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JACQUET MODULES OF p-ADIC GENERAL LINEAR GROUPS

CHRIS JANTZEN

ABSTRACT. In this paper, we study Jacquet modules for p-adic general linear
groups. More precisely, we have results—formulas and algorithms—aimed at
addressing the following question: Given the Langlands data for an irreducible
representation, can we determine its (semisimplified) Jacquet module? We use
our results to answer this question in a number of cases, as well as to recover
some familiar results as relatively easy consequences.

1. INTRODUCTORY MATERIAL

1.1. Introduction. In this paper, we begin a study of Jacquet modules for rep-
resentations of p-adic general linear groups. We show how to calculate those sub-
quotients of Jacquet modules satisfying certain properties, as well as giving some
applications of these results.

We remark that our interest in such questions was originally spurred by the
work of Tadi¢ (cf. [Tadl], [Tad2], [Tad3]) on the use of Jacquet modules in analyzing
induced representations. Section 3.1 of this paper contains such an analysis, though
most of this paper is focused on the calculation of the Jacquet modules themselves.

First, we note that by a result of Zelevinsky (cf. section 1.2 of this paper), it
suffices to study Jacquet modules for irreducible representations 7 having super-
cuspidal support contained in a set of the form {v*p}.cz, with v =|det| and p an
irreducible, unitary supercuspidal representation. Let p be an irreducible unitary
supercuspidal representation of GL(n,, F') and 7 an irreducible representation of
GL(n, F) whose supercuspidal support is contained in {v*p},cz. Write 7 in terms
of its Langlands data (more precisely, we reorder the Langlands data to correspond
to the lowest lexicographic term in 7,,;,m; cf. section 1.2):

m = LO([v" p, v p]), ([t p, v p)), .. 6([7 p, v p))),

with §([v°p,v%p]) the generalized Steinberg representation, which is the unique
irreducible subrepresentation of Ind% (v @ v*1p®@--- @ 1Pp). Note that when we
refer to calculating subquotients of Jacquet modules, we mean that they are to be
identified by their Langlands data.

Sections 1.2 and 1.3 constitute the remainder of the introductory material, with
section 1.2 discussing notation and background material, and section 1.3 giving a
number of lemmas which are used later in the paper.
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The second chapter constitutes the technical heart of the paper. Let 7,7
denote the (semisimplified) minimal (nonzero) Jacquet module for 7 (i.e., with
respect to the smallest parabolic subgroup having nonzero Jacquet module, namely
the standard parabolic subgroup having Levi factor GL(n,, F) x GL(n,, F) x - - - X
GL(n,, F)). In Proposition 2.1.4 (also, cf. Corollary 2.1.5), we determine the initial
frequency fr(a), the largest value of f such that 7,7 contains a term of the form
VipRuipR - Qv ®.... Furthermore, up to multiplicity, there is a unique

!
term of the form 1p ® --- @ v*p RO (0 irreducible) in ras e, the Jacquet module
—_——

f
of 7 with respect to the standard parabolic subgroup having Levi factor M =
GL(n,, F) x --- x GL(n,, F) ®GL(n; — fn,, F') (cf. Lemma 2.1.2). Theorem 2.2.1

f
determines this 6.

This is generalized in section 2.3. There, the single value a is replaced by a subset
X of the supercuspidal support. fr(X) is the largest value of f such that 7,7
contains a term of the form v™ p @ v™?p® - - V™ p®... with x1,22,..., 25 € X.

f
There is a unique irreducible 7 ® 8 < ra;gm (where P = MU is the standard

parabolic subgroup having Levi factor M = GL(n,,F) @ GL(n, — n,, F)) such
that V" p@v™p® - @V p®... lies in rpin(7 ® ) (cf. Lemma 2.1.2). An

algorithm for calculating this 7 and @ is also given. Dual results, focusing on the
rightmost terms in the tensor product rather than the leftmost terms, are discussed
in section 2.4

We now discuss the applications of these results, which are given in section 3. In
section 3.1, we look at the situation where 7 is a regular irreducible representation.
In this case, our results may be used to write 7 as an alternating sum of induced
representations, similar to the formula for the Steinberg representation (cf. Propo-
sition 3.1.3). We remark that such a formula is given in 9.13 of [Zel], though our
approach is a bit different.

In section 3.2, we relate the Langlands classification to the Zelevsinky classi-
fication (cf. Proposition 3.2.4; also Remark 3.2.5). In [Zel|, Zelevinsky gives a
classification for irreducible representations of general linear groups which is essen-
tially dual to the Langlands classification. This is used in [Zel] and a number of
papers which build on [Zel]. In this section, we show how the two classifications are
related and discuss how to convert between the Langlands data and the Zelevin-
sky data. This conversion is discussed modulo the ability to calculate the dual of
a representation, dual here being in the sense of [Aubl, [S-S| (i.e., the Zelevinsky
involution), which is discussed in section 3.3.

In section 3.3, we discuss how our results may be used to calculate the dual to
7. In particular, we obtain an algorithm for calculating the dual of 7 from 7. This
has a similar flavor to the algorithm of [M-W], though again from a different point
of view. (There is also a more combinatorial description given in [K-Z].)

One of the interests in starting this project was the goal of being able to calculate
Jacquet modules for m. More precisely, the goal is to calculate rys g7, where P =
MU is the standard parabolic subgroup having Levi factor M = GL(n,, F) x
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GL(nx —n,, F'). The ability to this in general would imply the ability to calculate
Tmin® (by iteration). This is a difficult problem with a number of interesting
consequences, which we discuss momentarily. In section 3.4, we give a couple of
cases where this can be done (under the assumption that Jacquet modules for lower
rank groups are known). Of course, if fr(a) <1 for all a, rp g7 may be read off
from Theorem 2.2.1. Thus our concern is the cases where fr(a) > 1.

We discuss two situations where this may be done. The first situation (cf. Prop-
osition 3.4.3) is when there is a b; such that (1) r.,:,7 contains a term of the form
@ vbip, (2) a; # bj,b; — 1 for all 4, and (3) b; # bj41 for all i. (Note that
if the lowest value of b; which appears is less than a1, conditions (2) and (3) will
automatically be satisfied.) The second situation is when the supercuspidal support
of 7 is {vp, v?p,v3p}.

As mentioned above, the ability to calculate Jacquet modules in general has a
couple of noteworthy consequences. The first is that it would allow one to decom-
pose arbitrarily induced representations. From a result of Zelevinsky (cf. section
1.2 of this paper), to decompose a general induced representation, it suffices to be
able to decompose induced representations of the form IndIGD(m ®mg) with m; an ir-
reducible representation of GL(n,,, F') supported on {v?p}.cz and P the standard
parabolic subgroup of GL(n, +nx,, F) having Levi factor GL(nx,, F) X GL(ny,, F).
Since we can calculate 7,,;,m1 and 7.,;, T2, We can calculate Tmm(Indg(ﬂ'l ® m3))
(using Lemma 2.12 of [B-Z] or the results from section 6 of [Casl]). Consider
the lowest term in Ind$(m; ® ms) with respect to the lexicographic ordering (cf.
section 1.2). From this term, we can read off the Langlands data of one irre-
ducible subquotient of Tnd%(m & m3) (cf. section 1.2); call it A;. We then calcu-
late 7,1 and subtract the result from rmm(Indg(m ® 72)). From the lowest
lexicographic term in rmm(IndIGg(m ® 72)) — TminA1, we can read off the Lang-
lands data of another irreducible subquotient; call it A. We iterate, looking at
rmm(lndg(m ® T2)) — TminAl — FminA2, €tc., until we have accounted for all of
T'min(lndJGD (71'1 & 71'2))-

We note that the solution to this problem has another consequence. If the calcu-
lations of Jacquet modules do not depend on the particular p in the supercuspidal
support, which is the case with everything done in this paper, then the multiplicities
of the irreducible subquotients of induced representations also do not depend on
the particular p in the supercuspidal support. Consequently, the Hopf subalgebras
R(p) are all isomorphic (cf. section 1.2). This was conjectured by Zelevinsky and
essentially follows from the Hecke algebra results of chapter 7 of [B-K|. However,
this would provide a proof which does not depend on the classification of supercus-
pidal representations, hence would have a better chance of generalizing to classical
groups (at least at this point in time).

1.2. Notation and preliminaries. In this section, we introduce notation and
recall some results that will be needed in the rest of the paper.

Let F be a p-adic field with char F' = 0. Let | - | denote the absolute value on
F, normalized so that |w| = ¢~!, @ a uniformizer. As in [B-Z], we let v = |det|
on GL(n, F) (with the value of n clear from context). Define x for general linear
groups as in [B-Z]: if p1,..., pr are representations of GL(ny, F),...,GL(n, F),
let p; X -+ x pi denote the representation of GL(ny + -+ + ng, F') obtained by
inducing p1 ®- - - ® py, from the standard parabolic subgroup of GL(ny+---+ng, F)
with Levi factor GL(nq, F') x --- x GL(ng, F).



48 CHRIS JANTZEN

Frequently, we work in the Grothendieck group setting. That is, we work with
the semisimplified representation. So, for any representation m and irreducible
representation p, let m(p,7) denote the multiplicity of p in 7. We write 7 =
w1+ 4w if m(p, ) = m(p, m1)+- - -+m(p, m) for every irreducible p. Similarly,
we write m > mo if m(p, ) > m(p, 7o) for every such p. For clarity, we use = when
defining something or working in the Grothendieck group; = is used to denote an
actual equivalence.

We recall some notation of Bernstein and Zelevinsky ([B-Z]). If P = MU is
a standard parabolic subgroup of G and ¢ a representation of M, we let ig a(€)
denote the representation obtained by (normalized) parabolic induction. Similarly,
if  is a representation of G, we let ras (7) denote the (normalized) Jacquet module
of m with respect to P.

As we work with representations supported on {v*p},cz, we modify the notation
of Tadi¢ a bit. Suppose p is a representation of GL(r, F) (defining r) and 7 a
representation of GL(mr, F') supported on {v*p},ez. If (o) = (mq,...,my) is a
partition of k < m, we let r(,)m denote the Jacquet module rps g7, where M is the
standard Levi of the form GL(myr, F) X --- x GL(myr, F) x GL((m — k)r, F'). For
T3 Monin is the smallest standard Levi such

m—1

that 7as,,.,, o™ # 0. Also, on occasions when it is awkward to describe the standard
Levi factor M, we may simply write rq,,m for rasem (i.e., the Jacquet module
taken with respect to the appropriate standard parabolic subgroup). Such notation
will only be used in cases where a subquotient of rj; o7 is explicitly written out,
in which case the appropriate M is clear from context.

It will also be useful to have the following shorthand. If 7 is an irreducible
representation of GL(mqr, F) x -+ x GL(mgr, F), we define r,7 to be the sum of
everything in r(,,, ., )7 which has the form 7 ® 6.

We recall some structures which will be useful later (cf. section 1 of [Zel]). Let
R(GL(n, F)) denote the Grothendieck group of the category of all smooth finite-
length GL(n, F')-modules. Set R = @, -, R(GL(n,F)). Then x lifts naturally to
a multiplication -

Xx:R®R— R.

If 7 is a representation of GL(n, F), set

n
m*(r) = Z () (7).
i=0
Observe that we may lift m* to a map m* : R — R ® R. With multiplication
given by x and comultiplication given by m* (and antipode given by the Zelevinsky
involution; cf. section 3.3), R has the structure of a Hopf algebra.
We now review some results on induced representations for GL(n, F'). This is
based on the work of Zelevinsky ([Zel]).
First, if p is an irreducible supercuspidal representation of GL(r, F') and m =
nmodl, we define the segment

1

W™ p, v p] = v p, ™ p, V.

We note that the induced representation v™p x v™+lp x --- x v"p has a unique

irreducible subrepresentation, which we denote by (([v™p,v"p]), and a unique ir-
reducible quotient, which we denote by §([v™p,v™p]).
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Lemma 1.2.1. Let (p1,01), ..., (ps, as) be distinct pairs with py, ..., ps irreducible
unitary supercuspidal representations of GL(r1, F),...,GL(rs, F) and ay, ... a5 €
R with0 < ay,...,as < 1. Let 7(p;, ;) be an irreducible representation of a general
linear group supported on {v*it%p;},cz. Let M be the standard Levi subgroup of
G = GL(n, F) which admits 7(p1,01) ® - - @ 7(ps, s) as a representation. Then,

(1) T(p1, 1) X -+ X 7(ps, ) 1is irreducible.
(2)
mult(7(p1, 1) ®@ - @ T(ps, as), rar,c(T(p1, 1) X -+ X T(ps, a5))) = 1.

