PRIMITIVE LIMIT ALGEBRAS AND C*-ENVELOPES
KENNETH R. DAVIDSON AND ELIAS KATSOULIS

ABSTRACT. In this paper we study irreducible representations of
regular limit subalgebras of AF-algebras. The main result is twofold:
every closed prime ideal of a limit of direct sums of nest algebras
(NSAF) is primitive, and every prime regular limit algebra is prim-
itive. A key step is that the quotient of an NSAF algebra by any
closed ideal has an AF C*-envelope, and this algebra is exhibited
as a quotient of a concretely represented AF algebra. When the
ideal is prime, the C*-envelope is primitive. The GNS construction
is used to produce algebraically irreducible (in fact n-transitive for
all n > 1) representations for quotients of NSAF algebras by closed
prime ideals. Thus the closed prime ideals of NSAF algebras co-
incide with the primitive ideals. Moreover these representations
extend to x-representations of the C*-envelope of the quotient, so
that a fortiori these algebras are also operator primitive. The same
holds true for arbitrary limit algebras and the {0} ideal.

The regular limit algebras form a class of operator algebras that has
enjoyed a lot of attention in recent years. These are non-selfadjoint
subalgebras of AF C*-algebras modeled upon diagraph algebras and
constructed via a direct limit process that satisfies certain regularity
conditions (see below for a precise definition). One of their attractive
features is the availability of abstract schemes for their classification,
parallel to the ones in the selfadjoint theory. Another one is the rich
and tractable ideal structure that allows for considerations which are
redundant in the selfadjoint case.

The purpose of this paper is to construct algebraically irreducible
(primitive) representations of quotients of regular limit algebras. In a
recent article [16], Hudson and the second author produced a variety
of primitive TUHF algebras. Elaborating on a representation of Orr
and Peters [22], it was shown that if the standard embedding appears
infinitely many times in the presentation of a TUHF algebra A, then A
is primitive. This led to a complete classification of the primitive ideals
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of Power’s lexicographic algebras, with applications to their epimorphic
theory.

The question of when a TUHF, or more generally a TAF algebra,
is primitive was implicit in [16] and was raised explicitly in several
conferences. Similar questions had also been raised and investigated
in [21] in the broader context of subalgebras of groupoid C*-algebras
algebras. A well-known necessary condition for an ideal to be primi-
tive is closed and prime. However, the converse is generally false for
Banach algebras. In this paper, we establish the converse for NSAF
algebras, which includes the strongly maximal TAF algebras. More-
over the representations constructed extend to x-representations of the
C*-envelope of the quotient, and in particular are completely isomet-
ric representations as operator algebras. While this general result for
ideals remains elusive for the larger class of regular limit algebras, we
are able to deal with the {0} ideal and show that if A4 is prime, then it
is also primitive.

We adopt a C*-algebraic approach. It is a consequence of the Blecher—
Ruan-Sinclair characterization [5] of operator algebras that the quo-
tient of an operator algebra by a closed ideal is also an operator algebra.
Moreover due the work of Arveson [2, 3] and Hamana [14], every op-
erator algebra can be completely isometrically embedded in a unique
minimal C*-algebra known as its C*-envelope. In general it is very
difficult to identify this algebra. In our case, the algebra A comes with
a presentation as a subalgebra of an AF C*-algebra. Because of the
explicit nature of this presentation, we are able to describe an explicit
presentation of each quotient as an NSAF algebra. The C*-envelope is
always a quotient of the C*-algebra constructed, and thus will also be
AF.

Hudson [15] characterized closed prime ideals in TAF algebras by
a modification of Donsig’s characterization [12] of semisimple TAF
algebras. In the case when the ideal is prime, this allows a more precise
description of the C*-envelope of the quotient sufficient to show that
it is always primitive.

The next step is to use the GNS construction to obtain concrete
representations of this C*-algebra in such a way that the image of the
nonself-adjoint algebra is woT-dense in B(H). This is a new approach
to non-selfadjoint problems of this nature and we expect it to have
additional applications. It is important that these are completely iso-
metric representations of the quotient as operator algebras, not just
representations on some arbitrary Banach space. It follows that the
notion of operator primitive ideal and primitive ideal coincide for these
algebras.
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1. PRELIMINARIES

We briefly recall the framework for studying limit algebras and list
some necessary results. For more details see the monograph [26].

Let 2 be an AF C*-algebra. For subalgebras X', ) of 2, let PI(X)
denote the set of partial isometries in X'. The normalizer of ) in X is

Ny(X) ={z € PI(X) : zyz™, x"yx € Y for all y € V}.

A maximal abelian selfadjoint subalgebra € of 2 is called a canonical
masa in A if there is a nested sequence (2;); of finite dimensional
subalgebras of 2 so that A = [J,A; and &; = A, N ¢ is a masa in ¥, for
each i > 1 and Ng, (2;) € Ne,,, (/i+1). It follows that € = |, €; Let ¢;
denote the s-monomorphism injecting 2; into 2A;,; for this particular
sequence.

A regular limit algebra A is a norm-closed subalgebra of an AF C*-
algebra which contains a canonical masa €. With the choices of the
previous paragraph, we define A; = A N%;. By a slight abuse of
notation, we denote the injection of A; into A;11 by ¢; as well. As
an €-bimodule, it follows [26] that A is inductive in the sense that
A=, A

More abstractly, a norm closed subalgebra A of 2 is a limit algebra
if and only if it is the limit lim(A;, ;) of a directed system

Ay LA Ay 2 -A3 2 Ay &
where for each i > 1, A; := AN A, satisfy
(i) ¢, CA C,,
(ii) ; extends to a x-monomorphism from 2; into ;, 1, and
(iii) the extension of ¢; maps Ng, (2;) into Ne,,, (Ai41).

The algebra 2; may be decomposed as a sum ?:ki 2, ; where 2, ; is
isomorphic to a full matrix algebra 9, . of all n; ; X n; ; matrices. One
may choose a basis for each matrix algebra which will diagonalize the
masa ¢;. The matrix units for 2; will be denoted by e for 1 < j < k;
and 1 < k,I < n,;. The diagonal matrix units e span €;. Let
pij = Sop el denote the projection onto the jth summand 2, ;.

The normalizing partial isometries in 2A; are just orthogonal sums
of modulus one multiples of standard matrix units. So condition (iii)
implies that each matrix unit is sent to a sum of modulus one multiples
of matrix units with pairwise orthogonal domains and ranges. It is a
routine exercise to recursively replace the basis vectors at each level by
an appropriate modulus one multiple so that the scalars involved are
all 1’s, and each matrix unit is sent to a sum of matrix units.
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Now condition (ii) means that each summand £, ; is embedded into
iy, with a certain multiplicity m(7, j, k) by @ijr = Dis1epila,,-
The normalizing condition means that this embedding decomposes as
a direct sum of multiplicity one embeddings, meaning that there are
m(1, j, k) orthogonal projections gs = ¢; j ks in €41 of rank n;; such
that @i ju(-) = 00 e ()gs, and each @y jks(-) = gsijk()gs s
a unitary equivalence obtained by matching the basis for €; with the
basis for ¢;€; .

