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Abstract. Let G be a classical p-adic group. If T is an irreducible tempered representation
of such a group and p an irreducible unitary supercuspidal representation of a general linear
group, we can form the parabolically induced representation Indg (ldet|” p ® T). The main
result in this paper is the determination for which y € R the induced representation is
reducible. The key technical result in establishing this is the determination of a certain
Jacquet module subquotient.

1. Introduction

Let G be a classical p-adic group of the type consided in [20]. If T is an irreducible
tempered representation of such a group and p an irreducible unitary supercuspidal
representation of a general linear group, we can form the parabolically induced
representation Indg(vy p ® T), where v = |det| as in [6]. The main result in this
paper is the determination for which y € R the induced representation is reducible.
The key technical result in establishing this is the determination of a certain Jacquet
module subquotient ,u?‘vx o) (discussed later in this introduction and dealt with at
length in the paper).

The results are somewhat reminiscent of those on representations induced from
discrete series in [22], though the approach is a bit different. Part of the purpose
of this paper is, in fact, to demonstrate a different approach. The results could also
serve as a starting point to a more general analysis of induced representations, with
a long-term goal of understanding when a standard module reduces. However, our
immediate purpose is in analyzing the duality operator of [2,23] for the groups
under consideration. In fact, both the ,u’{"vx o} (T) results and the reducibility results
obtained from them are central to [13].

To start, we recall a key definition. Let G, (F) be from one of the families
of classical groups under consideration (symplectic, odd special orthogonal, even
orthogonal, unitary—see Sect. 2). For 1 < m < n, we have a (maximal proper)
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standard parabolic subgroup with Levi factor M(,,,) = GL(m, F) x G,,_,,(F). For
7 arepresentation of G, set
n
W) =) M6 (D),

i=0

with the sum in R ® R[S]—see Sect. 2.1. This was originally defined in [28], and
has many useful properties, discussed in more detail in the next section. However,
the definition is sufficient for the purposes at hand. In particular, it enables us to
define the following (Definition 3.1.1 [12]):

Definition 1.1. For X a set of (not necessarily unitary) supercuspidal representa-
tions of general linear groups, let f = f (X) be the largest value such that a (mini-
mal nonzero) Jacquet module of 7 has a term of the form V"' p; ® - - - @V pr ®- - -
with v oy, ..., v/ pr € X (where v = |det| as in [33]). We let

wy () = ZM ® 6;,
i

where the sum is over all irreducible A; ® 6; < wu*(r) for which the (minimal
nonzero) Jacquet module of A; contains a term of the form v p; ® --- ® v/ py,
with v*pr, ..., v pr e X

Suppose X has the property that v¥p € X = v™*p ¢ X. If 7 is irreducible,
we have the following key properties (Sect. 3.1 [12]):

e 11 (1) consists of a single representation, denoted A, (X) ® 6 (X).
om — ig M (Ar(X) ® 07 (X)) as unique irreducible subrepresentation. (1.1)
o If 1% (1) = uy (m2), then my = m; (follows from above).

Note that we have | X| = 1 for most applications.
To illustrate how these results can be used to analyze reducibility, we look at

the example of ig, M(v% p ® T), T tempered (in the more interesting case, when
the cuspidal reducibility is in —% + N; see Sect. 2.1). First, observe that we have

T = Lq,w,(v%p; T)—the Langlands quotient of iG,M(v%,o ® T)—as the unique
irreducible quotient. In the reducible case, we show there is also a tempered subrep-
resentation 7’. We do so by providing the data for T’, then using Theorem 3.1—
which gives p* 1 (T")—and (1.1) to show that 7/ — iG,M(v%p ® T). In the
{v2p}

irreducible case, Proposition 4.1 tells us that if ig, M(v% o ® T) has another irre-
ducible subquotient, it must be tempered. Were there such a T’, it is not difficult
to show that for X = {v% p}, one would have 67/(X) = 67(X). However, one can
also use Theorem 3.1 and the observation that f7/(X) = fr(X) + 1 (with f(X)
the f in Definition 1.1) to show that exactly one of 67/(X) and 67 (X) is tempered,
a contradiction.

