ex-
istentially all the elements of a subfield contained in the ring. (See [12], [14], [13], [15],
[16].)

In view of the above it is natural to ask whether these logical/algebraic properties carry
over under extensions if we consider prime sets containing all the factors of the primes in the
original set. To make this question more precise we need another definition.

Definition 1.2. Let K and #) be as in Definition 1.1. Suppose further that the following
conditions are also satisfied.

(1) For any finite extension M of K, the set #}, of M-primes above the primes of #j is
M-separable.

(2) For any finite subextension E of K, the set of all E-primes such that all of their
factors in K are in #k, is E-separable.

Then #x will be called separable.

In this paper we would like to answer the following question.

Question 1.3. Given a global field K and a K-prime set W, is being K-separable the

same as being separable?

In [11] we made the following easy observations which provide a partial answer to the
question.

Proposition 1.4. Let M/K be a finite extension of global fields. Let #x be a set of primes
of K and let #), be the set of primes of M above the primes of #x. Then the following
statements are true.

o [f W), is M-separable, then Wi is K-separable.
e [f all primes of #), are of relative degree one over the corresponding primes of #x
and Wk Is K-separable, then W), is M-separable.

In this paper we complete the answer. Before we state the main results of the paper we
need to introduce more definitions.

Definition 1.5. Let M/K be a Galois extension of number fields. Let #k be the set of
all primes of K without relative degree one factors in M. Then #x will be called maximal
K-separable. (Theorem 7.4 will establish the relationship between the separable sets and
maximal K-separable sets.)

The following remark accounts for the usefulness of our definition.

Remark 1.6. Let K be a number field. Then there is a one-to-one correspondence between
the maximal K-separable sets of K and finite Galois extensions of K in the following sense. If
Wi is a maximal K-separable set, M is the corresponding Galois extension, and L is another
Galois extension of K such that #x primes do not have relative degree one factors in L, then

M C L. (The reverse inclusion is obvious.)
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Proof. Let 22(K) be the set of all the non-archimedean primes of K. Let #x = 2(K)\ #x
be the set of K-primes splitting completely in the extension M/K. Let ¥ be the set of K
primes splitting completely in the extension L/K. Then ¥x C #yx, and by Corollary 5.5, page
136 of [4], we have that M C L. O

Definition 1.7. Let F/E be an extension of number fields with the following property. If
EcCF,[F:E|=2, and E C E, then for any embedding o : F — Q, the algebraic closure
of Q, we have that o(E) C R = o(F) C R. Then we will say that the extension F/E
satisfies the weak real embeddings condition. [If for any embedding o : F — @ we have
that o(E) C R = o(F) C R, we will say that the extension F/E satisfies the strong real
embeddings condition. (For extensions of degree 2, both conditions are clearly equivalent.)

We now state the main results of the paper.

Main Theorem 1. [Theorem 7.4] Let K be a number field. Let #x be a maximal K-separable
set. Then #x is separable if and only if the corresponding Galois extension M/K satisfies
the weak real embeddings condition.

Main Theorem 2. [Theorem 7.5] Let M/K be a finite extension (not necessarily Galois) of
number fields such that in the extension M /K, where M€ is the Galois closure of M over K,
subextensions of degree 2, M®/M;,i=1,..., k are all the subextensions of degree 2 which
do not satisfy the real embeddings condition. Let #x be the set of all K-primes without
relative degree 1 one factors in M. Then #k is separable if and only if

Vi=1,..., k, we have that o; € U TGal(M®/M)T1,

TEG

where o, is the generator of Gal(M®/M;),i=1,..., k and G = Gal(M®/K).

Main Theorem 3. [Theorem 7.6] Let K be a one-variable algebraic function field over a finite
field of constants. Let #x be a set of K-separable primes. Then #j is a separable set of
primes.

Finally, these results can be restated in terms of Galois groups of the corresponding exten-
sions.

Main Theorem 4. [Theorem 7.7] Let M/K be a Galois extension of number fields satisfying
the weak real embeddings condition or a Galois extension of function fields over a finite
fields of constants. Then there exists an extension L of M with the following property. If
o € Gal(M/K) is of order n = []p{, where all p;'s are distinct, then any & € Gal(L/K)
extending o will have order h = pr”'qff, where b; > a;, p; # q;.

Before proceeding with the proofs we remark on the following. One way to look at the
question we have raised is to note that it belongs to a very well known variety of number
theoretic questions which ask whether a certain property of a subring of a global field survives
under the integral closure in an extension. The answer is often “yes” and easily obtainable,
but there are certainly exceptions to this rule. The question of Diophantine decidability of

the rings of algebraic integers of number fields is one example where the problem seems quite
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hard. The difficulties are often caused by archimedean valuations, which is the case for our
question. Over function fields where all the valuations are non-archimedean things progress
much more smoothly, though, as usual, one has to take special care of inseparable extensions
and extensions where the degree is not prime to the characteristic.

We also would like to make a remark concerning finite prime sets. Let M be a global field
and let P4, ..., B, be a finite set of its non-archimedean primes. Then it is not difficult to
construct an extension L of M where none of g;,/ =1, ..., r would have a factor of relative
degree 1. Indeed, let | be a rational prime number greater than then the size of the residue
field of any of the primes in the set, different from the characteristic of the field and not equal
to the characteristic of the residue field of any of the primes. Then & — an /-th primitive root
of unity is not an element of any of the residue fields. Consider the extension M(&;)/M. The
power basis of & is an integral basis for the extension with respect to any non-archimedean
prime of M. Since the minimal polynomial of & over M does not have linear factors modulo
B; and the power basis of &, is an integral basis with respect to 9;, by Proposition 25, page 27
of [6], we know that 3, does not have any relative degree 1 factors in the extension M(&;)/M.
Therefore, if #), is an infinite set of primes of M and F is a finite extension of M such that
all but finitely many primes 94, ..., B, of #}, have no relative degree one factors in F, then
in the extension F(&,)/M, no prime of #}, will have a relative degree 1 factor.

We finish this section with a description of some notational conventions.

Notation 1.8. We will use the following notation and terminology throughout the paper.

e Let K be a global field. Then Z(K) will denote the set of all non-archimedean primes
of K.

o If @¢ C P(K) and M is a finite extension of K, then .7, will denote the set of all
primes of M above primes of 2.

e For a natural number n # 0, we let &, denote a primitive n-th root of unity.

e Let M/K be a finite extension of global fields. Let 9, be a prime of M and let
be a prime of K below B,,. Then e(Bu/PBx), F(Br/Bx) will denote the ramification
and relative degree respectively of §3,, over B.

e Oy will denote the ring of integers of K if K is a number field.

e If M/K is Galois, then Gal(M/K) will denote the Galois group of M over K.

o If M/K is Galois and By is a prime of M, then we will denote by Gu/x(Pu) the
decomposition group of B y,.

e If Pk is a non-archimedean prime of K, then let Ry, be the valuation ring of Py

e We will fix and algebraic closure @ of Q, and for each p > 0 we will fix an algebraic
closure F,(t) of a rational function field with coefficients in a finite field of p elements.

e Given two number fields (function fields) M and E, we will often form a field com-
positum ME denoting the smallest field inside the fixed above algebraic closure which
contains both M and E.
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2. Overview of the Proof.

In order to prove the main theorems (Theorem 7.4 and Theorem 7.6) we first go through
a series of reductions.

If #i is a K-separable set, then it is not hard to see that separability of #jx is
equivalent to the following condition. For all n € Z-q there exists a finite extension
K, of K such that every prime p € #x has all of its K,-factors of relative degree
greater or equal to n. (See the proof of Theorem 7.4 for the argument for the
non-trivial direction of the statement.)

It is enough to consider the maximal K-separable sets corresponding to the cyclic
extensions of prime degree. (See the Proposition 7.1.)

If a K-maximal separable set #) corresponds to an extension of degree 2 not satisfying
the weak real embedding condition, then #j is not separable. (See Lemma 7.2.)

Next we solve the problem for the cyclic extensions. The process goes through the steps
listed below.

(1)

(2)

(3)

Given a K-maximal K-separable set #) corresponding to a cyclic extension M/K
of degree p, it is enough to be able to produce for any n € Z-q, a tower of fields
Ko=K CK,=MCcC...CK,such that forn—2 >/ > 0,K;;»2/K; is a Galois
extension of degree p?. In particular, it is enough to be able to produce for any n the
cyclic extension K,/K of degree p” with K C M C K,. (See Section 3 in general
and more specifically Lemma 3.4.) Unfortunately, given an arbitrary cyclic extension
M/K of prime degree p and satisfying the weak real embedding condition, a tower of
extensions as described above does not always exist even for n = 2. The necessary
and sufficient condition for the existence of the tower K — M — K> is solvability of a
certain norm equation over M. (See Lemma 5.1.)

In the case of p > 2 for number fields and in the case of algebraic function fields when
the characteristic is different from p, there is a relatively easy construction, adding
the p?-th roots of unity to K if necessary, which makes the norm equation solvable
and produces the required tower of extensions of degree p. (See Section 4 in general
and specifically Proposition 4.5 and Proposition 4.6 for the number field case, and
see Section 6 in general and Proposition 6.1 in particular for the function field case.)
In the case of a function field case when the characteristic is equal to p, the required
tower always exists (see Lemma 6.2).

The only difficult case is the case of number fields when p = 2. This case requires
several constructions carried out in Section 5. Here we are forced to analyze the
obstruction to the solvability of the norm equation for producing a tower of cyclic
extensions of height 2. We do this using Hasse Norm Principle to reduce the prob-
lem to the behavior of a finite set of primes, both finite and infinite. The problem
with finite primes is solved by constructing an extension where the residue fields are
extended to solve the norm equation locally. The problem with archimedean primes
is resolved using the weak real embedding assumption. More details are provided at
the beginning of Section 5.



3. Towers of Cyclic Extensions and Primes that Do not Split.

In this section we work out the details of Step 1. Essentially, in this section we want to
answer the following question. Given two Galois extensions of global fields: K € M C L, what
are the necessary and sufficient conditions insuring that every prime not splitting completely
in the first extension, also does not split in the second extension? The conditions we seek
turn out to be related to the orders of the Frobenius automorphisms. The first lemma states
a necessary and sufficient condition for the prime of the field in the middle to split completely
in the second extension, in terms of the Frobenius of its factors.

