Formulating LP Problems

Converting information from a paragraph to something a computer can accept will be a daily task for most business people.  Formulating linear programming problems is one version of this process, and if you can master it, then you will probably be able to handle most other data-conversion situations.  Except for the discussion of setting up the formulae, the steps outlined here apply to any data-conversion process.  So, where do you begin?

Organizing The Data

It sounds trite, but read the information.  The first time, read it quickly.  Don’t take notes, or start drawing relationships, simply read it.  You want an overview, a feel for what the data is about.  The second time you read the problem, go slowly and begin organizing the data.  Sketch out a table showing how one number relates to more than one word.  Add rows or columns to the table as you encounter more numbers that are similarly related.  If you can see more than one grouping for the data, write down all of them.  Some may be irrelevant, but you don’t know which ones are, so include them all at this point.  Then take time for a third, quick read through the data to see if you missed anything.  Here’s an example of how this works:

The Glimmer Glass Company specializes in a small, but very high-quality, line of windows and doors.  Currently three models are produced: a window with a single pane of glass measuring 30-inch by 48-inch, a window with two 30-inch by 24-inch panes of glass, and a door with a single pane of glass measuring 3 & ½ foot by 6 foot.  Each product is framed by wood with the windows using inch-and-a-half framing and the door using 3-inch framing.  The amount of framing needed is determined by the perimeter of the glass.  The glass comes in large pieces that are cut up as necessary and the scrap is re-melted, so waste is not an issue.  Assembly time for a single pane window is 20 minutes, for a double pane window is 30 minutes, and for a door is 50 minutes. The current inventory counts are 400,000 square inches of glass, 50,000 linear inches of inch-and-a-half framing, and 12,000 linear inches of 3-inch framing, with 120 labor hours available.  On average it costs Glimmer Glass $25 for a single pane window, $45 for a double pane window and $70 for a door.

I trust you read through the italicized paragraph quickly and now know that you make three products (two types of windows and one type of door) out of glass and framing.  Now as you read through the problem again, start organizing the information.  When you read:

“Currently three models are produced: a window with a single pane of glass measuring 30-inch by 48-inch, a window with two 30-inch by 24-inch panes of glass, and a door with a single pane of glass measuring 3 & ½ foot by 6 foot.”

You might write down:

	
	Glass

	Single
	

	Double
	

	Door
	


to represent the three products.  We also set up a column labeled “glass” because there was a description of glass for each product.  We have information about the size of the window-panes, but we aren’t sure (yet) how that will fit into our table, so we’ll leave it out for now.  We’ll set up the organization now and worry about where to put specific data later on.  The next sentence:

“Each product is framed by wood with the windows using inch-and-a-half framing and the door using 3-inch framing”

again tells us something about the products, so we set up two more columns.

	
	Glass
	1&1/2-inch frame
	3-inch frame

	Single
	
	
	

	Double
	
	
	

	Door
	
	
	


We are starting to build a table to hold the data (numbers) we are being given.  You may want to show that the 3-inch column applies to only the doors, or you can simply remember that.  The next couple of sentences:

“The amount of framing needed is determined by the perimeter of the glass.  The glass comes in large pieces that are cut up as necessary and the scrap is re-melted, so waste is not an issue.”

tells us how to measure the framing requirements – we’ll do that later - and gives us some background information about scrap and costs.  The background information doesn’t become part of the table, but you might jot a note to yourself, or highlight it in the problem, that scrap is irrelevant.  Next we read:

“Assembly time for a single pane window is 20 minutes, for a double pane window is 30 minutes, and for a door is 50 minutes.”

Again, this deals with the products, so we add another column to out table:

	
	Glass
	1&1/2-inch frame
	3-inch frame
	Assembly

	Single
	
	
	
	

	Double
	
	
	
	

	Door
	
	
	
	


and keep reading.  

“The current inventory counts are 400,000 square inches of glass, 50,000 linear inches of inch-and-a-half framing, and 12,000 linear inches of 3-inch framing, with 120 labor hours available.”