The arguments in this paper are ultimately built from the Moeglin—Tadi¢ classi-
fication of discrete series ([20]) and the machinery needed for that classification. We
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therefore make the assumptions needed for [20]; the results then apply in the gen-
erality of [20], that is, to the symplectic, odd special orthogonal, even orthogonal,
and unitary groups considered there.

We close by briefly describing the contents of this paper. In the next section, we
introduce notation and give some background results. In Sect. 3, we give the result
for ,u’{“vx p}(T), where T is tempered (Theorem 3.1). Section 4 contains the main
reducibility results (Theorem 4.7; also Note 4.8). We close with an appendix, which
offers a characterization of admissibility (in the sense of [20]) designed to make
claims of admissibility more transparent. We also take the opportunity to thank the
referee for suggestions and corrections which helped improve the paper.

2. Notation and preliminaries
2.1. Notation and preliminaries

We first discuss some structure theory from [33] and [3,28]. First, let S(n, F') denote
the rank n member of one of the families of classical groups under consideration
and set

R= @R(GL(n, F)) and R[S] = @R(S(n, F)),

n=0 n>0

where R(G) denotes the Grothendieck group of the category of smooth finite-
length representations of G. We define multiplication on R as follows: sup-
pose p1, pa are representations of GL(n1, F), GL(n», F), resp. We have M =
GL(n1, F) x GL(n», F) the Levi factor of a standard parabolic subgroup of
G = GL(n, F), where n = n1 + np, and set 11 x 10 = ig m (11 ® 12) (nOI-
malized parabolic induction—see [6]). This extends (after semisimplification)
to give the multiplication x : R x R —> R. To describe the comultiplica-
tion on R, let M(;) denote the standard Levi factor for G = GL(n, F) having
My = GL(i, F) x GL(n — i, F). For arepresentation t of GL(n, F), we define

n
m*(t) = ZFM(,-),G(I),
i=0

the sum of semisimplified Jacquet modules (lying in R ® R). This extends to a
map m* : R — R ® R. We note that with this multiplication and comultiplica-
tion (and antipode map given by the Zelevinsky involution, a special case of the
general duality operator of [2,23]), R is a Hopf algebra. There are two analogues
for general linear groups of the % discussed in the introduction: m? and ym™.
For an irreducible representation 7, we let f = f(X) (resp., g = g (X)) be the
largest value such that a minimal nonzero Jacquet module of 7 has a term of the
formv* o1 ® - @ v pr®--- (resp., of the form- - - @ v p, ®- - - ® vl p1) with
allv¥ip; € X, 1 <i < f (resp., | <i < g). The analogue of (1.1) holds without
restriction on X (Lemma 2.1.2 [10]); we define m}‘( and xm™ accordingly.

Recall that for a, b witha < band b —a € Z, §([v¢p, vbp]) denotes the
generalized Steinberg representation associated to the segment [v%p, v?p], i.e., the
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unique irreducible subrepresentation of pb 0 X pb-l p X+ xv?p([33]). The unique

irreducible subrepresentation of V% p x V41 p x - - - x VP p is denoted ¢ ([v¢p, VP p]).
Note that ¢ ([v%p, v?p]) is dual to §([v%p, V2 p]).

Next, suppose T is a representation of GL(ny, F) and 6 a representation of
S(ny, F). We have M = GL(n1, F) x S(ny, F) the Levi factor of a standard
parabolic subgroup of G = S(n, F),withn = ny+nz,andsett X0 = ig y(t®0).
If one extends x to amap X : R ® R[S] — R[S], we have R[S] as a module
over R. To describe its comodule structure, let M;y = GL(i, F) x S(n —i, F), a
standard Levi factor for G = S(n, F). For arepresentation i of S(n, F'), we define

n

W) =Y rag.6 (),

i=0

the sum of (normalized) semisimplified Jacquet modules (lying in R ® R[S]). This
extends to a map u* : R[S] — R ® R[S]. In addition to ,u’;( introduced earlier,
there is another variant of this which is needed occasionally in what follows. For an
irreducible representation A of a general linear group and a representation 7 of one
of the classical groups under consideration, we let 1} (7r) be the sum of everything
in p* (1) having first factor isomorphic to A. More precisely, if u* () = Y ; A; Q&;,
we let uj () = Zieh A @&, where [, = {i | A; = A},