Lemma 3.1. Let K C M C L be a tower of extensions of global fields with all of the three
extensions being Galois. Let 0 € Gal(L/K) and let g, be a prime of L, unramified over K,
such that o is the Frobenius automorphism of §3,. Then B, lies above an M-prime which
splits completely in the extension L /M if and only if the L /K-decomposition group G« (%)
of B, , i.e. the cyclic group generated by o in Gal(L/K), has no elements in Gal(L /M) except
for identity. In other words, < o > N Gal(L/M) = {id}.

Proof. Note that the decomposition group of B, over M (denoted by G, ,m (%)) is equal
to Gal(L/M) N Gk (B.). Therefore, if this intersection is trivial, By, the M-prime below
B, , splits completely in the extension L /M. Conversely, if the intersection is not trivial, then
the Frobenius automorphism of 8, over M is not the identity and therefore 93,, will not split
completely in the extension L/M. (]

The lemma below reinterprets the lemma above in terms of orders of Frobenius automor-
phisms involved.

Lemma 3.2. Let K C M C L be a tower of extensions of global fields with all of the three
extensions being Galois. Let o € Gal(M/K) and assume that o # id has an extension & in
Gal(L/K) such that the order of 6 is the same as the order of o. Then the infinitely many
primes of K whose M-factors have o as their Frobenius automorphism over K will not split
completely in M, but their M-factors will split completely in L.

Proof. Let 0 € Gal(M/K) be as described in the statement of the lemma. Let & be an
extension of o in Gal(L/K). If | € Z~q issuch that ' € Gal(L/M), then o' =id. Thusif o has
the order m > 0, then 6™ is the smallest positive power of & that belongs to Gal(L/M). At the
same time by assumption ¢ = id also and we can conclude that < & > NGal(L/M) = {id}.
Therefore if B, is a prime of L whose Frobenius in Gal(L/K) is &, then Frobenius of 9, in
Gal(L/M) is id, and thus ), = B, N M splits completely in the extension L/M by Lemma
3.1. At the same time the Frobenius of ,, is 0. Indeed, Vx € Ry, , we have that

(x) =x"Pr mod s,
where N, is the norm of ,. Therefore, Vx € Rg,, we have that
6(x) =x"Pr mod g,

because x € M implies 6(x) € M, and thus (6(x) — x"¥t) € M. But since ,, splits

completely in the extension L /M, we have that N, = N%,,. Hence, o = G}y is the Frobenius
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automorphism of B,,. Finally, since by assumption o # id, we have that ‘Bx = By, N K does
not split completely in M. O

We now specialize our discussion of a Galois tower of two extensions to cyclic extensions,
where the necessary and sufficient condition for the primes not to split completely in both
extensions has a particularly simple form.

Lemma 3.3. Let K C M C L be a cyclic extension of global fields. Let # be the set of all
primes of K not ramified in the extension L /K and not splitting completely in the extension
M/K. Let #), be the set of all the primes of M lying above the primes of #x. Then none
of the primes of #y, split completely in the extension L/M if and only if for every rational
prime q, we have that

ordy|Gal(M/K)| > 0 = ord,|Gal(L/M)| > 0.

Proof. Suppose
Gal(M/K)| =TT a".

Gal(L/m) =T Tar Tt

where for all /,, we have that g;, t; are distinct rational prime numbers and a;, b;, ¢; are
positive integers. This of course implies that

Gal(L/K)l =] Tar " T Tt

Let 0 € Gal(L/K) be a generator. Then ol14" generates Gal(L/M). Let T = UH"frnIHtJ'nj,
where mj, nj € Z>q, and
0<m <a+ b,

0<n; <gq.
Let ; = max(0,a;, — m;). Then Ila ¢ Gal(L/M). Suppose now that 7114 = id. This
implies nj = 0 for all j and [; + m; = b; + a; for all /, since /; and m; cannot be zero at

the same time. Thus, max(0,a; — m;) + m; = b; + a; for all i. We have to consider two
cases: m; > a; and m; < a;. In the first case, [; = 0 and m; = a; + b;. In the second case,
li=a;— m; and [, + m; = a; < a; + b;. Since by assumption 0 < m; < a; + b;, neither case
can occur and therefore for any element T # id of Gal(L/K), the intersection of < 7 > and
Gal(L/M) is non-trivial. Hence, every prime of K not splitting completely in M will have all
of its M-factors not splitting completely in L.

Suppose now that for some rational prime g, we have that

ql|Gal(M/K)| and g )(]GaI(L//\/I)].
Then by Sylow Theorems, Gal(L/K) has an element 7 of order g such that
< T >NGal(L/M) = {id},

while 71y # id. Thus, there are infinitely many primes of K not splitting completely in the

extension M/K with some factors splitting completely in the extension L /M. O
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We now extend the results of Lemma 3.3 to cyclic towers of arbitrary height and determine
that to obtain prime factors of arbitrary high relative degree it is enough to construct cyclic
towers, where each pair of adjacent fields produces an extension of the same (prime) degree
and every subtower of length two is itself cyclic.

Lemma 3.4. Let p be a rational prime. Consider the following tower of number fields:
KiCKyC...CK,,
where for2 < i+ 1 < n, we have that
[K/+1 : K/] =P,

and for 1 < | < n—1, it is the case that K;1»/K; is a cyclic extension. Let #x, be a set
of K1 primes not splitting in the extension K,/Ky and not ramified in the extension K,/Kj.
Then no prime of Wy, splits in the extension K,/Ky, and consequently all the K,-factors of
Wi, -primes have relative degree p"~* over K.

Proof. We use induction on n to prove the lemma. The base case, i.e. the case for n = 3
holds by Lemma 3.3. So assume the statement of the lemma holds for n=m—1. Forn> 10
let #k, be the set of all the factors of primes of #j, in K,. Then by induction hypothesis, all
the primes of #k, do not split in the extension K,,_1/K; and consequently all the primes of
Wk, , do not split in the extension K,,—1/Kmn—2. However, by Lemma 3.3, all the primes of
Km_> which do not split in the extension K,,_1/K,_» have K,,_; factors not splitting in the
extension K,,/Kn_1. Therefore, primes of #j, will not split in the extension K,/ Kj. O

4. Cyclic extensions of odd prime degree over number fields.

In the last section we established that we would like to construct cyclic towers, where each
pair of adjacent fields produces an extension of the same (prime) degree and every subtower
of length two is itself cyclic. In this section we execute such a construction starting with a
cyclic extension of degree p > 2 of number fields. The prime 2 will be dealt with separately
and will cause many more difficulties. This section is Step 2 of the overview for number fields.

We start with a series of technical propositions describing prime splitting under linearly
disjoint Galois extensions. (For a definition and a discussion of properties of linearly disjoint
fields see [3].) We consider the situation first assuming the degrees of the extensions in
question are relatively prime.

Lemma 4.1. Consider the following diagram, where E /F is a cyclic extension of global fields,

M/F is a Galois extension of global fields, [M : F] is prime to [E : F].
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ME

Br E€F

Let B, be any prime of M. Then ,, does not split in the extension ME /M if and only if
the prime Br below it in F does not split in the extension E/F.

Proof. Let Gy, Ge, Gme/m, Gme/e. Gue/r be the Galois groups of extensions M/F, E/F,
ME/M, ME/E, and ME/F respectively. Then the assumptions of the lemma imply the
following.

Gme/m = Ge, Gue/e = G,

Gume/r = Gue/e X Guem = Gy X G,

and every element of Gyge/r is of the form 7o = o7, where T € Gyem, 0 € Gueje. Let
By be a prime of M. Then P,, does not split in the extension EM/M if and only if some
factor Ppe of Py, iIn ME, has a Frobenius automorphism o that is a generator of Gug/m.
This implies that o|g, a generator of Gg, will not move B, N E = P and therefore the
decomposition group of g is Ge. The last assertion however is equivalent to the statement
that P = P N F does not split in the extension E/F.

Suppose now that an F-prime B, does not split in the extension E/F. Since

([E:F],[M:F])=1=([E: F],[ME : E)]),

the number of factors of g in ME is prime to [E : F]. Since [E : F] = [ME : M], this
implies that the primes above P in M do not split in the extension ME /M. ]

The next lemma considers the linearly disjoint extensions of the same prime degree.

Lemma 4.2. Let M/K, E/K be two cyclic extensions of prime degree p of global fields such
that M N E = K. Then all the primes of K not ramifying in the extension ME /K can be
divided into four disjoint classes described in the following table and field diagram.

9



ME

M E
K
Prime class M/K E/K ME/E ME/M
1 split completely | split completely | E-factors split completely | M-factors split completely
2 split completely do not split E-factors split completely M-factors do not split
3 do not split split completely E-factors do not split M-factors split completely
4 do not split do not split E-factors split completely | M-factors split completely

Proof. Since E/K and M/K are linearly disjoint over K, we have that
Gal(ME/K) = Gal(E/K) x Gal(M/K) = Z/p x Z/p.

Further, since the Galois group of ME/K is abelian, all factors of a prime of K without
ramified factors in ME have the same Frobenius automorphism over K. Let og, oy be
generators of Gal(ME/M) and Gal(ME/E) respectively. Then the primes in the first class
are all the primes which split completely in the extension ME/K or the ones whose factors
have identity as their ME-Frobenius automorphism. The primes in the second class have
factors with Uf_:, (/,p) = 1 as their ME-Frobenius automorphism. The primes in the third
class have factors with afw, (I, p) = 1 as their ME-Frobenius. Finally, the primes in the fourth
class have factors with o,02, (I, p) = 1,i = 1,2 as their ME-Frobenius automorphism. [

The next two lemmas are obvious and we state them without proof.

Lemma 4.3. Let E/F be any cyclic extension of number fields of prime degree p. Then one
of the following options holds.

e F contains &,,.
e [ does not contain £, and E and F(§,) are linearly disjoint over F.

Lemma 4.4. [et A B€Z,k € Z~q, p # 2 — a rational prime. Assume A =B mod p¥ orin
other words A= B mod p* but A% B mod p**1. Then AP = BP mod p*t1. (See Lemma
6.3.1, page 206 of [3].)

We now get to the business of constructing our tower, first under the assumption that the
ground field has a primitive p-th root of unity.