Interestingly, this has nothing to do with the products; it deals with glass and framing and assembly time.  So, we can add a row across the bottom of the table, called “Maximums,” like this:

	
	Glass
	1&1/2-inch frame
	3-inch frame
	Assembly

	Single
	
	
	
	

	Double
	
	
	
	

	Door
	
	
	
	

	Maximums
	
	
	
	


The final sentence:

“On average it costs Glimmer Glass $25 for a single pane window, $45 for a double pane window and $70 for a door.”

Gives us cost information on the three products, so we need another column:

	
	Glass
	1&1/2-inch frame
	3-inch frame
	Assembly
	Cost

	Single
	
	
	
	
	

	Double
	
	
	
	
	

	Door
	
	
	
	
	

	Maximums
	
	
	
	
	


And now our table is set up, ready for data to be put into it.  It is usually best to put the simplest data in first, and when possible, start with the maximums.  Copying from the word problem, we get:

	
	Glass
	1&1/2-inch frame
	3-inch frame
	Assembly
	Cost

	Single
	
	
	
	
	

	Double
	
	
	
	
	

	Door
	
	
	
	
	

	Maximums
	400,000 sq. in.
	50,000 in.
	12,000 in.
	120 hours
	


We learned two things by doing this.  One, that costs didn’t have a maximum or minimum, which makes it different from the rest of the columns, and two, we have our first guess at the units we need to describe the data for glass (sq. inches), framing (inches) and assembly time (hours).  I said our “first guess” because we may choose to change the units later, say inches to feet or hours to minutes, for convenience sake.  We can now try to put in the rest of the data.

We can get the dimensions of the glass from the second sentence, 30X48 for the single pane window, 30X24 for the double pane window, and 3.5X6 for the door.  There are two things to watch out for: the double pane window needs 2-30X24 panes, and the door’s measurements are given in feet, not inches.  30X48 means 1440 sq. inches of glass, two 30X24 panes means another 1440 sq. inches and one 3.5X6 foot panes means one 42X72 pane, which means 3024 sq. inches of glass.  These numbers can be put in the table.

	
	Glass
	1&1/2-inch frame
	3-inch frame
	Assembly
	Cost

	Single
	1440 sq. in.
	
	
	
	

	Double
	1440 sq. in.
	
	
	
	

	Door
	3024 sq. in.
	
	
	
	

	Maximums
	400,000 sq. in.
	50,000 in.
	12,000 in.
	120 hours
	


We were told the framing was measured by the perimeter of the glass (that’s actually inaccurate, but I didn’t want to get into the complexities of extending the measurement to account for the corners).  Remembering our geometry classes, we know that the perimeter of a rectangle is twice the length plus twice the height, so a 30X48 pane has a 156-inch perimeter, two 30X24 panes have a total perimeter of 216 inches, and the 42X72 door has a 228-inch perimeter.  We have to be careful when putting this into the table because the windows use 1&1/2-inch frame, while the door use 3-inch frame.  The table now looks like:

	
	Glass
	1&1/2-inch frame
	3-inch frame
	Assembly
	Cost

	Single
	1440 sq. in.
	
156 in.
	
	
	

	Double
	1440 sq. in.
	
216 in.
	
	
	

	Door
	3024 sq. in.
	
	
228 in.
	
	

	Maximums
	400,000 sq. in.
	
50,000 in.
	
12,000 in.
	120 hours
	


Our assembly time is given in minutes, which we could convert to fractions of an hour, but I have a personal dislike for using fractions/decimals if I don’t have to.  The reason is that decimals often need to be rounded, which is less precise than a whole number.  Therefore, I prefer to convert the maximum from 120 hours to 7200 minutes, and then enter the rest of the data, including the costs.

	
	Glass
	1&1/2-inch frame
	3-inch frame
	Assembly
	Cost

	Single
	
1440 sq. in.
	
156 in.
	
	
20 min
	$25

	Double
	
1440 sq. in.
	
216 in.
	
	
30 min
	$45

	Door
	
3024 sq. in.
	
	
228 in.
	
50 min
	$70

	Maximums
	
400,000 sq. in.
	
50,000 in.
	
12,000 in.
	
7200 min
	


I know I have done this in incredibly boring detail, but I have noticed some students have difficulty organizing data, so I thought I would give one detailed example for them to read.  Once you get used to them, you can set up the tables almost as fast as you can read the problem.  Keep in mind some of things I have pointed out, though, such using the maximums to determine the units, or keeping track of which rows deal with which columns.  This will cut down on the number of errors you make.

