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ON SQUARE-INTEGRABLE REPRESENTATIONS
OF CLASSICAL p-ADIC GROUPS II

CHRIS JANTZEN

ABSTRACT. In this paper, we continue our study of non-supercuspidal discrete
series for the classical groups Sp(2n, F'), SO(2n + 1, F'), where F is p-adic.

1. INTRODUCTION

This paper is a continuation of [Jan4].

Suppose p is an irreducible, unitary supercuspidal representation of GL,,(F') and
o an irreducible, supercuspidal representation of S,.(F) = Spa,(F) or SOg,41(F).
Then, if p 2 p (self-contragredient), we have Ind(|det,|*p ® o) is irreducible for all
x € R. Otherwise, there is a unique a > 0 such that Ind(|det,|"p ® o) is reducible
for x = +a and irreducible for all x € R\ {£a} (cf. [Si2|, [Tad5]). Assuming
certain conjectures, Mceglin [Mce2] and Zhang [Zh] have shown that o € 37 (also,
cf. [M=R], [Re], [Shall, [Sha2]). In [Jand], we showed that the problem of classifying
non-supercuspidal discrete series could be reduced to classifying discrete series with
supercuspidal support in

S((ﬂ, a); 0) = {Vmpa Vﬁmp}IEOHrZ U {J}
(though most of this result is from [Jan2] and [Tad4]).

In [Jand], to an irreducible representation 7 supported on S((p, @); o), we associ-
ated an element xo(7) in the minimal Jacquet module for = (minimal meaning with
respect to the smallest parabolic subgroup admitting a nonzero Jacquet module for
7). We note that there is an order > on the components of the (semisimplified)
minimal Jacquet module of 7 such that xo(7) is minimal with respect to >. From
Xo(m), we can read off a representation dp(7) having the form

So(m) = o([v"" p, v p) @ -+ @ 6([v~ " p,v™p)) © 0,

where §([v " p, v% p]) denotes the generalized Steinberg (for a general linear group)
which has v%p @ v* lp® .- ® vl p as its (minimal) Jacquet module. We have
7 < Ind(dp(7)). Further, one can determine whether 7 is square-integrable just
from dg(m). Our goal is then to constrain the candidates for dy for square-integrable
representations, thereby constraining where one needs to look for square-integrable
representations. Of course, the ultimate goal is exhaustion: if the constraints are
strong enough, every possible ¢ listed will actually occur as dg(m) for some discrete
series . That is the case for the theorem below when p = 1px, 0 = 1g,(p) (cf.
[Mcell]); we expect it holds in general.
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In a sense, our point-of-view may be regarded as an extension of that of [B-Z]
and [Zel]. Their descriptions of representations of general linear groups are given
in combinatorial terms, with the combinatorial descriptions essentially independent
of which particular supercuspidal representations appear in the support. Here, we
work with discrete series for symplectic and odd-orthogonal groups in an analogous
setting; while our results are not independent of the p, o which appear, they depend
on p, o only insofar as p, o determine «. (Roughly speaking, o = 1 for the GL coun-
terpart, so this issue does not arise.) Thus, from our point-of-view, « is essentially
treated as input data, with discrete series characterizations as the output.

The main result in this paper is the following:

Theorem 1.1. Suppose p is an irreducible, unitary, supercuspidal representation of
GL,(F) and o an irreducible, supercuspidal representation of Sy(F). Also, suppose
Ind(|dety|?p ® o) is reducible for x = +a and irreducible for x € R\ {£a}, where
a>0hasa € %Z. If 7 is an irreducible, square-integrable representation supported
on S((p, a); o) with

So(m) = o([v™" p,v™p)) @ - @ 6([V ™" p,v™p]) © o,
the following conditions must be satisfied:

1. basic conditions:
(a) ag > ag—1>--->a1 > 0.
(b) a; > b; for alli.

(¢) There is a § with a +1 > 8 > 0 such that each of {—5,-0—1,...,—a}
appears exactly once among by, bs, ..., by and there are no other negative
bi ’s.
2. a; > foralli; b; > (3 —1 for all b; > 0.
3. ai,a9,...,a%,b1,ba,... by are all distinct.

4. We do not have a; > a; > b; > b; for any i > j.

Remarks 1.2. 1. Coupled with Theorem 3.2.1 of [Jand], Theorem 1.1 above ap-
plies to any irreducible, square-integrable representation if we assume the
half-integrality hypothesis in Theorem 1.1 holds in general. That is, for any
such (p, o), the value of z € R, > 0 which makes Ind(|det|*p ® o) reducible
(if any) lies in 2Z. (The half-integrality hypothesis follows from [Mce2] or
[Zh] if certain conjectures are assumed.)

2. We make two remarks concerning converse directions.

(a) If 7 is an irreducible representation and &o(7) = 6([v =" p, v p]) ® - ®
S([v=b p,v™p]) ® o has ai,...,ax,b1,..., by satisfying 1-4 of Theorem
1.1, then 7 is square-integrable. (In fact, condition 1 of Theorem 1.1 is
sufficient; cf. Theorem 4.2.1, [Jand].)

(b) If ay,...,ak,b1,..., by satisfy 1-4 of Theorem 1.1, one can ask whether
there exists an irreducible representation 7 having do(7) = ([ p, v p])
®- - @6([v "t p, v p]) ® 0. We expect that this is the case, but it is not
proved. (Note that in the case where ap > -+ > a1 > by > -+ > by,
such a 7 is constructed in section 7; in the case where ax > by > ar_1 >
bg—1 > --- > a1 > by, the existence of such a 7 follows from the results
in [Tad5].)

3. We note that we can have irreducible, square-integrable representations 71, o
which have 71 2 mo but dg(m1) = do(m2) (cf. Theorem 7.7; examples may also
be easily obtained from [Tad5]).
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The basic proof is by induction on the parabolic rank (cf. 0.3.4 [B-W]) of the su-
percuspidal support; the whole paper is essentially one large inductive proof. Thus,
we establish Theorem 1.1 and complementary results (Theorem 7.7 and Corol-
laries 7.8 and 7.9) for a fixed parabolic rank p.r. assuming they all hold when
the parabolic rank of the supercuspidal support is less than p.r. We note that if
So(m) = 8([v=1p,v*1p]) @+ - - ®@6([v = p, v p]) ® o, then the supercuspidal support
of 7 has parabolic rank (a1 +b; +1) 4+ -+ + (ar + b + 1). To avoid repeating the
hypotheses of Theorem 1.1 in the rest of the theorems in this paper, let us simply
let (H) denote the hypotheses of Theorem 1.1.

We now discuss the contents section by section. The next section reviews nota-
tion and some background results. We also record Theorem 2.4, which says that
the first condition in Theorem 1.1 holds (it is a combination of results from [Jand]).

In the third section, we verify condition 2 of the theorem. The basic idea in
proving this is to show that should condition 2 fail, there must be something in the
Jacquet module of 7 lower than the yo(7) we started with, a contradiction. For the
most part, this can be done with a simple string of embeddings and equivalences;
there is one subtler case which occupies most of this section.

The fourth and fifth sections verify that conditions 3 and 4 hold. Conditions
3 and 4 are essentially conditions on pairs of segments, and are treated as such.
In the fourth section, we assume that b; > a;_1 for some i. Roughly speaking,
such segments can be removed from consideration. What remains then has lower
parabolic rank and the inductive hypothesis allows us to finish this case. The
fifth section deals with the case where b; < a;_1 for all 7. Here we need to show
conditions 3 and 4 directly. The basic idea is to show that if 3 or 4 fails, then 7 may
be embedded into an induced representation where the inducing representation is
lower than do(7), a contradiction. To do this, we use Jacquet module arguments
to compare certain induced representations. We note that in the case where o is
generic, condition 3 may be deduced from [Mul].

In order to do the comparisons for section 5, we need to know the existence
of square-integrable representations with certain properties. The last two sections
are geared toward this. In the sixth section, we prove a technical result which is
needed in the seventh section. In the seventh section, we show the existence of
square-integrable representations with certain specific dg’s, in particular, dg having
b; < a;—1 for all 4. This is done by analyzing the induced representation

S p, v p]) @ 8([v "2 p, %2 p), . [ p, v pls o),
where §([v02p,v%2p], ..., [V~ p,v% pl; 0); is a square-integrable representation (by
the inductive hypothesis, already constructed) which has 6([v=%2p,v%p]) @ --- @
§([v=bkp, v p]) @ o as its &g.

2. NOTATION AND PRELIMINARIES

We retain the notation introduced in section 1.2, [Jand] and will forgo reviewing
it here. We will also forgo reviewing certain standard results already discussed in
[Jand]. The Langlands classification and Casselman criteria for S, (F") (|[B-WJ, [Silll,
[Cas| and [Tadl]) are discussed in section 3.1, [Jand]. The Langlands classification
for GL,(F) is discussed in section 2.4, [Jand]. For clarity, we use £ (resp. L)
when the Langlands subrepresentation is for a general linear group (resp., classical
group). We briefly review some of the notation and results from the remainder of
[Jand], and we introduce a few additional items needed for this paper.
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Let p be an irreducible unitary supercuspidal representation of GL,,(F'), o an
irreducible supercuspidal representation of S,.(F'). Also, suppose v*px o is reducible
for # = £« and irreducible for € R\ {+a}, where a > 0 has o € 7.

Definition 2.1. Let 7 be an irreducible representation supported on S((p, «); o).
Set

X(m) = {x < Syin ()

Then, let xo(7) € X (), which is minimal in the lexicographic ordering.

minimal for Sy, ()

X=V"pR- - QUvirp®ochasxy+ - +Tm }

The following is Lemma 4.1.2, [Jand] with a minor change of notation. (As in
section 5, [Jand], it is more convenient to incorporate a negative into the b;’s.)

Lemma 2.2. yo(m) has the form
Xo(m) =" p@rv" e @rtp) @@ Etpe T hhe- e ) a0,
with a1 < as < --- < a.
Definition 2.3. With notation as above, if
xo(m) = (W pev" - @rvp @@ per*Tlre--ar ) e,
set

do(m) = 8([v="p, v pl) @ - @ 6([v ™" p, v p]) ® 0.

We also recall that if xo(7),d0(m) as above, M = GL4,—p,11)n(F) X --- X
GL(akfkarl)n(F) X ST(F), then

T — iGM((SO(W))
(cf. Lemma 4.1.4, [Jand]).

We also note the following, a consequence of Theorem 4.2.1 of [Jand], Lemma
4.4.1 of [Jand], and Lemma 4.4.2 of [Jand].

Theorem 2.4. Suppose (H). Then, condition 1 in Theorem 1.1 holds.

We now introduce a bit of notation which will be used in the rest of this paper. In
Definition 2.1 above, let t.e.(xo(7)) denote the minimal value of 21 +- - - +,,, which
arises. More generally, we let t.e.(7) = t.e.(dp(7)) denote the same value. Implicit
in Definition 2.1 is an ordering: x1 > X2 if t.e.(x1) > t.e.(x2) or t.e.(x1) = t.e.(x2)
and x1 is lexicographically higher than xo. We extend this ordering as follows:
m = mo if xo(m1) = xo(m2). (Typically, 1 and mo will be representations of Levi
factors of standard parabolic subgroups.)

We introduce one other piece of notation. At times, it will be convenient to
write sqpp When the Jacquet module of S, is taken with respect to the appropriate
standard parabolic subgroup. This will only be used when what constitutes the
appropriate parabolic subgroup is clear from context.

We now recall Definition 5.2.1 of [Jand]. It uses the Jacquet module structures
developed in [Tad?]. Since a summary of the notation and results needed from
[Tad2] was given in section 3.1 of [Tand], we will forgo a discussion here.

Definition 2.5. Suppose 7 is an irreducible representation of GL,,(F) and 7 a
representation of S, (F'). Write

p(m) = Z m;&§; @ 0;,
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where & ® 0; is irreducible and m; is its multiplicity. Let I, = {i|§; = 7}. We set
pr(m) = Z mi& ® 0; = Z m;T ® 0;.
iel, iel,

Similarly, if £ is a representation of GL,.(F') and
M€ =Y ne el
J

let J, = {j|£](-1) =T1}. We set
1 2 2
M€ =Y nig o = > nreg?.
JjeJ- jEJI-

It will be convenient to extend this definition to the case where 7 =1 ®--- ® 75.
In this case, we write s-,@...@r, rather than p7 o .o, (since sr,@...0r; < Sapp NOL
).

We close with a lemma which will expedite certain calculations.

Lemma 2.6. 1. Suppose n < §([v=b1p,v%p]) x --- x §([v "% p,v%p]) x 0. As-
sume T is an irreducible representation of a general linear group such that

{Whip, ... V% p v®p . v p} N supp(T) = (0. Then for any representation &
of a general linear group, we have

WA (E ) = ME(€) % (1 @),
2. Suppose {x| M. ,(§) # 0} N support(r) = 0. Then,
pr(§xm) = (1®&) x pz(n).

Further, we note that M. (1) # 0 if and only if the following holds: either

Tmin(T) contains a term of the form v®p & ... OT Tyin(T) contains a term of
the form --- @ v %p.

Proof. Write M*(§) =", Ti(l) ® Ti(z) and p*(n) = >, 7; ® 0;. Then,

pr(§ xn) = ZTi(l) x 707 % 0;.

]
Observe that if 7; # 1, we must have 7pin(7;) = >, v*p ® ... with oy, €
{b1,...,bg,a1,...,a;} for all h. But, for 7; to contribute to ¥, we must have

v* p € supp(7). Since this is not the case, we must have 7; = 1. Part 1 of the
lemma follows.

The proof of 2 is straightforward and essentially the same as that of Lemma
5.2.2, [Jand]; we omit it. O

3. CONDITION 2

The main result in this section is Theorem 3.7, which says that condition 2 in
Theorem 1.1 must be satisfied. This condition is interesting only when § > 2. We
note that when § > 2, the proof is fairly straightforward. The case 3 = 2 occupies
most of this section.

In this section, we begin the inductive proof. Note that by the inductive hypoth-
esis, we may assume Theorem 1.1, Theorem 7.7 (and Corollaries 7.8 and 7.9) hold
when the parabolic rank of the supercuspidal support is less than p.r. By Theorem
2.4, we actually know that condition 1 of Theorem 1.1 holds in general.
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Suppose 7 is an irreducible subquotient of §([v =" p, v p]) x - - - x § ([ p, v p])

x 0. For ¢ > 0, let m(c) denote the number of copies of v*¢p which appear in an
element of S,y (7). We note that m(c) is well-defined and independent of the
particular subquotient 7 (it is simply a matter of supercuspidal support). Set

n+(¢) = number of a; or b; which equal c,

n_(c¢) = number of a; or b; which equal — c.
For ¢ = 0, we simply write n(0). If
So(m) = (v v ipl) @ - @ (v hp, vl @ o,
we similarly define

n/, (¢) = number of a] or b; which equal c,

n’_(c) = number of a; or b, which equal — c.

Again, for ¢ = 0, we simply write n/(0). The lemma below then follows from
supercuspidal support considerations (it is essentially an extension of Proposition
5.3.2, [Jand]):
Lemma 3.1. For ¢ > 1, we have the following:

1. Forc>1,

n/ (c—1)—n"(c) =m(c—1) —m(c) =ny(c—1) —n_(c).
2. Forc=1,
n’'(0) —n"_ (1) = 2m(0) —m(1) = n(0) — n_(1).

(At times, it will be convenient to let ny.(0) = n(0), n! (0) = n'(0) and just write
n(c—=1)=n"(c)=ny(c—1)=n_(c) forc>1.)

Proof. Consider the contribution of §([v=% p,v%p]). Suppose a;,b; > 0. Then

§([v=" p,v%p]) contributes 1 to both n(a;) —n_(a; +1) and ny (b;) —n_(b; +1).

Also, §([v~b p,v% p|) contributes 1 to both m(a;)—m(a;+1) (resp., 2m(0) —m(1) if

a; = 0) and m(b;) —m(b;+1) (resp., 2m(0)—m(1) if b; = 0). The cases a; > 0,b; < 0

and a; < 0,b; > 0 may be done similarly (a;,b; < 0 is not possible). Combining

these and the corresponding observations for §([v =% p, v% p]) gives the lemma. [
We now note the following observation:

Lemma 3.2. Suppose 7 is an irreducible representation with
So(m) = o([v"" p, v pl) @ -+ @ 8([v~ " p, v p]) @ 0.
Then, there is an irreducible representation 6 having
80(0) = o([v="2p,v™2p]) @ -~ @ 8([v =" p, v p]) @ 0.
Proof. Choose 6 irreducible such that
Lop*(m) > 6([v="1p, v p]) @0,
2. Sapp(0) > 3([v="2p,v%2p]) @ - @ ([~ % p, v p]) @ 0.
Since Sqpp(m) > 3([v=11p, v p]) @ §0(6), we see that
80(0) = 8([v="2p,v2p]) @ -~ @ 8([v " p, v p]) @ 0.

The lemma then follows immediately. O
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Lemma 3.3. If 3 > 2, then condition 2 of Theorem 1.1 holds.

Proof. By the preceding lemma, Theorem 4.2.1, [Jand], and the inductive hypothe-
sis, [v7P2p,0%2p],.. ., [V~ p, v p] satisfy the conditions of Theorem 1.1. If by < 0,
we must have by = — by Remark 4.4.3, [Jan4|, and therefore a; > g as well. Thus,
the only way condition 2 could fail for §o(7) is to have §—2 > b; > 0 (noting that if
a1 < f—1, then by < §—2). In particular, this also means 8 € {—ba, ..., —bg, a+1},
and therefore b; > 3 — 1 for i > 2.

First, we check that a; > B — 1. If not, we would have §([v=b1p,v% p]) x
§([vbip,v%p]) irreducible for all i > 2 (if b; < 0, then a; > —b; > 3 > ay + 1; if
b; > 0, thena; > b; > 3—1 > a; > by). Then, we could “commute” §([v =11 p, v p])
to the right to get

T (v p,vmp]) x 8([v"2p, v p]) X S([v P p, v p))
X oo x §([vPkp, v pl) Mo

= 31wt pl)) x Bl p ) X B p )
X x ([P, vp]) }o

= ([, v2p]) x B pl) X X B[, vl
x6([v=" p, v p)) ¥ &

IR

S([v=b2p,v%2p]) x §([v=p, % p]) x - -+ x §([v% p, v p])
xd([v=4p, v p]) x o,

by the irreducibility of §([v=% p, %1 p]) x & (cf. Theorem 13.2, [Tad3]). However,
by Frobenius reciprocity, this contradicts the minimality of do(7) (just by t.e. con-
siderations). Thus, a1 > 3 — 1.
For the moment, let us assume o € Z. Then,
m = 8([ " p, v p]) X S([v 2 p, v 2 p]) X -+ X §([v T p, v p]) X @
= 6([p,v™ p]) x 8(w =" p, v p]) X B([v P2 p, v 2 p]) X - x ([ p, v p)) X o
Now, 6([v=b1p,v=1p]) x 6([v p,v%p]) is irreducible for all i > 2 (if b; < 0, then
a; > —=b; > 0 > 1;if b; > 0, then a; > b; > B —1 > by). Thus, commuting
§([v=b1p,v71p]) to the right, we get
= 8([p, v p]) X 8([v "2 p, v pl) x - x ([ p, v pl) X S([w P v p]) Mo
= §([p, v p]) x 8([v™ "2 p,v2p]) X - X 6([v ™ p,v p]) x 8([vp, V™ p)) x o
by the irreducibility of §([v =% p,v~1p]) x o (since by < ). Since §([v~bip, v p]) x

d([vp, Vblp]) is irreducible for all 4 > 2 (if b; < 0, then a; > —b; > 8 > by + 1; if
b; > 0, then a; > by and b; > 8 —1 > —1), we have

m e 8([p,v* p]) x 3([vp, v p]) x ([v ™2 p, w2 p]) x -+ X S([v R p, v p]) X 0

~

= 3([vp, v p)) x 3([p, v p]) x 8([v="2p, v 2 p]) X - x S([™ " p, v p]) M o

— 8([vp, V" ) x 8([V " p, v p]) x 8([p, 72 p]) X O([v "2 p, v 2 p))
x X O([vPrp,vp]) Mo
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(noting that a; > f — 2 > b1). Now, the same sort of argument as above, applied
to 6([p, v®~2p]) this time, gives
T 8([vp, v pl) x 8([7 T p, v p]) X 6([vT 2 p, 2 p]) X - x S([v T p, v p))
% 8((p, P p]) % 0

1%

5([vp, 1 pl) x ([P, pl) x 8(1w = p, 172 p]) - x S([v= p, vk )
< 3([v=5+2p, p]) o

= 3w, p]) x 8([2p, p]) X 5([ p, 1% p]) x (1w~ p, 12 )
X -+ x §([v=bk p, v p]) X o,

noting that 3> 2 is required for the irreducibility of §([v7 1 p, v p]) x5 ([v="+2p, p]).
By Frobenius reciprocity and the Casselman criteria, this contradicts the square-
integrability of 7.