The limit algebra A is called triangular AF (TAF) if AN A* equals
a canonical masa € in 2. In this case, the basis for each matrix alge-
bra may be ordered so that each algebra A; N%; ; is identified with a
subalgebra of the upper triangular matrix algebra 7, ; of 9, ..

If Ais a TAF algebra and A + A* is dense in A, then A is called
strongly mazximal triangular. If A is a strongly maximal TAF algebra,
then we can write A = li_n)l(.Ai,goi), where each A; is a direct sum
of the full upper triangular algebras 7, ;. Once this is done and ¢;
is decomposed into a direct sum of multiplicity one embeddings, each
of these embeddings will respect this order because each triangular
algebra is mapped into another triangular algebra. More generally, we
shall consider nest subalgebras of AF-algebras (NSAF) where each A;
is the direct sum of nest subalgebras of 9, .. The standard basis will
be ordered so that A; contains ’ZW in each summand.

An element e of an algebra A is said to have a link in A if eAde # {0}.
A homomorphism ¢ between two algebras A and B is said to be mizing
if for any element e in A, ¢(e) has a link. For x-extendible homomor-
phisms between direct sums of upper triangular algebras preserving the
normalizers, mixing simply means that the image of any matrix unit
has a link in B. A directed system A = lim(A;, ;) is called mixing if
all the maps ¢; are mixing.

If A = lim(A;, ¢;) is a presentation for a limit algebra A, then a com-
pression of this presentation is a direct system of the form h_I)n(.Aik, i)
for some subsequence (7)) of N and maps 9, = @;,,,—1 0" i, 410 @i,
It is easy to construct examples of non-mixing embeddings whose com-
positions are mixing.

Unlike their building blocks, the upper triangular matrices, strongly
maximal triangular limit algebras may be semisimple. More generally
semisimple TAF algebras are characterized by Donsig [12]. An inspec-
tion of the proof shows that this result is valid for all regular limit
algebras.

Theorem 1.1 (Donsig). Let A = lim(A;, ;) be a regular limit algebra.
Then the following are equivalent:
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(i) A is semisimple
(ii) every element e € Ng(A) has a link
(iii) there is a compression @(Aik, Yy of this presentation which
1S Mixing.

An ideal Z of an algebra A is said to be prime if given any two ideals
J1, Ja, so that 105 C Z, then either /1 CZ or Jb CZ. If Ais a
Banach algebra and Z is closed, then it is easily seen that the ideals J;
and J, in the above criterion can be taken to be closed. Hudson [15]
characterized the closed prime ideals of a TAF algebra by a criterion
based on Donsig’s Theorem. Again the proof only requires A to be a
regular limit algebra.

Theorem 1.2 (Hudson). A closed ideal P of a regular limit algebra A
is prime if and only if for every pair e, f € Ne(A) with e, f & P, there
is a link s € N¢(A) such that esf & P.

An ideal Z of an algebra A is said to be primitive if it is the kernel of
an algebraically irreducible representation 7 of A on some vector space
X, meaning that the algebra m(.A) has no invariant manifolds. If {0} is
a primitive ideal, then A is said to be primitive. When A is a Banach
algebra, the primitive ideals are closed and prime. The converse is not
generally true. In the case of limit algebras, [15] and [16] show that for
a variety of significant algebras the converse is valid. For AF-algebras,
the equivalence is fairly elementary [6, Theorem 3.8]. For more general
separable C*-algebras, one has an old result of Dixmier [11]:

Theorem 1.3 (Dixmier). Let 2 be a separable C*-algebra. Then an
ideal of A is primitive if and only if it is closed and prime.

A representation is topologically irreducible if it has no proper closed
invariant subspaces. The famous Kadison Transitivity Theorem [18]
(see [9, Theorem 1.9.4]) shows that every topologically irreducible rep-
resentation 7 of a C*-algebra is not only algebraically irreducible as
well, it is in fact n-transitive for every n > 1. That is, given any finite
dimensional subspace M of H, and any operator T, there is an element
a € A so that w(a)|M = T|M. For more general operator algebras,
this is no longer true. However a useful substitute is the following
result of Hudson and the second author [16]. This result only estab-
lishes algebraic irreducibility, but by applying an old result of Rickart
and Yood [27, Theorem 8.4], one concludes that the algebra is strictly
dense, meaning that it is strictly n-transitive for all n > 1.

Lemma 1.4 (Hudson—Katsoulis). Let A be a closed subalgebra of B(H).
If for some finite r, the r-ball of A is WOT-dense in the unit ball of
B(H), then A is strictly dense in B(H).
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In the category of operator algebras, it is natural to define an opera-
tor algebra to be operator primitive if it has a completely isometric rep-
resentation on a Hilbert space which is algebraically irreducible. When
the operator algebra is given as a subalgebra of a C*-algebra, one can
ask for a possibly stronger property that the representation extend to
a *-representation of the enveloping C*-algebra. We shall call an alge-
bra with this latter property C*-primitive. Dixmier’s Theorem shows
that separable C*-algebras are operator primitive (or equivalently C*-
primitive) if they are primitive. So the representations constructed are
in the right category.

In his seminal work on operator algebras and completely bounded
maps, Arveson [2, 3] introduced the notion of the C*-envelope of an
operator algebra. The C*-envelope 2 of a unital operator algebra A
is actually a pair (2, i) consisting of the C*-algebra 2 together with
a completely isometric unital homomorphism i of A into 2 with the
following universal properties: 2 = C*(i(.A)) and if j is any completely
isometric unital homomorphism j of A into another C*-algebra B =
C*(j(A)), then there is a (unique) *-homomorphism 7 of B onto 2 such
that ¢ = mj. The existence of this object was established by Hamana
[14].

In general, it is very difficult to compute the C*-envelope of an ab-
stractly presented operator algebra. In our case however, the limit al-
gebras come with a presentation as a subalgebra of an AF C*-algebra.
Thus the C*-envelope is a quotient of this C*-algebra, and thus is
also AF. Laurie and Power [20] were able to show that starting with
a direct limit of digraph algebras with (completely) contractive regu-
lar maps, the C*-envelope is always AF. Here we are concerned with
quotients of NSAF algebras. Unfortunately there is no known rela-
tionship between the C*-envelope of an operator algebra and of one of
its quotients. Because of the nice structure of the ideals of the upper
triangular matrices, we are able to explicitly represent the quotient of
a NSAF algebra by any closed ideal completely isometrically as a sub-
algebra of an AF-algebra. Thus the C*-envelope is also AF. When the
ideal P is prime, an application of Hudson’s Theorem will allow us to
embed A/P completely isometrically in a primitive AF algebra.