Proposition 4.5. Let M/K be a cyclic extension of number fields of prime degree p > 2.
Assume further that £, € K. Let n € Z-o be given. Then there exists a number field

L D M D K satisfying the following condition. Let p, be a K-prime not splitting in the
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extension M/K and not ramifying in the extension L/K. Let p,, be its M-factor. Let
PLiy. - p.x be all the L primes above py,. Then for all j, we have that f(p, ;/pp) > n.

Proof. First of all, if M contains &2, then there exists the following tower of number fields:
Ki=KCKy=MCcC...CK,,

where for 1 </ < n we have that [Ki;1 : K] = p and for 1 </ < n— 2, it is the case that
Kit2/K; is a cyclic extension. Indeed, first assume that £, € K. Then M = K(a), where
aP = a € K by Theorem 10, page 214 of [7]. Consider now the following set of numbers
in our fixed algebraic closure of Q: {a; = a,a? = a;_1,i > 1}. Let K; = Ki_1(a;), i > 1.
Then the presence of £, in K; insures that Kj4»/Kj is a cyclic extension of degree p2.

Suppose now that £, € M\ K. Then M = K(§,2). Thus we can set K; = K(§,1),1 > 2
and the assertion concerning the tower follows.

Next assume that £, € M. Then M and K(&,2) are linearly disjoint over K. Consider now
the following picture, where M = K(B;), with 87 € K by Theorem 10, page 214 of [7] again,
and B5 = (31,8° =B for i > 1.

M(&p2, B2) Li = M(&,i+2, Bita)

M = K(/,B/)/M(‘{,z) M(€,:)

K K(£p2)

Let P, be a K prime not splitting in the extension M/K and not ramifying in the extension
L;/K. Next we consider two cases. In the first case we assume that 9, splits completely in
the extension K(&,2)/K. Since K(&,2) and M are disjoint over K, and

Gal(M(€,2)/K) = Gal(M/K) x Gal(K (¢,2)/K) = Z/p x Z/p,

we must conclude that in this case Pr(e,,) — any K(&2)-prime lying above 9, does not
split in the extension M(,2)/K(&y2), by Lemma 4.2. Note further that the extension
M(E,2,B2)/K(&,2) is cyclic of degree p? and provides the foundation of the tower as in
Lemma 3.4, where

K= K(£P2)' Ky = M(£p2)v K3 = /\/l(fpz,ﬁg), Kit1 = M(gp%ﬁ/),
and B = B;—1. By Lemma 3.4, we know that mK(ﬁpz) will not split in the extension K;/K;. If
Pk is a factor of Py in Kj, then for i > 3, we have that f(Px. /PBy,) = p'~* and F (B, /Pu) =

pif2
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Suppose now that P, does not split in the extension K(&,2)/K. Note that the power
basis of £,z is an integral basis for the extension. Thus if B, does not split in the extension,
this implies that the monic irreducible polynomial of €, over K has no roots modulo P.
Therefore, the residue field of P, is of size g, where g — 1 is divisible by p but not by p?.
Further, again since K(&,2) and M are linearly disjoint over K, it is the case that ‘BK(ED2),
the K(€,2)-factor of Py, splits completely in the extension M(€,2)/K(€,2). (See Lemma 4.2
again.) Let RUVIERS be an M(€,2)-factor of P,. Then

f(‘BM(gpz)/‘BK) = f(‘BM(gpz)/‘ﬁK(gpz))f(‘BK(gPZ)/‘BK) = p.

Thus, the residue field of mM(Epz) is of size g°. By Lemma 4.4 we now have
p?lgP — 1 but p°{ g” — 1.

Hence, the monic irreducible polynomial of &, over M(&,2) will have no solutions modulo
PBue,y)- Therefore, Ppye ,) will not split in the extension M(&y2)/M(&2). We can now set

Ky = M(&pz),

Ki = M(&pi1)

and use Lemma 3.4 to claim that Bume,2) will not split in the extension K;/K;. Let Py, be a

factor of By, in K. Then, f(By,,/Bum) = p'.
Now let 9, be any L;-factor of ,,. Then, from the discussion above it follows that

F(PL,/Bm) = p'. O

We now remove the assumption that the ground field K has a p-th root of unity and prove
the main result of this section.

Proposition 4.6. Let M/K be a cyclic extension of number fields of degree p > 2. Let
n € Z~o be given. Then there exists a number field L D M D K satisfying the following
condition. Let px be a K-prime not splitting in the extension M/K and not ramifying in the
extension L/K. Letpy, be its M-factor. Letyp, 1, ..., p. x be all the L-primes above py,. Then
for all j, we have that f(p, ;j/pm) > n.

Proof. If K contains &,, then we are done by Proposition 4.5. Then assume &, ¢ K and
consider the following diagram, where L is the extension of M(§,) with the property that
every prime of M(§,) of relative degree p over K(§,) and lying over a K(&,)-prime not
ramifying in the extension L/K (&), will have all of its factors in L of relative degree higher

than n. (Such an L exists by Proposition 4.5.)
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K K(&p)

Note that by Lemma 4.1 and due to the fact that (p, [K (&) : K]) = 1, a K-prime P, not
ramified in the extension M(&,)/K, does not split in the extension M/K if and only if every
prime above it in the extension K(§,) does not split in the extension M(§,)/K(&,). Let B, be
a prime of L lying above a prime P, in M of relative degree p over K. Let B,y Bi(e,) Br
be the primes below %, in M(§,), K(€,) and K respectively with 5, not ramified in the
extension L/K. Then

1 1
F(BL/Bm) = Ef(ipL/‘BK) = Ef(‘BL/‘BM(gp))Pf(‘BK(g,,)/‘BK) > F(BL/PBume,) = n.

5. Extensions of degree two of number fields.

In the preceding section it was fairly easy, starting with a cyclic extension M/K of degree
p > 2, to construct a cyclic extension L/M of degree p so that L/K is cyclic of degree
p?. This two-tower then served as a foundation for a tower of arbitrary length where the
factors of the primes not splitting in the extension M/K would have arbitrarily high relative
degrees over K. Unfortunately, it is much harder to execute the same plan for p = 2. We are
forced to look at a problem in much greater detail and first in much greater generality. The
crucial issue turns out to be the presence or absence of i = v/—1 in the dyadic completions
of the field in question. Initially we will assume that the dyadic completions of the fields we
consider do have / and later remove this assumption. We start however, with a rather general
proposition about making towers of height two of cyclic extensions. In the first lemma we
show that the existences of a cyclic extension K C M C L of degree p? for any prime p is
equivalent to solvability of a norm equation over M.

Lemma 5.1. Let K C M be a cyclic field extension of prime degree p distinct from the
characteristic of the field. Assume that €, € K. Then there exists a field L such that
K C M C L is a cyclic extension of degree p? if and only if M = K(u), where Nk (p) = &p.

Further, if M = K(u) with Nyyx(n) = &, then L = M(y), where v = 8 € M and
uP = B/B, with B — a conjugate of 3 over K.

Proof. First suppose that M contains an element u as described in the statement of the

lemma. Note that u # 52,, I=0,..., p — 1, since M/K is a non-trivial extension and K has
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p-th roots of unity. Further Ny« (u”) = 1 and by Hilbert's Theorem 90 (see [7], page 213),

(5.1) uP =pB/o(B),

where o € Gal(M/K)\ {id} and B € M\ K. Let v € K, the algebraic closure of K, be such
that y» = B. Then let L = M(y). We claim that L/K is a cyclic extension of degree p?.
First we show that the extension L /K is Galois. Indeed, any K conjugate «y; of -y satisfies the
equation 47 = B; where for i =1, ..., p, we have that 8, = 0/~1(8). However, from (5.1) it
follows that B; = l/f’ﬁ, where v; € M. Indeed,

6_ 6 B

_ P —p _ P
=u; "y =y,

6 Bii B
wherefori=1,..., p, we have that u; = o/~1(w). Thus, in L, it is the case that 3, is a p-th
power and since &, € K, we can deduce that 3; has all of its p-th roots in L. Hence, «y; € L.

Next we show that L /K is cyclic. To accomplish this, it is enough to produce an automor-
phism 7 of L over K such that 77 # id. Let 7 € Gal(L/K) be such that

Tiv = 0 € Gal(M/K).

Then 7(y) = E{J,u_lfy, forsomej =0,..., p—1. Indeed, we have that v* = 3, and therefore,
T(YP)/v? = o(B)/B = wP. Thus, T(7)/y = & u, for some j=0,..., p — 1. Further,

() =& o(u )y,

TP(y) = &Puto(u ™) . oP T ()Y = Ny (™ )y = €570y # .
Suppose now that K C M C L is a cyclic extension. Then by Theorem 10, page 214 of
[7], we have that
M= K(a) with a” =a € K,
L =M(y)withy? =8¢ M.
Let 7 € Gal(L/K) \ Gal(L/M) and consider «v/T(7y). We claim that «v/7(7y) € M. Indeed,

let ¢ € Gal(L/M). Then ¢(7y) = £y. At the same time, since the extension is abelian and
&, is not moved by elements of Gal(L/K), we have that

O(T(7)) = T((7)) = T(€,y) = E,7(7).

Thus, ¢(v/7(7v)) = v/7(7v). Let u = v/7(y). Then u? = B/o(B), where Ty = 0.
Hence, Ny x(uP) = 1. At the same time, since T ¢ Gal(L/M), we have that ordT = p?
and TP(y) # «v. So TP(y) = Npywk(u™')y # . Therefore, Ny x(u) = 5,"3, for some
i=1,..., p—1. Letj=i"* mod p. Then Ny k(i) = &,. O

We now specialize the situation above to the case of p = 2 with an added twist. We
will show that if —1 is a norm the cyclic tower we construct will also satisfy the strong real

embeddings condition.
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Corollary 5.2. Let M/K be an extension of degree 2 of number fields such that —1 is a
K-norm of some element of M. Then there exists an extension U of degree 2 over M such
that U/K is cyclic and satisfies the strong real embeddings condition.