This is probably the wrong time to tell you this, but not all data fits neatly into a table.  Sometimes one product will be related to another product, or you will be given a limit that deals directly with a row rather than with a column.  All I can say is, watch out for those complications, and make notes off to one side to describe them.

Formulating the Problem

You hopefully know, from some earlier class, that a linear programming problem has three important parts: the variables, the objective, and the constraints.  The variables, properly called decision variables – though I usually won’t bother to say that – represent the heart of the problem.  You should know a variable if you see one, it’s the letter stuck in with a bunch of numbers.  In the following equation:

3*X = 15

the letter “X” is the variable.  A variable, however, is not a letter; it is a number.  We simply use the letter-symbol to take the place of the number until we can figure out its precise value.  That’s exactly what we are going to do in linear programming.  There is some piece of information, some number, that we desperately want to know, but all we have is bunch of other information describing that value.  We can use the other information to narrow down the possible values of the variable, so in the mean time, we will use a symbol, a variable, to mark the place of the value we want to know.  Using the variable lets us set up equations with whatever information we do have.  

So, what, precisely, do we want to know in the Glimmer Glass problem?  Well, looking at the table, it would be nice to know how many windows and doors to make, also how much glass, framing and assembly time to use, and we really want to know what the total cost of all this is going to be. 

Go back to my comment that the decision variables represent the heart of the problem, and ask yourself what, out of the list in the previous paragraph, you really need to know, and what you could figure out on your own if you had a little more information.  Put it this way: the cost is obviously the most important question, but could we calculate the cost if we knew specific numbers for the glass, framing, windows doors, and all the rest?  The answer is yes, knowing how much to use of each material and how many of each product to make would let us calculate the cost of using and making everything.  That means that the cost is not a DECISION variable.  The value of the cost (which is a variable, though of another type) depends on the values of the decision variables, so let’s keep looking.

We eliminated cost as a decision variable by noting that its value can be calculated from the values of other variables.  Looking at our table, it would seem that the rest of our questions (things we would like to know) could be put into two groups: things we are making and materials we use to make those things.  The things we are making are two types of windows and one type of door.  We would like to know exactly how many of each we should make.  The materials we use are glass, two types of framing, and assembly time.  We would like to know how much of each to use.  Let’s ask ourselves two questions:

1)
If we knew how much of each material to use, would that tell us how many of each product to make?

2)
If we knew how many of each product to make, would that tell us how much of each material to use?

The answer to the first question is “No.”  Knowing that we would use, say, 350,000 sq. inches of glass does not tell us how to divide that glass among the three products.  On the other hand, the answer to the second question is “Yes,” because is we know we are going to make 30 single-pane windows, we can calculate how much glass, framing, and assembly time we need to make those 30 windows.  Based on this, the really important question is “How many of each product should we make?”  Once we have an answer to that, we can answer the rest of questions about materials and costs.  Therefore, our products are our decision variables.  Don’t worry about the others being left out; we will have other variables for them, later on.

Now, I’m one of those people that believe that if a student cannot properly define a variable, then the student probably doesn’t understand the problem.  Therefore, I require very specific variable definitions.  Every variable definition will begin with “# of.”  You may not use “Amount of …” or “Quantity of …” or any other synonym.  The purpose of this is to emphasize to you that the variables are NUMBERS.  This is an important idea.  Next you must tell me what you are counting, including units if appropriate.  Finally, tell me why you are counting; tack a verb on the end of the definition.  Using these guidelines, our variables for the Glimmer Glass problem are:

SW
=
# of single-pane windows to make

DW
=
# of double-pane windows to make

SD
=
# of single-pane doors to make

You begin with “# of,” you tell me what you are counting (windows or doors) and no units (pounds or inches or gallons) are needed because the windows or doors themselves are the units.  Finally, you tell me what you are doing, making the products.  Failure to properly define the variables will cost you a lot of points on your quizzes.