For unitary groups, let £ denote the nontrivial element of the Galois group of the
underlying quadratic extension. For a representation 7w of S(n, F), we then define

. | 7 o0& for unitary groups,
| 7 otherwise,

where ~ denotes contragredient. Using this, we may give R[S] the structure of an
M*-module over R ([3,20,28]):

Theorem 2.1. Define M* : R —> R ® R by
M*=m®1Do(C@m*) osom®,

where m denotes the multiplication x : RQ R — Rands : RQR — R® R
the extension of the map defined on representations by s : 11 @ 7o —> T2 Q TJ.
Then

wr (T xm) = M*(t) x u* (),

where X on the right hand side is determined by (11 @ 12) X (Tt ®0) = (11 X T) ®
(0 X 0).

We now take a moment to review cuspidal reducibility values. Suppose p is
an irreducible unitary supercuspidal representation of a general linear group and
o an irreducible supercuspidal representation of a classical group. If p 2 g, then
v¥p x o is irreducible for all x € R; if p = p, then there is a unique nonnegative
x € R such that v*p x o reduces ([27] and Corollary 4.4 [4]), which we denote
by red(p; o). The values for red(p; o) for Sp(2n, F) and SO(2n + 1, F) have
been determined (assuming certain conjectures) in [18] and [34]; in the generic
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case, it is known that they must lie in {0, %, 1} ([24,25]). Further, in the quasi-split,
characteristic zero case, the reducibility values are now known to be half-integral
([1,19D.

‘We next review the Casselman criterion for S(n, F) (see [8,32], which extends
easily to the non-connected group O (2n, F)). Suppose r is an irreducible repre-
sentation of S(n, F). Suppose v'p; @ - @ v¥pr ® 0 < ry g () has p; an
irreducible unitary supercuspidal representation of GL(m;, F) fori =1,...,k, 0
an irreducible supercuspidal representation of S(m, F), and xq, ..., xx € R. The

Casselman criterion tells us that if 7 is tempered, the following hold:

mix; >0
mixy +maxz >0

mixy +maxy + -+ -+ mgxg > 0.

Conversely, if these inequalities hold for any such v p;| ®- - - @V pr ®0 (i.e., p; an
irreducible unitary supercuspidal representation of G L(m;, F') and o an irreducible
supercuspidal representation of S(m, F)) appearing in a Jacquet module of 7z, then
7 is tempered. The criterion for square-integrability is the same except that the
inequalities are strict.

We also take a moment to review the Langlands classification ([7, 14,26]; also
the appendix of [4] for the non-connected group O (2n, F)). We work in the sub-
representation setting of the Langlands classification as it is the most convenient
for applying Jacquet module methods. Suppose 71, . . ., ; are irreducible tempered
representations of general linear groups and x; < --- < x¢. Then the induced rep-
resentation v*!'t; X --- X v 3 has a unique irreducible subrepresentation which
we denote L(v¥!1y, ..., v* ;). Every irreducible admissible representation of a
general linear group may be written in this way, and the data vt ® - - - ® v g
are unique. Turning to classical groups, if 71, ... 7 are irreducible tempered rep-
resentations of general linear groups, t an irreducible tempered representation of
S(n, F),and x| < --- < x; < 0, the representation v'7y X --- X v* 13 x 7 hasa
unique irreducible subrepresentation which we denote L (v 7y, ..., v¥1y; 7). Fur-
ther, any irreducible admissible representation of a classical group may be written
in this way, and the data v' 71 ® - - - ® V™ 13 ® 7 are again unique.

The next lemma is Lemma 5.5 of [9].

Lemma 2.2. Suppose 7w is an irreducible representation of G, A an irreducible
representation of M and m — ig . m(A). If L > M, then there is an irreducible
representation p of L such that

(D) = ic.L(p)
(2) p is a subquotient of iy p(X).