Proof. Using Lemma 5.1, we can generate U by adjoining any o € @ to M, with
a’?=B¢e M,

where B = x°3, for some x € M\ {0} with K-norm equal to —1, and 8 is a conjugate of
B over K. An arbitrary 8 however does not insure that the strong embeddings condition is
satisfied. To make sure that it is, given a B as above, we construct B’. Let y € K be such
that all the real conjugates of y (G +5_)~are positive. (Such a y exists by the Approximation

Theorem). Now let 8’ = yB. Let o’ € Q be such that o> =8’ and U = M(d).
Now let o(M) C R for some 0 : U — Q. Then

(5.2) o(B") +a(B') >0,
(5.3) o(x)? >0,
(5.4) o(B') = o(x*)o(B).

From (5.3) and (5.4) we conclude that o(8) and o(3’) have the same sign, and (5.2) forces
this sign to be positive. Thus o(B8’) > 0 and consequently c(U) C R. Consequently, the
extension U/K satisfies the weak real embeddings condition.

Note also that if —1 is the K-norm of an element of M, then M/K must satisfy the real
embeddings condition. Indeed, suppose for some o0 : M — @ we have that o(K) C R,
while (M) ¢ R. Since M = v/d, with d € K, we must conclude that o(d) < 0. Thus, we
have real solutions to the equation:

o(x*) —o(d)o(y?) = -1,

where o(d) is negative. This is of course impossible. Finally, suppose that for someo : U —
Q, we have that o(K) C R. Then (M) C R and consequently o(U) C R. O

We have now established that to build our tower extending a given extension of degree
2 we must have —1 as a norm. Unfortunately, this is not always the case in an arbitrary
extension of number fields of degree 2. In the next lemma we identify all the possible causes
preventing —1 from being a norm.

Lemma 5.3. Suppose M/K is an extension of degree 2 of number fields and —1 is not the
K-norm of any element from M. Then at least one of the following is true.

(1) Extension M/K does not satisfy the real embeddings condition.

(2) For some prime B, t 2 with a ramified factor in the extension M/K, we have that
—1 is not a square modulo B .

(3) For some prime 3|2 with a ramified factor in the extension M/K, we have that —1
Is not a square in K‘BK — completion of K at Py
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Proof. We will assume that all the statements above are false and show that —1 is an M-
norm in K. By the Strong Hasse Norm Principle (see Theorem 4.5, page 156 of [4]), —1 is
a norm globally if and only if it is a norm at all the primes. Observe that a unit is a norm
locally at all the finite unramified primes. (See Proposition 3.11, page 153 of [4].) Thus
we have to worry only about infinite and finite ramified primes. First suppose that for every
embedding o : M — Q, either both o(K), o(M) are real or both non-real. Let d be such
that M = K(v/d). It is enough to consider the case of ¢ = id. (Other cases of o are
analogous.) If M, K are both real, then their completion at the usual absolute value is R, the
local degree is 1 and —1 is automatically an M-norm. Similarly, if M, K are both non-real,
then the completion at the usual absolute value is C in both cases and —1 is a norm again.

We now turn our attention to the finite ramified primes. Assume P, 1 2 and has a ramified
factor in the extension M/K. If —1 is a square mod Pk, then the equation x>+ 1 =0 has a
root modulo Px. Since Py 1 2, we conclude that x> + 1 = 0 has a root in K, by Hensel's
Lemma. Further, since the local degree is 2, any square of K%K is a norm in the extension

M, /Kep, - _ o . . .
Finally, if a factor of 2 is ramified, then we assume that —1 is a square in the corresponding
completion and thus —1 is a norm at this prime also. O

Now that we know all the causes of our problems, we will attempt to fix what can be fixed.
If the extension does not satisfy the real embeddings condition, then there is nothing to be
done. In fact, the tower we seek does not exist, and as we will see in the last section of the
paper, there is no way of keeping factors of all the primes not splitting in this extension from
splitting in any other extension. At the same time the other two conditions can be “cured”
by extending the fields. The lemmas below will lay out a “cure”. We will handle one problem
at a time, initially assuming that -1 is a square in every dyadic completion of the ground field.
Before we proceed with the technical details however, we state without a proof a few obvious
properties of extensions satisfying the strong real embeddings conditions that we will need
later.

Lemma 5.4. Let K be a number field. Then the following statements are true.

(1) Let K C M C L be a finite extension such that extensions M/K and L/M satisfy the
strong real embeddings condition. Then the extension L /K satisfies the strong real
embeddings condition.

(2) Let M/K and L/K be finite extensions satisfying the strong real embeddings condi-
tion. Then ML /K satisfies the strong real embeddings condition.

(3) Let a be an algebraic number all of whose conjugates over Q are real. Then the
extension K(a)/K satisfies the strong real embeddings condition.

We now start our treatment under the assumption that —1 is a square in all the dyadic
completions of the ground field. This assumption will finally be removed in Lemmas 5.9-5.11.
In the lemma below we construct the base of our tower which previously consisted of just
two extensions for p > 2 but becomes more complicated now. Given primes not splitting in
an extension M/K of degree 2, rather than constructing a single extension of M of degree 2

where factors of non-splitting primes do not split, we will construct, after extending M and
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K to make —1 a norm, if necessary, two extensions of degree 2 each taking care of a part of
the relevant prime set.

Lemma 5.5. Let K be a number field such that every dyadic completion of K contains roots
of polynomial x> + 1. Let M/K be an extension of degree 2 satisfying the real embeddings
condition. Then there exists L, a finite extension of M of degree less or equal to 8, with the
following properties.

e T here exist number fields L1, L, such that M C Ly C L, C L, with all the extensions
being of degree 2 or less.

e Every prime of M, lying above a prime of K not splitting in the extension M/K and
not ramified in the extension L /K, will not have factors of relative degree one in the
extension L /M.

e The extension L /K satisfies the strong real embeddings condition.

Proof. We have to consider two cases. First assume that M contains an element with K-
norm equal to —1. In this case, by Lemma 5.1 and Corollary 5.2, we can let L be an extension
of degree 2 of M such that L/K is cyclic and satisfies the strong real embeddings condition.
So assume now that —1 is not a K-norm of any element of M. Given our assumptions on
archimedean and dyadic completions, we must conclude that for some non-dyadic primes
91, ...,9, of K, ramifying in the extension M/K, we have that x>+ 1 does not factor in the
corresponding completions of K. For each i, let g; be the rational prime below Q;. Let p be
a rational prime not ramified in the extension M/Q and such that

p=—1 mod []a
p=1 mod4.

Next consider below the diagram of field extensions, where U and S are constructed in the
following fashion. First examine the extension K(y/p)/K. Since p is a positive integer, the
extension K(,/p)/K satisfies the real embeddings condition by Lemma 5.4. Further, the
only primes possibly ramified in this extension are factors of p and factors of 2. Now, by
assumption, the dyadic completions of K posses the roots of x> 4+ 1 and therefore —1 is
a norm at all the dyadics. Further, —1 is a square modulo p and since p is an odd prime,
x? + 1 splits in Q,. Thus, completions of K at factors of p will have square roots of —1.
Therefore, by Lemma 5.3 we have that —1 is a K-norm of an element of K(\/ﬁ) Hence,
by Lemma 5.1 and Corollary 5.2, there exists U, an extension of degree 2 of K(,/p) such
that U/K is cyclic and satisfies the strong real embeddings condition. Next consider the
extension M(y/p)/K(y/p). Note that by Lemma 5.4, the extension M(,/p)/K satisfies the
strong real embeddings conditions and therefore the extension M(,/p)/K(\/p) satisfies the
real embeddings condition. As in the case of the extension M/K, the only primes possibly
ramified in this extension are dyadic primes and primes above 9, ..., Q.. Note that by
construction of p, it is the case that Q; does not split in the extension K(,/p)/K and —1 is
a square modulo the factor of 9; in K(y/p) for all i =1,....r. Thus, as above, there exists
an extension S of degree 2 over M(,/p) such that S/K(,/p) is cyclic and satisfies the strong
real embeddings condition. Let L = SU. Then by Lemma 5.4, the extensions S/K and L/K

satisfy the strong real embeddings condition.
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Next consider all the primes of K not splitting in the extension M/K and not ramified in
the extension L/K, and divide them into two groups. If P, is such a prime of K not splitting
in the extension M/K but splitting in the extension K(,/p)/K then its factors in K(y/p) will
not split in the extension M(\/p)/K(\/pP), by Lemma 4.2. Therefore, the factors of such a
Py will not split in the extension S/K(y/p). Thus, every factor of P, in L will have relative
degree at least 4. Hence, if ,, lies above P, in M, all the factors of B,, in L must have
relative degree at least 2.

Now consider B, as described above, not splitting in both extensions M/K and K(,/p)/K,
and not ramifying in the extension L/K. Since this 9, is not splitting in the extension
K(y/p)/K, it will not split in the extension U/K. Thus in L, all the factors of this P, will
have relative degree at least 4. Hence the M-prime %,, lying above this B, in M will have
all of its L-factors of relative degree at least two each. O

Next we generalize somewhat the lemma above by replacing the assumption that M/K is
of degree 2 by the assumption that M/K is a tower of degree 2 extensions. We will need this
generalization to get the desired conclusion on relative degrees.

Corollary 5.6. Consider the following field diagram, where K is a number field such that
every dyadic completion of K contains roots of the polynomial x>+ 1, M/K is a number field
extension satisfying the strong real embeddings condition and such that there exist finitely
many fields M, ..., M,_y satisfying

K=Mc..cM,_,CM,=M

with M;/M;_; being an extension of degree 2.
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M= \//,7 I\/InLn—l
Mnf:[! n—1
Ke

Then there exist an extension L of M satisfying the following conditions.

e There exist number fields
LW, cL®=L

such that
Mcl®Dc. . cL® =L,

with all the extensions being of degree 2.

e Every prime of M, of relative degree higher than 1 over K and lying above a K-prime
not ramifying in the extension L /K, will have all of its L-factors with relative degrees
higher than 1 over M.

e The extension L /K satisfies the strong real embeddings condition.

Proof. We will proceed by induction on n. The case of n = 2 follows from Lemma 5.5.
Suppose now that the proposition holds with for k = n— 1. Let #), be the set of all primes
of M of relative degree higher than 1 over K. Then #), = #, U #,_1, where #,, consists
of #)-primes of degree higher than 1 over M,_; and #,_, consists of #),-primes of relative
degree 1 over M,,_;. By the case of n = 2, there exists a field L, such that

e There exist number fields
(M. .cLd=1,

such that
McLlWc cLb)=y,

with all the extensions being of degree 2.

e Every prime of M, of relative degree higher than 1 over M,_; and lying above a K-
prime not ramified in the extension L,/K, will have all of its L ,-factors with relative
degrees higher than 1 over M.

e The extension L,/M satisfies the strong real embeddings condition.