As an appetizer, we provide the following easy result for arbitrary
regular limit algebras. The result mentioned above for quotients lies
deeper.

Proposition 1.5. Let A = lim(A;, ;) be a regular limit algebra. If
A has a faithful topologically irreducible representation ™ on a Banach
space X, then C*(A) is primitive.
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Proof. Let J and & be two non-zero ideals in A = C*(A) = lm(A;, ¢;).
The inductivity of closed ideals [29, 26] implies the existence of an
integer ¢ and non-zero projections e € JNE&; and f € ANE;. Since 7 is
faithful and topologically irreducible, 7(Af)X is dense in X and thus
n(eAf) # {0}. A fortiori, JR D e2f # {0}. This shows that {0} is a
prime ideal, i.e. 2 is prime. Hence 2 is primitive by [6, Theorem 3.8]
or by Dixmier’s Theorem. [ |

2. C*-ENVELOPES OF QUOTIENTS

Let us fix a closed ideal Z in a NSAF algebra A. If the C*-algebras
2l and € have inductive sequences 2l; and &;, then Z is the inductive
limit of Z; :== A, NZ = A; NZ (see [26]). It is easy to see that Z; is
an ideal of A;. By assumption, A; is the direct sum of nest algebras
A;j containing the triangular algebra 7, . for 1 < j < k;. Since this
contains a canonical masa, the ideal Z; is determined by the matrix
units it contains. It is evident that one condition needed for a set
of matrix units in A; ; to span an ideal is that e’ € Z; implies that

efj; y €Z; for all ' <k and I’ > I. A necessary and sufficient in terms
of the atoms of the nest is easy to describe, but will not be explicitly
needed.

Let g denote the quotient map of A onto A/Z, and let ¢; denote
the quotient maps of A; onto A;/Z;. Then there are induced maps @;
from A;/Z; into A;1/Z;+1. These maps are completely isometric (see
Corollary 2.5).

For each i > 1, let S; denote the collection of all projections p in &;
which are semi-invariant for A;, are supported on a single summand
of A; and satisfy (pA;p) NZ; = {0}. For notational convenience, we
denote the typical projection in .S; by p;fjl = lezk 6238 It is easy to see
that p = pzjl belongs to S; if and only if p is an interval of the nest and
eZ’i is not in Z;.

Form finite dimensional C*-algebras

B, = Z @ B(Ran p)

PES;

where B(Ranp) denotes the bounded operators on Ranp; of course,
B(Ranp) is isomorphic to M ankp. Let o; be the completely positive
map from 2; into B; given by o;(a) = foe s, Pap|Ranp- The first lemma
identifies A;/Z; via a completely isometric isomorphism with a subal-
gebra of B;.



8 K.R.DAVIDSON AND E.KATSOULIS

Lemma 2.1. The map o;| 4, from A; into B; factors as p;q; where g
is the quotient map of A; onto A;/Z; and p; is a completely isometric
homomorphism of A;/Z; into B;. Moreover C*(o;(A;)) = B;.

Proof. Since each p € S; is semi-invariant for A;, the compression map
taking a € A; to pap is a homomorphism; and thus ;| 4, is multiplica-
tive. It is clear from the construction that pZ;p = {0} for every p € S,
and thus Z; is contained in ker ;| 4,. Thus there is a uniquely defined
homomorphism p; of A;/Z; into B; so that p;q; = 0;]4,. It remains to
show that p; is completely isometric.

Let A = [ast] belong to M,,,(A;). We must show that

[0 (A)|| = dist(A, M, (Z2)).

Computing the right hand side is a matrix completion problem. Note
first that as A; is a direct sum of algebras A; ; and Z; decomposes in
a compatible way, that it suffices to assume that A; = 7 is a nest
subalgebra of 91, and Z; is an ideal Z of 7. The distance of A to Z is
given by
dist(A, 9,,(Z)) = inf || [ba] ||

where by, = as; if es4 & Z. The coeflicients by, for e;, € T are arbitrary.

Thus the entries are specified for the lower triangular part of the
picture and may be completed arbitrarily in the upper triangular part
corresponding to Z. This distance may be computed using the Arveson
distance formula [4] (see also [8]) as

dist(A, M, (Z)) = sup Hq(m)AT(m) H

where (g, r) runs over the set of all pairs of diagonal projections such
that ¢Zr = {0}.

It is enough to consider maximal pairs. Because Z is upper triangu-
lar, » may be enlarged to the smallest invariant projection dominating
it, namely the range projection 7 of 7r; and likewise, ¢ may be enlarged
to the range projection ¢ of 7*q. For indeed

{0} =qZr =qTITr =q7T(qZr)Tr
from which it follows that ¢gZr = {0}. Then p = ¢r is a semi-invariant

projection for 7 and 77 = pTp. In particular, pZp = {0}, so that
pE SZ Thus

dist(A, M, (2)) = Sug ||p(m)Ap(m)H = Hai(m)(A)H.
pPES;
To evaluate C*(o;(A;)), it clearly suffices to consider the case of a

single summand, say A; ~ 7. Consider any maximal projection py;
in §;. If ¢ € S;, the matrix unit ey, is annihilated by the compression
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qerq except when ¢ = pp p with &' < k and I’ > [. Thus the maxi-
mality of p ensures that o;(ex,) is zero on every summand of B; except
in B(Ranpy;). Hence if £ < k',I" < [, then o;(ex i) 0oi(ers)oi(er )
determines the matrix unit ey p in B(Ranpy;) and it vanishes in all
other summands. By induction, one shows that C*(0;(A;)) =B;. N

Remark 2.2. The curious reader should ask why we have to restrict
ourselves to nest subalgebras of 9, for these arguments. The reason
is that the distance formula for the distance to an ideal in terms of
compressions to intervals which are disjoint from the ideal is special
property which is not valid in general. Consider the digraph algebra A
of all 5 x 5 matrices of the form

OO O %
OO x O
O ¥ O 9
* o o
¥ OO U8R

0000

where the *’s, a, b, c,d, x,y are arbitrary entries. The ideal Z consists
of arbitrary entries for x and y.

Even considering elements with zero diagonal, the compressions to
semi-invariant subspaces will yield the matrices

0 0 a 0 a b 0 ¢ d
0 0 ¢ 0 0 0 000
000 0 0 0 000

By [10, Theorem 2.1], the distance to Z is not equal to the maximum
of the norms of these three matrices, but rather a constant of 1/9/8 is
required.