We pause to note that for X = {p} with p = g, the hypotheses for (1.1) do not
hold. In this case, the first property in (1.1) holds, but only up to multiplicity. The
second property also holds, but the third does not. For the first two, the proofs are
essentially the same; for the third, an easy counterexample occurs when p X o is
reducible—the two components are inequvalent but have u?‘ o) the same.
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Lemma 2.3. Suppose f (v p) = f. If
T W) xA x o x g x T

With i ® - - - Q@ Ax @ T satisfying the conditions for Langlands data (subrepresen-
tation setting), then

M?\;X’o}(n) = (pr)f ® L()\,l, ey )\,k; T)
(up to multiplicity if x = 0).

Proof. ByLemma?2.2,7 < (vx,o)f x 6 for some irreducible @ < Ay x---xApxT;
necessarily 6 = 6, (v*p). Also, as /,L?pr}(ﬂ') =0p)/ ®6 (up to multiplicity if
x =0),and ry,g(w) > (v"p)f QA ® - ® A ® T (by Frobenius reciprocity),
it follows from Lemma 3.1.3 and Remark 3.1.4 [12] that rpp ¢ (0) > A1 @ -+ ®
Ak ® T (where 0 is a representation of G’ and M’ < G’ is the appropriate standard
Levi). However, the only irreducible subquotient of A1 x --- x Ax X T containing
A ® - ® A in its Jacquet module is L(A1, ..., Ax; T) ([5] or [9]), finishing the
lemma. m|

2.2. The extended Mceeglin—Tadi¢ classification

In this section, we review the extension of the construction of [20] to tempered
representations. The extension used here is from [12]; we also note the somewhat
different extension available in [31].

Recall that the Mceglin—Tadi¢ classification is a bijective correspondence
between (equivalence classes of) discrete series for a family of classical groups and
(equivalence classes of) admissible triples. An admissible triple is a triple of the
form (Jord, o, €). Here Jord consists of pairs (p, a), with p an irreducible unitary
supercuspidal representation of a general linear group and a € N subject to a parity
condition from p, o the “partial cuspidal support" (the supercuspidal representation
of a classical group which appears in any minimal nozero Jacquet module term),
and ¢ a function defined on a subset of Jord U (Jord x Jord) taking values in {11}
which essentially distinguishes between discrete series having the same supercus-
pidal support (or equivalently, by Lemma 2.1.1 [12], the same Jord). Information
about induced representations into which the discrete series embeds is also encoded
in the data. This classification and its properties have been summarized in [20], many
of the references for this paper (e.g., [11,12,21,22,29-31]), as well as many other
places. We forgo doing so again and simply refer the reader to these sources, as
well as to the characterization of admissibility in the appendix of this paper.

To extend the Mceglin—Tadi¢ classification to tempered representations, we first
consider the elliptic case. Suppose

—c1+1 cp-1 —cp+1 cp—1
T 6 ([v2 pv™ o)) xox s (V75 pev™ ) w8 @)

with § a discrete series for a classical group. Let (Jord(§), o, &s) be the Meeglin—
Tadi¢ data for §, with S5 C Jord(§) U (Jord(8) x Jord(§)) the domain for &5.
Intuitively, we construct Jord(T) from Jord(§) by adding two copies each of
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(p1,¢1)s ..., (pe, co) (one for each end of §([v 5 Li v " ,ol]) evenifc; = 1).
More premsely, we introduce a fourth datum, mr—the multiplicity—so have T
associated to (Jord(T), o, e, mr). Then,

Jord(T) = Jord(8) U {(p1,c1), ..., (pe,ce)}

and

1if (p,a) € Jord($),

mr(p,a) = {Zif (p,a) = (p;, ¢;) for some i.