Furthermore, if 7' (p;, ;) is an irreducible representation of a general linear
group supported on {v¥p;}taca,+z, then

mUZt(T/(phal) X T/(psa Oés), 7‘M,G'(T(Iala al) X X T(psa as))) =0

unless 7' (pi, ;) = 7(ps, ;) for all i.
(3) If w is an irreducible representation of GL(n, F) and rar,c(m) > 7(p1, 1) ®
e ® T(psv O[s), then

m=71(p1,01) X - X T(ps, ts).

Proof. The first claim is an immediate consequence of Proposition 8.5 of [Zell.
Claims (2) and (3) follow fairly easily; see Corollary 5.6 and section 10 of [Jan2] for
details. 0

Let pq, ..., ps be irreducible unitary supercuspidal representations and asq, . . ., o,
€ R with 0 < aq,...,as < 1. We assume the pairs (p;, ;) are distinct, i.e., if p; &
p; for i # j, then a; # a;. We let R ((p1,1),...,(ps,s)) denote the subalgebra
of R generated by representations supported on {v**?p;}.czU---U{v*T2p},cz.
It follows from the work of Zelevinsky that

R((p17a1)7 s (s, ) = R((plval)) @& R((psvaS))

as Hopf algebras. In particular, in one direction the isomorphism is determined by

T(p1, 1) @ - @ T(ps, ) = T(p1, 1) X - X T(ps, )

for irreducible 7(p;, ;). In the other direction, one may use Jacquet modules to
determine the image of an irreducible representation in R ((p1,01),- .., (ps, as)).
Lemma 1.2.1 above provides the necessary technical results. When a = 0, we write
R(p) rather than R ((p,0)). We note that the map 7 — v gives an isomorphism
R(p) 2 R((p,)). Thus we focus on the subalgebras of the form R(p).

Let us briefly review the Langlands classification (cf. [Sil], [B-W], [Kon]) for
general linear groups. First, if § is an essentially square-integrable representa-
tion of GL(n,F), then there is an () € R such that »~5(°)§ is unitarizable.
Suppose d1,...,0; are irreducible, essentially square-integrable representations of
GL(ny,F),...,GL(ng, F) with £(61) < --- < (). (We allow weak inequalities
since we are assuming 0; is essentially square-integrable; if we allowed ¢; essentially
tempered, we would have strict inequalities. The formulations are equivalent.)
Then, §; x - -+ X §; has a unique irreducible subrepresentation (Langlands subrep-
resentation), and this representation appears with multiplicity one in §; X - -+ X Jy.
Furthermore, any irreducible representation of a general linear group may be real-
ized in this way. We favor the subrepresentation version of the Langlands classifi-
cation over the quotient version since m < d1 X - -+ X 0 tells us that 01 ® - - - ® g
appears in the (appropriate) Jacquet module for 7.
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Let p be an irreducible unitary supercuspidal representation of GL(r, F). As in
[Jand], we use the notation » for the lexicographic ordering on tensor products of
terms of the form v°p. That is, if x1 = v p®---@v¥pand x2 =¥ p®---Qv¥sp,
we have y; = x2 if x1 > y1, or 1 = y; and x2 > yo, etc. Note that this is a
total ordering. Let 7 be a representation of GL(nr, F') of finite length supported
on {v%placz. Then, let xo(w) denote the lowest element of 7,,;,(7) with respect
to the lexicographic order. xo(7) is unique up to multiplicity.

Lemma 1.2.2. xo(7) has the form
Xo(m) = (v p@v - @)@ @ W@t Tp® - @ b)),
with a1 < ag < -+- < ag and a; € Z for all i.

Proof. This is Lemma 2.2.2 of [Jan4]. O
With notation as above, if
Xo(m) = (" p@v @@ p) @@ (W pR v T e @ v ),

set
So(m) = 8([V* p, v p]) @ - - @ 6([V** p, v p)).
Then, by Corollary 2.2.4 of [Jand],

™ — Z'G,M((So(ﬂ')).

For convenience, we write x1 > X2 if x1 = x2 and x1 # Xx2. As a minor abuse of
notation, we also apply this notation to dg.

Suppose 7,7/, i = 1,...,k, are representations of GL(n;, F),GL(n}, F), resp.
Let us say 71 ® --- ® 7 and 7{ @ --- @ 7, are inductively equivalent if 7 x --- x
Tk = 7{ X - x 7;. Then, as discussed in section 2.4 of [Jand], for an irreducible
representation 7 supported on {v®p}acz, we have dg(7) inductively equivalent to
the Langlands data for w. For this reason, we shall freely move between dq(7)
and the Langlands data for m, referring to both as the Langlands classification
and freely using both in the notation for the Langlands subrepresentation. In fact,
we extend this convention to anything inductively equivalent to the Langlands
data. We remark that the reason for also using the §p point of view is that the
underlying ordering is a total ordering, unlike that of the Langlands classification.
If 61 ® - - - ® § is Langlands data, we write L(d1,...,dx) for the unique irreducible
subrepresentation of §; X - -+ x d; (the Langlands subrepresentation).

In general, if one considers the standard representation obtained by inducing
Langlands data, the Langlands subrepresentation is minimal with respect to a par-
tial order defined by Langlands (cf. [B-W]). We may strengthen this somewhat for
general linear groups by using the total ordering above:

Proposition 1.2.3. Let m € R(p) be an irreducible representation. Suppose ©’ <
IndS (60(r)) is an irreducible subquotient. Then

xo(m) = xo(7"),

~ !/

with equality if and only if @ = w’'. Furthermore, we note that ™ occurs with
multiplicity one in IndS (5o(r)).

Proof. The first claim follows from Lemma 2.4.2 of [Jan4]. Multiplicity one is part
of the Langlands classification. ([
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1.3. Assorted lemmas.

Lemma 1.3.1. Let m < §([1P p,v%p]) x --- x §([v*% p, v p]) be an irreducible
representation, where a1 < --- < ag. Then,

m = L(3([W"p, v™ p]), ("2 p, "2 ), ..., 6([1% p, v p]))
for some permutation by, by, ..., b of bi,ba, ..., by.
Proof. This follows from [Zel| or an argument like that in Proposition 5.3.2 of [Jan4]
(but this case is simpler). O

Corollary 1.3.2. Let

T = L(é([’/blpv I/alp})v R 5([Vbip7 Vaip]% 6([Vbi+lp7 Vap])v
s 8 vtp)), B[l p vt pl), o S([V p vp))
with
a1 <ay<---<a;<a<ajyr <ajpo << ag.
If vop ® 0 < rya,m with 0 irreducible, then

/

0 = LO([W" p, v p)), ..., 0([W" p, v p)), (151 p, 2 p]), (VP42 p, 0% ),
L8[ p, v p)), B[l o, v ), ([P p, v )
for some permutation b, bs, ..., b} of b1, ba, ..., by.
Proof. We have

m < 8([" p, v pl) X X[ p, v pl) x (W p, v pl) - - x ([ p, v p))
X 8([0r+1p, vt pl) x -+ x ([ p, v p])

and
vip @ 8([vip, v 1p])  ifi+1 <0<,
a8 ([ p, v p]) =
pO([V7 p, v p]) {0 £ 1ot
The corollary now follows from Lemma 1.3.1 and m* considerations. (I

Lemma 1.3.3. Suppose 6([°p, vp]) x 6([v¥ p, v% p) is irreducible fori=1,... k.
Then §([v°p,vp]) x L(§([v* p,v™p)), ..., 8([v% p,v*p])) is also irreducible.

Proof. The proof of the lemma is based on that of Theorem 2.6 of [Jan3].
Let i be such that %fbe < afb < %, i.e., 6([°p,v*p]) occurs between

5([v¥ p, v% p]) and 6([vi+1 p, v%i+1p]) in the ordering for the Langlands classification.
Let

7= LG 9, v pl) - 8,0 0]), B[, ),
S([Wrrp, vt pl), L 5[ p, v ).
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We first claim that 7 is the unique irreducible subrepresentation of §([v°p, v%p]) x
L(6([v*rp, v p]), ..., 0([% p,v% p])). To this end, observe that

3([Wp, v p) X L(B([" o, v pl). - 80" p, v )
— §([Pp, vp)) x 8([vP p, v p]) x - x 8([v1ip, v p))
X ([P p, v+ p]) X - x ([ p, v p])
2 §([v7 p, v p]) x S([v0p, vp]) X - - x 5[V p, v p])
x ([P p, vt p]) x - x ([ p, v p])

1%

5[V, v p]) x - x 8([Whp, v p]) x 8([1P p, v )

X B[ p, v pl) - < B[ p, v )
8([v"p,v"pl)
e X 5([kapa Vakp])a

noting that we may “commute” §([v?p,v%p]) to the right since §([v°p,v%p]) x
5([vhip, v p]) =2 6([vbi p, v p]) x §([vPp,v?p]) (by the irreducibility hypothesis for
j=1,...,4). By the Langlands classification, = is the unique irreducible subrepre-
sentation of §([1?1p, v p]) x - - - x §([L% p, v%i p]) x 6 ([0 p, v p]) X §([VPi+1 p, v¥i+1 p]) x

- x §([vbkp, v p]). The claim follows. Therefore, 7 is the unique irreducible

—_—

1

)
SV, p]) x -+ x 8([7 p, v p))
)

% 5([Vbi+1p, Vai+1p]

X X

quotient of &([vbp, vep]) x L(6([vb1p, I/alp])/,_.\._./, §([vbrp,voxpl)). By Lemma 1.1 of
[Jan3],
7= L(6([v""p, V_bkﬁ])’ s 6([ M, V_biﬂﬁ})v s([vp, V_bﬁ])v
S(v=p, v p]), ., ([ v " p])).
and
0([v2p,vepl) X L(([vPrp, v pl), . .. 8([v2 p, v p])) ~ )
=~ §(v=2p,v=tp)) x L(§([v=%p,v=%p]),...,8([v~4p,v=b1p))).
Next, we claim 7 is the unique irreducible subrepresentation of §([v=2%p,v~°5])
x L(§([v=%p,v=%p]),...,8([v=%p,v~b15])). Observe that
S(v=p,vp)) x L(6([v="p, v p]), ..., 0([v= " p, v "))
([, v ([ v ) x - x B([ 0, )
X 8([% v 7)) x

X 8([v " v )
= 6([u v ) X O v
) 1 by

[
1) x ([ p,v "))
< S([v= v p]) - B([ v ),

noting that here we may commute &([v=%p, v ~%p]) to the right since §([v=p,v="p])
x 6([v=%p,vp)) = §([v=%p, v p]) x §([v=%p,vp]) (by contragredience and
the irreducibility hypothesis for j =i+ 1,...,k). Again, by the Langlands classi-
fication, 7 is the unique irreducible subrepresentation of §([v=% 5, v =% p]) x - -+ x
5([=5 5, =001 4]) x 8([ =, v 3l) X B[, ) X -+ x 8{[5 5, v ),
hence of §([v=%p,v=°p]) x L(§([v=%p,v=%p)),...,6([v=% p,v01p])), as claimed.
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We now have 7 as both the unique irreducible subrepresentation and unique ir-
reducible quotient of §([v=%p,v=2p]) x L(§([v=%p,v=%p]),...,6([v=%p, v~ p])).
Since it appears with multiplicity one, this implies that §([v=%p,v7%5]) x
L(§([v=p,v=b%p]),...,6([v~p,v~15])) is irreducible. The lemma follows from
this by contragredience. O

We note the similarity of the following lemma to Lemmes II.8 and II.10.1 of
[M=W]. (We generalize part (1) of this lemma in Lemma 2.1.3.)

Lemma 1.3.4. (1) Suppose by < by < bs. Then,
LG ([" p, v p]), ([0 p, v p)), 8([17 p, v )
= LGS o, v 0]), 810, v0])) X S((" p, 0],
(2) Suppose by < by < bs. Then,
L([" p, v pl), 6([v" p, v p]), ([0 p, v p)))
= 0([v" p, v p]) X L(3([v"2 p, v p]), 6([v" p, %))
Proof. We focus on (2); (1) is similar.
Let 77 = §([v"p, v p]) x L(5([v°2p, v 1p]),d([v%p,v%0])). Since 71 <

5([vPrp, v p]) x §([vb2p, v~ p]) x 8([v*2p, v2p]), it follows from Lemma 1.3.1 that
the only possible components of 7; are

T = L[ p, v tpl), 0([%2p, v p]), ([ p, v ),
Ty = L([" o, v tpl), 0([%2 p, v p]), ([0, v ),

w3 = L(6([v*2p, "t p]), 8([v2 p,v* = p]), ( [V p, %))
(noting that if by = bo, then mo = 73). It follows from the Langlands classification
that 7, appears with multiplicity one in 7;. Thus, it remains to show that 7o, 73
do not appear.