This does not mean that there is not a more clever way to embed
these quotient algebras into matrix algebras. In particular, we raise as
a test question: what is C;  (A/Z) for this example.

env

Now we describe the embedding of 8; into ®B;,,. Consider a projec-
tion ¢ € S;+1. This is supported on some summand 2,4, ;. Recall that
the identity p;+1 4 of this summand decomposes as a sum of certain
diagonal projections g; ;s corresponding to multiplicity one embed-
dings of %, ; into ;1 . Because ¢ is an interval and the maps ¢; j ks
preserve the order of the bases, it follows that p = ;- ]{k,s(q)pi,j is an in-
terval of 2, ;. Now ¢; maps Z; into Z;,, and maps pA; ;p isometrically
into qA;11,q. Since g € Sii1, we have ¢Z;11¢ = {0}. Consequently
pZ;p = {0}, and thus p € S;. Each pair (p,q) obtained in this way
determines a multiplicity one embedding of B(Ranp) into B(Rangq).
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Clearly this completely defines a unital embedding 7; of B; into B;.;.
A moment’s thought reveals that we have chosen those p which maxi-
mally embed into ¢ in the sense that for each choice of a multiplicity
one embedding of ; ; into ;1 %, one has chosen the unique largest
interval projection p so that the natural map into ¢ xq is faithful
on pR; ;p.

Let B = lim(%B;, ;) be the AF algebra determined by this sequence.

Lemma 2.3. With notation as above, o;11p; = m;0;.

Proof. Let a € ;. Then o;(a) = Z;?esi Pap|ranp and thus mo;(a) is
a direct sum over ¢ € S;,; of the images of the various pap which are
embedded faithfully into B(Rangq) = ¢4 ¢ and are maximal with
respect to this property. On the other hand,

oir1pi(a) = Z ® qi(a)q|Rang-
q€Si+1
Thus the same summands of a are mapped by ¢; into ;41 ; as a sum
of multiplicity one embeddings, and then are mapped by o;;; to a
direct sum of terms qg;(a)g|rangs Which decompose as direct sums of
compressions of the various multiplicity embeddings. One needs to
observe what the resulting compression does on each multiplicity one
piece. A moments reflection shows this to be the compressions to the
same intervals p determining the map m;, establishing the identity. W

Theorem 2.4. Let A = lim(A;, ;) be an NSAF algebra of the AF-
algebra A = @(%,%), and let I be a closed ideal. Then o = limo;
of A into the AF C*-algebra B is a unital completely positive map
such that the restriction to A is a homomorphism which factors as
ola = pq where q is the quotient onto A/ and p is a completely
isometric homomorphism. Moreover C*(a(A)) = B.

Proof. The previous lemma shows that the following diagram com-
mutes

911 L} 912 p2 Ql3 ¥3

Ull gzl ggl
B N By b B B
All the maps are completely positive and unital, and thus o = lim o, is
unital and completely positive. By Lemma 2.1, the restriction of o to
each A; is a homomorphism, and thus ¢ is a homomorphism. Moreover

the kernel of ;| 4, is precisely Z;, and thus o vanishes on Z. Hence |4
factors as pq for a unique unital homomorphism p of A/Z into B. Again
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by Lemma 2.1 and Lemma 2.3, it follows that p| 4, = m;p; factors as the
completely isometric map p; followed by the x-monomorphism 7; of 8;
into B. Hence p is completely isometric on each 4; and thus also on
all of A.

Finally, C*(c(.A)) contains (the image of) C*(o;(.A;)) which equals
B; by Lemma 2.1. As the union of the B;’s is dense in B, we obtain
C*(o(A)) =B. [ ]

Corollary 2.5. The injection of A;/Z; into A;y1/Ziv1 is a complete
1sometry.

Proof. This map is injective and *-extendible, hence completely iso-
metric. [ |

Corollary 2.6. Let A = lim(A;, ;) be an NSAF' algebra of the AF-
algebra A = lim(2A;, p;), and let T be a closed ideal. Then the C*-
envelope of A/ is AF.

Proof. This is immediate from Theorem 2.4 and Hamana’s Theorem
[14] because the C*-envelope is a quotient of C*(p(.A)) = B, which is
AF because B is AF. [ |

Now we wish to specialize to prime ideals. The key additional in-
gredient is Hudson’s Theorem. This allows us to explicitly exhibit the
C*-envelope as a direct system.

Theorem 2.7. Let A = lim(A;, ;) be a NSAF algebra of the AF-
algebra A = lim(A;, ¢;), and let P be a closed prime ideal. Then the C*-
envelope of A/P is prime and hence primitive; and it can be expressed
explicitly as a direct system.

Proof. Hudson’s Theorem 1.2 shows that if e, f are matrix units in
A; \ P;, then there is a link s so that esf is not in P. By dropping
to a compression sequence, we may assume that every matrix unit in
A; \ P; has such a link in A;;.

Consider two summands of 28; corresponding to mazimal elements
of S, say p = py7 and p’ = pfj’;,. Let e = e/ and f = e, There is a
matrix unit s in 4;;; such that x = ¢;(e)sp;(f) is not in P. Let ¢ be
any maximal element of S;;; such that gzqg = . Then in B(Ran q), the
element x factors in this way. Thus there is some compression of an
image of 2, ; containing a non-zero image of e in B(Ran¢). But by the
maximality of p, there is no other projection r in S; so that B(Ranr)
contains an image of e (see the proof of C*(0;(.A4;)) = B, in Lemma 2.1).
Thus this means that B(Ranp) is mapped into B(Ran ¢) with non-zero
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multiplicity. Similarly, it follows that B(Ranp’) is mapped into the
same summand.

Consider a subsystem of the directed limit lim(B;, 7;) corresponding
to all summands which are never mapped into a summand B(Ran p)
where p is a maximal element of some S;. Evidently this system is
directed upwards. It is also hereditary in the sense that if every image
of a summand lies in one of our selected blocks, then it clearly does
not map into a maximal summand and thus already lies in our system.
By [6] (see [9, Theorem II1.4.2]), this system determines an ideal J of
B. The quotient B’ = B/T is the AF algebra corresponding to the
remaining summands and the remaining embeddings. Let £ denote this
quotient map.

In the quotient algebra 2B’, we see by construction that any two sum-
mands at level ¢ are mapped into maximal summands at some higher
level. Then by the arguments of the second paragraph, they are then
mapped into two maximal summands on the same level and thence into
a common maximal summand one level higher. Consequently for each
1, there is a single summand at some higher level so that every sum-
mand at level ¢ is mapped into this common summand at the higher
level. Note for future reference that the argument of the second para-
graph shows moreover that any pair of matrix units in .4/P has a link
in B’ at some higher level. We may now drop to a compression and
relabel if necessary so that every summand at level ¢ is mapped into
the first summand of level 7+ 1 in such a way that every pair of matrix
units in A;/P; has a link in A, supported in this first block 987, , ; of
level 7 4+ 1. In particular, these embeddings are mixing.