The case a € % + Z is essentially the same. O

Lemma 3.4. Suppose
So(m) = 6([p, v™ ) @ 8([v°p, v™2p)) @ - - @ 5([v*p, v p]) ® 0.
Then we must have a1 < as.

Proof. Of course, we automatically have a, > -+ > ag > a3. Thus we only need
to show that a; # as. Suppose a3 = ag. Then,

m = 3([p,vp]) x 3([v2p, v p]) x 3([vPp, v p]) X -+ x 3([v*p, v p]) X &
= §([v2p,v1p]) x 8([p, v p]) x 8([VPp, v p]) X - X O([V¥p,viep]) M o

= 3([v?p, v p]) x 8([v?p, v pl) x 8([p, vp]) x 8([v2p, v p))
X X O([p,vtep]) o

IR

3([2p, v p]) x 8([V2p, v p]) x ([V2p, v p]) X -+ X &([v¥p, v p])
x0([p,vp]) @ o

= §([v?p,v4p]) x 6([V2p, v p]) x ([P p, v p]) X -+ X &([vp, v p])
xd([v~1p, pl) @ 0,
contradicting the minimality of do(7) (t.e. considerations are enough). O
Lemma 3.5. Suppose k =« and aq > -+ > a1 > 0. Suppose
m = 8([p, v pl) 3 8([V2p, v pl,. ., [V p, v el )

(noting that the inducing representation exists by Theorem 7.7 and the inductive
hypothesis). Then,

7 px6([vp, v pl, [V2p,v*2p],. .., [V p, v pl; o).
Proof. Let

7' = §([p, v p]) x §([V2p,v*2p], ..., [V¥p, v pl; o)

7" = pxd([vp, v pl, [V2p,v2p), . .., [V p, v pl; 0)
and

™ = p x §([vp, v™p]) x 6([V2p,v™2p], ..., [v*p, v p]; ).
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Then, 7/, 7" < 7*. Next, we claim
* AN ny\ ok *
15 (pwer o) (M) = 15 ((pve1 o)) (T7) = 15 ((p,per o) (T7)
=2-8([p,v™ p)) @ 8([V?p, v*2p), ..., [V¥p, v pl; 0).
For 7/, 7*, this follows from Lemma 2.6. For 7", it is enough to show p*(7”’) >
2 - 8([p,v¥p]) @ 8([v2p,v*2p), ..., [V¥p, v pl;0) (since " < 7*). This follows
immediately from the observation that M*(p) > 2p ® 1 and p*(6([vp,v™ p]) x

o([2p,ve2pl,... [Vop, v pls0)) > 8([vp, v p]) @ ([P p,v2p), . .., [V¥p, v pl; 0).
By Frobenius reciprocity, one then has that 7 must be a subquotient, and therefore
(by unitarity) a subrepresentation, of 7”’; as needed. O

Corollary 3.6. Suppose
7 < 6([p, v p]) x 6([V2p,v*2p),. .., [V p, v pl; o)
with 7 irreducible and aq > -+ > az > a1 > 0. Then, either
So(m) = p @ 8([vp, v p]) @ ([ p, v p) @ --- @ 6([V¥p, v p]) @ 0
or there are terms of the form v*p with x < 0 which appear in xo(7).
Proof. We consider three cases based upon Lemma 3.1.

Case 1: n’ (1) =1.
We note the following;:

n’ (z) =0 for all z > a.

The proof of this is fairly simple: for z > «, v*p does not appear as a lower segment
end by Lemma 4.4.1, [Jand]. Also, v~%p does not appear as an upper segment end
since Smin(m) > Wp® ... hasy € {b1,...,bg,a1,...,ax}, which implies ¢; > —a,
and therefore ¢; > —a for all 4. (Alternatively, the assumption that no negative
exponents occur in xo(m) rules out the possibility that v~%p appears as an upper
segment end.) Now, from

n'(0) —n’_(1) = n(0) — n_(1),
we see that since n(0) = 1, n_(1) = 0, and n’_(1) = 1, we must have n’(0) = 2. For
¢ > 1, we have n’ (c) = n_(c), which implies n/, (¢ — 1) = ny(c —1). Thus,
o(m) = ([ p, v ) @ -+ @ 8(Iy 0 p ) @ 0

with dy,...,da41,€1,...,¢Cat+1 equal to —a,...,—1,0,0,a4,...,a, up to permuta-
tion. In order to have no negative exponents in yo(7), we must have —c, ..., —1
as d;’s and aq,...,aq as ¢;’s. This accounts for everything but the two zeros, one
of which must be the remaining d;, the other the remaining ¢;. Thus,

So(m) = (=" py pl) @ ([ p, v p) @ - @ B([v 1 p, v p]) @ 0

Next, observe that we must have d; = 0; if d; = —1, we do not have n’_ (1) = 1.
By Lemma 3.2, there is an irreducible 6 having

50(6) = (=2 p, 1)) ® - © 3[4 p, v p]) @ o

By Theorem 4.2.1, [Jand], 6 is square-integrable. By the inductive hypothesis,
the conditions of Theorem 1.1 are satisfied. The only way this can happen (cf.
conditions 3 and 4 of that theorem) isifdy > -+ > doy1. Thusdy = —1,...,doy1 =
—a. Thus

do(m) = p@d([vp,v*p]) @+ @ (V¥ p, v p]) ® 0
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is the only possibility remaining in Case 1.
Case 2: n’ (1) =0and n’ (2) = 1.
By Lemma 3.1, one easily gets

So(m) = ([ p, v p)) @ 6([v =% p,v2p)) @ - @ (v~ p, v p]) @ 0

with di,...,dy,c1,...,¢cq equal to —a,...,—2,0,a1,...,a, up to permutation.
Again, to avoid picking up any negative exponents, we must have ai,...,a, as
¢;’s, and therefore —a, ..., —2,0 as d;’s. Thus,

So(m) = 8([v= " p, v pl) @ 6([v™ 2 p, v p]) @ - - @ ([v™ T p, v p]) @ 0.
As in Case 1, there is an irreducible 6 with
Jo(0) = 6([v="p, v p]) @ --- @ §([v™ % p, v p]) @ 0.

As in Case 1, 6 is square-integrable and the inductive assumption and Theorem 1.1
tell us we must have dy > --- > d,. Further, condition 2 of Theorem 1.1 also tells
us we cannot have one of da, .. ., d, equal to 0. Thus the only possibility remaining
in Case 2 is

So(m) = 8([p, v p]) @ 6([V2p, v p]) @ - - @ ([ p, v p]) © 0.

However, by Lemma 3.5, this cannot occur. Thus Case 2 can be eliminated.

Case 3: n’ (1) =n’_(2) =0.

In this case, let 8’ be the minimal value having n’_(8') = 1. If n’_(z) = 0 for all z,
we take 3 = a+1. Then,n’ (1)=---=n_('-1)=0,n"_(8)=---=n"(a) =1,
andn’ (z) = 0forallz > a. Sincen’ (1) =n_(1) =0, n'(0)—n"_(1) = n(0)—n_(1)
tells us n/(0) = n(0) = 1.

Next, we check that a, = = for 1 < o < 3’ — 2. First, n/ (1) —n’ (2) =
ny (1) —n_(2) has n_(2) = 0 and n_(2) = 1. Since n4 (1) < 1 and 2/, (1) > 0,
we see that ny (1) = 1 and n/, (1) = 0. To have ny (1) = 1, we must have a; =
We iterate this argument until we get to the following: n/ (8" —2) —n’ (8’ — 1)
ny(f —2) —n_(0 —1) hasn’ (' — 1) = 0 and n_(3' — 1) = 1. Therefore,
ny(8'—2) = land n/, (8’ —2) = 0. For ny (4’ —2) = 1, we must have ag:_p = ' —2.

Finally, observe that for x > //, we have n’ (z) = n_(x). Therefore, since
' (xr—1)—n"(z) = ny(x — 1) — n_(x), we have n/, (y) = ny(y) for y > ' — 1.
Thus, if

So(m) = (=" p, v p)) @ 8([Vp,v2p)) @ - @ 6([v™ Y p, v p]) @ o,

we must have dy,...,d;,c1,...,¢j equal to —a, ..., —3,0,a_1,...,aq up to per-
mutation. In order that no negative exponents appear, ag/—1,...,a, must be ¢;’s
and therefore —c, ..., —8,0 must be d;’s. An argument like that used in the pre-

vious case then allows us to conclude that
So(m) = 8([p, v 1 p]) @ 8([7 p, v pl) @ -+ @ 8([vp, v p]) @ 0.

However, since §’ > 2, this is in contradiction to Theorem 2.4. Thus we can also
eliminate Case 3. The corollary now follows. O

Theorem 3.7. Suppose (H). Suppose that Theorems 1.1 and 7.7 (and Corollaries
7.8 and 7.9) hold when the parabolic rank of the supercuspidal support is less than
p.r. Then, condition 2 in Theorem 1.1 holds.
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Proof. By Lemma 3.3, we may assume = 2 (which means o must be an integer).
As in the proof of Lemma 3.3 (first paragraph), if by < 0, we have by = —f and
can easily deduce that condition 2 of Theorem 1.1 holds. Also, as in the proof of
Lemma 3.3 (first paragraph), if b; > 0, the only way condition 2 of Theorem 1.1
could fail is if 3 —2 > b; > 0, i.e., by = 0. Therefore, all we need to do is show
b1 # 0. So, let us suppose b; = 0. Then,

o) = 8([p, v™ p]) @ ([, v p]) @ - - @ ([~ p, v p]) @ 0.

Next, let [v=%p, v, ..., [v~%p,v°%p|] denote a permutation of [v=b1p, v p],

-, [v7 0% p, v p] satistying dy > --- > dj. To make it unique, note that only d; = 0
can occur for more than one value of 7, and then only for two. If we should have
b; = 0 for some ¢ > 1, then [p, v% p| should appear before [p, v*! p] in the above list.
We claim that

m = 6 Mp,vpl) x - x S([T Pp, vk p]) Mo
which we may write as

me= ([N p,vpl) x - x 8([vT % p, v pl) x ([p, v p]) X O([Pp, vi+2p])
x([v¥p, v p]) x 0.

Suppose [v=% p, v p] = [v% p, % p]. Observe that for i < j,
=" v ) C [V p, v ]
S0
(1" p, v pl) x 3w, )
= §([v=Dp, v p]) x 6([v=% p,v%p]) (irreducible).
Thus, we may commute &([v~% p, v p]) to the left:

m e O[T, v pl) X X ([P p, w2 p]) X B([p T p v p])
x6([v= M p, v p]) x O([v=tt p, vt p]) x - x 8([v Tk p, v pl) X o

1%

(=" p,vrpl) x - x 3([v 2 p w2 pl) X S([v ™ p, v p))
x6([vbi=1p, w1 p]) X 8([p bt vttt pl) x - x S([ PR p, v p]) X o

1%

S([v=Np,vrpl) x 8([v=" p,v®pl) X -+ x O([v P2 p, w2 p])
x6([v=bi=1p, w1 p]) x 8([p bt p, vttt pl) x - x §([ PR p, v p]) X o

Iterating this argument, we next commute §([v=%p, v°2p]) to the left, etc., and we
get the result claimed.
Now, by Lemma 5.5, [Jan2],

T ([N p,vp]) x - x S([vT % p, v pl) x ([p, v p]) X S([Pp, vei+2 p])
e ([ p, v p]) 2
(8
T (5([1/_‘711/)7 vepl) X e X 5([V‘dip, v%pl) x 0

for some irreducible 8 < §([p, v p]) x §([?p,v<i+2p]) x .-+ x §([v¥p,v%p]) X o.
Since

Sapn(m) 2 6(1 ™ p, 1)) @ - @ ([~ p,1 p]) @ 6 (0)
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we must have
Le.(60(0)) = t.e.(0((p, v p]) @ (V20,2 p]) @ -+ @ ([ p, v ) © ).
By Corollary 3.6,
50(0) = p @ o([p, v ) @ 8([V2p, v+ p]) @ B([v*p, v p]) @ .

Then,
me S p,vp]) x - x S([v % p, v p]) 206
— ([ Bp,vp]) x - x 8([v % v pl) X p x S([vp, v p))
x 0([2p,véi+2p]) x -+ x §([v%p, v p]) X o
> pxd([v=hp,vipl) x - x §([v™% p, v p]) x §([vp, v p])
x 0([2p,vei+2p]) x -+ x §([v%p, v pl) % o,
contradicting the square-integrability of w. The theorem follows. O

4. CONDITIONS 3 AND 4—THE FIRST PART OF PROOF

In this section, we begin the proof that conditions 3 and 4 in Theorem 1.1 hold.
We will view conditions 3 and 4 of Theorem 1.1 as conditions on pairs of segments.
By Lemma 3.2, Theorem 4.2.1, [Tand], and the inductive hypothesis, we know that
[v=bip, % p], [v~% p,v% p| satisfy these conditions when i,j > 1 with i # j. Thus,
our goal is to show [V b1 p, v p], [v~b p, 1% p] satisfy these conditions for i > 1. In
this section, we address the case where b; > a1 for some i > 2. For any such i, we
have a; > b; > a1 > by, so conditions 3 and 4 of Theorem 1.1. certainly hold for
[v=01p, v pl], [V~ p, v% p]. Roughly speaking, we show that there is an irreducible
representation @, where do(6) is essentially 6o () with such 6([v " p, v% p]) removed.
We can then use the inductive hypothesis to show dy(f) satisfies conditions 3. and
4. of Theorem 1.1, which is enough to finish this case.

Let us take a moment to review where we stand with respect to the inductive
hypothesis. Of course, we may assume Theorems 1.1 and 7.7 (and Corollaries
7.8 and 7.9) hold when the parabolic rank of the supercuspidal support is less
than p.r. In addition, we may assume that condition 1 of Theorem 1.1 holds in
general (Theorem 2.4) and that condition 2 of Theorem 1.1 holds when the parabolic
rank of the supercuspidal support is equal to p.r. (Theorem 3.7 and the inductive
hypothesis).

The proof of the following proposition is essentially the same as that used in the
proof of Theorem 3.7; we will not go through the details.

Proposition 4.1. Suppose do(m) = §([v""1p,v%p]) ®@ -+ ® 5([v "% p,v%p]) @ 0.
Then there exist (unique) £,m,{ +m+ 1 =k and permutation

’ "

b, %], g, v ], [0, vl [ p, v g, [ p, v )
of [0 p, v pl, ..., [Vt p, v p| satisfying the following conditions:
1b) > b5 > > b, >a,
2. af <afy <---<ay withb] <a;y foralli.
Furthermore,
m—= ([ p,vip]) x e x S([v P p, v p]) X S([v T p, v p))
<[ p, 8 p]) x - x ([ p, v p]) ¢
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The proof for conditions 3 and 4 of Theorem 1.1 will be broken into two parts—
we address the case £ > 1 here; the case £ = 0 will be addressed in the next section.
So, for the remainder of this section, we assume ¢ > 1.

Observe that by Lemma 3.2, Theorem 4.2.1, [Jan4], and the inductive hypothesis,
conditions 3 and 4 of Theorem 1.1 hold for [V’blllp, V“lllp], ce [I/*b;:tp, V“%/p]. By
construction, we cannot have af > b > a;-’ > b for i > j. Therefore, we have
al >a’ | >--->a >b/ >b) >--->b!. Then, by Lemma 5.5, [Tan2],

7w ([, v p]) x - x S([v % p, v p]) X 8([v " p, v p)])
x ([ p, v pl) x - x B([y 1 p, w1 pl) e (8([v P p, v p]) 4 )
U
7 B([ Y p, v ) x -+ x B([ % p, % pl) x ([ p, v p])
X B[ o, p]) x -+ x B[t p, e p]) 0 €

for some irreducible £ < 5([1/’#/ p, Vom p]) x o. By the inductive hypothesis, ¢ is
one of the representations from Theorem 7.7; by t.e. (and Frobenius reciprocity), to
avoid contradicting the minimality of 8o (), we must have & = d([v=bm p, % p|; o).
Then,

we»&w-%pv%m> ~-X5G‘%AV%M)X5WF“mV“M)XMW‘WmV”M)
X 3([v 2 p, v 2 p) 31 (8([v ™ p, v p]) 3 B([w T p, v pls )
U
we»&w-%mu%m>x~~x6wr%pv%m>x6u—“mumm>
xé@rwmuﬂm> x&[ b p, v pl) a0 €

for some irreducible &€ < §([vm-2p, v%m—2p]) x 8([v=0m p, 1% p; o);. Again, by the
inductive hypothesis, £ is one of the representations from Theorem 7.7; again, by
t.e. considerations, we get & = §([v=Um-1p,v¥m-1p], [v~Pmp,v9m pl;0),. Iterating
this argument, we get

m 8([v v pl) x - x 6([v e, v pl) X 0
for some irreducible 6 < §([v="1p, % p]) x §([v= p, v p), ..., [v~bmp, v pl; o)y
Lemma 4.2. With notation as above,
—c- =b1 . 1 =b% 5 /%%
Sé([l/_bllp7l/a,1p])®~~~®5([l/_b2p,l/a2p])(ﬂ—) =c 5([1/ p? v 1p]) ® ® 5([1/ £p7 v [p]) ® 0
for some nonzero integer c.