That 73 does not appear follows from the observations that r,.,(7m3) # 0 (as 73 =
L(8([v*2p,v2 1)), 8([vb2 p, v®~1p])) x 6 ([*1 p, v2p]) by Lemma 1.3.3) and 7,0, (77) =
0 (as rya, L(5([V02p, v 1p]), 6([72 p,v2p])) = 0, which follows from [Zel]). Since
mo = 73 if by = by, we may now assume by < by. To see that mo does not appear in
mr, first observe that by Lemma 1.3.3,

T2 = ([ p, v p]) x L(5([v*p, v p]), (12 p, %))
\
TS (b pwa=1p)@s([b2 pep]) (T2) 7 0-
On the other hand,
To(wor i) (1) = 6 p, " p]) @ L(6([v*2 p, v* =" p]), (1" p, %))
I
T3t paet p)@s(whz pue p)) (1) = 0.
Thus, we see that m does not appear in 7y, finishing the proof. O

Lemma 1.3.5. Suppose 7 is an irreducible representation with supercuspidal sup-
port contained in {v*1p,v%p}. Then, © has the form

a

m= L p,. v 6 v p)), B[ v ), vy 1)
£y £ £3
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Furthermore,
(1) If b3 > ¢y, then

=L tp,v%), x - x L p,v%) x 5([v* L p,v%p]) x -+ x S([v " p, v%p])
fl £2

XVip XX V.

|
Zg*él

(2) ]f£3 S 61, then

T=v""1px - xv*px L p, ), x - x L(v

a

“p,vp)

010 5
X S([V v p]) x - x B[V p, v )
lo

Proof. That 7 has the given form is clear. The irreducibility of the induced rep-
resentations in (1) and (2) follows easily from Lemma 1.3.3 and [Zel]. It is then
straightforward to check that the induced representations in (1) and (2) actually
correspond to ; e.g., in (1)

L™ p,vp), x - x L~ p,v%p) x 8([v* p,v%p]) x - x 6([v*~ o, %))

4y £2
XVip X - XV
l3—01
Thpxvtpx e x v px 6t p, v p]) - x ([ p, %))

r_>1/a‘_1p><...><]/a‘

£y £y 2

X Vo X x v

—_—
fg*fl

v x v px o[ p, v %)) x - x 8([ T p, v p])

1%
Q
L

[1 ‘62
XVip XXV
S ——
l3

(since v%p x §([v*tp,v%]) = 6([v* 1p,v%]) x v by irreducibility). By the
Langlands classification, this has 7 as a unique irreducible subrepresentation. (1)
follows. (2) is similar. O

2. TERMS OF MAXIMAL INITIAL FREQUENCY

2.1. The definition of f(a).

Definition 2.1.1. Let @ € R(p) be an irreducible representation, X C Z. We
define f(X) to be the largest value of f such that r,,;, ™ contains a term of the
form v*1p®-- - @V p®... with xy,...,2y € X. If X = {a}, we write fr(a) rather
than fr({a}). We let m% 7 be the sum of everything in m*= of the form 7 ® 6 with
7,60 irreducible and r;,;,7 containing a term of the form v*1p ® --- ® v*fp with
f=fz(X)and z1,...,25 € X.
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Lemma 2.1.2. Suppose m € R(p) is an irreducible representation, X C Z. Then,
there are unique irreducible representations ,0 and unique f such that the following
are all satisfied:

(1) m—=7x8.
(2) If v p®@--- QU™ p < ryinT, then z1,...,x5 € X.
(3) ryepld =0 forallz € X.
Furthermore, f = fz(X) and m¥i (7)) = 7 ® 0. We write 7,(X) ® 0:(X) for this
T®H.
In fact, 7 — 7,:(X) x 0,(X) as the unique irreducible subrepresentation. In
particular, if @' is an irreducible representation with mim = mi«’, then 7 = n'.

Proof. We begin with existence. Let f = f(X). Then thereis a v*1p®-- - Qv*f p®
<o < Pinm With 21, ..., 2 € X. By central character considerations,

T (VPp X - X VT p) X (VT X - X VT p)

4

T—TX0

for some irreducible 7 < v*1p x - -+ X V*f p and irreducible § < v*f+ip X - X VFnp
(cf. Lemma 5.5 of [Jan2]). Observe that (1) and (2) clearly hold. For (3), observe
that by Frobenius reciprocity, m*m > 7 ® 0. If r,=,0 # 0 for some z € X, then
Tmin® > V1 Q- QU™ p@v¥p ® ... with z1,...,2¢, € X, contradicting the
definition of f = fr(X). Thus, (3) also holds.

We now address uniqueness. Suppose uniqueness failed. Let 7,0, f and 77,6, f’
satisfy (1)—(3). Then,

T—=T®0

| (Frobenius reciprocity)
rrm#£ 0

I (since m — 7' x8")
r- (7' x 8") £ 0.

Since ry=,0' = 0 for all z € X, we have (7' x 8') # 0 = 1.7’ # 0. Reversing roles,
we also have r,/7 # 0. Therefore f = f’. Furthermore, since 7,7’ are irreducible,
this also implies 7 2 7'. Now, r,7m < 7, (7x0) =7®0 and r,7m < r (7 x0) =726
give 6 = ¢, as needed.

That f = fz(X) and mi7m = 7 ® 0 follow immediately from the preceding
arguments.

We now show that m < 7,(X) x 0,(X) as the unique irreducible subrepresen-
tation. We assume that both 7,(X) and 6,(X) are nontrivial (if not, the result is
trivial). We now observe that m*(7(X) x 6,(X)) contains 7(X) ® 6,(X) with
multiplicity one (since the supercuspidal support of 7(X) is contained in X but
Tyep0:(X) = 0 for all x € X). Therefore, by Frobenius reciprocity, 7 (X) x 0,(X)
has a unique irreducible subrepresentation, as needed. (I

In the remainder of this section, we focus on the case X = {a}; more general X
will be considered in section 2.3.

First, suppose m = L(§([v* p,v* 1)), ..., 8([v% p, v 1 p]), ([0t p, v%p0]), . . .,
S([v*p,v%p])).  Let 8([¥ip,v™p]),...,0([v%p,v%p]) be the permutation of
5([v" p, v 1p)), ., (V5 p v p]) B[54 p, vop]), ., O([0Pp, 7)) satisfying

/

the following: b; < 0}, for all j, and if V) = b}, then a} > af.;. We
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note that this is an inductively equivalent shuffle, so we may also write m =
L(§([v*rp,v%p)), ..., 0([% p,v%p])). For 1 < j < k, we define

na(f) = {z < jla, = a}l;

by convention, n,(0) = 0 (which will be useful in the statement of Proposition 2.1.4
below). We have the following;:

Lemma 2.1.3. Suppose 1 = L(6([v¥1p,v%p)), ..., 8([v%p,v*p])) as above. Fur-
thermore, suppose ng(k) —nq—1(k) =1 but ng(j) < ng—1(jy) for all j < k. Then,
a, =a and

’

722 6([VP% p, v% p]) x L(S([W1p, v p)), ..., 8([0%=1p, %=1 p]))

(with the induced representation irreducible).

Proof. That aj, = a is obvious.
We first show that m < &([1% p, v p]) x L(8([" p,v@1 p]), . . ., 6([W¥%—1 p, %1 p]))
as unique irreducible subrepresentation.
By the Langlands classification and the observation that ([ p, % p]),
.., 6([vP% p, v p]) is inductively equivalent to §([1 p, 21 p]), ..., 8([¥ p, o1 p]),
S([vP+1p,v9p0)), . .., 8([%* p,v%p]), we have

T = 8([p v pl) x - x B[P p, v p))

as a unique irreducible subrepresentation.
Since ng(k) — nq—1(k) = 1, we see that k = 2m + 1 (where m = nq,_1(k) and

m+1 = ng(k)). Let al, ,...,a, be those elements of a},...,a) which are equal
to a — 1; without loss of generality, ©; < -+ < x,,. We note that if no such x;

exists, the lemma holds trivially. We also note that z,, < k—1;ifa}_; =a —1,
then (noting a) = a), we would have ng(k —2) —n,—1(k — 2) = 1, a contradiction.
Now, we claim

7 81 v pl) x - X O([1en 1 p, v )

X 8([em p, v p]) x G([1em 1 p, 1% p])
X O([emt2p, 0% p]) -+ x 3([vPp, v p])
U
m s 0[P, v ip]) x - x 8([pPem =1 p, e 1 p])
x L(3([vbem p, "2 p]), 6([1*em+1 p, 1% p]))
X O([emt2p, 0% p]) x -+ x 3([vPp, v ),

as a unique irreducible subrepresentation. This follows immediately from the ob-
servation that

6([1/1)/1 p’ I/allp]) X+ X 6 [Vbéltmflp7 Va:/n-,nflp])
X L(8 ([0 p, v p]), B[+ p, ")
X §([v 2 p,17p]) x - - x 3([vPep, v p])
< 3([Whrp, v p]) x -+ x O([vPp, v p])
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which has 7 as a unique irreducible subrepresentation. When = > z;, 5, we
have &([v% p, v%p]) x L(5([1/b;m p, v 1p]), 6([ub’m+1 p,v%p])) irreducible (by Lemma
1.3.4), so
T 8P, p]) x o x B([pPem 1 p, v em 1 p)])
X 8([ o2 p, v p]) X -+ ([ p, 1 p))
X L[ p, v ), 5<[vbwm+1p vel)

as a unique irreducible subrepresentation. We let y,,, = xp41.
We now apply the same argument starting with x,,_1. Observe that

7 60 o, v pl) X - x B[ 1, e )
X §([v"7m=1 p, v p]) x 5[ Em-1+1 p, 1 p])
e 8! w—lp,ua ) x 8([pem+2p,0%p]) x -+ x ([ p, 1))

x L(8 ([0 p, v p]), 3([1 2, "))

has at least one of 5([1/b;m—1+1p, vapl), ([ em+2p, 19p]) actually occuring (or else
Mg (Tm—1) — Ng—1(Tm—1) = 1 since only (5([Vb;m 0, z/a_lp]),(i([ub;m p,v%p]) are miss-
ing). Let

{xm_l +1 ifo([v . 11 p, 1)) occurs,
Ym—1 =
Tmt2 if not.

Then, the same argument as above tells us that
= §([v*p, va’lpn o x §([ 1 p 1 a1 )
b a
x L(8([v"*n1 p, v p]), 6([v"m-1 p, v )

! b/zk—z —4 a
X 6([VP51p, v p]) X - X S([v Eemr g, w7 p))
X LG 05 0]), (o, 9])

%5([yb/1p7ya’1p}) xSy A 1o, v %em=1 )

X S([VP1p, v p]) X - X §([v T me1 g, p))
x LS([w" =1 p, v p]), 8([w"1m1 p, 1))
X L(3([v"m p, " p]), 8([WPvm p, 17 p])),

/ b
where 0([%%1p,0%p]), ..., 8([v *=m-1=4p %)) are just 5([ m=1%2p %), ...,

5([yb;nwlp, vep)), 5([Vb;m+2p7 vep)), ..., 0% p, v*p]) with &([v Yom—1 p, v°p]) removed.
Tterating this argument, we eventually obtain

7 8([Wp, v pl) x L(S([W"1 p, " p]), 8([v"1 p, 1% p])) x
X L(8([1sm p, " p)), ([ om p, 0% p])

as a unique irreducible subrepresentation.

(1)
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By Lemma 5.5 of [Jan2],
7 8([Wp, w7 pl) x L[ p, v p]), 6([v"1 p, v p])) x ...
X L(8([v"=m p, v p]), 6([1"m p, v p]))
(8
T 5([Vb;"p, vipl) x 0
for some irreducible
0 < L(S([v"1 p, v p]), 6([v"1 p, v p])) x - x L(S([1om p, v p]), 8([1om p, 0% p)]).