Next we consider the set #,_1. If #,_1 is empty, then we set L = L, and we are done.
Otherwise, let 7;,_; be the set of M,_;-primes below primes of #,_;. Given our assumptions
on primes of #,,_; we must conclude that primes of ¥,,_; are of degree higher than 1 over K.

Then, by induction hypothesis, there exists a field L,_; satisfying the following conditions.
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e There exist number fields
1 -
LWoc e =1,
such that
My,cl® c...croP =10,

with all the extensions being of degree 2.
e Every prime of M,_;, of relative degree higher than 1 over K and lying above a

K-prime not ramified in the extension L, /K, will have L, ;-factors with relative

degrees higher than 1 over M, _;.
e The extension L, 1/K satisfies the real embeddings condition.
Let L = L,L,—1 and consider the extension ML, /M. Let By, € #,—1. Let By, Py, , be
the primes below 9,, in K and M,,_; respectively with P, not ramified in the extension L/K.
Let B, , = Bwm,.,, be a prime above Py, in ML,_;, and let B, . be the prime below
Bume, , N L,—1. Then, on the one hand, we have

F B, o /Br) = FBue, o /Bu) F(Bu/Br) = FBue, o /Bm)f (B, /Bk)-
On the other hand,

B, /Br) = B, /B, ) B, /B, ) f (B, /Br)-
Thus,

F(Bume, ./Bm) = F(Bue, /B, B, /Bum,.) = F(Be, . /Bum,) > 1.
Let 9, lie in L above a prime B, € #, and let L be as above. Then

f(BL/Bn) > F(BL,/Bm) > 1.
Further, if B, € #,_1 then

F(BL/Bm) = F (B, /Bm) > 1.

Finally, the extension L /M was obtained by merging two towers of degree two extensions over
M. Such a merge results in a tower of degree two extensions. Finally, it is clear that by Lemma
5.4, the extensions ML, /K and L/K satisfy the strong real embeddings condition. O

We now return to the assumption that M/K is of degree two to establish that Lemma 5.5
and Corollary 5.6 allow us to produce arbitrarily high relative degrees for the factors of primes
not splitting in the extension M/K.

Corollary 5.7. Let M/K be an extension of degree 2 of number fields and let n € Z-q.
Assume also that the extension M/K satisfies the strong real embeddings condition and
all dyadic completions of K contain roots of the polynomial x*> + 1. Then there exists an
extension L, of M such that every prime of M of relative degree higher than one over K and
lying above a K-prime not ramified in the extension L,/ K, has all of its L ,-factors of relative
degree higher than 2" over M, and the extension L,/K satisfies the strong real embeddings

condition.
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Proof. We will prove this proposition by induction. The case of n = 1 follows from Lemma
5.5. Note also that we can assume that the resulting extension L;/M is a tower of extensions
of degree 2 and the extension L;/K satisfies the strong real embeddings condition. Further
L./K is also a tower of extensions of degree 2. Assume now that we have constructed L, ;
satisfying the following conditions.

o Let B, be a prime of L, 1. Let Py, Bx be the primes below P, ; in M and K
respectively, with 9, not ramified in the extension L,_;/K. Then

F(Bm/PBr) > 1= F(Bp_1/By) >2""

e Extensions L, ;/M and L, /K are towers of extensions of degree 2.
e The extension L, ;/K satisfies the strong real embeddings condition.

Now by Corollary 5.6 there exists an extension L, of L,,_; satisfying the following conditions.

e Let B, be a prime of L,. Let B,_;, Pk be the primes below P, in L, ; and K
respectively with 9, not ramified in the extension L,/K. Then f(B,_1/Bx) > 1
implies f(8,/B,-1) > 1.

e [,/L, 1is a tower of extensions of degree 2.

e The extension L,/L,_; satisfies the strong real embeddings condition.

Let Py, be a prime of M, g, a K-prime below it and suppose now that f(P/PBx) > 1
while P, is not ramified in the extension L,/K. Then, if §,_; is an L,_; prime above 3,
by induction hypothesis, f(B,_1/By) > 2"t > 1 and therefore, if B, is an L,-prime above
B,_1, by construction of L,, we have that f(B,/%B,_1) > 2. Thus, f($,/Bn) > 2". Further,
since extensions L, /M and L,/L, 1 are towers of extensions of degree 2, we conclude
that L,/M is a tower of extensions of degree 2. Finally, by Lemma 5.4, the extension L,/K
satisfies the strong real embeddings condition. ]

We now generalize Corollary 5.7 to the case of M/K being a tower of extensions of degree
2. We will need this case when we remove the assumptions on the dyadic completions of K.

Corollary 5.8. Let K be a number field such that every dyadic completion of K contains
roots of the polynomial x> + 1. Let M/K be a number field extension such that there exist
finitely many fields satisfying

K=Myc..cM,_,CcM,=M

with M;/M;_; being an extension of degree 2. Further, assume that the extension M/K
satisfies the strong real embeddings condition. Then for any m € Z-q there exist an extension
L, of M such that every prime of M of relative degree higher than 1 over K and lying above
a K-prime not ramifying in the extension L,,/K, has all of its L, factors of relative degree
greater than m over M.

Proof. The proof of this corollary is similar to the proof of Corollary 5.6. We again proceed

by induction on n and consider the following diagram:
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M = /\/In n[—n—l,m
/\/I,,,lg Ln—l,m
Ke

The case of n = 2 follows from Corollary 5.7. Suppose now that the proposition holds with
for k = n—1. Let #), be the set of all primes of M of relative degree higher than 1 over K.
Then #y = W, U #,_1, where #,, consists of M-primes of degree higher than 1 over M,,_;
and #,_, consists of M-primes of relative degree 1 over M,_;. By the case of n = 2, there
exists a field L, , such that all primes of M, of relative degree higher than 1 over M,_; and
lying above K-primes unramified in the extension L, /K, will have all of their L, ,-factors
with relative degrees higher than m over M. Further, the extension L, ,,/M will satisfy the
strong real embeddings condition.

Next we consider the set #,,_1. If #,_1 is empty, then we set L,, = L, , and we are done.
Otherwise, let ¥;,_; be the set of M,_; primes below primes of #,,_;. Given our assumptions
on the primes of #;,_1 we must conclude that primes of ¥#,_; are of degree higher than 1
over K. Then, by induction hypothesis, there exists a field L,, ,—1 satisfying the following
condition. Every prime of M,_1, of relative degree higher than 1 over K and lying above a
K-prime unramified in the extension L, ,_1/K, will have all of its L, ,_i-factors with relative
degrees higher than m over M,_;, and the extension L,, ,_1/K will satisfy the strong real
embeddings condition.

Let L, = Lmnlma-1 and consider the extension ML, 1 /M. Let By, € #,_1. Let
B, Bum, , be the primes below P, in K and M,_; respectively with B, unramified in the
extension L,,/K. Let B, . be a prime above Py, in MLy, 51, and let P, be the prime

below Bsp,,, . In Lmp-1. Then we have the following. On the one hand,

FBrMLy 1/ Br) = T Brr, o/ B) F B/ Br) = FBumi o/ Br) (B, /Br).
On the other hand,
FBrmLy o /Br) = F Bt/ B, ) B/ B, ) (B, /Br)-
Thus,
FBMLy ot /BM) = T Bt/ Brmn B, /B, ) = F(Be, /B, ) > M.
Let 9, lie above a prime By, € #, in L, with B, as above. Then

F(BL,./Bm) = F(BL,,/Bm) > m.

And if By, € #,_1. Then
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F(BL,/Brm) = F(Bui,,, ./ Bum) > m.

Finally, by Lemma 5.4, the extension L,,/K satisfies the strong real embeddings condition.
O

We are now ready to consider the cases of the fields which have dyadic completions not
containing /. We start with an obvious assertion we will need later. Its proof is a direct
consequence of Hensel's lemma.

Lemma 5.9. Let K be a number field such that K contains v/15. Then every dyadic com-
pletion of K contains roots of the polynomial x° + 1.

The following lemma is similar to Lemma 5.5. It will also construct a foundation of a
tower, but on top of the constructed tower —1 will be a square at all the dyadic completions.

Lemma 5.10. Let K be a number field containing neither /3, nor /2. Then there exists
an extension L of M = K(+/3,V/2) such that for every prime of M of relative degree greater
than one over K and lying above a K-prime not ramified in the extension L/K, all of its
L-factors will be of relative degree greater than 1 over M, and L/M is Galois of degree 4
with the Galois group isomorphic to Z/2 x Z/2. Further, the extension L /K will satisfy the
strong real embeddings condition.

Proof. Consider the field diagram below, where fields U and S are obtained in the following
fashion. First of all observe that K(1/2) has an element with K-norm equal to -1, i.e. 1—+/2.
Thus by Lemma 5.1 and Corollary 5.2, there exists an extension U of K(v/2) such that U/K
is cyclic of degree 4 and the extension U/K satisfies the strong real embeddings condition.
(For future reference we note that since (1 — ‘/75) =(1-+v2)*(1+ g) by Lemma 5.1, we

can take U = K(v/2,1/1 — *2).)

Further, K(v/2,4/3) has an element whose K(v/2)-norm is —1, that is v/2 — /3. Thus,
again by Lemma 5.1 and Corollary 5.2, it follows that M = K(\/§ \/5) has an extension S of
degree 2, such that S/K(v/2) is a cyclic extension of degree 4 and the extension S/K(1/2)
satisfies the strong real embeddings condition. (Again for future reference, note that (1 —

%) = (V2 -v3)?(1+ %) Thus by Lemma 5.1, we can take S = K(1/2,v/3, /1 — %))
Note also that [MU : M] = [MU : U] = 2. Otherwise, M = U contradicting the fact
that the extension U/K is cyclic of degree 4 and the Galois group of M/K is isomorphic to

7.)2 x Z.J2. Note further that the extension MU/K(+/3) is a cyclic extension of degree 4.
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K(V3) KH3,v2)=M MU

K K(v/2) U

Next we analyze prime splitting in the extension L/K, where L = SU. Let ), be a prime
of M of relative degree greater than 1 over K. Let %, be the prime below 9B,, in K such
that P, is not ramified in the extension L /K. Then we have to consider three cases.