Proof. First, by Lemma 5.5, [Jan2], there is an irreducible 6, < 5[ p, v p]) % 0
such that

s 0 p, v p]) x - x S([v b1 p, v 1 p]) x
Iterating this argument, we obtain 6,_,,6,_,,...,05 such that each is irreducible,
0; < 8([v="p, v pl) %0, 1, and 7w — §([v =1 p, % pl) x - x 5[Vt p, w1 p]) 6.
First, consider &([v="1p,v%1p]) x 0}, We claim

H ittt pet OV v1p]) 0 ) = 2 0([v ™" p, "1 p]) © 6.
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Write p*(05) = >, 7h @ &n. Then,

a'1+1 a'1+1

Ol ) 05) =0 T Y s p))

hoi=—b j=i
x 8([7 p, v p]) x i @ 8([1' p, 7 p]) 1 &

We now need an observation (the importance of which was underscored for the au-
thor by [Mce3]). Suppose d([v~b%p, v p]) appears to the left of &([v—t%p, v p))
in the original do(m). For s = 1, we have a} > b} > a; > by by construc-
tion. For s > 1, we have that [z/’b'lp, l/allp], [V~ p, 1% p] satisfy the conditions
of Theorem 1.1 (by Lemma 3.2, Theorem 4.2.1, [Jand], and the inductive hypoth-
esis). Therefore, either af > b} > a5 > bs or a} > as > b, > b}; we can rule
out the latter since b} is known to be larger than bs by construction. Now, sup-
pose ([t p, 1% p]) appears to the right of §([v~"1p, v*1p]) in the original &o(r).
Again, since [I/*bllp, I/a/lp], [V~ p, v% p] satisfy the conditions of Theorem 1.1, ei-
ther as > bs > af > b} or as > a} > b} > bs; we can rule out the former since b}
is known to be larger than bs by construction. In particular, the observation we
need is the following: there is no element of {ay,...,ax,b1,...,br} \ {b},a]} in the
interval [b], a}]. Therefore, to contribute to M;([y_bllp Jh gy e must have j < b} +1
in the displayed equation above. 7

Suppose j = b} + 1. Then, 7, = 0([v =" p,v~%p]). If i # b, + 1, then by central
character considerations,

i—1

. /
0 — v ipx v px o x v p xg,

¢

w6l p, v Mp)) x v p x v

pX XU Vpxg,

e x v p X ([, v p)) X &,

=§a pXVT
contradicting the square-integrability of 7. Thus, i = b} +1, so 7, = 1 and &, = 65.
This contributes one copy of §([v =1 p, 1% p]) ® 6} (and nothing else) to

* —b a’ /
Mé([yfbllp7ua’1p])(5([y 1p7l/ lp]) A 02)

If j # by + 1, then we must have i = —b] (since VP p appear only once in
Fmin (0~ p,v%1p]))). A similar argument tells us we must again have 7, = 1,
&, = 0. So, j = —b, contributes a second copy of §([v"1p,v%p]) ® 6} to
e . (6([v"p, v p]) 20 65). Thus,

[v="1p,0%1 p))

s it puet gy B0 0% p]) 3 05) = 2 8([v ™" p, 1 p]) © 6,

as claimed.
Let us briefly discuss the first iteration of this argument. Our claim is that

-t ety OV 20 0% p]) 0 0) = 2 6([v ™" p, 1% p]) @ 6.

The analogue to the observation above is that there is nothing in {aq,...,ax, b1,
cooybet \ {al,b)} which is strictly between b, + 1 and af. Again, let us write
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p(05) = >, ™ @ &n. Then,
ab+1 ah+1

pO(v o v ) n8y) = D D S p vl

h i=—b, j=i
x 8([ p, v p]) x 7 @ 8([1' p, 7 p]) 1 &

Again, to contribute to u* , we must have j < by + 1. If j =0, + 1, we

8([v =2 p,v2 p))
get i = by, + 1 as before: if ¢ # b, + 1, then central character considerations tell us

. A ,
0, — vipxv i lpx .o xvThipxg,

4

w3 tip,vip]) x ([ p, v p]) x v p x T

p><~'~><l/7b/2p>ﬂfh

—i—1

~

> v x v xw TP p x ([P p, v p]) X S([v P2 p, 12 p]) 4

which contradicts the square-integrability of 7. When i = b}, + 1, we get a contribu-

tion of one copy of d([v~"2p,v%2p]) ® 04 to M;([V’bép,uaép])(5([V_bl2p, v2p]) % 63).

If j < by 4+ 1, then we must have i = —b, and 7, = d([v " 2p, 7 1p]). The
same argument as before tells us we must have j = —b,. Therefore, 7, = 1
and &, = 0}, giving a contribution of one more copy of d([v~"2p, 1% p]) @ 0% to

* (6([v "2 p, %2 p]) % 0%), as claimed.

o= oot o)
The lemma follows by iterating. O
It follows immediately from properties of Jacquet functors that there is an irre-
ducible representation 6" satisfying
L sapp(m) > ([ p,vp]) @ - @ 6([v Y p, v p]) @ 07,
2. Sapp(0) > 6([v=" p, v p)) @ 6([v W p, v p)) @ -+ @ 6([v P p, v pl) @ 0
The corollary below then follows immediately from Lemma 4.2.

Corollary 4.3. With notation as above, = 6"

Theorem 4.4. Suppose (H). Suppose that Theorems 1.1 and 7.7 (and Corollaries
7.8 and 7.9) are proved when the parabolic rank of the supercuspidal support is less
than p.r. and that condition 2 of Theorem 1.1 is also proved when the parabolic rank
of the supercuspidal support is equal to p.r. Then, if £ > 1, conditions 8 and 4 of
Theorem 1.1 hold (¢ as in Proposition 4.1).

Proof. By the inductive hypothesis, Lemma 3.2, and Theorem of 4.2.1 [Jan4], we
have that [v =% p, 1% p], [V~ p, % p] satisfy conditions 3 and 4 of Theorem 1.1 when
i > j > 2. Therefore, it is enough to show that [v=b1p, v p], [V~ p, %], i >
2 satisfy conditions 3 and 4. Further, by construction [u’b:ip, V“;p], [v=01p, 0% p]
satisfy conditions 3 and 4 Thus, it remains to show that [~ p, v%1 p], [V’bi/p, Va’li'p]
satisfy conditions 3 and 4.

To show [v=b1p, %], [V’b:‘r/p, 1/“:1';)] satisfy conditions 3 and 4, it is enough (by
the inductive hypothesis) to show the following:

3o(0) = 8([v " p, v p)) @ 6([v W p, v p]) @ - @ B([v P p, v mp]) @ 0
(0 as above). The theorem then follows immediately.

Consider the permutation of [V_b/lp, u“llp]7 cee [V‘bffp, e p| where df,...,a,
appear in increasing order of size. Since it is this permutation we need for the
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remainder of this proof, let us abuse notation somewhat and simply denote it by
[v=p,v%ip),.. . v bp, v%p], where af < --- < ay. Then,
m e S ip,vip]) x - X S([v P p, v p]) X S([v T p, v p))
x3([v= p, v p]) X - x §([vm p, v p]) x o

(as in the proof of Theorem 3.7, any 8([v—% p, v% p]), 6([v~+1 p, v%+1p]) which has
aj,; < a; can be transposed by an irreducibility argument; a sequence of such
transpositions suffices to rearrange terms in the order described).

First, observe that by construction,

3o(0") 2 ([ p,v™ ) @ 6([v " p, v p) @ -+ @ (v p, v p]) ® 0.
Also, since
Sapp(T) = 0([v ™ p, 0" p]) @+ @ 6([v % p, 1% p]) @ 6o (0),

we see that

1 1" 1 "

Le.(50(60")) > te.(5(1v " p, v ) @ ([~ p, v ) @ -+ @ 5[~ p, v p]) @ ).

Therefore,

1

t.e.(00(0")) =t.e.(8([v " p, v pl) @ 8([v "W p, v p) @ -+ @ 6([v P p, v p]) @ ).
Now, suppose
So(8") = 8([v= T p, v p)) @ - @ 6([v % p, v p]) @ 0.

If we assume 6o(0”) = 6([v=b p, v p]) @ 8([v = p, v™ p]) @ - - - @ 8([v~Vm p, v p]) ®
o, we must have §([v=%p,vp]) @ -+ @ §([v™%p,v%p]) @ o lower than 6y(0") =
S([v="p, v p)) @ 6([v p, v p]) @ -+~ @ 8([v U p, v¥m p]) @ o lexicographically.

Suppose §([v=%p, v p]) is less than &([v "1 p,v%4 p]) lexicographically. Then,
ay > b >ar > e If dy < by, then §([v="% p, % p]) x 6([v=" p,v°1p]) is irreducible
for all j. By Corollary 4.3,

m = S([wtp, v p]) x - x ([ p, v pl) X S([v = p, v p))
X x S([v % p,vep]) xo

= §([v=hp,vp)) X 8([vbrp, v p]) X - x S([vp, v p))
X x 8([v e p, v pl) X o,

contradicting the minimality of o (7).
If di > bz, then

3([v"%p, v pl) x S([w™ " p, vt pl) = 8([v " p, v pl) x S([ M p, 1))
+ LO([v=" p, v pl), (v p, v p])

(noting that ¢; € {b1,bY,...,b},,a1,ay,...,a,,} forces ¢ > —b}). Therefore, by
Lemma 5.5, [Jand],

s ([P, v p]) x - x O([v et p, v 1)) x S([ T p, v p))
X 8([v =" p, v pl) x 3([v™ 2 p, v p]) x - x S([v ™ p, v p]) M o
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or
s ([P, v p]) - x O([v et p, w1 p]) x B([w M p, v p])
X ([0 p, 0% ) X ([ p, 72 p]) X -+ X ([ p, v p]) 1 o

In the first case, we now argue as we did when d; < bj, to obtain

m e 8([vVp, v p]) X 8([v P p, v p]) X - x S([v e p, w1 p)])

x3([v= M p, v p]) x ([ p, v p]) x -+ X 5[y p, v p]) 1 0,
again contradicting the minimality of do(7). In the second case, we can iterate
the argument above: if d; < bj_;, we can again commute §([v=% p, v p]) forward
to get a contradiction. If d; > bj,_,, we can again look at d([v=b¢-1p, Ve-1p]) x
§([v~%p,v°1p]) and repeat the argument above. In either case, we eventually get
T—=0([v™%p,vp]) x ...,

with 2 = d; or b} for some j. In any case, we contradict the minimality of do(7).
Therefore, we could not have had §([v=% p, v p]) less than §([v "1 p, v p]) lexico-
graphically. Thus ¢; = a; and d; = b;.

Since 6([v=%p, v p]) = §([v~1p, v p]), let us now suppose §([v=%p,v2p]) is
lexicographically lower than ¢ ([z/_b/l/ 0, vl p]). We can easily see that

w6 v p)) x O[T p, v p]) x - x B([v P p, v p))
X ([ p,v2p]) x - x 8([v™% p,v p]) 1 0.

Now, take i such that a; < af < aj,; (subject to the obvious convention if af < a}
or af > a}). Then, v %p,v%p] = [p=b+1p,vo+1p] for 1 < j < i. Further,
[V_b/l/p, u“lllp] = [v~b+2p v%i+2 p]. Repeating the argument above, we get

7 8([ 0 p, v ) x 8([ %, %kl x - x (Y p, )
X 0([v™"p,vp]) x ...
= 8([v=" p, v p]) X 8([v™ " p, 2 p]) x - X B([v " p, v p])
X 0([v % p,vp]) x ...

for z = dy or b} some j > i. Again, this contradicts the minimality of do(7). Thus
we must have do = b} and ¢3 = af.
We can now iterate this argument to see that

1"

80(0") = 6([v =" p,v™ p]) @ 6([v " p, v p]) @ -+ @ 5[ p, v p]) @ 0,
as claimed. This finishes the proof. O

5. CONDITIONS 3 AND 4—THE SECOND PART OF PROOF

In this section, we address the second part of the proof of conditions 3 and 4, the
case where £ = 0. The basic idea here is this: we assume do(7) fails to satisfy these
conditions, then show that m can be embedded into another induced representation,
one which corresponds to a dy lower than assumed.

Let us review where we stand with respect to the inductive hypothesis. Of
course, we may assume Theorems 1.1 and 7.7 (and Corollaries 7.8 and 7.9) hold
when the parabolic rank of the supercuspidal support is less than p.r. In addition,
we may assume that condition 1 of Theorem 1.1 holds in general (Theorem 2.4) and
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that condition 2 of Theorem 1.1 holds when the parabolic rank of the supercuspidal
support is equal to p.r. (Theorem 3.7 and the inductive hypothesis). We are also
free to assume that conditions 3 and 4 of Theorem 1.1 hold when the parabolic
rank of the supercuspidal support is equal to p.r. and £ > 1, but we do not actually
use this in dealing with the case ¢ = 0.

Again, by Lemma 3.2, Theorem 4.2.1 of [Jand], and the inductive hypothesis,
[V=02p v92p] ... [V~ p, v p] satisfy the conditions of Theorem 1.1. Therefore, for
i > j > 2, we must have either a; > b; > a; > b; or a; > a; > b; > b;. However,
to have £ = 0, the former cannot occur. Thus, a; > a; > b; > b; for 4,5 > 2.
Therefore, ap > -+ > ag > by > --- > bg. Further, we must have by < a.

By construction, we have a; < as. We now show that the inequality is strict.

Lemma 5.1. a1 # as.

Proof. Suppose not. Let us use a; for both a; and as. Since

T S([vrp,vp]) x 8([v"2p, v pl) X S([v P p, 00 p))
X x §([v bk p, v p)) x o

= 5[t p, v p]) x 8(1v " p, v ) x B([ 5 p, v p])
X x §([vb p, v p]) X 0,
we see that in order for dp(7) to be minimal lexicographically, we must have by > bs.
First, suppose b; < 0. By Theorem 2.4, we have by # bs. Then,
T S([vrp,vp]) x 8([v"2p, v p]) X S([v P p, w3 p))
X x §([v P p, v p)) ¥ o

12

(1" p, v p]) x 8([" v ) X 3=, )
X x §([v bk p, v p)) ¥ o

— ([ p, v p]) X 6([v " p, v pl) X v p x ([ be p, % p))
X x §([v bk p, v p)) ¥ o

1%

S([v=p, vt p]) x 8([v =01 p, v p]) X 5([v0 p, v p))
XX (vl p, v p) x vMp X o

1%

S([v=P2p, v pl) x 3([v =01 p, v p]) x 8([v~0 p, v p])
X X 0([vb p, v p]) x VP1p X 0,
where v~ p x 6([v=bp,v%p]) is irreducible for i > 3 since —b; < —b; — 1. This
contradicts the minimality of §o(7) (by Frobenius reciprocity and total exponent
considerations). Thus, we are now free to assume by > 0.

Next, we note that if bo < 0, then by Theorem 3.7 we have by > |bo| —1 =3 —1.
Thus (whether ba < 0 or bs > 0), Theorem 7.7 and the inductive hypothesis allow
us to define

me = 6([™ " p, v ) ) ([ p, v pl, [V, vl [ p v pli o)
m = 6([= " p, v pl) X 8([v " p, v pl, [V vl [ p v pli o)

m = 0([v=" p, v pl) x 6([W 1 p, v p])
3 6([b2p, vl [P p, v ), [V pls o),
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(noting that [¥=%2p, 1% p] = 0 is possible). By Corollary 7.8, we see that m < 7).
By Lemma 5.4, [BDK],
m = 0([v " p, v p]) X O([v= ¥ p, v p))
3 O([vb2p, v pl, v p, v p), . [, M pls o),

so my < m} as well. It follows fairly easily from Lemma 2.6 that
3 (3 g ) a1+ s ) TE) = (s e gy (1 pom ) (72)

= ([, ) x ([ p, )
@ 8([v=rp, v p]) 2 8([v= 02 p, v pl, [V p, v ), [ PR p, v pls 0

Since 7 < 7, we have 151 (m) # 0. Now,

“P1pwepl)x§([v b2 p,v1 p])

M (1o gy (i oy OV 0 pl) X 8702 p, v p])) # 0

H5 (b4 po pl) x ([ +1 e gy (T) 7 0-

From above, this implies 7 < m,. By unitarity, 7 < m}, contradicting the square-
integrability of 7. Thus we could not have had a; = as, as claimed. O

If by > by, we have ag > -+ > as > ay > by > by > --- > by, which certainly
satisfies conditions 3 and 4 of Theorem 1.1. So, let us assume by < bs. Then,
as > a1 > by > by. Consider the possibility that by = ai; write a; for both.
Observe that

7 S([vrp,v4p)) x §([v~%p,v2p)) x S([v =t p,v%p], ..., [V 0% p, v p]; o),
= 5[ rp,vp]) x ([P p, v pl) 3 S([v P p, v p), . [T, v pli o),
4

m— O([v""p,v*2p]) x 6,

for some irreducible 8 < §([v="1p,v%p]) x 6([v=b3p,v%p|, ..., [V "1k p,v% p|; o),
(Lemma 5.5, [Jan2]).
Now, consider ug([u,alp_yazp])(ﬂ). Write p*(0) = >, 7 ® 0p,. Then,

az+1 az+1

PO p, v o)} 0) =D > > [5([v e, v )

hoi=—a1 j=i
x §([ip,v*2p]) x ] @ §([V'p, /"1 p]) X Op.

To contribute to uz( we must pick up a v~ p. There are three possible

[v=e1p,we2p])’
sources. If the v=% p comes from §([v7 p, v%2p]), we must have j = —a;. Then i =
—ay and 73, = 1, giving a contribution of one copy of 0([¥~% p,v*2p]) ® 0. Suppose
§([v="*1p, v p]) contributes the v~ p. Then, i = a; + 1. By Lemma 2.6, we then
have 15, = 1. Therefore, j = a3 + 1. Thus we get a contribution of one more copy

of §([v=*p,v*2p]) ® 6. Finally, suppose 75, contributes the v~% p. Since anything

in 7min (7h) has the form v*p ® ... with « € {by,bs,...,bg,a1,as,...,a;}, we see
that 7, (7,) must contain something of the form (1*p@1* 1p®- - Qv %p)®...
for such an x. Further, since as,...,ar > as, we must have x < a;. Now, we have

that s, (0) contains something of the form (Cp @ v* lp®@ - @ v %p)®....
Therefore, by central character considerations,

—vpx - xV  lpx o xvTUp b
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for some irreducible ¢’. Then,

™= (v p,v*2p]) x 0

— (v Mp,v®2p]) x VT x vV lpx oo x T p X 6

~

= Vo x v lpx o xvTYp x §([vT %, v%2p]) x 0.
However, by Frobenius reciprocity, this contradicts the square-integrability of .

Thus we cannot have 7, contributing the v~ p. It follows immediately that we
must have

H3([y—a1 pyez oy (T) = € 6([v ™% p,v*2p]) © 0
for some ¢ < 2.

On the other hand, from properties of the Jacquet functors, we know that there
is an irreducible " such that

Lp*(m) = 6([v= " p,v*2p]) ® 0",

2. sapp(0”) = ([ p, v p]) @ S([v ™2 p, v p)) @ - @ O([v T p, v p)) ® 0
From the above calculations, it follows that § = 6”. We now claim 69(0) =
S([v=brp,v4p)) @ §([v=b2p,v%p]) @ - - @ 5([v "% p,v% p]) @ 0. As the argument is
similar to the proof of Theorem 4.4 (but easier), we will be somewhat brief. First, it
follows easily from 6 = 6" that t.e.(60(0)) = t.e.(5([v p,v* p]) @6 (V% p, v p]) @
- ®6([v % p, v p]) ® ). Suppose

8o(0) = 6([v="p, v pl) @ (v ™% p,v2p)) @ --- @ (W™ p, v p)) @ 0

]
is lower than §([v=°1p, % p]) @ 6([v =2 p,v™p]) @ -+ @ 6([v % p, v p]) ® o lexico-
graphically. Observe that 6([v= p,v%2p]) x §([v~% p, v p]) is either irreducible or
is equal to 8([u~ p, 17 p]) x 815~ p, 1% p]) + L3 (v~ p, o), 8([v=" p, 172 p]).
In any case, we get either

&
®

= 6= p, v p]) X 8([v™ M p, v p]) X S([v % p,v2p]) X .
(Lemma 5.5, [Jan2])
m = §([v™ M p, v pl) x 8([v™ M p,v2p]) X S([v % p,v2p]) X

or

8([v = p, vt pl) x 8(1v" p, 1" ) x ([, %) x ...