Let 6 = L(6([v" p, v p]), 6([v*2p,v%2p]), . .., 8([V¥5—1p,v%-1p])). We claim 6 =
0o. To show this, we show xo(0) = x0(6p). Since

0 < L(6([v"1 p, " 1), ([ p, v p])) -+ x L(B([¥em p, v p]), 8([1Pom p, w7 p])
<3([Whp,vipl) x 8([12p, v 2p]) x -+ x B([pPher p, v p)]),

it follows from Proposition 1.2.3 that xo(6p) =< x0(#). On the other hand, suppose
Xo0(00) # xo0(0). Then, by Lemma 1.3.1, we have

50(9) = (5([1/511[)7 yc1p]) ® 5([dep7 chpD R -Q 5([de71,0, I/Ckflp])

with dy,da, ..., dk—1 (resp., c1,¢2,. .., cx—1) a permutation of b}, b5, ..., b, (resp.,
ay,ah,...,a)_1). Since bj, > d; for all j and aj, = a > ¢; for all j, we see that
S([vhp, v p)) @ - - @ 8([vh=1p, 11 p]) @ §([Pk p, v?p]) satisfies the conditions for
Langlands data (g version). Therefore, by Proposition 1.2.3, any irreducible

7 <0 x 5([vkp, v p]) = O™ p, v pl) x - x ([ p, v p]) x B([pPp, v p)])
has
So(n) = 8([w™ p, v p)) @ -+ @ ([ p, v p)) @ B([v% p, v p])
= 60(60) @ 3([1*p, 1" p]).
In particular, 6o(m) = 60(0) ® 6([v%p,v%p]). However, this contradicts do(7) =
S0(00) ® 8([v*%p,vp]) < S0(0) @ 5([¥ p,vp]). Thus, we have xo(f) = x0(6o), as
needed.

We now check irreducibility. We remark that the argument is similar to that of
Lemma 1.3.3. First, we note that

= L(([vp, v ")), 6([v k-1, v k1 f]), . 6([v ™ 5,0 )
(cf. Lemma 1.1 of [Jand]). Since
7 8([1% p, v pl) x L(S([W" p, v p)), .., (%1 p, w1 p]))

as a unique irreducible subrepresentation, 7 is the unique irreducible quotient of

(81, 7% pl) X L3 p, %5 p]), ., 6([% p, vk ) )

—_~—

= 5([v% p, v pl) X L(S([W¥% p, v p]), ..., 6([VPh=1p, %=1 p]))

Il

§([v=akp, v pl) x L(S([v k=1 p, v Y1 ), ([ g v ).
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On the other hand, it follows from the Langlands classification that
7o (v % p, v % p)) x L(([v %1, v 1)), 6" p v )
as a unique irreducible subrepresentation. Since 7 appears with multiplicity one

in 0([v=%p, v p)) x L(6([v= %15, v~ %17]),...,8([v~ " p,v"1p])) (also by the
Langlands classification), the only possibility is that

= 5([V_a;p~7 V_b;cﬁ]) X L(é([y_a;eflﬁv V_b;“lﬁ])v ) 6([V_a/1ﬁ’ V_bllﬁ]»ﬂ

with the induced representation being irreducible. The lemma follows. O

We are now ready to characterize fr(a) for general (irreducible) 7. For notational
convenience, write

w = LW p, v p)), ., 8w v pl), (W po vt pl), o ([0 p, v ),
6([Vbi+1pa vepl), s 5([kap7 vepl), 5([1/dr+1p7 vertipl), ., 5([1/15[)’ v pl))

with ¢, <a—1 and ¢,41 > a.
Proposition 2.1.4. f(a) = mazj>o{n.(j) — na—1(j)}.
Proof. Let f = max;>0{na(j) — na—1(j)}. Let us suppose f > 1 for the general

argument below; the special case f = 0 is much easier (and only requires the bound
fr(a) < f done at the end). For 1 <m < f, let

Jm = smallest j having n,(j) — ne—1(j) = m.

Now, let Ly = L(3([o% p, 1)), ., 8([v p, v pl)) and L = L(8([wh+1 p, v ),
.., 0([v%p,v%pl])). Then,
LO([vPp, v 1)), ..., 6([% p, v L)), S ([0 1 p, v%p)), . .., 8([vP% p, v p]))
= L((S([Vbllpa Va/lp])v ) 6([Vb;cp7 Va;cﬂ]))’

so we have
me— L1 X L((S([I/b/lp7 1/‘1/1,0})7 e ,(5([Vb;€p, V“Lp])) x Lo
— L1 X L(5([1/b’1p, 1/“'1,0}), L8[ p, =1 p)), 8([VP p, vp])
x - LS, =t pl) S0, ), S py 1))
X L(é([ubng, l/agf“p]), L 8([WPkp, v pl)) X Lo
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Applying the previous lemma to each L(é([ub;ifl“p, veipl), ... 7(5([ng1’ p,v%p])) for
1<i<f,

7 Ly x 6([V" p,v%p]) x L(S(WP p, v p]), ..., (W= p, %11 )
- 8([0"5 p, v p]) x LSS e pl), LS p, v p)))
x L(8(["r+ 1"+ ), . 8([0% p, v p])) X Loy
= Ly x (10" p,v%p]) -+ x ([0 p. v"p))

x L<6<[u’“1p vip)), . 6(Wtp, i1 )

o L=t S pl), (g, v )
x L(5([Vbjf'+1,yajf'+lp]), Co ., 8([WP p, v p])) x Lo
by a commuting argument using Lemma 2.1.3. Since

5[5 p, v p)) x

S S([W p, v p]) 1 X X

f
x ([0 p, ") o x (105 p, 0 ),
we have (by Lemma 1.3.3)
T Ly X vip x - x v x0([VPh p, v Lp]) x -+ x 8([W" p, 21 p))

f
><L<5<[ub’1p, vip)), o[ p, v )
o DOt S pl), 6 p v )

8([1%p, v p])) X Lo

2pipx - x v xLy X 5([1/17;‘1;), v ) x e x 5([1/b;'fp, E))
—_—
f

><L<6<[ub’1p, vipl), ., 0(Wntp, i1 )
o ([ p S pl), LS, )

x L(5([Vbjf'+1,yajf'+lp]), o 8([% p, v p])) X L.

By Frobenius reciprocity, it follows immediately that fr(a) > f

To show fr(a) < f, we show that r,., = 0 for all the terms except the v%p terms
which appear in the right-hand side of (2). Certainly, rya,6([1%m p, v*~1p]) = 0 for
m=1,...,f. Also, rye,L1 =0 and rya,Ls = 0 (since, e.g., L1 < §([v1p, v p])

x §([v¥ p,verp]) and rya,d([v%p,v4ip]) = 0 for all 4). For L(6([" p, v p))
6([ub3‘1—1p, ua;rlp])), the argument leading to (1) tells us that

L(3([W p, v p)), ..., 6([V"
< L(§([v™r p, v
X L(6([ 00"

o) s LS5 %+ p)),

V=1 p, v g]))
o)), (¥ p, v p])) x
L)), 8([v¥m p, v p)))
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and all terms in the product in the right-hand side have 7,., = 0, so
TyapL((S([Vbllp, ) 5([1/b;'1—1p, Va;'l—lp})) =0.

The same argument applies to L(d([ul’91+1p, ya91+1p]), e 5([1/b;'2—1p, 1/“32—1;)])),

. ,L(5([1/bjf—1+1p, vhi-1tipl), L, 5([1/bjf‘1p, v p)). The argument for

L((S([l/bjf“p, v ), L .,(5([1/[’§w-/)7 y“;vp])) is similar. The only difference is that
in this case, the embedding has the form

LW+ o, 5152 ), . 3(["% po v p]))
= 8([™ p, v ) x - x 8([v™ p, v T p])
< L(S([v™+ p, v p]), 6+ p, v%p)]))
X - % L(6([p™ p, v p]), ([P p, 1))

Thus, we see fr(a) < f, implying fr(a) = f, as needed. O

The above characterization of fr(a) may be made more explicit. For conve-

nience, let us shift things (essentially working with v in place of 7) so that the

supercuspidal support of 7 is contained in {vp,v2p, ..., v"p} (with both vp and v"p

occurring). Let ¢; ; be the number of times §([v'p,17p]) appears in the Langlands
data for 7 (i.e., in dg(m)).

Corollary 2.1.5. We have the following:
fr(1) =4ty 1,

fﬂ_(2) = 61,2 —+ max{ﬁg,z - El,la O}a

fx(3) = l1,3 + max{lo s — l12 + maz{ls s — l22,0},0},
and in general, for 1 < k <mn,
fa(k) =1 1 + max{loy — 1 -1+ maz{ls g — loj—1 + ...
+ maz{lyp — lp—1,-1,0},0}...,0}.
2.2. Calculation of terms of maximum initial frequency.

Theorem 2.2.1. With notation as in 2.1, let

Or(a) = L((s([l/dlpv ) '76([Vdrpa I/crp])75([yb/1p’ Vall/p])a .- '76([1/1);"[)7 Vagpbv
S+ gl ([0, v )

J aj if 7 = jm for some m.

a” CL;- if 3 # Jm;
1
Then,
Ty pxxv®pT = (VP X - X Vp) @ Or(a).
— —_——

fr(a) fr(a)
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Proof. From (2) in the proof of Proposition 2.1.4, we know that

T VipX-- xv'pxLix 5([1/17;’1;), v 1p)) x - x 5([1/b-ljf'p, v 1pl)
f
x L(([v¥ p, v p]), ..., 8([w¥=1p, %=1 p]))
x - L(8([ =10 - pl) LS p, v )
x L(S("5r, w5t pl), L8[ p, v p])) X Lo

— v x e x v xd([vhp, v p]) x - x ([ p, v pl) x 8([WP p, v pl)
—_————
f / ’ ’
x o 821 p v = pl) x B([ v ) - B([ = p )
x e B[y ) s B([ )
X 8([p"r p " pl) ¢ x B([ p, v p])
< 8l ) o x B(% , p]).
Since
5([1/”/1,0, l/a,p]), e 76([Vb;1_1p, Vagl—lp]), e 5([Vb;f*1+1,1/a;f*1+1p}),
8 o, % ), (W v ), S([ p, v p])
may be shuffled back into lexicographic order (Langlands classification order) via
an inductively equivalent shuffle, and then commuted past any segment of the form
5([vPp, v~ 1p]) into lexicographic position, we have
= vipx - xv?p xInd(dy(0x(a))).
—_———
!
On the one hand, by Lemma 5.5 of [Jan2], this tells us that
T vip X Xxvipxl
—_—— —
!

for some irreducible § < Ind(do(0r(a))). By Proposition 1.2.3, we have d¢(6) >

00(0x(a)). On the other hand, taking Jacquet modules in stages tells us there is an

irreducible ¢’ such that m*m > v%p x - - x v%p 6" and rqpp0" > §o(0x(a)). Then,
S —

f
00(0") = 6o(fr(a)). However, by Lemma 2.1.2, we have § = ¢, which implies
00(0) = dp(0") = 60(0(a)), so 8 =60 = 6,(a). The theorem follows. O

Remark 2.2.2. Suppose v%p X - -+ X v?p ®7 has 7 irreducible. Then there is a unique
|

f
irreducible representation 7 such that m’{ﬁa}w =v% X -+ X V*p 7. Moreover, us-
—_—

f
ing the preceding theorem, it is a straightforward matter to recover (the Langlands

data for) m from (the Langlands data for) 7. In particular, the only possibilities
have f generalized Steinberg representations &([v% p, %~ !p]) in the Langlands data
for 7 (possibly with b; = a) replaced by &([v* p,v%p]). One can simply use the
theorem to check all such possibilities to see which works. (However, in practice it
is probably easier to use a repeated application of Remark 2.2.4 below.)
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The same sort of considerations used above give the following:

Corollary 2.2.3. With m as above, there is a unique irreducible 0’ such that
Tya,m > Vo ® 6 and fr(a) = fo(a) + 1. Furthermore, v%p ® 6’ appears with
multiplicity fr(a) in rye,m. We may describe ' explicitly

0' = LO([v" p, v p)), ., 6([v™ p, v p)), 8([1p, v p]), . 6([0%% p, v ),
S+ p, v pl), ., (% p, v p]),

where
aj = {a% Zf] 4 j:fﬂ(a)’

a; =1 ifJ=1Jf(a)
We note that ™ — v%p x 6’ as a unique irreducible subrepresentation.
Proof. Observe that by Lemma 2.1.2,