What if you read the problem and cannot figure what to use as the variables?  Then try to work backwards from the constraints.  A constraint is a limit, applied either directly to a variable, or indirectly to a variable via a resource or contract.  A limit applied directly to a variable would read something like:

“Make at least 20 single-pane windows”

Since our problem doesn’t have anything like that, then our limits must be indirect, through the materials we use to make the doors and windows.  We have plenty of those.  Our materials (more generically they are called resources, because time isn’t really a material) are glass, framing, and time.  Taking one of those, say, glass, we note that the supply of glass is 400,000 sq, inches.  Unless we go out and buy more glass (we’ll deal with that possibility later, right now we don’t even consider it), that is the most we can use.  So, if there is a limit on the total amount of glass to use, we need to write a constraint for it.  We know:

Glass used < 400,000 sq inches of glass available.

Actually, we know something else.  We know that variables will be placed in the left-hand side of that equation, replacing “Glass used.”  Let’s pretend we don’t know what our variables are.  If that were true, then our next step would be to look for any other numbers that deal with glass.  Looking back at our table, I find a whole bunch of them (1440 sq. inches, again 1440 sq. inches, and then 3024 sq. inches) and they even have the right units – sq. inches.  I am sure, after all, that you remember from your Algebra classes that the units must be the same on the two sides of an equation.  There are a couple of questions though – why do have 1440 listed twice, and where do the variables fit in?

Well, since our data is in a table, and a table has both rows and columns, then each of the numbers in the “glass” column must also be in some row.  That means that the first “1440” referred to single-pane windows while the second “1440” referred to double-pane windows.  What is the relationship between the measurements and the windows?  Looking back at the problem (always a good thing to do) it becomes clear – no pun intended – that EACH window needs glass.  To put it another way, the numbers should be written 1440 sq. inches of glass used PER single-pane window and 1440 sq. inches of glass used PER double-paned window.  Now, though, we have a slight problem: the “per we just used changes the units on the numbers, and they no longer match the units on the limit.  What we have looks like this:

1440 sq in/1-pane window + 1440 sq in/2-pane window + 3024 sq in/door < 400,000 sq in available.

The only way to get rid of these pesky denominators is to multiply the numbers by something that will cancel out the windows and doors.  By an amazing coincidence, that’s exactly what we want to do: introduce variables into the constraints.  We simply have to make sure the variables are defined in the correct units to make the cancellation work.  So, for the first number:

1440 sq in/1-pane window * X 1-pane window/1   

works quite nicely.  The variable “X” is defined with the units of a 1-pane window.  TO make the cancellation obvious, I put the unit for the variable over “1” which doesn’t change anything but lets you see that the denominator for 1440 and the numerator for X are the same, and will cancel when multiplied together.  Now, if we didn’t already have our variable definitions, we could remember the rules (start with “# of,” tell me what you are counting, put a verb on the end) and write our variable definitions using what we just learned:

X = # of 1-pane windows to make.

Of course, I called them “single-pane windows” earlier, and used “SW” instead of “X,” but those are details.  Once again, I have gone through this in incredibly boring detail, but I did have a reason.  For some of the problems you will formulate for me, it will not be obvious what the variables should be.  When this happens to you, the process I just outlined may help you get started.  I hope so, anyway.

The good news is: we’re mostly done.  The bad news is: there’s still some more to do.  We can now write out the constraints, so let’s do that.  First, let’s write all the limits:



< 400,000 sq. inches of glass 



< 50,000 inches of 1&1/2-inch framing 



< 12,000 inches of 3-inch framing 



< 7,200 minutes of labor 

Notice I dropped the word “available” from the limits – I did that to save some room.  Remember it, though.  Next, let’s write in the three variables the way we first defined them, so the constraints look like:



SW


DW


SD
< 400,000 sq. inches of glass 



SW


DW


SD
< 50,000 inches of 1&1/2-inch framing 



SW


DW


SD
< 12,000 inches of 3-inch framing 



SW


DW


SD
< 7,200 minutes of labor 

I’ve left out all the units of the variables, and I don’t have any numbers with yet, but all that’s coming.  For now, I want you to see that potentially every variable deals with every constraint.  Now we can add the numbers from the table (we call these numbers “parameters” though actually any number in a problem is a parameter).  The constraints now look like: 