Whichever holds, if [v~% p, v°1 p] is lexicographically lower than [~ p, 1% p] we get
a contradiction to the minimality of do(7w). Therefore, d; = by and ¢; = aq. But,
in that case,

T Oy p,v2p]) x 6([v " p, v pl) X S([v T pv2p]) X

= 5[ p, v p]) X O([v= % p,v2p]) x ([T B p,v2p)) X .

so 6([v=%2p,v2p|) @ -+ @ §([v~% p, v p]) ® o cannot be lexicographically lower
than §([v=2p,v%p]) @ --- @ 6([v b p, v p]) ® 0. The claim follows. By Theorem
4.2.1, [Jand], 6 is square-integrable; by the inductive hypothesis, the conditions of
Theorem 1.1 must be satisfied. Since b3 < b < a3 (from the assumption ¢ = 0),
we can easily conclude that ay > -+ > a3 > a3 > by > bz > -+ > b. We are now
ready to prove the following:
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Lemma 5.2. a; > bs.
Proof. Suppose by = a1. Observe that

7 6([r 0 p, 0% ) X B[ p, 0% p]) % B[ p, v, [ p, v s )

= (=" p, v p)) x 8([v " p, v p]) 3 5([ " p, v pl, . [T p, v pli o)y
| (Lemma 5.5, [Jan2])

= §([v"%p,v*%p]) x 0

for some irreducible 8 < &([v=b1p, v p]) x §([v="p,v%p], ..., [V "% p,v%p];0);.
By Theorem 7.7 (and the inductive hypothesis), we know the possibilities for dq(6).
Since Sapp(m) > ([v~%p, %2 p]) @ §o(#), we see that only 6 = §([v=b1p, v p],
[V p,v%p] ... [v™%p,v%pl;0)p does not contradict the minimality of & ().
Note that if & > 2, we have t' = ¢ automatically. (If k& = 2, we could argue that
t' = t, but it is not needed.)

Since b; > b3, we may now define

7Tt = ([ p, v p]) 3 6([v " p, v pl, v p, v, [T p, v pls o)
= ([ p, v p]) 3 6([v " p, v 2pl, v p, v, [T p, v pls o)
m = 0([v" " p, v p]) x ([ p, v p))
) 8([v " p, v pl, [ p, 0%, [ p, v pli o)

By Corollary 7.8 (and the inductive hypothesis), 7}, 7}; < 7};. By Lemma 2.6 (and
Corollary 7.8)

H3 (o4 pea o) (T ) = g ((ar+1,02 ) (T8) = 141,z gy (T0)
= 8(v™ o, p)) @ 6([v™ " p, v p))
) O([v " p, v pl, [ p, v p), L [ p, v pli o)

Now, Ma([y o1 pyaz p)) ( ) # 0 implies Mg([u“l+1p V“Zp])( m) # 0. Therefore, 7 < 7;
by unitarity, = < m},. However, this contradicts the square-integrability of 7 (or
minimality of do()). Thus, we could not have had by = ay. O

We now show the following:
Lemma 5.3. Assuming as > a1 > ba > by, we have by # bs.

Proof. Suppose by = by. By Theorem 2.4, we must have by = by > 0.
As in the beginning of section 4 (the argument immediately preceding the state-
ment of Lemma 4.2), if do(7) is as assumed, we have

m = 6([ " p, v pl) 3 S([v " p v 2], [T, v ), [T p ™ pli o),
for some ¢t. By Theorem 7.7 and the inductive hypothesis, we may define

= 6([v™"p, v p]) % 5([V"’1p, v2pl, v p, v pl, . [ v pli o),
m = 0([v =" p, v pl) } 8([v ™ p, 02 ], [ p, % ), [V p, v pls o),
= (v ) x (1,0 )

) S([v=" p, v 2p), [ p, vl [ p v pli o)
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It follows easily from Corollary 7.8 that m, m; < w}. Further, a straightforward
calculation like that in Lemma 5.2.5, [Jand] gives

(bt g o)) (T6) = (it ) (T6) = 1541 o ) (T7)
= o[ v p]) @ 6([v " p, v p))
) 8([v" p, v pl, (v p, 0%, [ p, v pls o)

Now, m < m; implies ug([y,,ﬁlp Valp])(ﬂ') # 0. It now follows from the equalities on

ME([V»1+1P Va1 ) above that © < ;. By unitarity, @ < ;. However, by Frobenius
reciprocity, this contradicts the minimality of (7). Thus we could not have had

b1 = ba. O

Theorem 5.4. Suppose (H). Suppose that Theorems 1.1 and 7.7 (and Corollaries
7.8 and 7.9) are proved when the parabolic rank of the supercuspidal support is less
than p.r. and that condition 2 of Theorem 1.1 is also proved when the parabolic rank
of the supercuspidal support is equal to p.r. Then, if £ =0 (¢ as in Proposition 4.1),
[v=01p, 0% p], [V p,v% p] satisfy conditions 3 and 4 of Theorem 1.1 for i > 2.

Proof. Tt suffices to show b; > bs; then Lemma 5.1 tells us ax > -+ > as > a1 >
b1 > by > -+ > by, which certainly satisfies conditions 3 and 4. Note that if by < 0,
one already has by > by: if by > 0 it is automatic; if b; < 0 it follows from Remark
4.4.3, [JTand]. Thus, we assume ba > 0.

Suppose by > b;. By Lemma 5.3, bs > b;. We have

T O([v"rp, v pl) x 8([v 02 p, v p]) X S([v " p, v p))
X - X O([v 0% p, v p])

=3[P p, v p]) x 8([v"p, w2 p]) x S([v02 p, v p]) X S([v 2 p, v p))
X -+ % 0([v7% p, v p]) x 0.

The same argument used to prove Lemma 3.2 tells us there is an irreducible 7
with the following properties:

Lop*(m) > o([v* 1 p, v p]) @ mo,
2. 8o(mo) = 8([v "1 p, 1% p]) @ ([~ p, w2 p]) @ -+ @ ([ p, o4 p]) @ 0.

By Theorem 4.2.1, [Jand], we see that m is square-integrable. However, having
do(mp) as above is then a contradiction to Lemma 5.2. Thus, we could not have
had b1 S bg. O

6. A TECHNICAL RESULT

The purpose of this section is to prove a technical result (Proposition 6.3). It is
essentially a generalization of Proposition 5.3.2, [Jand] (cf. Remark 6.2 below).

Let us pause to recall where we are with respect to the inductive argument. By
the inductive hypothesis, we may assume Theorem 7.7 (and Corollaries 7.8 and
7.9) hold when the parabolic rank of the supercuspidal support is less than p.r.
The inductive hypothesis coupled with Theorems 2.4, 3.7, 4.4, and 5.4 allow us to
assume Theorem 1.1 holds when the parabolic rank is less than or equal to p.r.
(again noting condition 1 of Theorem 1.1 holds in general).

An easy calculation gives the following;:
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Lemma 6.1.

k k
- a — ax azaﬂrl bzb+1
e 0y p v pl) @ - 0 6([ P p v p]) = 3 Sy blbir )

i=1 =1

Remark 6.2. In the case where a < 2, the following proposition is an immediate
consequence of Theorem 2.4 and Lemma 3.1. (In fact, in the notation of the propo-
sition, one can take weaker conditions on the segment ends and still get the stronger
result that h = k.)

Proposition 6.3. Suppose ap, > --- > a1 > by > --- > by satisfy conditions 14 of
Theorem 1.1. Suppose

m < S([w " p, v pl) 1 8([v " p, vl 0T p, v pls )
is irreducible. Write
So(m) = 6([v~"p,vip)) @ - @ 6([v™ " p, v p)) @ 0
Then, h < k.

Proof. First, suppose by < 0. We start by showing that n’_(¢) < n_(c) for all ¢ > 0.
Observe that

0 ife<p,
n_(c) = 1 ifg<c<a,
0 ife>a.

If ¢ < 3, then n’ (c) = 0 since v*° does not appear in the supercuspidal support.
1 +1 . .

If ¢ = B8 = 3, the fact that v=2p appears only once in the supercuspidal support

implies n’_(%) <1.If¢c=p(>1, Lemma 3.1 gives

Wy (8= 1) —n’(8) = n (8 — 1) —n_(B).

Since n/, (3—1) = n4(8—1) = 0 (again, v~V p does not appear in the supercus-

pidal support), we have n’_(8) = n_(8) = 1. Thus n’_(¢) < n_(c) for ¢ = 8. For
8+1<c¢<a Lemma 4.4.2, [Ja ] and the fact that there is nothing of the form
vV °p®... in smm(é([ 5“;) V“2p] v p, v pl; o)) tells us n’_(¢) < 1. When

¢ > a, Lemma 4.4.1, [Jand] implies nL (c) = 0. Combining these observations, we
see that n’_(¢) <n_(c) for ¢ > %

It now follows from Lemma 3.1 that n/ (c) < ny(c) for ¢ > 0. Since n/y(c) <
ny(c) for all ¢, we see that h < k. This finishes the case b; < 0.

We may now assume by > 0. Suppose h > k. First, since there are no
terms of the form v%p @ ... in smin(8([v~"2p,v%p], ..., [V "% p,v%p|;0);) with
x < 0 (by the Casselman criteria), we can conclude that if v¥p ® ... appears in
Smin(S([v ™01 p, % p]) x §([v=02p,v%2p), ..., [V % p,v%pl; o)), then = € {by, ..., by,
ai,...,agy \ {—B,—08 —1,...,—a}. Therefore, ¢; > 0. Further, since the non-
negative values of b; are all greater than or equal to 8 — 1 (cf. Theorem 3.7), we
also have ¢; > § — 1. Since the ¢;’s are all non-negative, Lemma 4.4.2, [Jan4]
tells us the negative values in {ds,...,dg,c1,...,cx} (all d;’s) may be written as
{-p,-p —1,...,—a}. I §’ > B, then n’_(¢) < n_(c) for all ¢ > 0. By Lemma
3.1, 0/, (¢) < ny(c) for all ¢ > 0. This forces h < k. Thus, we must have 3’ < .
In this case, for 3 < ¢ < 8, we have n’ (¢) = 1 and n_(c) = 0. Therefore,
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n/,(c) =ny(c)+1for f/ =1 <c< B —1with ¢ > 0; it follows easily from Lemma
3.1 that n/_ (¢) = ny(c) for all other values of c. Therefore, h — k = ' — 3, so
{c1,.. ., en,diy .o ydpy = {b1,..., b, a1,...,a,}
U{-6+1,-6+2,...,—8+(h—k)}
u{p—-2,6-3,....06—(h—k)—1}.
Observe that = in the last set has 0 < z < 3 — 2, b; for any b; > 0. So dy,...,dp,

c1,...,cp are distinct. Note that if § is not large enough, this automatically cannot
occur. We also remark that the arguments above imply

|{Cz}| S |{b1, e ,bk,al, . ,ak} \ {—6, —ﬁ — 1, ceey —a}|,
or h —k < [{i[b; > 0}.

Claim 1: ¢, = aj when k > 2.

Of course, if a; = ¢; for some i, we must have i = h. So, suppose ax = d,,. Then,
since [V~ % p,vemp| D [V % p, v p] for all i < m, we can commute §([v % p, v p])
to the left:

T O[T p,vrp]) x - x §([pT It p, vt pl) X S ([v T p, v p])
x O([v=dm+1p vemtip]) x - x §([v™ % p, v p]) ¥ o

1%

S([v=%p,vempl) x §([v=%p, v p]) x -+ x §([v=9m=1p, vm=1p])
x O([v=dm+1p vemtip]) x - x §([v™ 9 p, v p]) ¥ o
\
Ha(tu=ek pem o) (™) 7 0-

Now,
() < (0= p, v pl) x - x S([w T p, ™ p]) 4 (v p, v pli o))
= M*(6([v=" p, ™ p]) x -+ X ([t p, w1 pl)) 0w (8([v " p, v pli o))

v
Now, v~%p does not appear in M*(§([v=" p,v® p]) x - -+ x §([v =21 p, %=1 p])).
Therefore, to have pi5 ., —a, , ., p])(ﬂ') # 0, we must have

'U’g([u*“kp,u"?p])(5([V_bkp7 VakP]? U)t) 7é 0

for some z > —ax. However, since = < b, this contradicts the Casselman criteria
for the square-integrability of §([v="p,v%p|;o);. Thus we could not have had
ay = dp,, and the claim follows.

Claim 2: ¢ph—k = a for m > 2.

Of course, the first claim takes care of the case m = k.

Suppose Claim 2 does not hold. Let m be the largest value for which it fails.

Then, ¢pnth—k+1 = Qmi1,---,Ch = ax. As above, if a,, = ¢; for some i, we would
need to have i = m. So, we have a,, = d, for some r.
As above,

T ([ B, vrp]) x o x S([v It p, vt p]) X O([v T p, v p])
X O([p=drp,vortip]) X x S([ M p, v p]) Mo

= ([ p,verpl) x S([vm N p, v pl) X - X S([uT At p vt p])
X O([v=drp,vertip]) o x S([ M p, v pl) X o

ﬂz([u—ampwcrp]) (m) # 0.
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Now, noting that m > 2,

pr(m) < @[ p, v p]) x o x §([pTmtp, vt p))
36([v=bmp,vompl, . [V p, v pli o))

= M*(3([v="rp, v p]) X - x §([v Pt p, w1 p]))
X (@[t p,vompl, . [V p v ply o))

As in Claim 1, since (15, —a,. , VU,,,pD(ﬂ) # 0, we must have

lu‘z([u—“mp,ywp])(5([1/7bmpa v p]v s [Vﬁbkpv Vakp]; J)t) # 0,
for some z > —a,,. In order to avoid contradicting the Casselman criteria for the
square-integrability of d([v=tmp,v%mp|, ... [V~  p,v%pl; o), we must have z >
am. Since any term in 7, (5([v=1m p, v p], ..., [v=%p,v% p]; o);) has the form
Vp® ... with x € {bp,...,bk,am,...,ar}, we see that x = a, for s > m + 1.
Finally,

pr(O([w=bmpvimpl, . [T p, v ply o))

Qm

< (O tmp, v p]) x o x 8([p 0oz p, w2 p])
% 8([v b p, el b p, v gl 0),)

= M*(3([v="mp, v pl) x - - x 8([vPe 2 p, v 2 p]))
¥ (6([v=l=1p,v%=1p], .. [V 0% p, v% pl; 0)y).
Since by, ..., bs_2,0m,...,a5_2 < as_s + 1, in order to have ug([u’“"ﬂp,u“ﬁp]) #0,
we must have
ooy O vl [P p, v pl 0)) # 0,
U

B Ot pvtemtpl, U0 p, v pli 7)) # 0.
However, by the inductive hypothesis, this contradicts Corollary 7.9. Thus Claim
2 holds.

Claim 3: a; # d; for any 3.

Suppose this were not the case—say d,. = a1. As before,

*
Hs(peaatip

*
Ha(es—1ttppesp

w8 p,vpl) x - x S e p]) X ([ p, v )
X 5([1/_d7‘+1p7 l/cr+1p]) N 5([V_d”p, VC’Lp]) 9o

= §([vup, v p]) x 6([v N p,vp]) x - x §([vd—1p, 1))
X §([v=dr+tpvortipl) x - x §([T M p, v p]) Mo

M;([y_alp’ycrp]) (m) # 0.

Now, ¢, € {b1,...,bg,az2,...,ar}. Suppose ¢, < ba. Then, ¢, < by,a;. Therefore,
since

p(m) < p(0(v=" p, v pl) 3 6([v "2 p, v, ., [ p, v pli o)),
it follows from Lemma 2.6 that
:U’z([l,—a1 p,l,urp])(é([yibzp? l/asz ctty [Vﬁbkp7 VakP]% U)t) 7& Oa

which is in contradiction to the Casselman criteria for the square-integrability of
S([v=b2p,v%2p], ..., [V "% p,v%p|; 0);. Thus ¢, > bo.
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Next, suppose ¢, = b;. Then, uz( # 0. A straightforward calcula-

[V’“lp,ublp])(ﬂ)
tion (or Lemma 3.4, [Jan2]) tells us

Mz([lﬁ“lp,ublp])(5([1/7171/)’ Valp]) X 5([1/7172/)’ Vazp]v SRR [Vﬁbkpa Vakp]; U)t)
=6([v= 1 p, M p) @ (v "2 p,v%2p), ., [V p, v pli o)
Therefore,
13 ((-a1 i gy (1) = 0= 0,07 p]) @ O([v "2 p, 1% p), . [V p, %% pls o)y

We claim that this contradicts the minimality of §o(7); in particular, that it has
t.e. lower than t.e.(dg(m)). To see this, observe that by Lemma 6.1, a1, aq,...,a
contribute the same amount to t.e.(d([v"%p,v"p]) ®@ o([v"2p,v*2p]) ®...®
S([v="% p, v p])) as to do () (since a,, = cmin_r for m > 2 appear as upper segment
ends in both and a; = d, appears as a lower segment end in both). The same holds
for by = ¢, which is an upper segment end in both. Denote the total contribution of
these terms to the t.e. for both by T. Let N = {—p+1,-8+2,..., -0+ (h—k)}U
{#-2,8-3,...,6—(h—k)—1}. Also, let L = {i > 2|b; appears as d; for some j}
and U = {i > 2|b; appears as c¢; for some j}. Then comparing ¢.e., we want

T_Zb(b2+1 T+Z b+1 Zbi(bi2+1)_zx(x2—|—1)

i€ LUU e’ i€L zEN

or

i (b; + 1) z(z+1)
py Ml yoserl)
e’ z€EN
An easy calculation gives |N| = 2|U|. Since b; > z for all ¢+ € U and x € N with
at most one equality, the ¢.e. claim holds. Since this contradicts the minimality of
do(m), we could not have had ¢, = b;. Thus, ¢, = a; for some i > 2. By Lemma
3.2, there is an irreducible 6 such that
L sapp(0) = 8([v= " p,v1p]) @ -+ @ &([v=Tn=rp, v p]) @ 0.
2. 80(8) = 8([= 41 p, 13 p]) @ - - @ B[y p, 4 pl) @
By Theorem 4.2.1, [Jand], 6 is square-integrable. Therefore, by the inductive hy-
pothesis, [v=dn—k+1p 1%2p] . [y~ p v p| must satisfy condition 4 of Theorem
1.1. In particular, this forces ay, > --- > ag > dp—g41 > --- > dp. Thus, ¢, = as.
Next, we show that

K (-1 pvaz gy (M) = O([V ™ p, % pl)

®@6([v 2 p, v pl, [V p, v pl, . [ p, v pli ).
To do this, we first show 3, o, ey 1 (57~ 5°4], ., [, 1% g 1) = 0.
Write p*(5([v=p,v%p], ..., [v "% p,v%p|;0);) = Ef Tr ® 6f. Then,
w02 p,v2pl) x 6([v="2p, v pl,. .., ™% p, v pls o))
az+1 az+1 ) ) . )
=3 Y s e ™)) x 8([Vp, v *2p]) x 7y @ 6([V'p, 7 p]) % 6y
foi=—by j=i

Observe that for 74 # 1, any term in 7., (7¢) has the form v"p ® ... with z €
{bs,...,bg,as,...,ar}. Since none of these is between by and ag, to contribute
to uz([y_alp vaz )y WE must have j < by 4+ 1. Therefore, i < by 4+ 1. In particular,
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ba

—i+1,j > —by > —ay, which implies that the copies of v =% p, ..., v %2~ 1p required,

if we are to have H3([=o1 p,pa2 ) # 0, must come from 7. Thus,

Mz([v—alpy«fp])(6([V7b3p7 I/a3p]a sy [Vﬁbkpv Vakp]; U)t) 7£ 0

for some az > x > —by — 1. Again, x € {bs,...,bk,as,...,ax}; certainly, we cannot
have z € {as,...,ar}. If x € {bs,..., by}, then this is in violation of the Casselman
criteria for the square-integrability of 6([v =% p,v%p], ..., [v=%p,v%p];5);. Thus,
we must have

'U’:;([l/_“l p,y“Qp])(é([V_b2p7 VanL R [V_bk/% Vakp]; U)t) = 0,

as claimed.
Now we are ready to check that

3 (-1 parea gy () = S0 p,v"2p])
®@ (v "p, " pl v p, v ), [T p, ™ pli o)

Recycling the notation from the preceding paragraph in a slightly different context,
write p*(3([v="2p,v%2p), ..., [V p, v pli o)) = X0 Tf @ 0. Then,

a1+1 ai1+1

prE) <N ([ p v pl) X S([Wp, v pl) x T @ S([V 1 pl) 2 6.

foi=—bi j=i

To calculate the contribution to NE([falp_yaz o) e focus on the v~ p which must

appear. Now, 7y cannot contribute a copy of v~ p. If it did, in order to avoid

contradicting the Casselman criteria, we would need to have 7y = §([v =% p, v*?p]).