T vip X X v x0(a)

fr(a)
I

T — v x L
for some irreducible L < v% X --- x v*p x0,(a) (cf. Lemma 5.5 of [Jan2]). It
—_—
f.,r(CL)—l
follows from m* considerations that fr(a) < fr(a) + 1. On the other hand, by
Frobenius reciprocity we must also have f1,(a) < fz(a) — 1. Thus,
fr(a) = fr(a) — 1.
In particular, we have (Lemma 2.1.2)
migL=v"p x - xvpx0(a).
—_——
f'rr(a)_l
Since the 6 given above satisfies (cf. Theorem 2.2.1)
m?a}ﬂ’ =1 X - x v?p x0,(a),
—_——
fﬂ(u’)71

it follows from Lemma 2.1.2 that ¢’ = L.
Observe that since v%p X 0 — v%p x --- X v*p x0,(a) and 7 is the unique ir-
—_———

fr(a)
reducible subrepresentation of v%p x -+ x v*p X0, (a), we have 7 as the unique
—_———

fr(a)
irreducible subrepresentation of v%p x #’. That v%p ® €’ appears with multiplicity

fx(a) in ()7 follows from the observation that v%p ® v*p x -+ x V*p @0, (a) has
—_—— ——

f‘lr(a)71
multiplicity fr(a) in 7(1 f, (a)—1)™ and multiplicity one in 71 ¢ (@)-yv*p® 6. O

Remark 2.2.4. (1) Suppose v*p@7 has 7 irreducible. Then there is a unique ir-
reducible representation 7 such that r,.,m > v*p®7 and fr(a) = fr(a)+1.
Moreover, using the preceding corollary, it is a straightforward matter to
recover (the Langlands data for) m from (the Langlands data for) 7. In
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particular, the only possibilities have a generalized Steinberg representa-
tion &([v%p,v*"1p]) in the Langlands data for 7 (possibly with b; = a)
replaced by §([v%p,v%p]). One can simply use the corollary to check all
such possibilities to see which works.
Fix k € N. One could ask whether (1) holds if r,e,m7 > v*p® 7 has fr(a) =
fr(a)+k when k > 1 (i.e., whether such a 7 is unique). The following exam-
ple shows this is not the case: let 71 = L(5([vp, v2p]), v2p, v3p, 6([v2p, v*p]))
and o = L(6([vp, v%p)), v2p, §([v2p, v3p]), v3p, v*p). Then,
raym = v2p @ L(vp,vp,v°p, 6([V?p, v p]))
+20%p @ L(8([vp,v?p)), v°p, 6([V*p, v"p)))
+12p® L(8([vp, v*p)), 6([V2p, v*p)))
+vtp @ L(6([vp,v2p)),v?p, 6([V* p,v*p)), v°p)
and
rayme = v2p @ L(8(vp, 12p, 6([2p, v3p)), v7p, v p)
+20%p @ L(8([vp, v*pl), 6([v2p, v°pl), v p, v p)
+ 20 ® L(3([vp, ), 6([2p, v*p))).
In particular, v2p @ L(5([vp, v3p]), d([v2p, v*p])) < rym; for i = 1,2, and
has fr;(2) = 2 = fLi(wpwsa).b(lr2emte)) (2) + 2

2.3. Calculation of miw. In this section, we take up the question of how to
calculate m¥ 7 for general X. We note that the case |X| = 1 is covered by the
preceding section and is used in what follows.

First, choose z1 € X such that fr(x1) # 0. Let f1 = fz(x1) and 6; = 0(x1) (
cf. Proposition 2.1.4 and Theorem 2.2.1), so that

= vPp X - X v p X6,

f1

Next, choose zo2 € X such that fp, (z2) # 0. Let fo = fo, (z2) and 03 = by, (x2).

Then,

T vip X XU pxUT2p X - X VP2 p X .

f1 fa

We continue this process: at the jth step we have

T—=VPp X X VT pX e X VT p e XTI p Xy,

f1 fi-1
and choose z; € X such that fp,  (v;) # 0. Welet f; = fo,_,(x;) and 0; =
9, , (7). Then,
T—=VPp X XV pX e X VT p X X VT p X VT p X X VT p X

f1 fi—1 fi

We continue this process until we reach ), such that fy, (z) = 0 for all z € X, at
which point we stop. We then have

T o Vo X XUT I pX o X UL X X VTR p X TR g X X VTR p X,

f1 fr—1 fr
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By Lemma 5.5 of [Jan2], this implies that there is an irreducible subquotient

< UTp X o x VT pX - X VTR p X - X VTR

f1) fr

such that 7 — 7/ ® 65. In particular, by Lemma 2.1.2, we have 0, = 0,(X) (and
7 =1:(X)).
We now describe how to recover 7. Let 7, = v p x --- x v"%p. By Remark

fr
2.2.2 there is a unique irreducible representation 75_; satisfying fr, _, (xp_1) =

fr—1 and m’fzk_l}rk,l = Vv 1p x - X VPP 1 p @7k, which may be determined.

fr—1
Next, by Remark 2.2.2, we may calculate the unique irreducible representation 7;_o

satisfying fr, _,(xx—2) = fr—2 and My A Th=2 = V7 2p X XV 2 p @y,
fr—2
We continue this process. If we have 7;, we obtain 7;_; as follows: by Remark 2.2.2,
we calculate the unique irreducible representation 7;_; satisfying fr,_, (2;-1) =
fj—1 and m’fz 071 = vii=tp x - x "1 p®T7;. The process stops at 7. We
i

fi—1

claim that 7 = 7.
To see this, consider the general step. We have

Tappﬂ—z ...®1/Ij—1px NG ij_1p®7-j®97

fi-1
so there is some irreducible 7;_; having m*7;_; > v*~'px .-+ x v~ p@7; and
fi-1
TappT™ = - @V™2p x - x V¥ 2p@1]_; ®@0. Clearly, fro_ (®j-1) = fj—1. On the

fi—2
other hand, we claim that fT]/,_l(Ij,l) < fj—1. Since

() x
T(1®1 oo X 0@ )@@ (VT =2 px - x 17 =2 p) T = V" p x - x V")

f1 fi—2 f
@@ p X X VUT2p) @6,
fi—2

and fj_1 = fp,_,(x;-1), we see that

Tl px - xv®1p) @@ i—2px---xv™i=2p) @ (VTI—1px-..xvTi=1p)T = 0.

f1 fj—2 fj—1+1

However, if we had fT]{_l(xj,l) > fj—1, this would imply

T px- - xv®1p)Q-- Q™I =2 pX--xvTiI=2 )@ (V™I ~1 px---xvTi=1p) T 7é 0,

1 fj—2 fj—1t1

a contradiction. Thus f-_ (zj-1) < fj-1, so frr_ (x;-1) = fj—1. In particular,
the only possibility for le-_l is then obtained by Remark 2.2.2, i.e., 7j_;.

Since 71 ® 0 < m*7m and 7,71 contains a term of the form v*1pR - - - @ V¥ (X p
with @1,...,2f (x) € X, it follows from (the uniqueness in) Lemma 2.1.2 that
71 = T, as needed.
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Remark 2.3.1. (1) We note that a tuple (x1,...,x) as above can contain a
given value of x more than once. Furthermore, not all tuples which can be
used to calculate m*% 7 need to have the same number of entries (i.e., same

(2) One can show (using Lemma 1.3.5) that if X = {a — 1,a}, we have k < 3.

Since the algorithm for calculating m%m allows one to start with any 2; € X
having fr(xz1) # 0, we observe the following:

Corollary 2.3.2. Suppose a € X. If m,7 are irreducible representations with
vip@T < TyapT and fT(X) = fTI'(X) — 1, then fT(a) = fﬂ'(a’) -1

In the spirit of Remark 2.2.4, and for future use, we consider the following
question: How can we recover an irreducible representation 7 from m%n? More
precisely, suppose 7(X) ® 6(X) is irreducible and satisfies (1) the supercuspidal
support of 7(X) is contained in X and (2) fyx)(x) = 0 for all z € X. We argue
that there is a unique irreducible representation 7 having m%m = 7(X)®60(X), and
we give an algorithm for recovering 7 from 7(X) ® (X). Note that the uniqueness
follows from Lemma 2.1.2; existence follows from the algorithm below.

The algorithm for recovering « from 7(X) ® 6(X) is very much like that used in
calculating m% 7 (especially, the calculation of 7(X)). Let 71 = 7(X) and choose
a1 such that f; = fr, (1) # 0. Write

Tyt pxcex1®1pT(X) = V7 p X - X VT p @7,
—_———

f1 f1

Next, choose x5 such that fo = fr,(x2) # 0 and write

Tyl pxexv®l p@u®2 pxexp®2pT(X) =V p X - XV p@U™2p X -+« X V2 p @73,

f1 f2 f1 fa
We continue until we have 7,11 = 1 and
TappT(X) > V% p X - - X vp@ - - @V p x -+ x V¥,
1 fr
If m%im=7(X)®0(X), we then have

TappT(X) > V™ p X - - XV 1pQ--- @ v p x -+« x v pR6(X).
f1 T

We now recover 7 in much the same way we obtained 7, (X) in the calculation of
mXm. By repeated application of Remark 2.2.2, there is a unique irreducible rep-
resentation 6y, satisfying fo, (vx) = fr and m?zk]ﬁk = vPpx - x VR pR60(X),

fr
which may be calculated. Next, there is a unique irreducible 01 satisfying
Jor_y(@e—1) = fr—1 and my, ~\Op1 = v px - XU p @6y, which again

fr—1
may be calculated. Continuing this, we eventually reach ;. We claim © = 6.

The argument is the same as that used above (in showing that 7.(X) = 71 in the
algorithm for calculating m% ), so we do not repeat it here.
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2.4. Dual results. In this section, we formulate some results dual to those in
sections 2.1-2.3. By dual, we mean formulated looking at the Jacquet modules
from right to left rather than left to right (i.e., focusing on the last terms in the
tensor products rather than the first terms). The proofs are mirror images of those
in sections 2.1-2.3, so we are content to simply state the appropriate definitions
and results. We note that these results bear a close connection with duality in the
sense of [Aub], [S-S]; cf. Remark 2.4.6.

We need notation dual to r,. Suppose £ is an irreducible representation of
GL(myr, F) x --- x GL(mgr, F) and 7 a representation of GL(mr, F'), where m >
my + - - + my and both representations are supported on {v*p}.cz. Write mg =
m — (mq 4 --- +my). We let sem consist of everything in 7, m,,....m,_,)7T of the
form n ®E.

The following are the counterparts to Definition 2.1.1 and Lemma 2.1.2.

Definition 2.4.1. Let m# € R(p) be an irreducible representation, ¥ C Z. We
define g,(Y") to be the largest value of g such that r,,;,7 contains a term of the
form - - -@vYs p@VYI-1p®- - - QUY p& with y1,...,y, € Y. If Y = {b}, we write g, (b)
rather than g.({b}). We let ym*1 be the sum of everything in m*7 of the form
n® ¢ with n, € irreducible and 7,,;,£ containing a term of the form v¥%9p®---@vYip
with g = g-(Y) and y1,...,y, €Y.

Lemma 2.4.2. Suppose m € R(p) is an irreducible representation, Y C Z. Then,
there are unique irreducible representations 1, & and unique g such that the following
are all satisfied:

(1) m—>nx¢.
(2) vay9p®l/y9—1p®-“®1/y1,0§ T'minga then Yi,---5Yg ey.
(3) suvpn =0 forallyeY.

Furthermore, g = g-(Y) and ym*(m) = n®¢. We write n(Y)®&(Y) for thisn®¢.

Next, we take up the dual versions of Proposition 2.1.4 and Corollary 2.1.5.
Using an inductively equivalent shuffle, write

T = L(é([’/b/{pv I/alp])7 e 7(5([ng0, Vakp]))v

where a; < -+ < ay and if a; = a;41, then b > b, (it is this second condition
which is different than do(7)). We define my, by

mp(i) = [{j = k + 1 — [0 = b}|;
by convention, m;(0) = 0. Then, we have the following:
Proposition 2.4.3. g,(7) = maxz;>o{mu(?) — mp+1(7)}
The dual to Corollary 2.1.5 is then the following:
Corollary 2.4.4. With notation as in Corollary 2.1.5, we have the following:
gx(n) = Ln,n,

gr(n—1) = Lly_1 +maz{ly_1 1 —lpn,0},

gﬂ'(n - 2) = €n72,n + max{gnflnfl - gnfl,n + mam{€n72,n72 - Enfl,nfly 0}7 0}7
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and in general, for 1 <k <mn,

gr (k) = Ly + maz{li n—1 — Llit1.n + maz{li n—2 — lpt1n—1 + - -
+ maz{ly  — lr+1,6+1,0},0}...,0}.
Suppose gr(b) > 0. For each 1 <n < g.(b), we let
in = smallest ¢ such that my (i) — mpp1(i) = n.