Case 1: P, does not split in the extension K(1/3)/K but splits in the extension K(v/2)/K.
Then, by Lemma 4.2, we have that 93,, lies above a non-splitting prime from the
extension M/K(v/2) and therefore 8, does not split in the extension S/M by Lemma
3.3.

Case 2: P splits in the extension K (1/3)/K but not in the extension K(v/2)/K. By Lemma
4.2 again, P, lies above a non-splitting prime in the extension M/K(+/3) and there-
fore, P, will not split in the extension MU/M by Lemma 3.3.

Case 3: Py splits in neither K(1/2)/K, nor in K(+/3)/K. Let PBx(vz) be the prime above Py
in K(v/2). Then P(v3) SPlits completely in the extension M/K(+/2) and does not
split in the extension U/K(\/E) yet again by Lemma 4.2 and Lemma 3.3. Thus, in
this case ), does not split in the extension MU/M by Lemma 4.2 again.

Thus, in either case, 9, — a factor of B, in L, will have a relative degree of at least 2 over

M.

Finally, the fact that the extension L/K satisfies the strong real embeddings condition
follows from the fact that

[ V2 | V2
L =K(H2 V3, 1_ﬁ' 1-0).

We now construct the rest of the tower for the case —1 is not a square of all dyadic
completions of the ground field.

O

Lemma 5.11. Let K be a number field such that the extensionY = K(v/2,v/3,V5)/K is not
trivial. Then for any n there exists a field Z, such that for any prime gy of relative degree
greater than 1 over K and lying above a K-prime not ramified in the extension Z,/K, all of
its Z,-factors are of relative degree greater or equal to n overY .

Proof. We will assume first that K does not contain v/2,v/3, or v/5. Please note that
by Lemma 5.9, all the dyadic completions of Y have the roots of the polynomial x? + 1.

Consider next the field extension diagram below, where fields L, T7, T, R are constructed
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in the following fashion. L is the extension of M = K(1/2,1/3) constructed in the Lemma
5.10. From the explicit calculations done in the proof of Lemma 5.10 it follows that L and
Y are linearly disjoint over M and therefore LY is of degree 4 over Y. Since all the dyadic
completions of Y have the square roots of -1, and by construction of L and Lemma 5.4, the
extension LY/Y satisfies the strong real embeddings condition, by Corollary 5.8, there exists
an extension T, of LY such that any prime of LY of relative degree higher than 1 over Y will
have T,-factors of relative degree higher than n over LY.

Next we consider the extension K(1/5)/K. Note that 22 — 5 = —1 and therefore by
Lemma 5.1 and Corollary 5.2, there exists an extension R of K(v/5) such that R/K is a
cyclic extension of degree 4 and the extension R/K satisfies the strong real embeddings
condition. Further since M and K(+/5) are linearly disjoint over K, it is the case that RY/Y
is an extension of degree 2. Further, by Lemma 5.4 and construction of R and Y, the
extension RY/K satisfies the strong real embeddings condition and therefore the extension
RY/Y satisfies the strong real embeddings condition. Consequently, by Corollary 5.8 again,
there exists an extension T; of RY such that any RY-prime of relative degree greater than
1 over Y will have T;-factors of relative degree greater than n over RY. Finally, we set
Zy=T1T5.

T2 Zn = T1T2

M=K(H2v3) MH38) =Y RY T

K K (V) R

Next let 3y be a prime of Y of relative degree higher than 1 over K. Let Ly, By, Pr(v5) be

the primes below 9y in K, M and K(\/g) respectively with B, not ramified in the extension
Z,/K. Let B,y be a prime above Py in LY. Let P, be a prime below g,y in L. Asin Lemma
5.10, we have to consider three cases:

(1) The case of f(Bu/PBi) > 1 and (P (5)/Bx) = 1:
In this case, (%, /By) > 1 by construction of L. Note that on the one hand,

F(Bry/Bu) = F(Bry/By)F (By/Brvs)f Brvm/Bx) = F(Bov/By)f (By /Brvz)
On the other hand,

F(Bry/Br) = F(Bry /B (BL/Bm)F(Bu/Br)-
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(2)

(3)

Since P, splits completely in the extension K(1v/5)/K, the prime 5, above By in L
splits completely in the extension LY/L = L(1/5)/L by the repeated application of
Lemma 4.1. Consequently, f(8,yv/%,) = 1. Thus,

F(Bry/PBr) = F(BL/Bu)f (Bm/ Bk ).

Therefore,

F(BL/Br) (B /B) = F(Boy /By ) (By /Br(vs)):
Further,
F(Bm/Bx) = F(By/Brvs)):

since the relative degree is 1 from K to K(1/5) at B, and thus f(Py /By) = 1 by
Lemma 4.1. Consequently,

1< f(B/Bm) =F(Bry/By).

In this case by construction of T,, for any prime Py, above ,y, we have that

f(Br,/Bry) > n. Hence, f(Pr,/PBy) > n. Finally if P, is any prime above Py
in Z,, then clearly f(2,/By) > n.

The case of f(Bu/PBr) =1 and F(Fyx(v5)/Br) > 1:
In this case, by a double application of Lemma 4.2, we have that

f(By/Brv) = 1.

fF(By /Bm) = f(Br(vs)/Br) = 2.
Indeed, let B,z be the primes below Py, in K(V?2). Let PBr(vavE Pe the prime
above Py (v in K(v2,V/5). Then by assumption we have that

f(%K\@/‘ﬂBK) = f(‘l‘/w/%m@) =1,

and by Lemma 4.2 applied two times (to K(v/2,v/5)/K and to Y/K(+/2)), it follows
that

f(mx(\fz,\/g)/mx(fz)) = f(Pv/PBum) =2,
Further, extension RY/M is a cyclic extension of degree 4. Therefore, if Pry is a prime
above Py in RY, then, by Lemma 3.3, f(Bgry/By) = 2. Further, by construction
of Ty, if P, is any prime above Py in Ty, we conclude that f(Pr,/Bry) > n.
Consequently, f(Br,/By) > n and (B, /By) > n.

The case of f(Bu/Bk) > 1 and F(Byx(y5)/Br) > 1.
In this case, by two applications of Lemmas 4.2 again, and by construction of R, we

have

F(By/Brvs)) = F(Bry/Br) = 1,

f(Bry/By) = F(Br/PBrz) = 2-
Indeed, let By (yz) B(v3) Pe the primes below B, in K(v/2) and K(+/3) respec-
tively. Let Py (2.5 be the prime below Py in K(v/2,v/5). By Lemma 4.2, either

F(Bm/Brvz) =1 or F(Bu/Pr(yz) =1 (since M/K is of degree 4 and not a cyclic
26



extension). Without loss of generality assume that f(%M/%K(\@) = 1. Therefore,
given our assumptions,

f(Brvz)/Bx) = 2.

Then applying Lemma 4.2 to the extension K(1/2,v/5)/K, we conclude that

F(Prvave)/Brws) = 1.

Applying Lemma 4.2 to the extension Y/K(1/2), we now conclude that

f(By /Brvzve)) = 1.
Thus,
f(By /PBrvs) =1

Now applying Lemma 4.2 twice to the extension RY/K(v/5), we conclude that
f(PBry/PBr) = 1. Further, the comparison of relative degrees gives

f(Bry /By) = F(Br/PrE)

where by construction of R, we know that f($z/PBxz5) = 2. Consequently, as
above, by construction of Ty, we have that f(B+,/By) > n and (B2, /By) > n.

We still have to consider the cases where K contains exactly one of v/2,v/3,v/5 and the
cases when K contains exactly two of v/2,v/3,v/5. These are cases handled in a manner
similar to the one used above. We will go over them briefly.

Assume that K contains v/5 but not v/2 or /3. This case can proceed pretty much as the
proof of Lemma 5.10. The only difference will come at the end when we have constructed
the extension L/M. We can note that M contains v/2,v/3, and v/5. Thus, by Lemma 5.9,
all dyadic completions of M will have roots of the polynomial x? + 1. Hence by Corollary
5.8, we can construct an extension Z, of L such that every L-prime of relative degree higher
than one over M has all of its Z,-factors of relative degree higher than n over M. But by
construction of L, every M-prime of degree higher than one over K, has all of its L factors
of relative degree higher than one over M. Therefore, Z, will have the required properties.

Assume now that K contains v/2 but not v/3 or v/5. Then this case can be handled by the
following diagram, where U5/K(\/§) is a cyclic extension of degree 4 satisfying the strong real
embeddings condition, T3 is an extension of Us such that every Us-prime of relative degree
greater than 1 over M has all of its Ts-factors of relative degree higher than n over M,
extensions Us/K, MUs;/K(v/5) are cyclic of degree 4 satisfying the strong real embeddings
condition, Ts is an extension of MUs such that every MUs-prime of relative degree greater
than 1 over M has all of its Ts factors of relative degree higher than n over M. The existence

of all of these extensions is justified the same way as in the arguments above.
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U5 [ 3
K(V5) M=K(H3 V5 =Y MUs Ts
K K(v/3) Us

The case of K containing /3 but not v/2 or v/5 is handled in almost identical fashion with
K(v/3) replaced by K(v/2), since 1+ v/2 is a K(v/2)-element of K-norm equal to —1.

Finally, we consider the cases of K containing exactly two of the three roots. If K contains
V5 and v/3, then all the dyadic completions of K have square root of —1 as above and
the extension K(v/2)/K can be handled by Corollary 5.7. If K contains /2 and /5. Then
K(\/§) has an extension Us such that Us/K is cyclic of degree 4 satisfying the strong real
embeddings condition. From this point we proceed as above. The case of K containing
v/3,4/2 but not v/5 is identical to the preceding case. O

We now state an prove the main proposition of this section which summarizes the above
discussion of extensions of degree 2.

Proposition 5.12. Let M/K be an extension of number fields of degree 2 satisfying the real
embeddings condition. Then for any n € Z~q there exists an extension F, of M such that any
prime of M of relative degree 2 over K and lying above a K-prime unramified in the extension
Fn/ K, will have all of its F,-factors of relative degree greater than n over M.