Now suppose that J and R are two non-zero ideals in 9B’. Then
at some level 7, both have a non-empty intersection with B’. By the
previous paragraph, they then both contain the first summand at the
next level. Consequently JR # {0}. This shows that B’ is prime.
By [6, Theorem 3.8] or by Dixmier’s Theorem, it follows that B’ is
primitive.

Consider the canonical map p’ = kp of A/P into B’. By Lemma 2.1,
each coset a for an element a € A has norm |[a|| = sup,g, ||pap||.
Moreover it is clear that if one only sups over the maximal elements
of S; that one obtains the same norm. Thus the map p’ is isometric
on A/P. Similarly one shows that p’ is completely isometric. As in
Theorem 2.4, we have B’ = C*(p(A/P)).

It remains to show that B’ is the C*-envelope of A/P. This only
requires that we show that the quotient by any ideal of 2B’ fails to
be isometric on the image of A/P. Let J be an ideal of B’ and let
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Ji; = 3NB.. Consider the commutative diagram

A 4= AT L B L B3

I I [ I

qi+1 Pi+1 / Ri4+1 / ~
Aiyi —— Ai1/Tivy —— B, —— B, /Jin

T

qi Pi / Ki ! I~
If J is non-zero, then it contains a non-zero summand at some level, and

thus contains the first (maximal) summand 8] ; at the next level. This
summand is determined by the maximal element pzll of S;. However

the element p;q;(el;) is annihilated in every summand of 9B/ except for
the summand B;,. Consequently in the quotient by J;, we see that
K piqi(ez;’ll) = 0. As the diagram commutes, it follows that /-ipq(efg’ﬂll) =0,
which shows that k is not isometric on A/P. Thus B’ is the C*-
envelope of A/P. [ ]

We record for future use the additional structure, most of which was
obtained in the proof of the last theorem.

Corollary 2.8. Let A = @(Ai,goi) be an NSAF algebra of the AF-
algebra 2A = lim (2A;, ©i), and let P be a closed prime ideal. Then the C*-
envelope C%, (A/P) is an AF-algebra which has a presentation B’ =
lim (B}, ;) as a direct limit of finite dimensional C*-subalgebras B;
with the following properties:
(i) There is a sequence of subalgebras A;; of B, which are com-
pletely isometrically isomorphic to Ay, /Py, such that A/P =
(ii) The maps ; map every summand of B into the first block
/
1,1
(iii) The embedding of A; into the compression Ay, of A}, to
this first block is mixing.
(iv) The compression Aj; of Aj to the summand B ; of B is
a nest algebra containing the upper triangular matrices (with
respect to an appropriate order on the basis of €,). The matriz
units of Al are partial isometries which are rank 0 or 1 in each
summand.
(v) B’ contains a canonical masa € = lim(&;, ¢;) where each &;
is a masa in B and ¢;(Ne,(B5)) C Ny, (Biyg)-

Proof. Parts (i), (ii) and (iii) are contained in the proof above.
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Since A is NSAF, each A; is the direct sum of nest algebras. It is
evident that the compression by any projection p € S; maps the nest
algebra onto a nest algebra in B(Ran p). Since the quotient by J merely
deletes certain summands, this property remains in the quotient. Also
it is clear that each matrix unit of A;/P; is sent by o; to a direct sum
of a matrix unit or 0 in each summand.

The masa € is defined in the natural way by setting €, to be the
unique masa generated by €. /(& NPy, ) and the centre Z(B}). With
the canonical basis thereby obtained for each B(Ranp) by keeping the
basis vectors dominated by p, the algebra @, is seen to consist of the
diagonal operators. The definition of 1; as the amalgamation of the
compressions of the maps ¢; to the various summands B(Ran p) shows
that matrix units are taken to sums of matrix units, and thus this map
is regular with respect to €. [ |

Remark 2.9. When the original algebra is TUHF, additional hypothe-
ses [16] such as lexicographic ordering allow one to show that prime
ideals intersect each matrix algebra 7, in a prime ideal of this subal-
gebra. The prime ideals of 7,, are of the form P, = {A: PAP = 0} for
some interval P, and thus 7, /P, is completely isometrically isomor-
phic to P7,|py ~ 7,, where m = rank P. In this case, the C*-envelope
construction is seen to have a single block at each level and a UHF
algebra is obtained.

In general however, there are prime ideals in TUHF algebras which
do not intersect any 7,, in a prime ideal, and the enveloping AF-algebra
is not simple (and hence not UHF), as the following example shows.

The construction is a bit messy, so we only sketch the ideas. Start
with the ideal P; = Cey3 of 73. Suppose that we have constructed a
chain of ideals Py, in 7, and *-embeddings of 9, | into M,,, taking
7,,_, into 7, and so that two important things occur. The first is
that P, is the ideal generated by the image of P,_;; and secondly,
every pair of matrix units in 7, , \ P,—1 has a link with product in
7p,. \ Pn. The first condition makes the ideals P,, nested. The latter
condition guarantees that the limit ideal P is prime in the limit algebra
A by Hudson’s Theorem. Moreover it guarantees that no matrix unit
of 7,, lies in any P, for any [ > k. Thus PN7,, = P;.

Given the ideal Py, of 7,,,, let I, for 1 < i < s;, denote the maximal
intervals of 7, with compressions which annihilate P;. (Note that
there are s, maximal intervals, but s, — 1 is the minimal number of
matrix units needed to generate Py.) We will define a multiplicity sy
embedding of 9, into M, ., where ny,1 = spny as the direct sum of
sr multiplicity one embeddings. For each 2 < 1 < s, let [ i be the
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invariant interval so that I, ; U I} ; is also invariant. Similarly let I,
be the remaining coinvariant interval for 1 < i < sy — 1. Let the imagé
intervals under the ¢th multiplicity one embedding of these intervals
be denoted by J,;ti. The embedding is accomplished by ordering these
intervals as follows:

i = — + + +
Jk,sk‘]k,skfl ce ‘]k,2 Jk,Ska,Sk—l s Jk‘,l Jk,skfl‘]k,skf2 s Jk,l

Notice that in the middle of this sequence, the maximal blocks are
represented in reverse order. This ensures that they are all contained
in a maximal interval of Py1, and thus all the desired links exist. The
new ideal Py can be seen to have spi1 — 1 = s(sp — 1) generating
matrix units. In particular, Py is not prime, and sy, ; = s; —sg+1. The
AF-algebra constructed in Theorem 2.4 has at least s; summands at
the kth level because the maximal intervals all need to occur. Moreover,
in the quotient to the C*-envelope, these maximal blocks are always
retained. However the first maximal block of one level is never mapped
into the last maximal block at a higher level. Thus this AF-algebra is
not simple, and in particular is not UHF.