Let 7:(b) be defined by

1 (b) = L™ 0,0 pl), ., 60 p, v p])),
where
B {b;’ ifi £ k+1—1i, for any n,
! by +1 ifi=k+1—4i, for some n.
We note that the definition of 7),(b) makes sense; the data which appears is in-

ductively equivalent to Langlands data. The dual to Theorem 2.2.1 is then the
following:

Theorem 2.4.5. With notation as above,

8o xutpT = M (D) @ Vopx - x1p.
— —

g () g (b)

As with Remark 2.2.2, we can also reverse this process. It is a straightforward
matter to obtain the duals to Corollary 2.2.3 and Remark 2.2.4 (1).

The calculation of ym™* is a straightforward analogue of the calculation of m%
given in section 2.3. The details are left to the reader. Similarly, the algorithm for
recovering 7 from ym™*7 is also a straightforward analogue of that given in section
2.3.

Remark 2.4.6. The dual results discussed above are also related to the results of
sections 2.1-2.3 through the duality of [Aub], [S-S]. Let # denote the dual to 7
in the sense of [Aub], [S-S]. Observe that by Théoreme 1.7 (2) of [Aub|, we have
7179 < m*rif and only if @7, < m*#. Thus, e.g., we have v%p X --- X v*p RO <
f
m*m if and only if 0 ® 1% X --- x 1% < m*#. Therefore, fr(a) = gz(a). Fur-
—_—— ——

f
thermore, writing f = fr(a) = gz(a), if rye,n..xpe,m = V% X - X V*p @0, then

f f
Supxxvip = 0®yap X oo X l/ap.
—— N—

f f

3. SOME APPLICATIONS

3.1. Example: regular representations. In this section, we show how the re-
sults of the previous section may be applied to regular representations. In par-
ticular, we obtain an alternating sum formula analogous to that for the Steinberg
representation (cf. [Cas2]). We note that a similar result appears in 9.13 of [Zel|, but
with a different approach and formulated in terms of the Zelevinsky classification.
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As our goal is to write a regular irreducible representation 7 as a sum of induced
representations, the reductions discussed in section 2 allow us to assume that = €
Irr(p). Such a 7 then necessarily has the form

™= L(§([W" p, v pl), 5([V*2p, v pl), . .., 6([v"* p, ™ p])),
with a; < b;41 for 1 <i < k — 1. The following note reduces us to the case where
aizbiJrl—lfOI‘lSiSk—l,i.e.,

m = L(([v** o, v p]), 6™ p, v 2 p]), . 6 p v p)))
(writing ag + 1 for by).
Note 3.1.1. If a; < b;41 — 1, we have
m=L(6([W" p, v p]), ., ([0 p, v p))) X L(S([W" 1 p, v p]), o, ([ p, v ).

In the case where p is trivial, this follows from Theorem 3.1.2 of [Janl] or Theorem
2.6 of [Jan3|; the general case may be argued similarly.

To analyze such representations, we begin with the following lemma.:

Lemma 3.1.2. For k > 2,

S([ ™t p, v pl) x L(S([v™ w2 p]), ([ 2+ p, v p)), o 6([p ™2+ p, % p]))
= L(3([v* v p]), 6([v™ o, v p]), 6([v = p, w2 p]), o S([0 ™ p, v )
+ L[t p, w2 p)), 8([2+ p, v pl), 6([0 p, v ), S0 p v p))).
Proof. The proof is by induction on the parabolic rank of the supercuspidal support,

i.e., ar — ag. The case ap — ag = 2 is trivial.

Now, we assume the result holds for parabolic rank of the supercuspidal support
< ag — ag. Using the m* structure and Theorem 2.2.1, we get

ryd ([t p, v p)) X LG p, v p)), 6([2 p, v pl), o, S p, v p]))
= v p@ (W™ p, v p]) x L([v™ v p]), ([ p, %)),
([ v p)))

k
+> ma " p @ §([v 0 p, v pl) x L(G([ H p, v p]), 5[ p, v p)),
=2
O s T p)), B[ p, v p)), S([p e p, v ),
([ v p]))
— v @ 3([ p,v p]) x L(O(™ p, 7 ), ([0 p, v ],
B[ g, v pl))

k
+> ma " p @ §([p 0 p, v pl) x L(G([ H p, v p]), 5[ p, v p)),

=2

([ v T ) s L(S([p ™ p, v p)), S([p i p, w2 )

([t w e p)),
by Note 3.1.1, where the multiplicity
e — 1 ifa; >a;_1+1ori=2,
"0 ifa;=a;_1+1andi>2.
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Now, applying the inductive hypothesis and Note 3.1.1, we have

rayd ([t p, v p)) x LG p, v p)), 6([v2p, v ), S p, 0 p]))
=v¥p@ L([r™ p, v pl), 6([v ™ p, v p)), 82 p, %)),
8, v )

k
+ 3 L[ o, v p]), 80,02 (v ),
=2

S p, v i pl), ([ p, vt pl) B([p i p, w2 p)),

S O([ v p)))
k

+ Y mavip @ LS([v™ T p, v p]), 8([* o, v %)), 62 p v p)),
1=2
S([ = Fp, %)), 8([v T p, v p]), B([v i p, v ),

([, p]))

By looking at the minimal lexicographic term (cf. section 1.2), we see that one
component is

m = L™ p, v p]), ([ o, v p)), o B[ p, v p])).

By Theorem 2.2.1, we see that 7(1)m; accounts for the v p® term and those terms
appearing in the first sum. Now, by looking at the minimal lexicographic term in
the second sum (the %2 p® term, which is nonzero), we see that another component
is

T2 = L(é([VaOJrlpﬂ VaZP])ﬂ 6([1/a2+1p7 Vagp])7 5([Va3+1p7 Va4p])7
([t wk p))).

Theorem 2.2.1 tells us that r(;)ma accounts for all the remaining terms. Thus m;
and mo are the only components, and both occur. The lemma now follows from
induction. |

Proposition 3.1.3. Let

7= Lo p, v o), (1 .0 ), S p, v g)).

Then,
ST DN Vit (RN )
S={s1,...,5¢}
Sc{1,....,k—1}
X 3([ptrhp, vz pl) - x 3([p et p, v p]),
where the sum is over all subsets of {1,2,...,k — 1} and s1 < s9 < -+ < sy.

Proof. The proof is by induction on k. The case k = 1 is trivial; the case k = 2
follows from [Zel].
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By Lemma 3.1.2,
=3[ 9, v pl) x L8[+ p, v p]), 8([0" p, v p]), . B[ p, )
= L[ p. v pl), 6" p, v pl) 6" o, v pl) - B([w ™ T p, v p]))

D IR S A e ) | R (S

S={s1,...,5¢}
sc{2,....,k—1}

x 31 g, pl) - ¢ B[ p, v p])

=D (OBl e p))

S={s1,...,8¢}
SC{2,. h—1}

X O([per ™ p, vz p]) x - x (et p, v p])

by inductive hypothesis. We may rewrite this as follows (using {t1,ts,...,ts} for

{1,s1,82,...,8¢} and {s1,S2,...,8¢}, resp.):
Te Y T )
T={t1,....te}
TC{1,...k—1}
with t;=1

X 5([1/%14-1,0’ v pl) x 5([Vat2+lp’ V3 p]) X - X 5([Va‘€+lp, v p))
LD DR G R G M ()

T={t1,....te}
TC{l,....k—1}
with t1>1

x S([ g, v pl) x - ([ p, v ),
which easily reduces to the desired result. (I
3.2. The Langlands classification and Zelevsinky classification. In Theorem
6.1 of [Zel], Zelevinsky gives a classification of the irreducible non-supercuspidal
representations of general linear groups. In this section, we show how to relate the

“Zelevinsky data” for such a representation to its Langlands data.
We begin with a definition.

Definition 3.2.1. For a representation m € R(p), we let x s (7) denote the highest
element of r,,;, 7 with respect to the lexicographic order (unique up to multiplicity).

A proof analogous to that of Lemma 2.2.2 of [Jan4] shows the following:
Lemma 3.2.2. xp(7) has the form

xm(m) = (@p@ v tp@- - @uip) @0 (o vt pe - @ v p)
with xy > w9 > -+ > x¢ and y; > Yiy1 if 3 = Tigq.

We note that the analogue of the last condition is not stated in Lemma 2.2.2 of
[Jand] but can easily be deduced from Corollary 2.2.4 of [Jand] (or argued directly).

We let ¢([v*p,v¥p]) denote the unique irreducible subrepresentation of v*p x
v¥Hlp x ... x v¥p. With yas as above, we define (s by

CM(W) = C([Vxlpa Vylp]) ®-® C([VIZIO’ I/Wp])'
An argument like that of Corollary 2.2.4 of [Jand] then gives the following:
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Corollary 3.2.3. If w is irreducible, then

T iG M,,,Cm (T),
where Mgy, is the appropriate parabolic subgroup.

We now observe that if 7 is irreducible and has

Cu(m) = (v p, v pl) @ -+ @ (([v™ p, v¥* ),

the segments [V™ p, V¥ pl, ..., [V p, VY p] satisfy the requirements of Theorem 6.1
of [Zell. Furthermore, any permutation [v%ip,¥ip], ... [V%p,v¥p] of
[V*tp, V¥ p), ..., [V p, ¥ p] which satisfies the hypotheses of Theorem 6.1 of [Zel]

has C([v%1p, Y1 p)) @ - - - & C([V¥ep, v¥ep]) inductively equivalent to ¢([*1 p, v¥ p]) ®
<@ (([vTp, v¥ep)). Thus, we call {p(m) the Zelevinsky data for 7.

We now relate the Langlands classification and Zelevinsky classification through
duality (cf. [Aubl, [S-S] or section 9 of [Zel]).

Proposition 3.2.4. Suppose m = L(6([* p, v p]),...,6([v% p,v%p])). Then, the
Zelevinsky data for # is (([V° p, v p]) @ - - @ C([V* p, v p]) up to inductive equiv-
alence.

Proof. We have

Xo(m) = (" p@rv e @ e tip) @ (VHpo v
® - @V p @ 1P p) < s

By Théoréme 1.7 of [Aub], we have
(WP p@ T p@- - @r* T pr p)@- @ (VP pRr" T p@- - @r™ T p@1 M p) <1y T

In fact, this is the minimal term in r,,;,7 with respect to the right-to-left lexico-
graphic order. An argument like that in Lemma 2.2.2 of [Jand] shows that this
implies

F o G p, v pl) x - x ([P, v ).

It remains to show that this is inductively equivalent to the Zelevinsky data. Ob-
serve that if i < j has b; < b;, then (([vb p, v% p])x C([V% p, v% p]) =2 (([V% p, v% p]) x
C([v¥ p,v%p]) by irreducibility. Thus by a sequence of such transpositions, the
C([v¥p,v%p]) may be rearranged to get an inductively equivalent shuffle
C([Whrp,v™1p]) x -+ x C([WPkp, v p]) satisfying b} > --- > b} and if b, = b1,
then aj > aj_ ;. O

Remark 3.2.5. The above proposition is essentially a precise version of the claim
that the Zelevinsky classification is dual to the Langlands classification. Note that
if 7 is an irreducible representation, the Zelevinsky data for m may be easily be
obtained if the Langlands data for 7 is known. A method for obtaining the Lang-
lands data for 7 from that for 7 is discussed in the next section. Similarly, if the
Zelevinsky data for « is known, one may obtain the Langlands data for 7, from
which one can then obtain the Langlands data for 7.
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3.3. The Zelevinsky involution. In this section, we give an algorithm for cal-
culating the Zelevinsky involution of an irreducible representation. More pre-
cisely, let m be an irreducible representation supported on {v*p},cz and 7 its dual
(cf. [Aubl,[S-S])—the Zelevinsky involution of 7. (In the case where p is trivial, this
also corresponds to the Iwahori-Matsumoto involution of m; cf. [Kat].) We show
how to calculate the Langlands data for & from that for 7. A similar result is given
in [M-W], but their approach is different and is done in the setting of the Zelevin-
sky classification. (However, we note the similarity of our lexicographic ordering on
Jacquet modules and Lemma 1.3.4 to their ordering on multisegments and Lemmes
I1.8 and I1.10.1.) We first describe the algorithm and show that it works; we close
with an example to illustrate this approach.
We now describe the algorithm.