However, we just showed that this is not the case. Therefore, to have a copy of

v~%p we must have i = a; + 1. This implies 7, = §([v**+1p,v*2p]). By Corollary

7.8 and the inductive hypothesis, we then have 6, = §([v="2p, v pl, [v=b3 p, v p],
oy [v7 % p, % pl; ). Thus uz([y_alpwaap])(w) is as claimed.

In a moment, we shall show by is not one of the d;’s. Once we have established
this, we are done: t.e.(0([v=% p,v%p]) @ ([v2p, % p]) @ (v~ 2 p,v%p)) @ --- @
§([v=bkp, v p]) ® o) < t.e.(6o(7)) as above. Thus we get a contradiction; Claim 3
then follows immediately.

First, suppose b; = d; with ¢« < h —k+ 1. Then, the usual commuting argument
tells us “z([fhp,uwp])(ﬂ) # 0. Since ¢; < by, Lemma 2.6 implies

/’Lg([y—blp’yuip])(5([V_b2pa Va2p]a MR [V_bkpa VakP]% U)t) 7é 0)

contradicting the Casselman criteria. Of course, we cannot have by = dj,_p41 (it is
a1). Suppose by = d; for i > h—k+1. It then follows easily from Lemma 3.1, Theo-
rem 4.2.1, [Jand], and the inductive hypothesis that dp_j12 > -+ > dp. Therefore,
by = dp_j+2. Note that c;_gi2 = az. Then, since [V~ p,v%p], [v~% p,v%2p] D
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[v=%p,v%p| for j < h — k + 1, a commuting argument gives

me Sl Bp,vip]) X x S([pT Mk p, vk pl) X O([ T p, 072 p])
x 3([v="p, v p]) x §([v™ ks p v tp]) X

= o[y p,v2p]) x 8([v " p, v p]) X G([v ™ p, v p))
X e X O([vm Ik p v pl) x ([UTTrrbe p v pl) X

S5([v="1 p,2 p)) @5 ([ "1 pea p]) (T) 7 0

u;([u—blpy%p])(5([1/_1)2/)7 Vblp]a [V_b3p7 Vasp]v ceey [V_bk/% Va’“p]; U)t) 7é 0,

contradicting Corollary 7.9. Thus, we do not have by = d; for any 4, finishing Claim
3.

Claim 4: a; does not appear as a ¢;.

Suppose a1 did appear as ¢; for some ¢. Then, i = h — k + 1.

We begin by showing that b; = ¢j,—j. Since the argument is fairly similar to the
argument that a; = cp—p12 (Claim 3), we will be somewhat sketchy here. First,
we argue that by # dp_g+y1,...,dr. As above, since dp_g41 > -+ > dp, if by were
one of these, it would have to be dj,_r+1. Then, the usual commuting argument
would tell us uz([u,blpyalp])(w) # 0. However, the same argument as in the proof
of Lemma 4.2 then tells us

NE([Vfblp,,,alp])(W) < Mf;([,,fblpﬁ,alp]) (=" p, v p])
) o([v=2p,v 2], [V p, v pli o)1)

= c-8([vrp,vp)) @ §([vb2p,v%2p], ..., [0k p, v p]; o).

As in the proof of Claim 3 above, we have t.e.(3([v "1 p, v p])®- - -®6([v =% p, v p])
® o) < t.e.(dp(m)), contradicting the minimality of dp(7). Thus we cannot have
b1 = dh—k+1,...,dn. Next, we argue that by # di,...,dp—. If we had b; = d;
with ¢ < h —k, the usual commuting argument would tell us Mz([u*blp,u% p])(’l'() #0.
Note that ¢; = b; for some j > 2. But, by Lemma 2.6, this requires

(o1 puts oy O 20,02 0] 07 p 0™ pli o)1) # 0,

in contradiction to the Casselman criteria. Therefore, by # dy, ..., dp—k. It follows
that by = ¢p_k, as needed.

We now finish the proof of Claim 4 in three cases. For the first case, suppose
h=k+1and by > 0 (since 8 > 2, we must then have by > 0). Then,

o) = 3([= " p, 17 ) @ (v p, v ) @ - @ ([~ p, v p)) @ .

By Theorem 4.2.1, [Jan4], this 7 is square-integrable. By the results of the preceding
two sections, we know that conditions 3 and 4 of Theorem 1.1 must be satisfied.
Since by > max(ds,...,dgt+1), the only way this can happen is if dy > -+ >
dp+1. Since be > 0, we have by > di,...,drt1. Therefore, by = d;. Since 7 —
Ind(do(7)), it follows that easily s5, b2 101 5y @o([wb2+1p,va1 o)) (M) # 0. Let us start
by considering ,u(’g([u_,,,z p,,,blp])(ﬂ)- Writing

ai+1 ai1+1
wm <SS S 6, b pl) x 8,00 pl) x 7 @ 6([p, v ) 4 6

foi=—by j=i
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as in Claim 3 above, we see that to contribute to /“‘;([u (), we must have

‘ —b2p,0%1 p])
j = a1 + 1. Therefore, 74 = 0([v=b2p,v="1p]). If 74 # 1, we must have by <
—i —1 < by (to avoid contradicting the Casselman criteria for 6([v="2p,v%2p], ...,
[v=b% p, % pl; 0)¢). Since this cannot happen, we have 74 = 1, i = by + 1, and

13 (2 s gy (1) < 822 p, 0% p)])
®0([v" v ) 3 6([v "2 p, 2], [V p, v pli o)
\
S5([—t2 pout p) @8 ((wh2+1 pwn o)) () = ([ "2 p, v p])
@ 6([2 T p, v p]) @ 6([v~12p,v%2p), ..., [V % p, v p]; 0)s.

This, as above, gives rise to a t.e. lower than that of do(), a contradiction. Thus
we have eliminated this case.

The case h = k + 1 with b < 0 is covered by Lemma 6.5 (note that in this case,
B=a—k+2>1). The case h = k+ 1 and no by (i.e., k = 1) is also covered by
Lemma 6.5.

The last case is h > k + 1 (which forces 5 > 2 and by > 0). We first argue that
by = cp_k_1. If by were one of dy, _, ..., dy, it would have to be dj,_. We could then
commute §([v~2p, v p]) forward as above to conclude that iu’;([y—bQ p7y,,1p])(7r) #0.
However, we have already ruled out this possibility in our discussion of the case
bs > 0 with h = k + 1. Having by equal to one of dj,...,dr—1 would require
M(*s([,,—bp,ywp})(5([V_b2pa v@2pl ... [v b p,v%p|;0);) # 0, in contradiction to the
Casselman criteria. Therefore, by = ¢j_g_1.

Next, arguing as above, we see that either b3 = ¢p_g_o or dp_p_1. If by =
dp_k—1, we take i = 2. Otherwise, we look at by; in this case, either by = ¢p_p_3 or
dp—k—2. If by = dp_g—o, we set ¢ = 3; otherwise we continue iteratively. Eventually,
one of the following happens:

(a) there is an i > 2 such that §([v=bi+1p, 1% p]), b; 11 > 0 appears in do(7),

(b) every b; > 0 appears as a c;.

In case (a), the usual commuting argument tells us M;([,fbwlp,,,bip])(w) # 0.

However, since b;_1 > b; > b;11, we also get (noting that M(*s (
imphes u;([ubi+1+1 ])(ﬂ') 7é 0)

b, (7w
[~ i1 p,0b pl)

plip

H;([ubi+1+1p7ubip])(5([V_b1p’ Valp]) XX 6([V_bi_lp7 Vai_lp])

7([vbp,vipl,. . [T R p, v plio))  # 0
4
i+t i ) O 0 v pls o [0 p, v pli o)1) 710

by Lemma 2.6. However, by Corollary 7.9 and the inductive hypothesis, this is not
the case. Thus, we can rule out (a). If (b) occurs,
So(m) = 8([v="p, v’ p) @ -+ @ 6([v =% p, 1™ p]) @ §([w =%+ p, v p)
@---@0([v " p, v p]) @ 0.
By Theorem 4.2.1, [Jand], 7 is square-integrable. Therefore, by the previous

section, we know that conditions 3 and 4 of Theorem 1.1 hold. Again, since
a1,...,0k,b1,...,0; > 8 —1 > dy,...,dp, the only way for this to happen is to
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have dy > .-+ > dj. Therefore, d; = 8 — 2. Corollary 6.7 below then finishes the
proof. O

Lemma 6.4. With notation as above, suppose by >0 and o —k+2 > 1. Let

7 =6([v " p, v p]) x S K p, v ], ..., V¥ p, v pl; o),
7 =(v " p, v p]) X S([v* 2 p, %20, [V p, v pl; 0)
(if k = 1, we take §([v*=*+2p,v%2p|,... [v¥p,v%pl;0) = o). Then, there is a

unique irreducible representation my such that both of the following conditions hold:
mo < 7', 7" and /J/;([Va—k-f—lp’ybl p])x5([ua—k+1p,ya1p])(770) # 0. Further, mo — 7', 7".

Proof. Let

T = o[yt p, v p]) x 5([v* M p, v p])
3 ([ 2 p, vz p), L [ p, v pl o)

= ([P p, v p]) X O([v* M p, v p])
X O([veFH2p vazp) L [V, v pl; o).

Then 7/, 7" < 7*. We claim
H3 ([ua—k41p,001 gy 3 (w41 pwen p]) ()
= Hi(fa—tt1p001 ]y xa(pat1p a1 ) ()

= H3(fua—ktt ot pl) (et per p]) (M)

= 0([p 1 p, v p]) x 6([v*—FH p, v p])
® §([v=kp, vk p]) x §([vok+2p,0%2p], ... [VYp, v p]; o).

The argument is similar to the calculations in Lemma 5.2.5, [Jand] (and follows
from Lemma 2.6 for 7 and 7*); we omit the details.

Next, we claim ([~ *p, v*=*p]) x 6([v*=F*+2p,v%2p], ... [V¥p, v p]; o) is ir-
reducible. Suppose 6 is an irreducible subrepresentation. Then,

Op — O([v=FFp, v Fp]) x §([v¥FH2p va2p) ... [V¥p, v pl; o)
—  I([votkp, vk p]) x ([ EF2p, 12 p]) X - x §([v%p, v p]) X o

= G([pe kg, vozp)) X - x 3ol > S(lvEp, vk pl) 3 o
Sapp(00) = (o +2p, 052 p)) @ - @ 8([17 p, 1 pl) @ (8([v T p, > p]) 2 o)

noting that this is irreducible (Theorem 13.2, [Tad3]). By Corollary 7.8 and Lemma
2.6, we see that

o ((ett2 paz ) (O (V0T p, ¥ p]) 5 6([W* 42 p, 0%l [0 p, v pl; )

=5([v* F2p,v%2p]) @ 5[ p, v Fp)) % S([W* TR, ], [V, v s 0).
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Tterating this argument, we get

S5([a 42,002 p) @ @3([we po o)) (O (VT p, 2 H p])

) O[T p, %), [ p, vl )
=8(W "2 p)) @ - @ ([ p, v pl) @ (5([v T p, v Fp]) x ).

Thus, 6 is the only irreducible subrepresentation, hence (by unitarity) we have
irreducibility, as claimed.

At this point, it is clear that there is a unique irreducible g such that 7o < 7/, 7"
AN 15 (0t 01 ) (et ppa o)y (T0) 7 0-

Next, we argue that mp < «’. Observe that ug([ua_kﬂp Vblp])(ﬂ'o) # 0. Now,
mo < 7' and

B3 (-t i gy (1) = 87 FF 1 p 00 p])
® 8([v=Fp, 12 F p]) % S([*H p, v 5 g, [V p, v gl o).

Therefore, /15 ,a—k1 (mo) = 6([v>~*+1p, P p]) ® S for some irreducible S <

psrP1p])
S([v=tFp, vk p]) xa § (v FHp,v%pl, ... [v%p, v%pl; o) (cf. Lemma 5.5, [Jan2]).
By unitarity, S — §([v=T*p, v kp]) x (v FHp,v0p], ... [V, v pl; o).

Thus, by central character considerations,

a—k+1

o= Vp X x v pxS

for some such S. Therefore, by Lemma 5.5, [Jan2)], mop < 7 xS for some irreducible
T < vhipx - x ve FHlp Any subquotient of v*1p x -+ x v*"*+1p other than
S([ve=k+1p, v p]) would give 71in(7), and therefore s,,i,(m0), containing a term
of the form v*p ® ... with o — k+ 1 < x < by, a contradiction. Thus,

mo = O[T FHp, P p]) xS

— O p, v p]) x S([vm TR p, v R p))
) O Hp, vhpl, L [, v pls o)
| (Lemma 5.5, [Jan2])

mo = O([rm T, v p]) ) a([ve M p v gl [0, v pli o)
or
LO([v=t*p, v p]), o([v* = p, v p]))
) ([ K p, v pl, L [, v pli o).
The latter would give spin (7o) > v ¥p @ ..., a contradiction. Thus the former,

which says m < 7’/~holds, as claimed.
Finally, we show 7 <— 7”/. Write

S([v=" p, " pl) 3 S([* 2 p, 0% ), [, v pli o) = D S,
where the S;’s are inequivalent by [Gol|. (It will turn out that ¢ = 1,2 (cf. Lemma
7.4 below), though that is not needed for the argument.) By Lemma 2.6,

(i +1pan oy (O 0,0 p)) 3085) = 8([v" 1 p, v p)) @ ;.

Thus §([*1+1p, v p]) x S; has a unique irreducible subrepresentation; denote it
ms,. If we set

7 = 5[V T, v p]) x ([0 p, P p)) X S([v 2, 0], [V p, v ;s o),
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we have g, 7" < 7** and Mz([ybl+1p7u“1p])(ﬂll) = Mz([yb1+1p7ua1p})(ﬂ**)' Therefore,

g, < 7' for all i. Further, mg, appears with multiplicity one in 7. Since wg,, 7 —

™", we get ms, — 7. (To see this, consider the subspace Viv + Vig C Viex.)

Therefore, any irreducible subquotient of 7" with M;([ybl+1p7l/a'lp]) # 0 is a 7g,,
hence a subrepresentation. In particular, mg < 7, as needed. O
Lemma 6.5. With notation as above, suppose by > 0 and

m <O p, v pl) ) S([W* P, v%p), L [V v p)s ),

with « —k+2 > 1. Then,
So(m) # 6([v= " *p, " p) @ 6([v* M p, M p)) @ - - @ 8([v*p, v p]) @ 0.

Proof. Suppose do(7) had this form.
First, with «’, 7" as in the preceding lemma, Lemma 2.6 tells us

B (—oth i o (M) = € 8™ p, 0 p]) @ §([v 1 p, 0™ pl, . [V, ™ pl; 0),
wherec=1ifa —k <0;¢c=2if o« — k> 0. Consider ug([u_a%p V,,lp])(w"). Write
wr(S(v=k+2p, 092p] L [ p, v pli0)) = 3, TF @ 0. Then,

a1+1 ar1+1

pra) =30y Y (T e )

foi=—b j=i
x 6([Vp, v p]) x T¢] @ 6([V'p, 7 1 p]) X 0.

To contribute to M(*;([ we must have j = a1 + 1. Also, if 74 # 1, the

voatkp bl pl)?

Tmin(Ty) consists of terms of the form v*p ® ... with € {ao,...,ax}. Therefore,
7¢ = 1. Thus,
13ttt pin gy (77) = 0 (™ p, 0% pl) @ S ([ p, % p))
) O([W T 2,0 p), L [ p, vl o).

Therefore, “z([wwkp,yblp])(ﬂ") contains &([v=+* p, b1 p]) @ §([vek+1p, va1p], ...,
[v¥p, v pl; o) with multiplicity exactly one (by Theorem 7.7 and the inductive
hypothesis). Therefore, by Frobenius reciprocity, there is at most one irreducible
subrepresentation of 7’ which is also a subquotient of 7”’; by the preceding lemma,

there is at least one, namely 7. Thus, 7 = m9. However, by the preceding lemma,
TER2p M p]) X x 5[V p, v p]) X o,

which (by Frobenius reciprocity) contradicts the minimality of do(7). The lemma
follows. O

w0 < 8([v " p, v p]) x 8([v

Lemma 6.6. We continue to assume ax > --- > a; > by > -+ > by satisfy
conditions 1—4 of Theorem 1.1. We also assume 8 > 2 and bs > 0. We take i so
that biy1 = —f (and b; > 0). Let

5 =06([v "2 p,v%p), ... [V " p, v pl, [V p, v pl, L [ v pli o),
noting that t = 1 unless© = k. Then,
1ift=1,

Mz([yfﬁ+2p7l,bip])((51) <2- 5([V*ﬁ+2p, Vbip])

® ([ "p,v™p), ..., [ p, v ] [P o vl [ p v pli o)y
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2. ift =2,

Mo (=042 puvi ) (02) = 0

Proof. Let us verify 2 first. Since ¢t = 2, we must have ¢ = k, and therefore 8 = a+1.
We have

8z = 0([v™ "2 p, v pl) x - X O([w ™"t p, ™1 pl) 4 6([w % p, v pl; ).
Since bs,...,bg_1,a9,...,ak_1 > by, Lemma 2.6 tells us that

Mot g (02) 70
I

M;([V7“+1p7ubk p]) (6([V7bkpﬂ Vak p]; 0)2) # 0

This is not the case (cf. Theorem 4.5, [Tad6], noting that 3 > 2 requires a > 1); 2
follows.