Remark 2.10. It is important to note that the algebra A/P, as a
subalgebra of 9B’  need not contain the masa €. So this is not a limit
algebra. This is a stumbling block, but we are able to work around it.
We are unable to determine if this is just a limitation of our proof, or
if there really are examples for which A4/P is not a limit algebra.

3. IRREDUCIBLE REPRESENTATIONS

In this section, we proceed to construct irreducible representations.
We will need the following lemma which provides additional infor-
mation about mixing homomorphisms. Let ¢!, 1 < i < n and &,
1 < j < m be the standard bases for C" and C™, and let ¢;; and f;; be
the corresponding matrix units for 91, and 9, respectively.

Lemma 3.1. Let ¢ be an (not necessarily unital) reqular embedding of
M, into M,, such that ¢ is a mixing embedding of T, into T,,. Then
there are two regular isometries u,v of C* into C™ such that f = ue,1v*
18 a matriz unit in 71, and

(a) = uau* +vav* + (I — uu* — vv*)p(a)(l — vu™ —vv*).
for all a € M,,. Moreover (e;,) fo(er;) = ue;jv* for 1 <i,j <n.

Proof. Since ¢ is mixing, there is a matrix unit f = f,, € 7,,, such that

@(e1n) frgp(e1n) # 0. In particular, ; = @(eln)fz and n, = @(eln)*ﬁg
are non-zero. As p(e;;) is a sum of matrix units, its action on a standard
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basis vector is to send it to another basis vector or to 0. Thus there
are integers ki and I, so that ¢ = & and n, = & .

Define ¢; = ¢(e;)&) and 7; = p(e1)E for 1 < i < n. Observe that
from the definitions,

ple)g;=¢ for 1<i<n
plewm) ni=mn, for 1<i<n
Jpah = G

It follows that there are integers k; and [; so that (; = f,i and n; = 5122
for 1 <1 < mn. Moreover since p(e1;), ¢(€in) and f,, are strictly upper
triangular, it follows that

ki<ko< - <k,=p<qg=L<ly<---<lI,

It is evident from the relations of the matrix units that M; =
span{{,i 1 <i<n}and My = span{ffi : 1 < i < n} are reduc-
ing subspaces for ¢(9M,). Now define two isometries by u&} = & and
v€l =& for 1 < i <n,and let Q = (Puy, + Pp,)*. It is evident that
p(a) = uau* + vav* + Qp(a)Q. Also

U v ;= uen & = duE) = 01;C, = fn;
As both f and wue,;v* vanish on the complement of Ranwv, it follows
that f = ue, v*. Now p(a) commutes with uu* and vv*, so

(e foler;) = plem)uen1v™p(er;) = ueimenier;v* = uej;v*. M

Theorem 3.2. Let A = @(Ai,wi) be an NSAF algebra. Then every
closed prime ideal P of A is C*-primitive. Moreover the primitive
representation constructed is n-transitive for alln > 1.

Proof. The goal will be to use the GNS construction to obtain a faithful
irreducible representation 7 of C%  (A/P) in such a way that the 2-ball
of 7(A/P) contains the unit ball of B(H) in its woT-closure. Then an
application of Lemma 1.4 will show that 7(.4/P) has no invariant man-
ifolds, and thus 7 is a primitive representation. Finally, if one wishes
to consider A/P (completely isometrically embedded) as a subalgebra
of some other C*-algebra B via an embedding j, then by definition
of the C*-envelope, there is a x-homomorphism p of C*(j(.A/P)) onto
C:..(A/P) which is the ‘identity’ on A/P in the sense that i = pj.
Composing this with 7 yields an irreducible x-representation of %5
which is primitive and faithful on A/P.

We will make use of the structure of B = C* (A/P) obtained in
Corollary 2.8. In particular, we assume that 8 = lil)n(%i,@/)i) and

A/P = lim(A;, 1;). Moreover 1; maps B; isometrically into the first



PRIMITIVE LIMIT ALGEBRAS AND C*-ENVELOPES 17

summand B, of B,;;; and this map is mixing for the injection of A;
into the first block of A; 1. Also the compression of A; to the summand
B, 1 is a nest algebra containing upper triangular matrices.

At this stage, we apply Lemma 3.1 to the compression ;11 of ¥;
to the injection of matrix algebra B;; ~ M, into B 1 ~ M, .
The triangular subalgebra is contained in the compression A;; of A;
to B, 1, and similarly for A; ;1 in ®B,411. Consider B, as acting on
a Hilbert space H,; ~ C™ with standard matrix unit system {e}; }. We
obtain isometries u; and v; of H; into H;y; such that f = uieil’illv;‘ is a
matrix unit in A;41; and for all a € B, 1,

Yin(a) = wau; + viav; + ¢i(a)g;

where ¢; = 1 —wu} —v;vf. Let fi11 be the matrix unit in A;;; whose
. . 0.1 .
compression to B,y is f. Then ] fi1v; = e;ﬁ- In addition we have

; ; 0,1 i1 0,1 %
Vi(ehn,) fir1vi(ely) = vileg,,) firiiley, ) = wiey; v;
forall 1 <1,5 <n,.
Now we define a sequence of unit vectors (; in H; as follows. Choose
(1 to be any unit vector in H;. Then recursively define

Giv1 = \%Uz@‘ + \%%’Q for i >1.

Let w;(a) = we,(a) = (ag;, ;) be the corresponding vector state on B;.
Notice that if a € B, 1, then

wip1¥ia) = %<(uiau:‘|"Uz'avz<+Qi¢i(a)Qi>(uiCi+UiCi)a (WQ+%Q)>
= G, G) + 3(a;, G) = wi(a).
Since 1; maps ‘B; faithfully into B, 1, it follows that

wi+2¢i+1@/}i = wi“@/)i for all 1 2 1.

Consequently, we may define a state w on B by w(a) = lii>nwz-, and it
has the property that w(a) = w;111;(a) for all a € B;.

Let m = (7, Ha, &) denote the cyclic representation obtained from
w by the GNS construction. We wish to observe that « is a faithful ir-
reducible representation of 8. Indeed, each wj; is a pure state on B;. It
follows that w is pure. (This is the easy direction of [6, Corollary 4.16].)
Thus the representation = is irreducible c.f. [9, Theorem 1.9.8]. More-
over this representation is non-trivial on the simple summand B, .
Therefore it is injective on B, 1. However 1); injects B; faithfully into
B;+1,1. Hence 7 is faithful on each 9B; for all 7 > 1, and thus is faithful.