(1) Set 71 = 7w and let 91 be the trivial representation of GL(0, F). Starting
with ¢ = 1, we iterate the following procedure:
(a) Choose z; such that g (z;) # 0. Let g; = g, (z;) and write (cf.
Theorem 2.4.5)

Lq

SuTipx.xv®ipTi = Tit1 & vip X - xvip.
—_———

9i 9i
(b) Set

Yig1 =Y @UTip X x VT,

—_————
9i

This procedure stops after ¢ steps if 7441 is the trivial representation of
GL(0,F) (so that g, (x) = 0 for all ). Then

’(/}Z:l/l‘lpx...ny1p®yx2p><...XV12p®...®Vm(px...xym(p.

g1 g2 ge
(2) Let Lgtq be the trivial representation of GL(0, F'). Starting with ¢ = ¢ +1
and working down to ¢ = 1, consider v*p x -+ x V¥ p®L;11. By Re-
—_————

gi
mark 2.2.2 and Theorem 2.2.1, we can determine the unique irreducible

L; such that ryeipy..xp=ipLi = v"ipx - xv"p@Liy1 (nb., fr,(z;) =

95 9gi
9i + fLi+1 (xl))
We have & = L.

Proof of the algorithm. To see that the algorithm works, it is enough to show the
following: If

TappT 2> VPIp X - X VT p® - @UTi~tp X -+ X V' p R0,

g1 gi—1
has
m*0; > v¥ipx - xv¥pQRLiyq,
9i

then fy, (z;) = fr,.. (%) + g;, making 0; the unique irreducible representation with
this property, i.e., L;. Suppose this is not the case. Since we clearly have fy, (z;) >



74 CHRIS JANTZEN

fLiwr (®i) + g4, this would mean fp, (x;) > fr,,, (z;) + gi- In this case,

TappT > VEIp X - XV p@ - @VT1p X - X V' 1p@uTip X - xV7p®. ..

91 gi—1 g;

with g/ > g;. By Théoreme 1.7 (2) of [Aub], this implies

Tappﬂ'z...(@l/xipx e nyip®l/x’i*1px e nyi*1p®...®l/x1px nylp_

g5 gi—1 g1

However, we know that

SpTi-1px...xv¥i-1pQ---@ulpx.--xv®1pT

9i—1 g1

:Ti®yri_1p><~-~><l/m7'_1p®---®yxlp><---><I/zl

p.

gi—1 g1

This implies that s,ei,x...x,=i,7; # 0, contradicting g, (z;) = g;.
—_———

9

Example 3.3.1. m = L(d([vp, v*p)), v*p, 6([v*p, v°p]), v°p)
For (1), we calculate:

L(5([vp, v*p)), v p, 8([v2p, v p)), v p)
| taking z; =3,s0¢g;1 =1
L(8([vp,v?p]), v*p, 6([v?p,v%, p])) @ v°p
| taking zo = 2, so go = 2
L(3([vp,v?p]), v*p) @ V2p x V2 p @ v°p
| taking 3 = 3,0 g3 =1
o(lvp,v?p)p@vip@vPp x V2 p@1v7p
| taking x4 = 1,50 g4 = 1
1/2p RKUp & 1/3,0 ® 1/2,0 X 1/2,0 ® 1/3,0.

Thus, £ =5 and
Vs =1 p@1Pp x V2 p @1 p @ vp @ 1.
For (2), we calculate:

p12pxvipe1ipurpevp
V3p@1v2p x v2p Qé v3p® L(vp, v?p)
Vip@vip x v?p ®lL(Vp, 5([2p, %))
v3p @ L(5([vp, VQp]l% v2p, 8([°p,v*p]))
L(([vp, v?p)), 5([vzpl, v2p]), o([v2p, v°p))).

Thus, 7 = L((S([l/p, V2p]), 5([V2p, USP])’ 5([1/2p, VBPD)'
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3.4. Toward an algorithm when f;(a) > 2. In this section, we give a couple
of cases where we have algorithms for calculating r(ym, © = L(6([v"p, v p]),
o, 8([LP% p, v p])), subject to certain restrictions on a;, b;. These algorithms are
inductive in nature, building up from lower rank general linear groups. We note
that the first algorithm is not closed; if 7 satisfies the constraints on a;, b;, the same
may not be true of all the representations of the lower rank groups which are used by
the algorithm. Thus, it may not be possible to actually calculate r(;)(7) using the
first algorithm, since some of the embedded calculations may not be possible. (It is
perhaps better to view the first algorithm as a special case of a general algorithm,
rather than an algorithm for a special case.)

Definition 3.4.1. Let m € R(p) be an irreducible representation and X,Y C Z.
For M, a standard Levi subgroup, we let rz;f)(X)ﬂ (resp., TZ;Q)(Y)W) denote the sum
of all A < 7y satisfying fx(X) = fr(X) (resp., gA(Y) = g=(Y)).

(X) ()

We now describe how to calculate rzplg m and rﬁ% 7 (under the inductive

assumption that lower rank Jacquet modules are known) when X,Y are proper
subsets of the supercuspidal support. We start with TZ];(X)TF. By the results of
section 2.3, we may calculate mim = 7,(X) ® 6,(X). By inductive assumption,
write

)T (X) = Z miv* p @ T,
i
with 7; irreducible and m; the multiplicity. Then, for f = f,(X), we have

Tgf}fi)ﬂ' = Zmiy‘”p ® 7 ®0.(X).
i

We note the following;:

Lemma 3.4.2. Suppose vp ® L < ’r’gf)(X)ﬂ', and L irreducible. Then there is a

unique i with a; = a and
myxL =7 ®0,(X).

(X)

Furthermore, the multiplicity of v*p ® L in rzplg T is m;.

Proof. Certainly, there is some i with a¢; = a and 7; ® 0,(X) < m*L. This tells us
fo(X) > fa(X)—1; as frL.(X) < fz(X)—1 must hold, we have f7(X) = f-(X)—1.
It then follows from Lemma 2.1.2 that m% L = 7; ® 6,(X). The rest of the lemma
now follows. O

In particular, there is a bijective correspondence between the v% pR 7, ®0,(X) <
rﬁ{})_(i)ﬂ and the 1% ® L < T’Zf)(X)ﬂ' (including multiplicities). For 7; ® 0,(X), we
then calculate the unique irreducible L; having m%L; = 7 ® 0.(X) (cf. section
2.3). We have

Pr(X .
T(lf)( )7'(': Zmiu 1,O(®Lz

We now describe how to calculate rgg)(Y)w. By the results of section 2.4, we
may calculate ym*m = 1 (Y) ® &:(Y). This time, by inductive hypothesis (letting
g =g-(Y)), write

rayn=(Y) = Z n v p @ ;.
i
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Therefore,
Py (Y @
7(177(17)971)” = § nivip @ n; @ §x(X).

For n; ® £:(Y), there is a unique irreducible L; such that ym*L; = n;  £:(Y), and
we may determine this L; (cf. section 2.4). As with m*%m above (cf. Lemma 3.4.2
et seq.), we then see that

Py Y a;
7‘(1)( )ﬂ' = Zniv p® L.

Dual calculations allow one to calculate rzjlff)f))w and TZZQET))W (where p is a
representation of GL(r, F) and 7 is a representation of GL(nr,F)). Given the
similarity to the above calculations, we forgo the details.

We note that in some cases, the above are enough to produce all of r(;yw. One
such situation is the following (which then constitutes the first algorithm referred

to at the start of this section):

Proposition 3.4.3. Suppose there is a b such that g.(b) # 0 and the following
hold: (i) a; #b,b—1 for all i, and (ii) by # b+ 1 for all i. Then, roym = 15" 7.
Proof. Consider v”p®6 < rqym (6 irreducible). We need to show that go(b) = g (b).

First, observe that Corollary 1.3.2 and (i) ensure ng(b) = n,(b), where n(b) =
[{i|b; = b}| (the subscript indicating the representation considered). By Proposi-
tion 2.4.3, condition (ii) is now enough to ensure that gg(b) = ng(b) and g,(b) =
N, (D), finishing the lemma. O

We now give a different situation where the above calculations may be used
to calculate r(1ym. For M(,y, a standard Levi subgroup, let r@‘)”w consist of all

T < 17 satisfying f(X) = fr(X) or g-(Y) = gx(Y) for some proper subset X
or Y of the supercuspidal support. That is,

Ta) ™= (U TZS(X)W) U ( rZB‘“w) !
X Y
where the union is in the multiset sense (i.e., the multiplicity of z in AU B is the
maximum of the multiplicity in A and the multiplicity in B) and X, Y run over the
proper subsets of the supercuspidal support. (We remark that by Corollary 2.3.2
and its counterpart for ym*m, it is enough to consider X, Y maximal proper subsets,
i.e., missing just one element of the supercuspidal support.) By the preceding
discussion and inductive assumption, we may calculate rj{“m and r’(fla_xl)w.

In general, we may normalize matters as at the end of section 2.1, so that the
supercuspidal support of 7 is contained in a set of the form {vp,v2p, ..., v*p} (and
assuming both vp and v*p actually occur). The case k = 1 is trivial; the case k = 2
is covered by Lemma 1.3.5. In what follows, we show how to calculate r7 in
the case where k = 3 (but noting that some of the results apply to general k). In

particular, we show that at least one of r(ym = TZ’S””W OF T(p_1)T = TEZTCDW must

max
(n—1)
done by Note 3.4.10 below. We close with some additional observations which may

be obtained using the sort of arguments in this section.

hold (and which are). If T)T = rE’f;”ﬂ', we are done; if r¢,_m =171 T, we are
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Lemma 3.4.4. Suppose m € R(p) is an irreducible representation with v®p in its
supercuspidal support. Then m*m contains a term of the form n® L(§([v*p,v?p)),
vatlp v p) for some i, j > 0.

Proof. This follows from arguments like those used in section 2.2 of [Jand]. In
particular, one considers the “last appearance” of v¥%p in r,,;, 7, i.e., term(s) of the
form v*1p @ -+ @ V¥ p < ripm having x, = a for the largest possible h. Using
an argument like that in the proof of Lemma 2.2.2 of [Jand], one shows that such
a last appearance occurs in a term of the form -+ ® 19 @1 1 Hp® - @V H ®
vitlp @ vty ® - @ v*Hip. Then, an argument like that used in the proof of
Corollary 2.2.4 of [Jand] implies m < n x L(6([v*"ip,v%p]), v ip, ..., v p) for
some irreducible 7, from which the conclusion follows. O

Lemma 3.4.5. Suppose m € R(p) is irreducible and vip®@ L < rqym but v*p® L £
r?}ﬁ”ﬁr. Then for proper subsets X, Y C {1,...,k}, the following must hold:
(1) (a) Ifae X, then
fo(X) < fa(X) -1
(b) Ifa,a—1,a+1¢ X, then

fL(X) < f=(X).
(¢c) Ifag X buta—1€ X ora+1€ X, let a, >0 be the largest values
such that {a—a,a—a+1,...,a—1} C X and {a+1,a+2,...,a+8} C
X. Then,
fo(X) < fr(X) +a+ B
(2) gr.(Y) < g (Y) with equality possible only if both are 0.
)

(a) and (2) follow directly from the definition. For (1)(b), observe that if
fo(X) > f2(X) = f, then rpinm > rimin(v¥%p @ L) tells us that

Tmin® > Vp QU™ pR - QU™+t p® ...
with 1,...,2¢41 € X. A commuting argument (cf. proof of Lemma 1.3.3) then
implies that

TminT > Vxlp@"'®yxf+l,0®yap®...7
a contradiction. For (1)(c), we have

vip@TL(X) ®0n(X) < rgppm
\
7 @0L(X) <m*r

for some irreducible 7" with r(y7" > v*p® 7,(X). Lemma 3.4.4 applied to 7’ gives

m*t’ >n@ L6([v* " p,vp]), v*p, ... v¥H p)
I
Tapp™ >0 @ L[V p,vp]), vt p, .., v p) @ 01, (X)
U
fﬂ'(X) > fn(X) = fL(X> -1 _.7"
The result now follows from the observation that the largest possible values of i, j
in that lemma are «, 3, respectively. ([l

The technical heart of the analysis for k£ = 3 is the following:
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Proposition 3.4.6. Suppose that w is irreducible with supercuspidal support in
{vp,v?p,v3p} (with vp and v3p actually occurring) and v*pRL < rym with v*p@L
irreducible.

(1) Ifa=1, then v"p® L < rj{“.

(2) Ifa=2, thenv*p QL < r?ﬁmw unless the following conditions on m hold:
U353 > 09> U117 and Uy 3 = 0. Furthermore, L must satisfy €1 ; =11+ 1,
b3 ="tz + 1, by = Ll33—1, where £} ; denotes the number of times
d([v'p, 7 p]) appears in the Langlands data for L (i.e., in 6o(L)).

(3) If a =3, thenv"p® L < rij{“.