1440
SW

1440
DW

3024
SD
< 400,000 sq. inches of glass 


156
SW

216
DW

0
SD
< 50,000 inches of 1&1/2-inch framing 


0
SW

0
DW

228
SD
< 12,000 inches of 3-inch framing 


20
SW

30
DW

50
SD
< 7,200 minutes of labor 

By convention, a number next to a variable is multiplied by that variable.  We already worked out that the units cancel for our numbers and variables, but if you aren’t sure, run through it in your head for a couple of the above combinations (you should be able to do that).  A couple of things you need to notice are that blanks in the table translate into zeroes in the constraints, and that the each column in the table translates into a constraint (sort of a row) in the equations, which can be confusing.  Keep track of what each constraint deals with, though, and READ each number as you copy it to help avoid making mistakes.  The number*variable combinations are important; they define the amount of each resource allocated to each product.  Even though we do not yet know how many single-pane windows we will make, we do know that however many we make, we will need 1440 times that many square inches of glass.  Now, glass that is used for single-pane windows obviously cannot be used for double-pane windows, so to calculate the total amount of glass needed, we add up all the number*variable combinations, to get:


1440
SW
+
1440
DW
+
3024
SD
<
400,000
sq. inches of glass 


156
SW
+
216
DW



<
50,000
inches of 1&1/2-inch framing 








228
SD
<
12,000
inches of 3-inch framing 


20
SW
+
30
DW
+
50
SD
<
7,200
minutes of labor 

Notice that I also dropped all the variables that had “0” as a parameter.  This is another convention, and one that makes it a lot easier to read the equations.  Each equation is a constraint.  Notice what you know and don’t know at this point.  You don’t know how many windows or doors to make, but you do know how much glass to devote to each window and door, and you have related the total amount of glass to be used (1440SW + 1440DW + 3024SD) to the total amount available.  That’s pretty good.

There’s still a set of numbers we haven’t used, though, the costs.  We haven’t used them because we have been focusing on the constraints, and the costs had no limit.  That lack actually defines the difference between a constraint and the objective.  The objective looks very much like the left-hand side of a constraint.  The difference is that the objective has no limit on it.  Instead, we decide whether we want more of whatever the objective is measuring or less of it.  If we want more, then we are greedy and want as much as we can get (maximize).  If we want less, then we would prefer to have as little as possible, so we minimize.  The numbers we have with no limit are costs.  As good business people, you want costs to be as low as possible, so we will minimize our objective.  This gives us:

Min Z = 25 SW + 45 DW + 70 SD

as our objective.  We created a new variable, “Z.”  “Z” is always reserved to refer to the objective, whether we are maximizing or minimizing is irrelevant.  Combining everything we have worked out, our final formulation looks like:

Min Z = 
25
SW
+
45
DW
+
70
SD


1440
SW
+
1440
DW
+
3024
SD
<
400,000
sq. inches of glass 


156
SW
+
216
DW



<
50,000
inches of 1&1/2-inch framing 








228
SD
<
12,000
inches of 3-inch framing 


20
SW
+
30
DW
+
50
SD
<
7,200
minutes of labor 



SW,


DW,


SD
>
0
non-negativity

Things to notice are that the variables are lined up in columns, the limits go on the right-hand side of the equation, parameters go before the variables, and there is a new constraint at the end of the formulation.  

The new constraint is a little odd; it uses commas instead of plus signs.  That last constraint simply requires that variable values, whatever they are, must never be negative (after all, you can’t produce a negative amount of something).  Properly done, that last constraint should be written on three different lines, one for each variable.  However, the constraint is so important that the computer software has it built into the program, so you don’t have to type it in (you will have to type in the other constraints).  That means that while it is important enough to list every time you formulate a problem, we don’t have to worry about setting it up properly, so we take a shortcut.  This is the only time you are allowed to use commas in a formulation.  

This finishes the formulation for this somewhat simple problem.  As noted before, I did this in a lot of excessive detail just in case any of you needed a refresher.  The problem could be made more interesting by having you do more of the calculations for the parameters, such as cost sheets for the products so you have to figure out the total cost of the product, or details for number of workers and hours per worker, from which you would have to figure out the total hours available.  There are also other types of variables and constraints, so in the next few sections I will give examples of how you handle more complex situations.  