Our next goal is to show that 7(A/P) is woT-dense in 7(B). Let a
be an arbitrary element in ‘B, ;, and write it as a = ZZflzl aklezll . From
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Corollary 2.8(iv), we know that if k <[, then el is the compression
to B, of a partial isometry e}, in A;. Define an element a by

= w;av; = Z ey vy = Z api(€gn, ) fir1¥i(ey)

k=1 k=1

These formulae show that a € A, and ||a|| = ||a|.
Observe that

w(zﬁi(eini)fmwi(eiz)) = W(%(ezrlli)fwl%(ei’zl))
= <Ui€;;’llU§kCi+1, <i+1> <€kl Gis Cz> = (eZzl)

Therefore for any two matrix units el !and e! in 9B, 1,

(m(a)m(epy)Ews m(ers o) = wlers “aeyy) = wlamey)
= 20‘7’;}”(%‘( rm)fz'+11/fz'(€7iq))
- QOépr(wl €rs w’l snl)fl‘Flwl(elp)wl( pq))
= 2w (Wi(er,)avi(ey,))
< ( )ﬂ-(e;q)&w (612"3) w>
= 2(m(@)m(epy )&w, m(ers )

The set of vectors of the form w(eZ})E, for j > 1 and 1 < r,s < n;
are dense in ‘H,,. Thus if @ lies in the unit ball of B;, let a; denote the
component of ¥;1;_;...1;(a) supported on B,; for all j > i. Then
w(a) = w(a;) for all 7 > 4. The construction above now shows that
there is an element a; in the unit ball of Aj+1 such that

(m(a)m(egg )6ws m(efs)Ew) = (m(a;)m(efy )uw, m(ely)Ew)
= (7 (2%‘) (g )Ew (€] )8w)-
Consequently the 2-ball of 7(A/P) is woT-dense in the unit ball

WOT

of (W) = B(H,). Now an application of Lemma 1.4 shows that
7(A) is n-transitive for all n > 1, and in particular is algebraically irre-
ducible. So we have constructed a faithful x-representation of C;_(.A/P)

which is a primitive representation of .4/P. Hence P is a C*-primitive
ideal. [ |

There is a great deal of freedom in defining the state w. At the first
step (which could start at any Ay, ), we begin with an arbitrary vector.
At each stage, the choice is determined by the link f;;. However it is
easy to arrange for there to be two (or more) distinct links intertwining
different pairs of multiplicity one embeddings of A; into A1, say fii;
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for ¢; € {1,2}. In this way, for each choice of an infinite sequence
(¢;), one obtains a different pure state at a limit of vector states. Any
two distinct sequences differ at some point k. At this point of the
construction, the vectors (i constructed by the two methods become
orthogonal. They remain orthogonal in all subsequent steps.

Each choice yields an irreducible representation of C* (A/P). With

a little more care, we can show that this yields a large collection of
inequivalent representations.

Corollary 3.3. Let A be a primitive NSAF algebra and let P be a
closed prime ideal. Then A/P admits uncountably many inequivalent
Ct,.(A/P)-extendible algebraically irreducible representation on a sep-

arable Hilbert space 'H.

Proof. Assume that w; and ws are two pure states of an AF algebra
B = lil>n(iBi, ;) that produce equivalent irreducible representations
and mo. Then by [19, Theorem 10.2.6], there exists a unitary u € 2 so
that w; = wq ad,, where ad, (a) = uau*. Every unitary in an AF alge-
bra is a limit of unitaries in its finite dimensional subalgebras. Hence
there is a unitary v in some 9B; so that ||w; — wsad, || < 1. However if
our two sequences differ beyond the ith level, then w; and w, ad, cor-
respond to a limit of vector states which are orthogonal and thus these
states are distance 1 apart. Consequently any two sequences which are
not tail equivalent yield inequivalent representations. Since any equiva-
lence class for tail equivalence contains countably many sequences (¢;),
it is evident that there are uncountably many equivalence classes. W

It is well-known for any Banach algebra that the kernel of a topologi-
cally irreducible representation is closed and prime. Thus the following
five conditions are successively weaker than the next. So combining this
fact with the previous theorem, we obtain:

Corollary 3.4. For a closed ideal I of an NSAF algebra, the following
are equivalent:
(i) Z is C*-primitive.
) I is operator primitive.
(i) Z s primitive.
) T is the kernel of a topologically irreducible representation.
) T is closed and prime.

4. PRIMITIVE LIMIT ALGEBRAS

In this section, we show how to modify the technique of the pre-
vious section to deal with arbitrary regular limit algebras at the ex-
pense of having to limit ourselves to the algebra itself, rather than
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quotients. The reason for avoiding quotients by an ideal is that we do
not have the analogue of Theorem 2.4 for these quotients because of
Remark 2.2. However the algebra itself comes with a nice embedding
into an AF-algebra provided. As the proof is essentially the same as
for Theorem 3.2, we only outline the method.

Theorem 4.1. Let A be a reqular limit algebra. If A is prime, then it
is C*-primitive.

Proof. By Proposition 1.5, the C*-algebra 2 is primitive. Thus by
dropping to a compression of the original sequence, we may suppose
that each summand of 2(; is mapped into the first block 2,1 of 2,.

The key again is Hudson’s Theorem 1.2. Since {0} is a prime ideal,
any two non-zero elements in A have a link. Let eq,..., e be the
(diagonal) matrix units of €;;. We inductively find matrix units z;
and y; living in some algebra A;; so that

€171€2T3 . . . T~ 1€k, Tk, €1Y1€2Y2 - - - Yhy— 1€k, Yk, €1 7 0.

It is now easy to further compress our sequence so that these ele-
ments all live in A;4y;. Moreover it is a routine matter to refine
these elements so that each z; and y; is a matrix unit in A;4;1. Set
Zij = €T ...ChThe1Y1 ... ej_1Y;—1e; for 1 <4, 7 < k;.

Let H; = C* be the space on which A;; acts, with a standard basis
{5} : 1 < j < k;}. Define regular unitaries u; and v; from H; into H;y1
by setting u¢; to be the range vector of x; and similarly U§§ is the range
vector of y;. Then as in the proof of Theorem 3.2, we show that that
for any a = szlzl akleﬁc’ll in 2; 1, the element

k;
= E Q€L K€

k=1

Q>

is an element of A; .11 and ||a|| = ||a||.