Proof. We first consider the case a = 2. Suppose v?p ® L < rym with V2p ®
L £ r(’i‘ﬁ”ﬂ'. By counting the number of times vp (resp., v2p,v3p) appear in the
supercuspidal support for v2p ® L and 7, we see that

T+l =0y +bat+ s,
L4l g+ log+ 03+l 3 ="+ lao+ 13+ L3,
O3+ lys+Llsy=">13+ 3+ 33.
Next, write ¢} ; = f11 —a and {33 = (33 — ¢; by Lemma 3.4.5, a > -1

and ¢ > 0. Also, we claim that 63)3 > {13. By Lemma 1.3.3, we have 7 =
S(vp,v°p)) x - -+ x 8([vp,*p]) x7', where ' has the same Langlands data as 7

l1,3
except that the §([vp,3p])’s are removed. If ry2,7" = > v?p ® \;, then an m*
argument tells us r,2,m = Y 1v%p ® §([vp,v7p]) x -+ x 8([vp, v*p]) x\;. Again,

413
Lemma 1.3.3 tells us that 6([vp,v3p]) x --- x §([vp, v3p]) x\; is irreducible, so L

ly3
must have this form. It then follows that ¢} 5 > /1 3, as claimed. With this, we
may write ¢} 3 = {13 + b, where b > 0. Using (3), we may now rewrite the /; ; in
terms of the /; ;:

ba=hi—a O3 ="l13+0D,
(3) lip="lia+a—b, lyy=los+c—b
lho="Log—1+b—a—c, l33=1_I33—c,

with ¢ > —1 and b,¢ > 0.

We consider two cases (showing the first does not actually occur).

Case 1: {11 > {3 5. In this case, Corollary 2.1.5 tells us f(2) = ¢1 2. By Lemma
3.4.5, we have

12 Sl tmar{lyy — 01,0} = fr.(2) < fx(2) 1=t -1

4 by (4)
61,2+a*b<£17271
I

a+1<hb.
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We now counsider g.(1). By Corollary 2.4.4, we have
0y 3 +max{l} | + ] 5 — o, — 05 3,0}
<y 5+ maz{l] 5 — ly 3+ maz{l} | —l5,,0},0} = gz (1)
< gr(1) =iz +max{ly s+ L2 — l22 — f23,0},
with equality only if g,(1) = 0. By (4), this reduces to
01 3+b+max{ly1+L1 32—z 2—l2 3+a—b+1,0} < O1 3+max{li 1+l 2—l22—{23,0},
with equality only if both are 0. First, suppose the right-hand side is positive.

Then, g.(1) > 0, so the inequality becomes strict. Since b > 0, this forces ¢1 1 +
l19 —ly5 —ly3 > 0. We then have

ls+b+lin+lio—lao—lozs+a—b+1
<gr(1)<ge(l)=li3+l11+ b2 —Flao— Lo
I
a+1<0,

contradicting a > —1. Thus, we must have the right-hand side equal to 0. However,
this forces b = 0, contradicting b > a + 1 as observed above. Thus Case 1 cannot
occur.

Case 2: {11 < l35. In this case, Corollary 2.1.5 tells us fr(2) =l1 2+ ¥fo2—l11.
By Lemma 3.4.5, we have

Olotlyy =01 < fr(2) < fr(2) —1=l1a+Llag—t11—1
(8
E1,2+a—b+€2,2—1—|—b—a—c—€171 +a<€1,2 +£2)2—£1)1 -1
U

a <c.

We now consider g.(2). By Corollary 2.4.4, we have g(2) = {235 + max{ls2 —
l33,0}. First, we claim £33 > {5 5. Suppose not, then ¢35 > ¢33 and g-(2) > 0.
Therefore, by Lemma 3.4.5 (n.b.—the assumption that the supercuspidal support
actually contains both vp and vp ensures that g,2,¢1(2) = gr(2)),

Uhg+ 1y — U3 < g1(2) <gr(2) =lag+Ll22— L33
I
62,3+c—b+£272—1+b—a—c—£373+c<€2,3+£272—6373
I
c<a+1.

However, we cannot have a < ¢ < a + 1 for a, c integers. Therefore, {33 > £, as
claimed. Then,
ly3 < gr(2) < gx(2) =423
U
c<b,

with equality only if g-(2) = g1.(2) = 0 (which requires {2 3 = ¢ 5 = 0). Note that
we have now established the key inequality £33 > f2 2 > £; 1 which is sufficient for
the applications that follow (cf. Theorem 3.4.9). We further add that this forces
c>0:if ¢ =0, then gr(3) = #33 = £33 = gx(3), so both must be 0 by Lemma
3.4.5. This contradicts £33 > 39 > £1; > 0, so we must have

b>c>1.



80 CHRIS JANTZEN

Next, we consider g(1). Since 29 > {1 1, Corollary 2.4.4 gives g.(1) = ¢1,3 +
max{l1,2 — {23,0}. Thus,

5/173 + maas{é’m - 5/273, 0} S gL(l) S gﬂ-(l) = 5173 + max{élg - 5273, 0}
4
61’3 +b+ max{él’g - 62’3 +a—c, 0} < 61’3 + max{él’g - 62’3, 0}

First, we note that g, (1) > 0: if not, we must have b = 0, contradicting b > ¢ > 1.
Therefore, by Lemma 3.4.5, we have g1, (1) < ¢g-(1), so

Oa+b+lio—lazs+a—c<lizg+lia—1la3

U
at+b<e.
Since b > ¢ and a > —1, we must have b = ¢ and a = —1. As noted above, b = ¢

requires {3 3 = 5’273 = 0. Observe that if we show b = ¢ = 1, we have finished the
proof of (2) from the statement of the proposition.
We consider f(3). By Corollary 2.1.5 (since f33 > l22), f=(3) = li13 +
mam{fg,g + 53,3 — 51,2 — 62,270}. Therefore, by Lemma 3.4.5,
O3 +maz{ly g+l 5 — 15— 55,0} < frepen(3) < f2(3) +1
=1 + 6173 + mam{£273 + 6373 — 6172 — 52)2, 0}
3
5173 +b+ mam{fg,s + 53,3 - fl,g - fz,z +1->b+c, 0}
S 6173 + maaz{ﬁzg + 6373 — 6172 — 6272, 0}
Since b > 1, we have 51734—() > 1—|—€173; since b = c, 52,3 —|—€373 —4172 —62,2+1—b+c =
ly 3+ 033 — {12 — €22+ 1. Thus, the only way the above inequality can hold is if
b=1 (and l3 3 + ¢33 — {12 — f22 <0). This finishes the proof of (2).
The proofs of (1) and (3) are similar. Note that for (3), one uses the formula
f.n—(X) = fl)g =+ 25173 =+ €2)3 =+ max{fg)g — El,la 0} =+ max{fg)g — min{ﬁl,l, fg)g}, 0}
+ maz{ly 3 +min{li1,l22} — 11 — {1,2,0}

for X ={1,2}. We note that this formula may be obtained by writing

m?,ﬂp}ﬂ =1¥px- % V2p®917/,6>{k1/3p}91 =13px - x13p 6.,

1 f2
and
M,z 02 = V2o x - x 12pRbs
I3
as in section 2.3 (also, cf. Remark 2.3.1). O

Example 3.4.7. Let m = L(§([vp, v?p]), §([vp, v2p]), v%p, v3p, v3p). Then

raym = v2p @ L{vp,vp,8([vp,v°pl), v*p) + 2v°p @ L(8([vp,v*p)), 6([vp, v°p)),v°p)
+20%p @ L(vp, §([vp, v*p)), 12 p, v’ p, 17 p)
+3v%p @ L(8([vp, v2pl), 8([vp, v2pl), v>p, 7 p)
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and
iyt m = 20v2p @ L(6(lvp,v°p]), 8([vp, v°p)), v7p)
+2v2p @ L(vp, 8([vp,v°pl),v°p,v°p,1°p)
+3v%p @ L(8([vp,v?p)), 6([vp,v?p)), v’ p, 7).
In particular, there are examples for (2) in Proposition 3.4.6 where v2p® L % Ty

Corollary 3.4.8. Suppose that w is irreducible with supercuspidal support in
{vp,v?p,v3p} (with vp and v3p actually occurring) and L ® vPp < r(,_1)m with
L ® vPp irreducible.
(1) If b= 1, then L®v’p < Ty
(2) If b =2, then L@ v’p < rzbl“fl)w unless the following conditions on 7 hold:
b >4039> 033 and by 5 = 0. Furthermore, L must satisfy 53)3 =/l335+1,
fllgzgld—f—l 6/112211

(3) Ifb=3, then L® v* p<r’(m”“’1)

Proof. These results are just the duals to Proposition 3.4.6. O

The conditions required to have r?}ﬁ”ﬁr # 7)™ and rE’““” )T # T(n—1)T cannot

be satisfied simultaneously. In particular, we have the following:

Theorem 3.4.9. If w is an irreducible representation with supercuspidal support
{vp,v?p,v3p}, then we have either rym = Ty T Ty T = 7“1(71 yT (or both).
Furthermore, unless €33 > {32 > {11, we must have r(ym = T(1) “m; unless €11 >

U0 > U3 3, we must have r(,_T™ = r’(ﬁla_xl)m

In the case where we have r(,, _m = rzfﬁ”l)w but not r(;ym = rE’f;”ﬂ', the following

allows us to recover rq)m:

Note 3.4.10. We take a brief look at the question of recovering r(;ym from 7, _1)7.
As the algorithm can be applied more generally, we work in a more general setting.
As in Definition 3.4.1, for a property P, we let ’I“ZZ)TF denote the sum of all A < (7
which satisfy P. Suppose the property P satisfies the following:
(1) rzjl,n_Q)w <ram—2)° rzjl)w and rzjl,n_Q)w <ram—2)° r@_l)ﬂ.
(2) If v*p ® L appears in 7‘231)71' with multiplicity m and A ® vbp < T(n—2)L has
gr.(b)=ga(b)+1, then v pRA®1°p appears in rzpl o)™ with multiplicity m.
We note that the property of being in the Jacquet module clearly satisfies (1) and

2).

To recover rg)w from r@_l)w, we first calculate 7"231 )T By inductive hypoth-

7; by (1), we may then obtain r/,

. P
esis, we may calculate r(; ,,_g) © T (1,n—2

n—1)
removing any terms which fall to satisfy P.
At the first step, set r(1 ne2)T™ = 7“?1,7%2)77 and Tz)l’)lﬂ' = 0. At the ith step,

choose v p @ A®1Pp < TZ i 12)7r having ga (b) maximal. Using the dual to Remark

)T by

2.2.4 (cf. section 2.4), calculate the unlque irreducible L having 7, _ 2)L >AQ®

v’p and gr(b) = ga(b) + 1. We set 7“(1)71' = rﬁ)_ T+ v% ® L and r(ln T =

Pi—1
T(1,n—2

inductive assumption. We now check that v%p ® L < rzpl)w. By (1), there is some

)T = rz)l’niz)(u p ® L), noting that the latter term may be calculated by
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vip e L < rg)ﬂ' having v%p @ A @ vPp < 14 ,_0)(v?p ® L'). By (2), we have
ga(b) +1 = gr/(b), where ga(b) +1 < gr/(b), v*p ©® A ® v’p would have been
removed from 7"5’{172)77 at an earlier stage. By the dual to Corollary 2.2.3 (cf.

7 reaches 0.

section 2.4), we have L'=L. Of course, the process stops when rzpl’i

n—2)

Remark 3.4.11. Arguments like those used in the proof of Proposition 3.4.6 may
also be used to show the following:

(1) 7 is determined by the values of fr(X), g»(Y) for X,Y C {1,2,3}. That
is, if fr(X) = fo(X), g (V) = g (V) for all X, Y C {1,2,3}, then n’ = 7.
(2) We have

= mTﬂ(X)Xoﬂ(X) m ﬂ??ﬂ(Y)X&T(Y) )
X Y

where X, Y run over proper subsets of {1, 2, 3}; intersections are interpreted
in the obvious multiset sense (i.e., the multiplicity with which an object
appears in AN B is the minimum of the multiplicity in A and the multiplicity
in B), and 7,:(X) ® 6:(X) and 7,:(Y) ® £&:(Y) are as in Lemmas 2.1.2 and
2.4.2, respectively. (We note that this fails if the supercuspidal support is

just {vp,v*p}.)
We remark that while we do not expect rE’fS”w = r(1)T Or rmafl)w = T(p—1)T to
have to hold in general, these may still serve as a starting point for a more general
algorithm.
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