We now turn to 1. By Theorem 7.7 and the inductive hypothesis, we have
Sl p, v pl, [P p, vt pl, o [0, v pl o)

= 0([v=P2p, 0% p]) 3 ([P~ p, v p], WP p, vt pl, L [ p, v pls o)y

If ¢ = 2, then 1 now follows immediately from Lemma 2.6. Suppose i > 3. Then,
we have
81— O([v2p,v%2p]) X -+ x §([v Vi1 p, v%-1p])
x6([v=bp, v pl, [P p, vt pl, L [ p, v pls o)

— (5([1/—b2p7 Vagp]) X oo X 6([V—bi—1p, Vai—lp]) ~ (5([V_B+2p, be'p])
>45([Vﬁ*1p’ Vaiﬂ], [I/’Bp, Vai+1p]’ N [Vap’ l/akp]; (T)

1%

S 2p, ¥ pl) x 8([v= 2 p, v p]) x - < ([Pt p, vt p])
16 ([P = p, v p], [P p, v pl, L [, v pl; 0).

Write  o([v="1p,v1p]) 2 S(WP p, v pl, [V p, v ipl, L [0 p, v pli o)
=0;_1 +0,_, + 0/, where (by Theorem 7.7 and the inductive hypothesis)

So(0i—1) = o([vbi=1 p, v =1 p]) @ S([P L p, v p]) @ S([VFP p, v+ )
® - @ 6([V°p, v p]) ® o

So(6;_1) = ([~ p, ¥ pl) @ (v~ v p]) @ S([v p, v+ p))
® - @6([p, v p]) @0

o011 = 31~ ) & (17~ g ) @ (1" )
® - Q([vp, v p]) @ 0.

By Lemma 5.5, [Jan2],
81— 6([v= 0 2p, v p]) x 6([v "2 p, v 2 p]) X - X B([v 2 p, w2 p]) 2 6

for some 6 € {0;_1,0;_,,60/ ,}. We show that 6 = 6,_; is the only possibility.
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Suppose 6 = 0,_;. Then
51 82,05 ) x 8(( b p v pl) x - x Bt p, v ) 6L,
— ([ 2p, % p]) x S([v 2, v p]) X - x ([T p, v 2 p])

x0([v=P+2p,vbi1 pl) X O([v=1p, v p))
x6([Pp,v+ipl, . [ p, v pli o)

= S([vitp,vip]) x (v 2p, b pl) x S([v 2 p, %2 p))
- x (vt p i pl) x §([ 2 p, b))
X3 ([VPp, v¥i+ip), .. [V, v p|; o)
3
H3(oit puos ) (91) 7 0
Now, since

b1 — (5([Vﬁb2p, l/a2p]) X oo X 6([V7bi—2p7 1/‘“*2p])
X 5([V_bi_lp7 Vai_lp]a [V_bip7 Va"’/)], [Vﬁp, Va"’“p], Ceey [Z/O‘p7 l/akp]; 0')17
we have

K== gy O1) 70
My [ (O =r=rpy vzt p] [t p, v,
[P, vtipl,. . [ p, v pli o)1) # 0,
contradicting Corollary 7.9. Thus we cannot have § = 6]_;.
Suppose 6 = 6/ ;. Then

=2t pueip

01— ([ PH2p, b pl) x 8([v P2 p, v 2 p]) X - X S([vT V2 p, w2 p]) } 07
o B2 ) ¢ 6,17 ) - ¢ (i )
xO([v==tp, 1 p]) 3 6([VP T p v p, [P p v p], L [V p, v pls 0).
Now,
([v=t=2p w2 p]) x S([v =1 p, ¥ 1p])
— 5([V—ai—1p7 l/ai,—Qp]) % 5([1/—1)7:—2/)7 l/bi—lp])
LB .72, ([ g, ),
a sum of irreducible representations. By Lemma 5.5, [Jan2], either
01 = O([v ™ 2p, v p]) < S([v P2 p, v p]) x - X B[P0 p, v p))
X §([v™ = p, w2 p]) x 8([ "2 p, % pl)
 8([W v i), [V p, v pl, L % p, v pli o)
or
61— 0([r P+ 2p, b p)) x 8([v=02p, 122 p]) X - x 8([v b3 p, %3 p])

< L o, ), 8([ p,v=2)
X (5([1/’371p, v4ip), [Vﬁp, v&tipl L v p, v pl; o)1
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In the first case, an easy commuting argument gives uz([u_aiﬂp V“’i*ZP])(él) £ 0,
contradicting the Casselman criteria for the square-integrability of 4;. In the second
case, we have

51— ([ PH2p, b pl) x 6([v P2 p, w2 pl) X - x B([v b p, v i3 p])
x O([v=%1p,vbi-1pl) x §([ 12 p, w2 p])
x §([VP~Lp, v p), [P p, v¥i+ip], .. [V p, v p); o)1

We now observe that
O([v=b2p,vim2pl) x O([p =t p, b pl)

= (5([1/*%71 P, I/ai—Sp]) X 5([1/7bi73p7 I/b’iflp])

+ L[ =1 p, %=1 p]), ([ 02 p, w2 ).
Thus, as above, we get either the contradiction M;([V_ai—lp y“ifsp})(‘sl) #0 or
1= O([v 7 2p, ¥ pl) x 8([v 2 p, v p) x - x S (v it p, v p))

x§([v=%-1p, 001 p]) x §([v~bi=2p,v2-3p]) x §([v~bi-2p, v2-2p])
x3([VP 1 p, v p), [VP p, v+ p], . [V p, v pl; )1

Tterating this argument, we must eventually get
,u';([u*aq:—lpﬂ,x])((sl) 7é 0

for some = € {agz,...,a;—2,b;—1}, contradicting the Casselman criteria for the
square-integrability of d1. Thus, 6 # 6/_,.
We now have only the possibility

81 = ([0 2p, b pl) x §([v= P2 p, %2 p]) X - x §([v P2 p, w2 p])
 (6([bi=2p, w2 p]) X 0;1).

If i = 3, then 1 now follows immediately from Lemma 2.6. If ¢ > 4, combining
Lemma 5.5, [Jan2] and Theorem 7.7 (by the inductive hypothesis), we get

61 = 6([v=PT2p, b p]) x 8([v=22p,v%2p]) x -+ x §([v 02 p, %3 p]) x 6,
for some 6 € {0;,_2,0,_,,0/ ,}, where
Go(Bh-2) = 811 p,u20)) © 31~ ) © (7,1 )
(WP p, v itip)) @ - @ 0([v*p,v™pl) @ 0

8o (0;_o) = 6([v="=1 p,w¥=2p]) @ O([v= =2 p, vi=1 p]) @ 6([VP " p, v p])
([P p,vi+ipl) @ - @ 6([vp,v™pl) @ 0

80(0_5) = o([v="1=2p, V%2 p]) @ &([v "1 p, =1 p]) @ ([P~ p, v p])
@8([VPp,vi+ip) @ - @ 6([vp, v p]) @ 0.

We can rule out the possibilities 6 = 0,_,, 8/, using the same arguments as above.
Therefore,

81— 6([v " 2p, 00 p]) X 8([v 2 p, v 2 p]) X - X B[P p, v B p]) X 0.
We continue iterating this argument. Eventually, we get

o1 = 8([v= 7 2p, v p]) x 05,
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with
b2 = 5([1/7172/)7 vpl,..., [Vﬁbiilpv vei-ipl, [Vﬁilpv veip),
[V'Bpa v@tipl,. . [vp, v pli o).
It then follows from Lemma 2.6 that

Mg([l,—ﬁup,l,bip])(&) <2. (5([V_B+2p, Vbip]) ® O,

as needed. |
Now, suppose ag > -+ > a3 > by > ...bg with bo,... by, a2,...,a; as in the
preceding lemma. Suppose 7 is an irreducible representation with
T < ([P, v p]) ) ([P p, 02 ), [T p, v ),
[WPp,vhitipl, .. [ p, v pls o)y

Corollary 6.7. With assumptions as in Lemma 6.6, we cannot have
So(m) = 6(v "2 p, b pl) @ - - @ 6([v= T p, % pl)
@ (W p, v p) @ - @ 6V p, v p]) @ o

Proof. Suppose dg(7) had this form.
The usual argument (cf. proof of Lemma 4.2) with the preceding lemma gives

152 pti ) (O 0, v p]) 0 6([0 22,02 ] [0 p, v ],
[Vﬁl% Vai+lp]7 AR [Va/)7 Vakﬂ]? U)t)a
0 ift=2,
< e 0[P Pp b p]) @ 8([v P p, v pl) 1 B([v 2 p v ),
e e N L Y N Y e I O e S Y I
if ¢ =1.

Therefore, if ¢ = 2 we already see that we cannot have B3 (-2 .0 p])(ﬂ') # 0.
If t = 1, we have (by either dy or central character considerations)

m = (v 2p, 0 i p]) % 0

for some irreducible §. By Lemma 5.5, [Jan2] and Theorem 7.7 (by the inductive
hypothesis),

do(0) = 5([V_blpa vip) @ ® (5([1/_b"’—1p7 v¥-1p)) ® (5([1/6_1p, V% pl)
® @ ([vp,v*p]) ® o,

([ p, v ) @ 8((w p, v p]) @ ([~ p, v p])

@@ p vt ) @ 6P p vl @ - @ 6([v p, v p]) @ o,
or

S([v= " p, " p) @ 6([v "2 p, v p)) @ - - @ 6([v " p, v )

@6 p,vhip)) @ - @ 8([vp, v p)) @ o
However, for any of these,

Sapp(m) = 0([v 712 p, 1% p]) @ 60(6)
)

contradicts the minimality of do (7). O
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7. CONSTRUCTION OF CERTAIN DISCRETE SERIES

In this section, we construct certain discrete series needed in this paper. In
particular, if ax > --- > ay > by > --- > by satisfy the conditions in Theorem 1.1,
we construct an irreducible representation, which we denote by §([v =1 p, v% ], ...,
[v=%p, 1% p]; o), (more on t in a moment), which has

So(O([v"rp, v p], ..., [Pk p, v pls o),
=0([v"rp, v p) @ - @ 6([v Pk p, v p)) @ 0

Further, these constitute all the irreducible representations with this dg. The con-
struction is inductive in nature; to obtain §([v "1 p, v p], ... [V % p,v%pl; o) we
analyze the representation §([v="1p,v%p]) x 6([v=b2p,v%p],... [V "1 p,v% p|; o).
Using the results of the last section, we can determine the composition series for
this induced representation; one of the irreducible subrepresentations has the de-
sired §p. The composition series is described in Theorem 7.7, the main theorem in
this section. Additional properties we need are given in Corollaries 7.8 and 7.9.

Our situation with respect to the inductive argument is the following: by the
inductive hypothesis, we may assume Theorem 7.7 (and Corollaries 7.8 and 7.9)
hold when the parabolic rank of the supercuspidal support is less than p.r. By
Theorems 2.4, 3.7, 4.4, and 5.4, we may assume that Theorem 1.1 holds when the
parabolic rank of the supercuspidal support is less than or equal to p.r. (Again, we
note that Theorem 2.4 holds in general and is not part of the inductive argument.)
As a consequence, we may also assume Proposition 6.3 holds when the parabolic
rank of the supercuspidal support is less than or equal to p.r.

We make two additional remarks before starting in on the results for this sec-
tion. First, we note that if by < 0, then t = 1; if by > 0, then t = 1 or 2. The
reason for this is the following: when k& = 1, then &6([v="p,v%p]) x o has one
irreducible subrepresentation (which has &y = 0([v "1 p, v p]) ® o) when b; < 0
(in which case —b; = «a) and two irreducible subrepresentations (both having
So = 0([v™"p,v¥p]) ® 0) when by > 0. (This claim follows from the results
in [Tad6].) When k£ > 2, there is always a unique irreducible subrepresentation
of §([v="1p, v p) x 6([v="2p,v%2pl, ..., [V~ p, v pl; &), having d([v="" p, v p]) @
@ 0([v 0% p, v pl) ® o as its do.

Lemma 7.1. Suppose 7 is an irreducible representation with

So(m) = o([v" p, v p)) @ - @ 8([v~ " p, v p]) @ 0.
Further, suppose that ay > -+ > ay > by > --- > by.. Suppose that [vep,v°p| is such
that by +1 < d<c<aj; withd > 8 (andd=c= Bmod1). Then, §([vip,v°p]) x 7

s irreducible.

Proof. We use a Langlands classification argument similar to one in [Tadl] (also,
cf. [Jand], [Jan3]). Write

m=08(w " p, vl o, v pl [ p, v ), [ p, v pl o)

Suppose a1 > x > by + 1 with x > (. Note that these imply x > 1. Our first
goal is to show v*p x 7 is irreducible. Suppose 79 — v*p x w. Then, (with the
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obvious interpretation if z > «)

o — vip x ([v0p, v p]) x - x §([v 0 p, v p]) x 6([VPp, v+ p])
e o[, ) 8([,0 ) D17 1)
X e X O([v¥p, v p]) x o

= 5([V—b1p, Valp]) X oo X 5([V_b5p, Vasp]) X 5([1/[3/)7 l/as‘*'lp])
e ([0, ) X (1, pl) v p < B([ L, )
X oo X O([v¥p, v p]) x o

= 5[ Pp, v p]) x < 8([ P p v pl) x ([P p, vt p))
X x O([" vt pl) X O([vH p, v p]) X VT X VT
xO([v=H2p, v +1p]) x v=Hp x §([V*F2p, v +2p]) x §([v®p, v p]) X o

I

S([v=brp,v4p]) x -+ x §([v=b p,v% p]) x §([VP p, v¥e+1p])

X oo X 5([Vﬂc—1p, Var—lp]) % 5([V‘”+1p, Varp]) X 5([Vx+2p, Var+1p])
Xv¥p x v¥p x v p x §([1*T2p, v +2p]) x §([v%p, v p]) X &

| (Lemma 5.5, [Jan2])

T — 5([V—b1p, Valp]) X oo X 5([V_b5p, Vasp]) ~ 5([1/[3/)7 l/as‘*'lp])

X 3([p vt pl) x ([P p, v pl) X 8([ R p, v p))
xE([v"p, v pl) x 1T p X 8([v*H2p, vz p]) X §([vp, v p]) 1 0,

where £([v®p, v®T1p]) is one of the two irreducible subquotients of v%p x v*T1p (the
irreducibility of v%p x £([v®p, v®T1p]) follows from Theorem 4.2, [Zel] and Theorem
9.7, [Zel]). Continuing,

mo = 8(["p, v p]) x - x 8([v % p, v p]) x 8([VF p, v p])
x - O[T p vt pl) X O([p T p, v p]) X O([v 2, vt p)
xE([v*p, vt p]) x ([ 2 p, w2 pl) X 5([v* p, v p]) X 1T p X 0.

We now use this to show that . (mo) # 0. We do this in three cases.
First, suppose x > «. Then, since v*p X 0 2 v~%p x ¢ (irreducible),

70— ([ lrp,vp]) x - x §([v Pk p, v p]) x VEp X

>~

S([v=brp,v%p]) x -+ x §([v % p,v%p]) x vTp X o

~

= T x §([vtrp,vhp]) x - x §([vT 0 p, v p]) 1 o

(where the commuting argument works since > by +1). Thus, p;_, (7o) # 0.
Next, suppose x < «. Then, since v*p x ¢ = v~ %p x ¢ (irreducible),

mo = O([v ", v p]) x -+ x O([v P p, v p]) X O([vp, vt p])
XX O([t T p, vt pl) X ([T p v p]) x O([vT T2 p, v p))
xE([v* p, vt p]) x 6([V" 2 p, v pl) X §([%p, v p]) X VTP MG

= v x 6([ M p, v p]) x - < S([v 0 p, v p]) X ([ p, vt p))
x xS p vt pl) X O([vH p, v p]) X O([V 2, wrE p)
xE([v" p, v pl) X 3([v* 2 p, 2 p]) X 8([vp, v p]) X 0

(the commuting argument works since # > b1+ 1 and x > 1). Thus, ;. (o) # 0.
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Now, suppose x = «. Then,

7o —  S([v % p, v p]) x -+ x §([v7b p, v p]) x S([VPp, vPe+1p]) X ...
xO([v*tp,v¥tpl) x O([v¥p, v p]) x VP X @

= ([P p,vp]) x - x S([ b pvep]) x S([VFp,vripl) x L
xd([v*~tp,vatp]) x 6([vHp, v p]) X VP x VP X o
|} Lemma 5.5, [Jan2]
mo = S([p, v p]) x - x S([v 0 p, v pl) X S([Vp, vt p]) X
<[ p, vt p]) x 8([v v p]) X b,
for some irreducible 6, < v%p x v¥p x o. Since a = x > 1, we know that for such
a Oa, 1,0 ,(0a) # 0 (this follows from Theorem 13.1, [Tad3| and [Aubl, [S-5]).
Therefore, by central character considerations, 8, — v~ %p x 1, for some 7. Thus,
mo = S([vp, v p]) x - x 3([v 0 p,vepl) x S([VFp, v terip]) x L
xS([v p, vt p]) X S([ T, v p]) X TP X g

= v x 6l p, v pl) x o < 8([vT p v pl) X S([V7p, vt p]) <L
xd([v o, vt p]) x O([vH p, v p]) X110

sincea =x >b; +1>b;+1foralli>1and z > 1. By Frobenius reciprocity,
1o ,(T0) 7 0, as needed.
Next, we note that for by < z < a; with ¢ > 1,

f e, (VTP T) =V T p@ .
Therefore, by central character considerations,
T — Vv Tp X,

and is the unique irreducible subrepresentation (by Frobenius reciprocity or the
Langlands classification). However, since my < v®pxm, this contradicts multiplicity
one in the Langlands classification unless v*p x 7 is irreducible.

We are now ready to show the irreducibility of §([v%p, v°p]) x 7. The argument
is similar to the case ¢ = d = x above; suppose 7y — ¢([v%p, v°p]) x w. Then,

7o —  &6([vip,vp)) x T
— ([ p,vp]) x vip xm
= 5w p o)) x v xom
= vl x §([vp,vop)) 3w
iterating

T — V_dp x p~d-1

4

Mo — TXT

pX- XV pXT

for some irreducible 7 < v~ x v™4"lp x ... x v™°p. Anything other than

T = 6([v=¢p,v %)) gives Tmin(7), and therefore s, (mo), containing a term of
the form v*p ® ... with z & {—d,by,...,bk,a1,...,ax}, a contradiction. Thus,
7o — §([v~¢p,v~%p]) x w. Again, this contradicts multiplicity one in the Langlands
classification unless d([v=¢p, v~ 9p]) x 7 is irreducible. O
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We continue to assume ap > --- > a3 > by > -+ > bg. Suppose m is an
irreducible subquotient of §([v="1p, v p]) x 6([v=b2p,v%2p], ..., [V "1k p,v% p|; o),
Our next step is to identify the possibilities for dg(m1).