A sequence of unit vectors (; is defined exactly as before. The argu-
ment that the state w = limw, yields a faithtul irreducible representa-
tion of 2 is exactly the same. Next we repeat the long calculation of
Theorem 3.2 which shows that

(m(a)m(epg)buws mers ) = 2(m(@)m(epy )6 Tl )Ew)

foralll <p,q,r, s § k;. The argument showmg that the 2-ball of 7(.A)
is woT-dense in the unit ball of B(H) is the same, and we conclude
that this representation is C*-primitive. |

Mimicking Corollary 3.4, we obtain
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Corollary 4.2. For a regular limit algebra A, the following are equiv-
alent:

) A is C*-primitive.

) A is operator primitive.
(iii) A is primitive.

) A has a faithful topologically irreducible representation.

In [22], Orr and Peters considered the problem: given a strongly
maximal TAF algebra A, determine which woT-closed subalgebras of
B(H) containing a masa are the woT-closure of a faithful representa-
tion of A. This corollary solves this problem completely when the alge-
bra is B(H), thus considerably improving on [22, Proposition I11.3.1].

It is instructive to observe that the although the standard algebra
admits uncountably many inequivalent C*-extendible irreducible rep-
resentations on a separable Hilbert space H, it admits only one class of
«-extendible representations which is dense in Alg(N), the nest algebra
of a nest ordered as N with one dimensional atoms. This representation
7s due to R. Smith, was introduced in [22]; for the reader’s convenience
we describe it for the case of the 2°° standard algebra.

Let A = li_r)n(An, ©n) be the 2% standard algebra, ie., A = U,A4,
where each A, is isomorphic to the 2™ x 2" upper triangular matrices
and for each matrix unit e};, we have e} = e%“ + ebtlion +;- Let N be
a multiplicity-free atomic nest, whose atoms are ordered like N and let
{P}i2, denote the atoms of AV in order. Define

Ws(eij )i = { 0 otherwise

for any k € N. The map 7, extends by linearity to a representation of
A,, n €N, and by a completeness argument to a representation of A.

Theorem 4.3. Let A = lim(A,, ¢,) be a standard limit algebra and
let N be a multiplicity-free atomic nest, whose atoms are ordered like
N. Suppose that m be a C*-extendible representation of A so that w(.A)
is WOT-dense in AlgN. Then m is unitarily equivalent to the Smith
representation T,.

Proof. Let {P,}°, denote the atoms of N in order. For convenience
we assume that A is the 2°° standard algebra.

Claim: 7(e})P; = P, for 1 <i <2

The map p;(a) = P;w(a)P; is a multiplicative linear form on 4. Thus
pi(e};) is 0 or 1, and (since A, is unital) there is a unique j taking the
value 1; and this satisfies m(e};); = P;. Each m(e};) is a projection
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in the diagonal Alg /N N Alg V*, and thus is a sum of those minimal
diagonal projections P; for which p;(e?;) = 1.

First we show that 7(e};) P, = Py implies that j < k. The partial
isometries W(@%)Pk for 1 < ¢ < j have rank one and their ranges are
orthogonal minimal projections Fj, for distinct k; < k. Thus j < k.

The proof of the claim follows by induction on ¢. If i = 1, then since
W(e?j)Pl = P, for some 7 < 1, we must have j = 1. Assume that the
claim is true for all i < &k and find j so that w(ef;)P, = P,. Then
J < k. Suppose that j < k. The two multiplicative forms p; and p;, on
A are distinct because 7(.A) is dense in Alg V. Thus for some m > n
there must be distinct diagonal elements e/ and e so that p;(el") =1
and py(ef:) = 1. Note that p(efe) = 1 and thus e}, < e7;. Similarly
ety < €};. Therefore one has r = s = j (mod 2"). So one of them
is greater than 2" (and s > r). But then n(el'!)P, = P, and k < s
which contradicts the previous paragraph. We conclude that j = k as
claimed.

Repeated use of the claim now shows that m(elt) = ms(elt). Indeed,
let k € N and choose m > 7 so large that £ < 2™. Then

m(es;) Pr = Z (e Py = {Pk if k=4 (mod2")

i T .
B e, 0 otherwise

It is precisely the same for 7.

Let {E;; : 1 < i < j} be the matrix units for Alg N'. A moments
thought shows that Pim(ef;) Py = /\Z(;L)Eij for some scalar /\E?) of mod-
ulus one. Since this map is a homomorphism, a standard argument
shows that, given n € N, there is a diagonal unitary U, such that
PiUym(efs)Un Py = Ejj for all 1 <4 < j <27 Let U be any weak limit
of the sequence {U,},en. Then U is a diagonal unitary and satisfies
HUW(@%)U*Pj = FE;forall 1 <i<j<2"andn € N. It is now
evident that ad U m = m,, which proves the theorem. [ |

5. DERIVATIONS

If Ais a Banach algebra and a € A, then let §(a, A) denote the inner
derivation of A induced by «a, and let dist(a, Z(.A)) denote the distance
from a to Z(A), the centre of A. A simple calculation shows that

10(a, A)|| < 2dist(a, Z(A)).
Let x(.A) be the smallest number in [0, oo | such that
dist(a, Z(A)) < k(A)||d(a, A)|| for all ae€ A.
Note that x(A) > 1/2 unless A is abelian.
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The constant k(A) was introduced, in the context of C*-algebras
by Archbold [1]. In [17], this constant was studied in the context of
TAF algebras. It turns out that for any TAF algebra A, the constant
k(A) is intimately related to its ideal structure and A + A*. More-
over, for triangular subalgebras of primitive AF algebras, the semi-
norms dist(a, Z(A)) and (a,.A) are equivalent. However, no specific
calculations of k(.A) were made in [17] and it was raised as an open
problem to calculate for the familiar examples of TAF algebras.

Proposition 5.1. Let A be a primitive NSAF algebra. Then k(A) =
%. More generally, if A is a triangular subalgebra of a primitive AF-

algebra, then 1 < k(A) < 2.
Proof. By Theorem 3.2, A has an isometric representation 7 on a

separable Hilbert space so that m(A) is woT-dense in B(H). Thus
Z(A) =C and
1 1
5 < w(A) = s(r(A)) < s(BO) = 5
by a theorem of Stampfli [28].

If A is a triangular subalgebra of a primitive AF C*-algebra, then
by Proposition 11.2.2 of [22], there is a representation 7 of A4 which

is a dense subalgebra of a nest algebra AlgN\. Hence ||0(a, A)| =
|0(7(a), AlgN')||. Now a result of Christensen [7] shows that

dist(7(a), CI) < 2||6(7(a), AlgN)||

and the conclusion folows. [ |
In particular, the standard, alternation and the lexicographic alge-
bras A(Q,v) all have constant s equal to % The calculation % <

k(A) < 2 was done in [17] without the use of representation theory.
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