Proof. If all the dyadic completions of K have square root of —1, then we are done by
Corollary 5.8. If this is not the case, then the extension K(v/3,v/5)/K is non-trivial. If
M C K(v2,v/3,v5) , then we are done by Lemma 5.11. Otherwise, K(+/2,v/3,V5)
and M are linearly disjoint over K. So assume M ¢ K(v/2,v/3,4/5) and consider the
following diagram, where L, is such that any prime of /\/I(\/§ V3, \/E) of relative degree
greater than one over K(v/2,v/3,v/5) and lying above K(v/2,v/3,v/5)-prime unramified in
the extension L,/K(v/2,v/3,v5), will have all of its L, factors of relative degree higher
than n over M(+/2,v/3,v/5). L, exists by Corollary 5.8, since all the dyadic completions of
K(v/2,4/3,4/5) have square root of -1 and the real embeddings condition is satisfied by the
extension M(v/2,v/3,v5)/K(v/2,v/3,4/5) by Lemma 5.4. Further, Z,, is an extension of
K(V/2,4/3,4/5) such that any prime of K(v/2,v/3,/5) of relative degree greater than one

over K and lying above a K-prime unramified in the extension Z,,/K, will have all of its Z5,
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factors of relative degree higher than 2n over K(v/2, v/3,V/5). Existence of Zs, is guaranteed
by Lemma 5.11.

Ln Fn = LnZ2n
M M(V/2, /3,/5)
K K(v2,v/3,/5) Zon

Let 93,, be a prime of relative degree 2 over B, the prime below it in K unramified in
the extension F,/K. We will consider two cases: the case of g, splitting completely in the
extension K(v/2,v/3,v/5)/K and the case when this does not happen. In the first case, let
Pr(v2.3.5 De the prime above $y, in M(V/2,v/3,v/5) . Then Prv2.v3.v5) Is of relative

degree 2 over K(v/2,v/3v/5) since f(P(yz.v3.v5/Fx) = 2. Let Br, be any prime above Py
in F,. Then we have the following.

F(Be,/Bm) = F(BL,/Bm) = F(BL,/Buzvzve) > N

where the last inequality is true by construction of L, and the fact that PM(v/2/3.5) is of

relative degree 2 over K(\/§ V3, \/E) We now consider the second case, the case 9, not

splitting completely in the extension K(\/i V3, \/5) Then by construction of Z5,, using the
same notational scheme as above

f(Be,/Br) > F(B2,,/Bx) > 2n,

f(Br,/Bm) = %f(‘ﬁFn/‘ﬁK) > n.

6. Cyclic extensions of prime degree of function fields.

In this section we consider the cyclic and totally inseparable extensions of algebraic function
fields in one variable over finite fields of constants (abbreviated as “function fields” in the
future). The case of cyclic extensions of these fields is very similar to the cyclic case for
number fields. The main difference is that in the case of function fields we will have to
consider separately not necessarily the case of extensions of degree 2 but rather the case of
extensions whose degree is equal to the characteristic of the field. We start with the case
when the degree of the extension is different from the characteristic.

Proposition 6.1. Let M/K be a cyclic extension of degree q of function fields over finite
field of constants of characteristic p > 0. Assume q is a rational prime distinct from p. Then

for any n € Z~ there exists a finite separable extension L of M such that any prime of M of
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relative degree higher than 1 over K lying above a K-prime unramified in the extension L /K,
will have all of its factors in L of relative degree greater than n over M.

Proof. First observe the following. If £, € K, then of course [M : K] = [M(&,) : K(&,)]
At the same time, if £, € K, then, due to the fact that ([K (&) : K],q) =1, M and K(&,)
are linearly disjoint over K, and thus we still have [M : K] = [M(&,) : K(&,)]. Further, by
Lemma 4.1, a prime of K(&,), lying above a prime of K unramified in the extension M(&,)/K,
splits in the extension M(&,)/K(&,) if and only if the prime below it splits completely in the
extension M/K. Thus, as in some cases for number fields we can consider the extension
M(€&,)/K(&y) instead of M/K. Given this simplification, we are led to consider three cases
below.

(1) The Case of £ € K(&4): Consider the field diagram below, where F, a finite separa-
ble extension of M(€&,), is such that every prime B ) of M(&,) of relative degree
higher than one over K(&,) and lying above a prime of K(§,) unramified in the ex-
tension F/K(&,), will have all of its F-factors of relative degree higher than n over
M(&,). The existence of F follows from Theorem 10, page 214 of [7], the fact that
£p € K(&) and Lemma 3.4. Indeed, by Theorem 10, page 214 of [/] we have as in
the case of number fields

K1 = M(&q) = K(&q, a1) = Ko(a),

where Ko = K(&,) and af € K. Let Ky = Ki(as), where o = 3. Since £,2 € Ko,
the extension K,/Kj is cyclic of degree g>. Now we can continue as in Lemma 3.4
to construct a chain Ko C Ky... C Kyy1 = F such that K;.»/K;,i=0,..., n—1Iis
a Galois extension of degree ¢°, and the primes of K, not splitting in the extension
K1/Ko do not split in the extension F/Ky. Therefore, any prime of M(&,) of degree
greater than 1 over K(&,) and lying above Ko-prime not ramified in the extension
F/Ko, will have all of its F-factors of degree greater than g” > n over M(&,).
F

M M(&q) 5 M(E)

K K(&q) = K(&e)

Let ), be a prime of M of relative degree greater than 1 over K. Let - be a
prime above Py, in F. Let Puyey, Pr(e,) Bx be the primes below P in the fields
M(&,), K(&) and K respectively with 98, unramified in the extension F/K. Then,
as has been noted above, f(Bue,)/Br(e,)) = q and therefore by construction of F,

f(Be/Bmee,) = n. Thus,
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1 1 1
F(Be/Bum) = Ef(‘BF/‘BK) = 5f(‘BF/‘BM(gq))f(‘BM(gq)/‘l"K(gq))f(‘BK(gq)/‘ﬁK) > PR

Thus we can set L = F.
(2) The Case of £ & K(&q) and M(&,) = K(€,2): Consider the following picture.

F - K(gqn+1)

M(&q) 5 K(&e)

K K(&q)

In this case we also set L = F and the conclusion of the lemma follows by an
argument similar to the one used in Case 1.

(3) The Case of £z & K(&4), and M and K(&,2) are linearly disjoint over K(&,): Consider
the field diagram below, where, by Theorem 10, page 214 of [/] we have that

M) = K(€p2, o), where a? € K(€,2) and a & K(&2).

Hence, in this case, as in the first case, by Lemma 3.4, there exists a finite separable
extension F of M(&,2) such that every prime of M(&,2) of relative degree higher than
1 over K(&,2) and lying above a K(&,2)-prime unramified in the extension F/K (&),
has all of its F-factors of relative degree higher than nqg over M(&,2).

Next let Cx be the constant field of K. Let C, be an extension of degree ¢"*! > ngq
of C(€,2) — the constant field K(€,2). Such an extension exists by propositions on
pages 184-186 of [7]. Then the extension C,/C(&,2) is cyclic and so is the extension
KC,/K. Further, [KC, : K] = [C, : C] by Theorem 11, page 280 of [1]. Let
G = KC,. Then we can apply Lemma 3.4 to conclude that every prime of K(&,2) of
relative degree greater than one over K(&,) will have all of its factors in G of relative
degree greater than ¢"** > nqg over K(&,). (Note that since G/K is a separable

constant field extension, no prime of K ramifies in this extension.)
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M M(&q) M(gq2)

K K(&q) K(€e) G

Now let Br; be an FG-prime lying above an M-prime 3,, of relative degree q
over K. Let Br, PBg, B Pme) Pre) Pr be the primes below Br; in the
fields F, G, M(£,2), M(&,), K(&q), K respectively, with P, unramified in the exten-
sion FG/K. By Lemma 4.1, we know that Pre,) does not split in the extension
M(&,)/ K (&€y). Unfortunately, Pr(e,) can split in the extension M(€.2)/K(&42). How-
ever, by Lemma 4.2 this will happen if and only if 9, )y does not split in the extension
K(&,2)/K(&q). Thus we consider two cases below:

(a) Pr(e,) splits in the extension K(£,2)/K(&,) but its factors do not split in M(£,2)/K(&q2).
Then

1 1 1
fF(Bec/Bum) = af(‘BFG/‘BK) > Ef(‘BF/‘ﬁK) > af(‘ﬁF/‘ﬁM(ng)) > n.

(b) Bx(e,) does not split in the extension K(£,2)/K(£q). In this case consider

1 1 1
f(Bec/Bu) = Ef(‘BFG/‘BK) > af(‘fpc/‘pK) > Ef(‘BG/‘BK(qu)) > n.
So in this case we set L = FG.
O
The next lemma is in part the additive analog of Lemma 5.1. The proof relies on the

additive version of Hilbert's Theorem 90.

Lemma 6.2. Let M/K be a cyclic extension of degree p > 0 of function fields over finite
fields of constants of characteristic p. Then there exists a finite separable extension L, of
M such that every prime of M of relative degree higher than one over K and lying above a
prime of K unramified in the extension L,/K has all of its L, factors of relative degree higher
than n over M.

Proof. First let 6 € M be such that Tryx(6) € {1,..., p—1}. Then
TI’M/K(ép — 6) =0
and by the additive version of Hilbert's Theorem 90, we have

5P — 6 =b—o(b),
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for some b € M and some ¢ € Gal(M/K) such that o # id. Note further, that
0'(8") — 0'(8) = o'(b) — o""!(b)

and for / > 1 it is the case that
i-1 i—1
b—o'(b) = (d’(b) — T} (b)) = D J(¢/(6”) — (d)).
Jj=0 Jj=0

Next consider a field L generated over M by the roots of
(6.1) XP—X—-b=0.

Any two roots of (6.1) differ by an element of F, and therefore L is Galois over M of degree
at most p. Note that if B is a root of XP — X — b =0, then

is a root of
XP — X —o'(b) = 0.

Thus, L is also Galois over K. Next let & € Gal(L/K) be an extension of ¢ to an element
Gal(L/K) sending B to B — 0. Then 6°(8) =B — Try/k(0) # B. Thus, & is not of order p
and hence must be of order p?. Thus L/K is cyclic of degree p2.