Write

So(m1) = 8([v="p, v p)) @ -+ @ 6([v~ " p, v p]) @ 0.
By Proposition 6.3, h < k. It follows from Lemma 3.1 that

{di,....dn,c1,...;cn}y ={b1,...,bp,a1,...,ax} \ (U{_w—u).

zeX
By allowing, e.g., d; = —f and ¢; = 8 — 1, we can write
So(m) = d([v="p, v p)) @ --- @ 6([v~ ™ p, v pl) @ 0,
with dy,...,dg,c1,...c, a permutation of by, ..., bg,a1,...,ar. (We remark that it

will turn out that we can have h = k—1 in some cases, but never anything smaller.)
Certainly,

te.(80(m)) > t.e.(So(8([v =" p, v p]) 2 6([v="2p, v %2, .., [ p, ™ pli 0)y)))
= t.e.(8([v=" p, " p)) + e (6o (8([v "2 p, v pl,. ., [V p, ™ pli 0)1)).

Now, one can check that since ag > --- > ay > by > ...bg, this implies ¢1, ..., cg
must be either ai,...,ar or by,as,...,ax. In particular, ¢; = a; for i > 2. By
Lemma 6.1, there is an irreducible representation 6 such that

L. 5([1/7dlp, VCIP]) ®0 < M*(Wl)v

2. 00(0) > §([v=%2p,v%2p]) ® - @ §([v~ % p, v p]) ® 0.
Therefore, since a; > d; for all i > 2, Theorem 4.2.1, [JTand] tells us that 6 is
square-integrable. Therefore, [v=% p,v% p|, [v~% p,v% p| satisty conditions 3 and
4 of Theorem 1.1 for all 4,5 > 2 with ¢ # j (by Theorems 4.4 and 5.4). Since
ar > -+ > ag > do,...,dg, we must have dy > --- > di. Therefore, d; = b; for
1> 3.

We now have

do(m1) = ([~ p, v p]) @ ([v=%p,v2p]) @ &([v "2 p, v p])
® - @([v R p, v p]) @ 0,

with d1,ds, c1 equal to by, bg,a; in some order and ¢; = by or a;. We consider the
following possibilities:
1. Cc1 —ay.
Then, 7 is square-integrable by Theorem 4.2.1, [Jand]. By Theorems 4.4
and 5.4, condition 4 of Theorem 1.1 holds. Since ay > --- > a1 > dy,...,dy,
this forces dy > --- > dj. Thus d; = b; for all i.
2. C1 — bl.
(a) di = ay.
By Lemma 6.1, there is an irreducible 6 with dq(6) = d([v=%p,v%2p]) @
< @8([v~ % p, v p])@0c. By Theorem 4.2.1, [Jand], 6 is square-integrable.
Again, we get dy > -+ > di, implying d; = b; for i > 2.
(b) d1 # aq.
With 6 as in (a), we see that dy > -+ > dj, implying da = ay. Also, by
Theorem 4.2.1, [Jand], m; is square-integrable. Again, by Theorems 4.4
and 5.4, condition 4 of Theorem 1.1 holds. This forcesd; > d3 > --- > d,
so di = by and d; = b; for i > 3.
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We summarize:

Proposition 7.2. Suppose ap, > --- > a1 > by > -+ > by satisfy conditions 1-4 of
Theorem 1.1. If w1 is an irreducible subquotient of 6([v=b1 p, v p]) x §([v="2p, 122 ),
o [T p, v pl; o), then So(m1) must be one of the following:

1. (5([V—b1p, yalp]) ® (5([1/—112/)7 Vagp]) ® (5([V—b3p7 Vasp]) R ® 5([V_b’€p7 l/a’“p])

®0),
2. 6([v= 1 p, v p]) @ 6([v"2p, 2 p]) @ (8([v~ " p, v p]) @ -+ @ 8([ "% p, v p])

® o),
3. 6([v2p, v p]) @ O([v= " p, v p]) @ (8([v =2 p, v p)) @ - - @ S([v™ "% p, ™ p])

® o).
Corollary 7.3. §([v=1p,v%p]) x 6([v=2p,v%2p], ..., [v " p,v%p|;0); has a uni-

que irreducible (Langlands) quotient. All other irreducible subquotients are square-
integrable.

Proof. The corollary follows immediately from the preceding proposition, the Lang-
lands classification, Theorem 4.2.1, [Jand] and Lemma 3.4, [Jan2]. O

Lemma 7.4. We continue to assume ap > --- > a1 > by > --- > by sat-
isfy conditions 1-4 of Theorem 1.1. Suppose by > 0. Then, 6([v="1p, %1 p]) x
S([v=l2p,v%2p], ..., [V % p,v%pl;0); decomposes as the direct sum of (exzactly) two
inequivalent irreducible subrepresentations.

To fix notation when k = 1, write

3([v=p,v*p)) x o = P Tu([v=p, v pl; 0).

Ifa > 1, we let Ty ([v="p,v*pl;0) be the component which has the larger Jacquet

module (cf. Theorem 2.5, [Tad6]). Then, we may write

2
(=" p, " pl) 30 = P Tullv" p, 1" pli o),

t=1

where Ty([v=b1p, V%1 p|; o) is the component characterized by

B3 (ot ps plio) (et tputn plioy (T2 V7 pl; )
= 6([v* T p, v pls o) x 8([vtp, v pls o) @ Tyl p,v*pl; ).

—by

(We note that T1([v="1 p, % p|; o) is the representation denoted &([v="1p, % p], o)

in Theorem 2.5, [Tad6].)

Proof. First, let us address the case k = 1. In this case, the reducibility re-
sult follows from Theorem 13.2, [Tad3]. To justify the notational convention, it

suffices to show that ,uz([u(,Hp Vb1 p]) x8([vo+ pyb p]) is nonzero for components of
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§([v="1p,vb1p]) x o. If T is such a component, then

T— §(v="p,v"p]) xo
— (v p, v p]) x (v p, v p]) Mo
= §([vp,vrp]) x 8([v T p, v p]) 3o
= §([vettp,vp]) x 8([vp, v p]) X o

= 3([ptp, vt pl) x S([ve Tt p, v p]) x ([ p, v p]) 1 o,
where the irreducibility of §([v =% p, v~ p]) x o follows from Theorem 13.2, [Tad3].
By Frobenius reciprocity, ug([wﬂp,yblp])xé([wﬂp’yblp])(T) # 0, as needed.
We now address the case k > 2. First, let

m = 6([ " p, v pl) ) S([v "2 p, v ), [T p, v pl o)

m = 8([v =" p, v 2 p]) X} 8([v " p, v pl, [V p vl [ p v pli o),

m = (" p, v pl) x 8([V"H p, %))

) 8([v02p, 0 pl, [P p, v ), [ p, v pls o)y

It follows from an argument like that in Lemma 5.2.5, [Jand] that

(bt pnz ) (T6) = (it pyaz ) (T8) = (a1, 02 gy (7)) 7# 0.

Therefore, 7, and 7}’ have at least one irreducible subquotient in common.

Next, we claim

B3 (1 pai oy () = 2-8([ ™" p, 1" p)) @ 6([v "2 p, w2 p), . [0 p, v pls o),
and

M1 g gy (71) = (™" 0, pl) @ 60" p, w72 )
3 8([v02p, 0 pl, [, v ), [ p, v pls o)
We check the first claim; the second is similar. Write p*(§([v=b2p,v%p],...,
[~ p, v plio)e) = 32 Th @ Oy Then,
bi+1 b1+1

W) =50 5T S (v o, v ) < 3([1 p, v ) x 7 @ 6([1 13 p]) 6

h i=—by j=1

To get a contribution to ug( we must have a copy of v~ p appearing

. Co([v P p,wbipl) .
in 6([v=p, v p]) x 8([17 p, "1 p]) x 71, If it appears in 6([v =" 1p, b1 p]), we must
have ¢ = by + 1, and therefore j = j; + 1 and 7, = 1. This contributes one copy of

o[~ p, v p]) @ 6([v="2p,v%2p], . [P p, v ply ) O 15 (0 o (). Si-
ilarly, we get a second copy when j = —b; (i.e., v~%1p appears in §([7p, yblp])).
Finally, if 7, contributes v~ p, we must have 7, = (v p,v7%]) or

§([v="1p,17~1p]), whichever is appropriate. However, by Frobenius reciprocity,
either of these would contradict the Casselman criteria for the square-integrability
of §([v=2p,v%2p|,.... [v="%p,v%p|; ). The claim follows.

We can now verify the lemma. By Frobenius reciprocity (or [Goll), 7} decomposes
as the direct sum of at most two irreducible components. Further, 7; and =" have
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an irreducible subquotient in common. Therefore, to show that ; is reducible, it
is enough to show that

M;([y_bl p7ybl p]) (Tri) g /’Lg([y_bl p7ybl p]) (7-‘-2/),
or equivalently,

2-5([v="2p, v p), ..., [V % p, v pls o),
Z 6([WHp, v pl) X 8([v 02 p, 0 pl, [V p, v ), [T PR p, v pls o)

However, a quick look at M(*;([ ) for each of these (using Corollary 7.8 and

pb1+lp pazp
Lemma 2.6, respectively) gives the desired result. Thus 7} is reducible. That the

two components are inequivalent follows from [Goll. O

Lemma 7.5. Suppose a, > --- > a1 > by > --- > by satisfy conditions 1-4
of Theorem 1.1. Suppose by > 0. Then, 6([v="1p,v%p]) x §([v="2p,v%p],...,
[V~ p, 1% pl; o) admits exactly two irreducible subrepresentations, and they are in-
equivalent.  Furthermore, an irreducible subquotient w1 of §([v="1p,v%p]) x
S([v=b2p,v%2p],..., [V % p,v% pl; o), appears as a subrepresentation if and only if
Ha((whr 1 g ) (1) 7 0-

Proof. First, it follows from Lemma 2.6 that

ﬂg([ybﬁlp,yalpl)(5([1/_b1p, vp)) x 8([v2p, v, ... v % p, v pl; o))
= 5([" T p, v p)) @ (v " p, v p]) X S([v %2 p, v™2p], ..., [V p, v pl; o)y
Similarly, if we write §([v=b1p, % p]) x 6([v"2p,0%2p],..., [V p,v%pl;0); =

Ty ® Ts, then Lemma 2.6 also tells us
(i +1p e oy (O 0,08 p)) 3 T) = 6([p + p, v p]) @ T

Therefore, by Frobenius reciprocity, 6([*11p, v% p]) x T; has a unique irreducible
subrepresentation—call it S;. Further, since 77 % T», we have S; % Ss. Since

S p, v p]) % 8([v="2p, %], ..., [Vt p, v pl; o),
= 8([" o, v p]) 3 (8([v " p, " p))
4 O([v 2 p, v, [0 p, v pli o))
= §([p"p, v p]) x (Th © To)

and Sy, Sy appear with multiplicity one in 6([v*11p, v p]) x (§([v=b1p, %1 p]) x
S([v=b2p,v%2p], ..., [V % p,v%p|;0)s) (by u;([ubl+1p_y“1p]) considerations), we see
that Sy, Sz — &6([v =21 p, v p]) x6([v="2p,v%2p],..., [V~ p,v%p]; ); (just consider
the subspace of the space of 6([v*1 1 p, 191 p]) % (5([v =01 p, V21 p]) x5 ([v 22 p, v%2 ], .. .,
[V p, % pl; 0);) generated by the sum of the subspaces for 6([v="1p,v%p]) x
S([v=b2p,v%2p],..., [V % p,v%pl; 0)s, S1, and Sa).

Now, it is an easy consequence of Frobenius reciprocity that M(*;([,,bﬁl must

p,v1p])
be nonzero for an irreducible subrepresentation of §([v =1 p, v p]) x 6([v =2 p, v*2p),

oy [ p,v% p]; 7). Therefore, Sy and S are the only irreducible subrepresenta-
tions. Further, since

MZ([Vbl‘*'lp,ualp])(5([V7b1pa Valp]) A 5([1/7172/)7 l/asz cey [Vﬁbkp; Vakp]; U)t)

= 5([1/b1+1pa Valp]) Y (Tl D T2)a
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we see that any irreducible subquotient of §([v=%1p,v%p]) x 6([v=b2p,v%2p],
[y p, v pl; o) with “z([ybﬁlp,ualp]) nonzero must be S; or Sy, hence a sub-
representation. The lemma follows. ([l

Lemma 7.6. 6([v=" p, v p]) x 6([v="2p, v pl, [v =12 p, 0% pl, ..., [~ "% p, v pl; o),
admits exactly two irreducible subrepresentations, and they are inequivalent. Fur-
thermore, an irreducible subquotient w1 of (™" p,v2p]) x &([v2p, 0 p),
(V=0 p,v%p] ... [V %p,v%pl;0); appears as a subrepresentation if and only if
Ha(lwor+1 ez ppy (T1) 7 0.

Proof. An argument like that in Lemma 7.4 tells us that 7} = §([v=* p,v* p]) X
S([v=l2p, vt p], vt p, 0%, ..., [V~ b p,v%p|; 0); decomposes as the direct sum of
(exactly) two inequivalent irreducible representations. (To make the analogy pre-
cise, we take

' =0 p, v p]) ) 6([v 2 p, v pl, [ p, v p), L [T p, v pl o)
and

m = (v p, v p]) X ([ p, v p))
3 0([vb2p, v pl, b2, v p), L [ p, vl )y

we use fi5 to show that 7,7} have a subquotient in

(P11 p,p1 p]) x §([vP1H1 p,v1 p])
common.) The proof then parallels that of Lemma 7.5 ([l

Theorem 7.7. Suppose (H). Suppose that Theorem 7.7 (and Corollaries 7.8 and
7.9) is proved when the parabolic rank of the supercuspidal support is less than p.r.
and that Theorem 1.1 is proved when the parabolic rank of the supercuspidal support
is less than or equal to p.r. We continue to assume ap > --- > a1 > by > -+ > by
satisfy conditions 1—4 of Theorem 1.1. Then, we have the following:

1. Forby < 0: §([v=b1p,v%p]) x6([v=2p,0%2p],..., [V~ p,v%p|; o) has exactly
two irreducible subquotients; call them ©© 71 We have the following:

(a) 7 is the unique irreducible quotient (Langlands quotient). It is non-
tempered and has 5o(7(©) = §([v=" p, b1 p]) @ (v 22 p,v%p]) ® -+ @
5[~ p, v p)) @ 0.

(b) 7 s the unique irreducible subrepresentation. It is square-integrable
and has 8o(m ) =5(jv 4 p, v )81 p, %2 ))& - @[ "% p, v )
®0.

In this case, we define 5([v="1p,v%pl, ... [V p,v%pl;0) = 7(V).

2. Forby >0, k=1:6([v""p,v%p|)x0c has three irreducible subquotients which
we denote §([v="" p, v pl; 0)1, 8([v=" p, v pl; o), and L(5([v= p,v* p]); 0).
L(5([v=*1p, v’ p]); 0) is the unique irreducible quotient (Langlands quotient).
It is nontempered and has do(L(5([v=% p, v p));0)) = 6([v~%p,v"p]) @ 0.
Both §([v=b1p,v%p|;0)1 and §([v=1p, v pl; o) are subrepresentations and
are square-integrable. We have 5o(5([v=b1p,v% pl;0);) = 6([v b1 p,v4p]) @ o
fort=1,2. If 6([v=" p, " p]) @0 = Ta([v=" p, v?* pl; 0) @ To (=" p, P pl; )
(cf. Lemma 7.4), we may choose notation so that

B3ttt pyar ) O™ oy v pli0)e) = 6(W" o, v p]) @ T (v =" p, v pl; 0).
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We note that in Theorem 4.7, [Tad6], 5([v=b p,v* pl; o)1 is the representa-
P P
tion denoted &([v="1p, v p|,0).)

3. Forby >0,k >2: 5([v " p,v%p))x6([v=12p,v%p|, ..., [v"%p,v%pl; o), has
ezxactly three irreducible subquotients; call them ﬂio),w,gl)m?). We have the
following:

(a) 7r§0) is the unique irreducible quotient (Langlands quotient). It is non-
tempered and has 5o(r\”)) = 6([v=p, v p]) ® 6([v"b2p,v2p)) @ - ®
5[t p, v p)) @ 0.

(b) Wil) is a subrepresentation. It is square-integrable and has 50(7r§1)) =
S([v=2p, " p))@S([v™ " p, 2 p|) @S ([~ p, v p]) @ - - @[~ p, v p])
® o. (Note that if by < 0, then by = . In this case, if by =  — 1, the
first representation in do(m) disappears.)

(c) § ) is a subrepresentation. It is square-integrable and has 0o (g (2 ))

([ p, v p)) @ 3([v =2 p,v2p]) @ - @ 6([v™ P p, v p)) @ 0.
Furthermore, we note that if both are deﬁned, 7752) 2 7752). We define
S p,vmpl,. . [ p v pli o)y =

Proof. We address the case by < 0 first. In this case, we may write the induced
representation as §([1%p, ¥ p]) x 6([v7H p,v%2p], ..., [V¥p,v%pl;0), with B > 0
and k = a — §+ 1. Observe that the third possibility in Proposition 7.2 cannot
occur in this case. Thus, the only possibilities for do(m) are those listed. Fur-

ther, both 6([?p, v p]) @ ([P p, 2], ..., [V¥p, v* p];0) and 6([v = p,v P p])®
S(WPHp,v%2p], ..., [v¥p, v p]; o) appear with multiplicity one in u* (§([v%p, v p])
X O([VF T p,v2p), ... [V¥p, v p]; o). Thus there is at most one subquotient hav-

ing §([v2p, v¥1 p)) @5([VPH 1 p, 122 p)) @ - - @ ([V¥p, V™ p]) @ o as its &, and similarly
for (v~ p,v=Pp])@([PH1p, 122 p]) @ - @ ([v*p, v p]) ®a. Once we show that
S([WPp, v p]) x 8([WPHip,ve2p], ..., [v¥p, v p|; o) is reducible, the by < 0 case will
follow. If k = 1, this follows from Theorem 13.2, [Tad3|; so suppose k > 2.

Let

= 6([p, v pl) x S(WH p, v %20, . [V p, v pls o),
7" = 0([VPp, v p]) % S([P T p, ¥ p], (VP 20, 0% ], ..., [V p, v p]; o),
= 8([p,v" p]) x 8([v™ ™ p, v p])

) ([P p, v pl, WP T2, 0% pl, L [0, v s 0).

It follows easily from Corollary 7.8 (using the inductive hypothesis) that =/, 7" < 7*.
Next, we claim

Mz([yﬁp,yazp])(ﬂl) = ﬂz([uﬁp,uazp})(ﬂn) = Mz([yap,yazp])(ﬂ*)
= 6([Wp, v p)) @ 6([WH p, v pl, [P, 0% ), [ p, v ) 0).

Clearly, I3 ([ poz ) (7)) # 0; it follows easily from Corollary 7.8 (and the inductive
hypothesis) that 5 ([ p Va,2p])(7r’) # 0. Since 7/, 7" < 7*, it then suffices to ver-
ify the claim for 7*. Write u*(3([vP*1p, v p], WP +2p, %], ... [v¥p, v pl;0)) =



172 CHRIS JANTZEN

Zh ™ ® ). Then,

ai+1ai+1 a2+l azx+1

wE) =33 Y Y (T v p)) X 8([v p, v p))

h i1=0j1=t1 i2=a1+1 j2=i2
X 8([v= =, pl) < 6([72 p, v pl) X T
@ 8([v" p, v p]) X 8([v"2 p, 72 pl) 4 O

To contribute to M(*;([,,ﬁ , we must certainly have iy = 3, i = a1+1. Also, since

) p,v*2p])
neither §([172p, %2 p]) nor 73, can contain v#p in their supercuspidal support, we
must have j; = . Since v*p® < rinin(7) has z € {a1,as, ..., ar}—in particular,

we do not have a1 +1 < x < as—we see that 7, = 1. Therefore, jo = a7 + 1;
the claim follows. As a consequence, 7’ and 7"/ have an irreducible subquotient in
common. On the other hand, it is not difficult to show that

(1w oo gy () = 0,

so that n' £ n”. Therefore, 7’ is reducible. The b; < 0 case is now done.
We now turn to the case by > 0. For k = 1, the reducibility and dg claims follow
from Proposition 7.2, Corollary 7.3, and Lemma 7.5 of [Tad6]. Suppose k > 2. Let

m = 0([= " p, ™)) } 8([v 2 p, v ), [P p, v pli o),
m = 8([v= " p, v p]) x 6([v 2 p, v pl, [ p, vl [0 p, v pls )
mr = 0([v™ " p, v pl) X S([V*1H p, v p])

1 8([v"2p, V" pl, [V, v ), [ o, ™ pls )

First, we observe that the argument from the proof of Lemma 4.2 tells us
(-1 pr o) (1) = 2 8([ " p, v p]) @ 6([v "2 p, w2 ), [0 p, ™ pl; 0)

Therefore, there are at most two irreducible subquotients having Jy as in 1. of
Proposition 7.2.
Next, we claim that

15 (o1 paz oy (M) = 0([v™ " p, v p])
®@8([v 2 p, " ], [ p, v pl, . [ p, v pls )y

Again, with p*(6([v="2p,v%2p), ..., [V "% p,v%pl; o)) = 3, Th @ O, We have

ai+1 a1+1

prE) = Y > ([ v p)) X 6([1 p v pl) X h @ S([V p, 17 pl) 2 B
h i=—b; j=t
To get a contribution to ﬂz([u—alp,uaep})’ we need to have a copy of v™%p in
either §([v="1p, %)), §([v/p,v*p]), or 7,. Since j > —by, it cannot come
from §([v7p,v* p]). Suppose 7, contributed the v~ %p. Then, we must have
ey ey (0729, 053p], [~ 5p, 17 0)e) £ 0 for some az > @ > —ay.
In order to avoid contradicting the Casselman criteria for the square-integrability
of §([v=b2p,v%2p|, ..., [V "%p,v%p|; o), we must have x > a;. Since we must also
have z € {ba,...,bg,a2,...,a;}, we have a contradiction. Thus, 75, cannot con-
tribute the v~ p. Finally, to have a v~ p in §([v~" 1 p, % p]), we need i = a; + 1.
Then, j = a; + 1 and 7, = 6([v**T1p,v*2p]). Therefore, by Corollary 7.8 (and
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the inductive hypothesis), 0, = 5([v="2p, v p], [V p, %3], ..., [V % p,v%p]; 0);.
The claim follows.

Now, we check that if 71 is an irreducible representation which has dop(m1) =
0([v="p, v p]) @ 8([v= " p, v p]) @ 6([v =12 p, v%2p]) @ -+ @ O([v " p, v p]) @ o,
then NE([walp,yazp])(Wl) # 0. Since 6([v22p, vb1p]) x §([v~% p,v92p]) is irreducible,
the usual commuting argument tells us

m = ([P p, v p]) x O([vm % p, 2 p]) X ([0 p, v p))
X oo x O([vPrp,vp]) M o

= ([ p,v2p)) x 3([v =12 p, % pl) x 3([ "% p, v p])
X -+ X O([v70% p, v p]) 0.

The claim follows. It now follows that there is at most one irreducible subquo-
tient of 0([v =1 p, v p]) x §([v=12p,v%2p], ..., [V "% p,v%p|; 0); having &y as in 3 of
Proposition 7.2. Thus ([~ p,v%p]) x §([v=22p,v%p], ..., [V p,v%pl; o) has
at most four irreducible subquotients.

A straightforward argument like that in Lemma 5.2.5, [Jand] (or Lemma 5.1
above) tells us 7}, m; < 7} and

H3 (101 ) s (1o ez o) (TE) = B3t 00 gy sa(oin 1,002 ) (7))
= Ha (11 p,0m1 o)) x5([1+ pyez p]) ()

£0.

Thus 7, and 7}’ have an irreducible subquotient in common. Let ﬂ'gl) denote such a
representation (there will turn out to be only one possibility). By Lemmas 7.5 and

7.6, wt(l) is a subrepresentation of both 7, and 7;’. Then, by Frobenius reciprocity,

7" contains both a copy of §([v=" p, v p)) @ 6([v=b2p, 2 p],..., [V~ p, v pl; o),

and §([v=%p,v%2p]) @ 6([v2p, 01 p], [V p,v%p], ..., [V % p,v%p|;0);.  Thus,
there are at most three irreducible subquotients. By Lemma 7.5, there are exactly
three irreducible subquotients. The claims about dg follow.

Finally, the fact that 7r§2) 2 WéQ) follows immediately from the observation that

B ttn py (7) = 8 p v p]) @ ([ p, 02, [P p v o)y OO
Corollary 7.8. With assumptions as in Theorem 7.7, we have the following:
1. For max{—b1 —1,b1} < c < ay,
o[ p, v pl, [ p, 2], [P p, v pls o),
= o[t p, v pl) ) 8([v = p,vp), V2 p, vl [V v pls 0)s
Further, we have
15 et par gy (O o, v pl, [V ™22 p, 0% pl, o ™ p, 0™ pl o))
=0([vp, v pl) @ 6([v" p, o), V2, ), [T p, v pli o)
2. Forby <d<by withd>(@—1,
o[ p, v pl, [ =2, 02 ], [P p, v pls o),

= ([ p, v pl) } 6([v = p, v pl, 2 p, vl [V v pls 0y
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(If k = 1, the conditions on d reduce to a < d < by.) Further, we have
W3 (ari pin o) (O™ vl V=02 p 002 ] [P0 p, 0% pl o))

= 0([v**p, v p)) @ 6([v=p, v pl, [V p, vl [ p v pls )

Further, we may extend 1 to the case where ¢ = by as follows: by Lemma 7.4
write

5([brp, P pl) X 6([vb2p,v%2p), ., [Pk p, v pli o)y
= Tu([v="p, v pl, w20, 0%2p), . [P p, 0™ pli o)y
© Ta([v="p, v pl, =22 p, 0%, [V p, v pls 0)s

Then, there is a component

S([v="p, Pl [P p, 0% ), [ p, vl o)
=Ti([v=" p, " pl, [v=22p, 0%, [P p, v pls o),
such that
5([v=" p, v pl, w2 p,v*2p], . [ p, v pls o)y

— ([ p, v p]) xS ([ p, v pl, [V p, 02, [ p v pls )
We note that §([v=p, v p], [v=22p, %2 p], ... [V~ 1% p, v p]; o) is well-defined (i.e.,
the choice of components does not depend on ai). Further, we have

(i +1per oy (O v pl, ™22, 02 ] [0 p, 0™ pls 0))
=6 o, v p)) @ 5([ " p, " pl [ p v ), [ p v pls o)

Proof. First, we note that if we let

T=viperiTlpe- @t (e rhp) @ (W e v )
®@- @ peretp),

then s, (0([v="1p,v* p]; 0)¢) is a nonzero multiple of 7 ® Ty ([v~%p, v%pl; 7). To see
this, observe that from Lemma 7.5, the definition of 6([v=" p,v% p];0);, and the
proof of Lemma 7.4, we have

S p, v pli o) = S([W T p, v pl) @ To([v ™" p, v pls 0)

= 8" p, v pl) x ([ o, v pl) X S([W O p, % p]) X Ty (v p, v p); 0).
We may now conclude that s, (5([v="p, % p|;0);) contains a nonzero multiple of
TR Ty([v=%p,v%pl; o) from the fact that 7y, (S([L?* T, v p]) @ §([v¥H p, 01 p]) x
§([v**t1p, b1 p])) contains T and Frobenius reciprocity. On the other hand, the
same arguments as in the proof of Lemma 2.6 (part 1) tell us s, (6([** 1 p, v p]) x
S([vttp, b)) x §([vttp, ¥ p]) x Ty([v~%p,v%pl; o)) can only contain multiples
of T @ Ti([v~%p,vpl; 0).
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For 1, we have
S([v=brp, v pl, [V 2 p,0%2p], ... [V bk p, v p]; o)
— §([vlrp,v4p)) x S([v=b2p,v%2p], ..., [V 0% p,v%p]; o),
— §([vetp,vap)) x S([v=b1p, %)) x 6([v=2p,v%2p], ..., [V 0% p,v%pl; o),
S([v=brp,v%pl, [v 020,020, ... [V p, v pl; o) — S([VTip, v p]) x 6

for some irreducible 6 < §([v=b1p,v°p]) x 6([v =2 p,v%2p)], ..., [V "% p,v%pl; o), (cf.

Lemma 5.5, [Jan2]). The possibilities for 6 are given in the preceding theorem. For
k > 2, we see that since

S([v T p, v pl) ® 80(0) < sapp(5([v ™" p, v pl, ™2 p, 2], [V p, ™ pli o)),

only 6 = §([v="p, v, [v22p,v%p],...,[v""%p,v%p|;0); does not end up con-
tradicting the minimality of do(5([v =" p, v p|, [v=2p,v%2p], ..., [V p,v%p]; o))
(t.e. considerations are enough). When k = 1, we see that 6 = §([v="p,v°p]; o)y
for some #'. From the definition of §([v="p,v°p];0) (cf. Theorem 7.7), we see
that

([ p, vt plia)e = S([v v p]) X S([v " p,vepli o)

Ha (it veply oo+ ) (O (777 9, pli 0)e)
= (W p,vop]) X S([W H p, v pl) @ Ty (=" p, % pl; 0).

By Lemma 7.4,

S8 (b1 + pue p]) x5 ([ L pt o) @3([wa purtt p]) x ([t ot o) (O p, v pls o))
> 0([" p,vepl) x ([ p, v p]) @ 6([vH o, v p))
x ([T p, " pl) @ Ty ([v=*p, v pl; 0),

so that s, (5([v=" p, v pl; o)) > 7Ty ([v~%p, v*p); o). From the discussion above,

this forces t' = t. The claim about ,u;([uuﬂ P01 p]) is now straightforward; by Frobe-

nius reciprocity,

#2([,,c+1p,yalp])(6([V’b1p, vp), [v=2p,v%2p], ... [V % p, % pl; o))
> ([t p, v pl) @ 0([v="rp, vop), [V p, 2 ), [T PR p, v pls )y

On the other hand, it follows from Lemma 2.6 that

B3 (et pvor oy O™ v pl =220, 0%2 0] [V 0% p, vl 0))
<Ot p, v p)) @ 6([v="rp,vep), [V 02,02 p), . 00 p, v ) 0)s

The claim follows.
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For 2, we have

5[ p, v pl, w22 p,v%2p], . [ p, 0™ pls o)y

— 6([v=" p, v pl) xSl p,v2p], . [V PR p, v pls )

[

S([v=p, v p]) x §([v=rp, v Lp]) x 6([v02p,v%2p], ..., [V 0% p,v%pl; o),
(by Lemma 7.1)

S([v=p, v p]) x §([viHip, vbrp]) x S([v=b2p,v%2p], ..., [V 0% p,v% p]; o),

1%

= 5([v v pl) x ([ p, v p]) X ([ P2 p, w2 ), [V v pls o),

S([v=rp, v pl, =22 p, %2 p], . [ p v pls o)y = B([VPH 0 p]) X0 0

for some irreducible 8 < §([v=9p, v p]) x 5([v="2p,v%2p], ..., [V p,v%pl; 0); (cf.
Lemma 5.5, [Jan2]). The possibilities for 6 are given in the preceding theorem. For
k > 2, we see that since

S([ 0,07 p]) ® 60(0) < Sapp(5([v ™" p, v pl, W2 p, 02 ), [ p, ™ pli o)),

only 6 = 6([v=%p,v%p|, [v"12p,v%p], ..., [V "% p,v%p];0); does not end up con-
tradicting the minimality of 5o (§([v =51 p, v pl, [V =22, 2], ..., [V~ p, 1% p]; o)¢)
(total exponent considerations are enough). For k& = 1, an argument like that
used in the proof of part 1 above tells us § = §([v=%p, v pl;0); The claim about
ug([yuﬂpwalp]) is now straightforward: by Frobenius reciprocity,

Wy (qatt pm )y O™ v pl, [ 02p, 02 ] [V 0% p, v pls 0))
> ([ p, v pl) @ 8([v o, v pl, v 2,2 p), L [V p vl 0)s
On the other hand, it follows from Lemma 2.6 that
Wy (qatt pm ) (O™ v pl, =22, 02 ] [V ™00 p, 0% pls 0))

< ([ p, v pl) @ 8([v o, v pl, v, v 2 p), L [T p vl 0)s

The claim follows.
Finally, the existence of a unique

Ti([v=" p, v pl, v =2 p,0%2p), . [P p, 0™ pli 0)s
< ([ p, v p]) } 6([v 2 p, v 20l [V, v pl o)y
such that
S([=brp, v pl, =2 p,v%2p), . [V PR p, v pli o)y
— §([h L p, v p]) x Ti([v =" p, VP pl, = b2 p, %20, [V 0 p, v pl; o),

follows from the proof of Lemma 7.5. To see that the choice of T;([v="1p, % p],
[V=02p v9%2p] ... [v=%p,v%pl; ), does not depend on aj, observe that from 1,

e (=" p,v¥pl, v p, 0%l [V p, v pli )

> ([ F2p, v pl) @ O([v = p, v ], [V p, v 2, [T p, v pli o)
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So, whichever choice of T;([v=b1p, v p], [v=22p, %2 p], ... [V~ p, 1% p]; o), works
for a; = by + 1 works in general. The u;([ub1+1p7yalp]) claim now follows from the
proof of Lemma 7.5. O
Corollary 7.9. With assumptions as in Theorem 7.7, we have the following:

L 115 a1 yan ) (0" 0, v ), [V =02 p, 002 ) [P0 p v pls o)) = 0,

20 W3 (ppatapen ) OV 0, v pl ™02, 0% ), [V 0% p, % pls 7)) = 0.
Proof. Write m = §([v="1p,v% ], [v=b2p,v%p], ..., [V~ % p,v%p|; o). Let us focus

on part 2 of the corollary. Observe that if b; < 0, the fact that Mg([yb2+1p Vblp])(w) =

0 (when §([v*2+1p, b1 p]) makes sense) follows immediately from the Casselman
criteria. Thus we may assume b; > 0.
By Lemma 5.5, [Jan2],

m e ([ " p, v p]) x 8([v 2,02 p]) } 6([v 2 p, v pl, . [T v pli o)
I
7= ([ p,v2p]) x 6([v12p, v p]) x S([v % p,v%p], ..., [ % p, v pl; 0);
or
m = LO([v" p, v p)), 6([v= "2 p, v p))) 3 8([v = p, v pl, o, [0 p, v pli ).

We now show that the first of these does not occur. Suppose it did. Then Lemma
5.5, [Jan2] tells us 7 < §([v="1p,v%p]) x 7; for some m; < §([v~b2p, v p]) x
S([v=bp,v%p], ..., [V "% p,v%p|;0);. By Theorem 7.7, we know do(;) for such ;.
Since

p(m) > 6([v=" p, v p)) @ i,

we see that only m; = 6([v=22p,v%p], [V =02 p,v%p], ..., [V p,v% p]; o)y does not
produce a contradiction to the minimality of §p(7). Note that if k > 2, we have
t' = t automatically. (If kK = 2, we could argue that ¢ = ¢, but it is not needed.) By
the same argument as in Lemma 5.2.5, [Jand] (also cf. Lemma 6.4 above), there is
a unique irreducible representation having “z([ybﬁlp,uulp])xa([ubﬁlp,uazp]) # 0 and
which is a subquotient of both

S([v=" p, v p]) 0 8([v "2 p, v pl, [V p, vl [ p v pli o)
and

S p, v p]) 3 6([v "2 p, " pl, v p, v ), [ p, v i o)
(use the fact that both induced representations are < w}; = §([v =" p,v%p]) x
St p, v p)) 3 §([v=b2p, 0% pl, [V p, %), . .., [V p,v% p]; )i ). Then, since

311 o2 o)) x8([—2 pver ) (M) 7 O TIPLES 510111, s ) es(uvi 41,002,y (M) 7# O,
we see that this subquotient must be 7. Further, since uz([y,blpuuzp})(w) # 0
implies uz([uaﬁlp_ymp])(w) # 0, Lemma 7.6 tells us

m = 6([ " p, w2 p]) 3 ([ p, " pl, [T p, v ), [T p v pl o)

contradicting the minimality of do(7). Therefore, the first possibility above cannot
occur, and we must have

7 L6([v™ p, v p)), 6([v"2p,v2p])) % ([ p, %], ..., [V p, v p]; o).
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Now, let us focus on the case when by > 0. In fact, we show a bit more; we show
that

13ttt pin gy (L v p)), 6([0= 2 p, 072 p]))
) o[t p,vespl,. . [V p, v pli o)) = 0.

By Lemma 2.6, it is enough to show that
M5 a1y (LO( ™0 p, v p]), 6([v ™12 p, 072 p]))) = 0.

Now, consider any term in 7, (L(5([v =0 p, v p]), §([v =12 p,v%2p]))). Observe that
there are two copies of v?2*1p in such a term; both will always have copies of v%1p
appearing to their left. There is one copy of %27 1p; it has a copy of v~%2p to its
right. Thus, any term in 7, (M*(L(5([v=" p, v p]), 6([v =22 p,v%2p])))) can have
up to three copies of *2T1p, but each must have either v% p or v2p to its left. In
particular, there are no terms of the form (W p@ " 1p® - @ v2Tlp)®... in
Ponin (M (£(6([ p, v p]), 8([v 2, 192]))). Therefore,

Mozt ) (LO( ™" 0,07 ), 6([0 2 p, %2 p]))) = 0.

Part 2 of the corollary follows. The argument when by < 0 is similar.
Part 1 of the corollary when b; > 0 is similar to the argument above. When
b1 < 0, we still have

m = §([V7p,v 2 p]) x 6([WFPH p, v pl) 3 S(WP P p, v pl, . [V, v pls o)
or

7 L(([p, ™ p)), ([ 9,072 ) 30 5[0 2p, 170 ), . [0° p, v s ).
In this case, we can eliminate the first possibility more directly:

me S([ T p, v pl) x 6([VF p, vz p]) 3 ([P p, v p], L [V p, v pls 0)

— oW p, v p]) x 8([VPH p, o2 pl) x 1P p x ([P T2 p, 1% p])
x o x 6([vp,vp]) @ o

I

S p, v pl) X 6([vFH p, w2 p)) x 8([v72p, v p])
x - x §([v¥p, v p]) x VPp x o

IR

S([WP T p, v pl) x 8([v T p, w2 pl) x 6([PF2p, 175 p])
X o x 8([vp,vpl) x v Pp x g,

which contradicts the minimality of do(7) (by Frobenius reciprocity and t.e. con-
siderations). The rest of this case is similar to the argument above. O
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