Next note that M has an element whose trace is 1. Indeed, by Artin Schreier Theorem,
M is generated by an element o satisfying XP — X —a = 0,a € K. Then a™! satisfies,
XP+a'XP~t — a7t =0, i.e. has K-trace equal to —a~'. Therefore, 2 will have trace
equal to -1. Thus, there exists an extension L; of M such that L;/K is cyclic of degree p2.
Applying the same reasoning to the extension L;/M we construct a cyclic extension L,/M
of degree p?, etc. Now the the desired conclusion follows by Lemma 3.4. O

The last lemma of this section will demonstrate that the inseparable extensions are irrele-
vant for our purposes.

Lemma 6.3. Let M/K be a totally inseparable finite extension of function fields over finite
fields of constants. Then all but possibly finitely many primes of K have all their M-factors
of relative degree 1.

Proof. It is sufficient to consider the case of M = K(t*/P) for t € K. Without loss of
generality, we can assume that t is not a p-th power in K and therefore the extension
K/Ck(t), where Ck is the constant field of K, is separable. Since in Cx(t) every prime
corresponds to an irreducible polynomial in t or 1/t, it is easy to see that in the extension
Ck(tY/P)/Ci(t) all the primes will be ramified with ramification degree p. Further, the
extension K(t'/P)/Cx(t'/P) is separable (since it will be generated by the same element as

the extension K/Ck(t) and therefore only finitely many primes can ramify in this extension.
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K M = K(tl/P)

Ck(t) Ci(tY/P)

If B, ey is @ Cx(t/P)-prime without ramified factors in K(t'/?), then a K(t'/P)-prime
B (11/0) above Be, (+1/5) has the same ramification degree over K as P, (11/») does over Ck(t).
Therefore this ramification degree is equal to the degree of extension. Thus, by Theorem 1,
page 52 of [2], all but finitely many primes have relative degree 1 in the extension M/K. O

7. Extending Rational Separability Up.

In this section we use the results from the earlier sections to prove the main theorems. As
was promised in the proof overview, the first proposition of this section reduces the case of
an arbitrary Galois extension of global fields to the case of a cyclic extension of prime degree.

Proposition 7.1. Let E/F be a Galois extension of global fields. Letn € Z~q. LetE;, ..., Ep
be all the subextensions of E such that F C E; and p; = [E : E|| is a prime number. For
eachi =1,..., m, let L; be an extension of E such that all E-primes 3¢ lying above any
Eji-prime P, not splitting in the extension E /E; and unramified in the extension L;/E;, have
all of their L;-factors of relative degree higher than n over E. Let L =T]", L;. LetBg be an
E-prime lying above a F-prime B unramified in the extension L/F and with f(Pg/Br) > 1.
Then, B will have all of its L-factors of relative degree higher than n over E.

Proof. Let Bz be an E-prime lying above an F-prime P with f = f(P/Br) > 1. Let
o € Gal(E/F) be the Frobenius automorphism of 8. Then o # id. Let E° be the fixed
field of o and let B be the prime below P in E9. Then PBeo does not split in the extension
E/E®°. Further for any k € N, the prime above Lgo in E°" does not split in the extension
E/Ec’k. Let TT_, g7, where qy, ..., gs are prime integers, be the order of o in Gal(M/K).
Let k = g™ *[]._, ¢”. Then o has order g; and E?* must be one of £y, ..., En,. Thus $¢

lies above a prime of some E; not splitting in the extension E/E;. Therefore, all the factors
of Pg In L; and consequently in L will be of relative degree greater than n over E. O

The purpose of the next lemma is to demonstrate the necessity of the weak real embeddings
condition.

Lemma 7.2. Let M/K be a number field Galois extension not satisfying the weak real em-

beddings condition. Then for any extension L of M, infinitely many primes of M of relative
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degree higher than 1 over K will split completely in the extension L /M. These primes will
be the primes whose Frobenius automorphism (under some embedding of M into C) is the
complex conjugation.

Proof. First of all, it is enough to show that the lemma holds for a field L such that L/K is
Galois. Secondly, by replacing L and M by o(L) and o(M) if necessary for some embedding
c:L — @ without loss of generality we can assume that some subextension M; of M
of degree 2 is a subset of R while M ¢ R. (This of course implies that K C R.) Let
o € Gal(M/My),o #id. Then o must be complex conjugation. Let ¥}, be the set of all M-
primes whose Frobenius automorphism over K is o. This set is infinite. Note that Gal(L/K)
will also contain complex conjugation which will be of order two in that group. (Gal(L/K)
contains complex conjugation because every element of L satisfies a real coefficient polynomial
over K, and therefore L is closed under the complex conjugation which keeps K C R fixed.)
Thus by Corollary 3.2 all elements of ¥, will split completely in the extension L /M. [

We are now ready to state and prove the main theorems of the paper. The first result
follows immediately from Propositions 7.1, 4.6, and 5.12.

Theorem 7.3. Let M/K be a Galois extension of number fields satisfying the weak real
embeddings condition. Then for any n there exists an extension L of M such that all but
finitely many M-primes of relative degree higher than 1 over K will have all of their L-factors
of relative degree higher than n over M.

We now use the arbitrarily high relative degrees from the previous theorem to show that
maximal separable sets can remain separable in the extensions.

Theorem 7.4. Let K be a number field. Let #x be a maximal K-separable set. Then #x
is separable if and only if the corresponding Galois extension M/K satisfies the weak real
embeddings condition.

Proof. Let M/K be the Galois extension corresponding to #k. First assume that the exten-
sion M/K satisfies the weak real embeddings condition. Next let F/K be any finite extension
of K. Let #F be the set of all the F-primes lying above the primes of #x. Let L D M D K
be a finite extension such that all the primes of L lying above all but finitely many primes
of Wk, are of relative degree n > [F : K] over K. Such an extension L exists by Theorem
7.3. Then consider the extension FL/F. Let P lie above P, € #jc with all of its L factors
of relative degree n over K, and let B, be an FL-prime above . Finally, let 3, be the
L-prime below B-,. Then

f(BrL/PBr) > F(BL/Bx)
F(Be/PBx) — [F: K]

F(BrL/Br) = > 1,
by construction of L.

The case of M/K not satisfying the weak real embeddings condition follows from Lemma
7.2. In other words, #), — the set of all M-primes above the primes of #jx is not M-

separable. ]
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We now proceed to examine extensions which are not necessarily Galois and sets of primes
not splitting completely in these extensions.

Theorem 7.5. Let M/K be a finite extension (not necessarily Galois) of number fields such
that in the extension M® /K, where MC s the Galois closure of M over K, subextensions of
degree 2, M® /M, i =1, ..., k are all the subextensions of degree 2 which do not satisfy the
real embeddings condition. Let #x be the set of all K-primes without relative degree 1 one
factors in M. Let G = Gal(M®/K). Then # is separable if and only if

(7.2) Vi=1,..., k, we have that g; € U TGal(M® /M)T71,

TEG

for all o; — generators of Gal(M/M;).

Proof. Suppose Condition (7.2) is satisfied. Then if Py is a prime whose Frobenius auto-
morphism is o; for some /, then by Proposition 2.8, page 101 of [4], we have that g, — the
prime below Pc in K, has a relative degree one factor in M and thus is not in #x. (This
is so because Gal(M®/M)T~! = Gal(M®/M)T~'0,.) Let N;,i =1,..., r be all the cyclic
subextensions of M¢ of prime degree and containing M but not generated by o; for any /.
Then every M-prime lying above a prime of #x will have all of its M® factors lie above a
non-splitting prime of some N;. Given n € Z~q, by Propositions 4.6, and 5.12, as in Theorem
7.3, we can construct an extension L of M® such that all but finitely many primes of M¢ of
relative degree greater than 1 over some N; will have all of their L-factors of relative degree
greater than n over M®. Thus, as in Theorem 7.4 we can conclude that #jx is separable.
Suppose now that Condition (7.2) does not hold. Then for some o;, we have that

o ¢ | J TGal(M®/M)T.

TEG

Therefore, for any 7 € Gal(M®/K), it is that case
Gal(M® /M)To; # Gal(M® /M)T.

Thus, by Proposition 2.8, page 101 of [4], for all M®-primes P,,c with Frobenius automor-
phism equal to o;, the K-prime 3, below PB,,c will not have any relative degree one factors
in M and therefore will be in #). However, as in the proof of Lemma 7.2, in any extension
L of M such that L/K is Galois, infinitely many primes of M® with Frobenius automorphism
equal to o; will split completely. O

We now turn our attention to the function fields.

Theorem 7.6. Let K be a function field over a finite field of constants. Let #x be a set of
K-separable primes. Then ¥ is a separable set of primes.

Proof. Let M/K be a finite extension of K where all but finitely many primes of #x do not
have relative degree one factors. Then by Lemma 6.3, there exists a non-trivial extension
M;s of K such that Ms/K is separable, M/M; is completely inseparable and all but finitely
many primes of %k, do not have relative degree one factors in Ms. Let M be the Galois

closure of Mg over K. Then all but finitely many primes of K do not have relative degree
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one factors in the extension M¢/K. Now the result follows by Proposition 6.1, Lemma 6.2
and Proposition 7.1. O

Some of the results described above can be restated in the following form.

Theorem 7.7. Let M/K be a Galois extension of number fields satisfying the weak real
embeddings condition or a Galois extension of function fields over a finite fields of constants.
Then there exists a Galois extension L of M such that the extension L /K is Galois and has
the following property. If o € Gal(M/K) is of order

n=T1]nr"

where all p;’s are distinct, then any & € Gal(L/K) extending o will have order

n=1]r"q’.
where b; > a;, pi # q;.

Proof. Let L be such that all but finitely many primes of M of relative degree greater than 1
over K have all of their L-factors of relative degree greater than 1 over M, and L /K is Galois.
It is clear, by definition of an extension, that b; > a;. Thus what we have to show is that the
strict inequality holds. Suppose for some p; we have that b; = a;. Let T = 5"7/”?", T = a’_’/”lbi.
Then T is an extension of 7. Further the order T = p,’f”' and so is the order of 7. By Corollary
3.2 this would contradict our assumption on factors of M-primes of relative degree higher
than one over K. O
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