Again, we have e : St — {£1}, with the domain St C Jord(T) U
(Jord(T) x Jord(T)). We have St D S35, and e7]|s; = 85 The additional values

—c c1—1
of et effectlvely dlstmgulsh the 2¢ components of §([v l2 P1,V e p1]) X - x

S([v ~5 P,V o pe]) % 8. In particular, we have the following extension of the
basic embedding property of [20]: for (o, a) € Jord(T),let a_ be the largest value
of b < a satistying (p, b) € Jord(d) if it exists. Then (Proposition 2.3.2 [12])

)it m(p.a) =1,
e(p.a). (pa) =16T=s([v T p vy

x 6 for some irreducible 6.
2)if m(p,a) =2,

E(pa), (0.0 =16 T =5 ([vF 0,07 p))

a_+1 a—
X8 ([va, lepD x @ for some irreducible 6. (2.2)

Other basic properties of the Meeglin—Tadi¢ classification also have counterparts
in the extension to the tempered case; we forgo including them here but include
citations when used.

For more general tempered representations—i.e., no longer assuming elliptic—
we construct Jord(T), mr in a similar manner. Write

N i+l d-l —dm+l dm-1
T=8([v 2 pp, v 2 p1]>x~~~x8([1} 2 Py, V2 pm])NTe” (2.3)

(irreducibly induced) with T, elliptic tempered. We construct Jord(T), mr from
Jord(T.;), mr,, by adding one copy each of (p},d), (pv’l,dl), e (Pl dm),
(,z;’m, dy,) (so two copies of (pi’, d;) are added if /;’l- = ,olf); St and e7 match St7,,
and €7, (noting that the corresponding induced representation is irreducible so we
do not have components to distinguish). We then have an extension of the above
embedding: for (p,a) € Jord(T,;), let a— < a be the largest value such that
(p,a-) € Jord(T,y) if it exists. Then

e ((p,a), (p,a-))
=lT<=$§ ([vLZHp, v%pD X+ X$ ([uﬁp, v%p]) 6
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This is not explicitly stated in [12], but is a straightforward consequence of (2.2)
and the irreducibility of (2.3).

We add one notational convention: as defined in [20], Jord, = {a|(p,a) €
Jord }. By abuse of notation, we also allow this to be interpreted as {(p, a) | (p, a) €
Jord } as this interpretation is useful when dealing with the domain of ¢.

Before closing, we note one immediate consequence of the definitions in
Sect.2.3 [12] which is needed later:

Lemma 2.4. Suppose T is an elliptic tempered representation with (p,a) €
Jord(T) and m(p,a) = 2. Let T* be the elliptic tempered representation with
T < §((v=7" p, vT pl) X T*. Then, T* satisfies Jord(T*) = Jord(T)\{(p, @)}
with mr+ and e+ given by restriction (and partial cuspidal supports the same).

3. Jacquet modules of tempered representations

In this section, we prove the main Jacquet module result of this paper, Theorem 3.1.
The elliptic case is covered by Proposition 3.4 (for a > 2) and Lemma 3.7 (for
a = 1, 2). The general tempered case follows from (2.3) and the elliptic tempered
case. Note that the discrete series case is already known (Theorem 3.2.2 [12] or
Theorem 8.5 [17]). We begin by stating the result, then proceed to prove it in a
sequence of lemmas.

Theorem 3.1. Suppose T is irreducible tempered with (p, a) € Jord(T). Ifa > 2,
we have the following:

(1) If p % p, then

a— —a a—? (p.a)

1w (=0T L ([v5 v ),

£
where mr,(p,a) = mr,(p,a) = 0, mp, (o', b) = mr(p’, b) for all other
(', b), and e, = e (noting that (p, a) ¢ St).

Q) If p = p but ‘5L # red(p; o) mod 1,

. st \mrip.a)

M{v%p}(T) = (V 2 p)
where mr,(p,a) = 0, mp,(p,a —2) = mr(p,a), mp,(p', b) = mr(p’, b)
for all other (p', b), and et, = er (noting that (p, a) ¢ St).

B)If p = p with “2;1 = red(p; o) mod 1 and either (i) (p,a — 2) ¢ Jord, or
(ii) er (p, a)er (p, a—) "' = 1, then

* a—1 \mr(p.a)
H =) e,
v o2 p}

where mr;(p,a) = 0, mpy(p,a —2) = mr(p,a) + mr(p,a — 2), and
mr,(p',b) = mr(p', b) for all other (p’,b). If mr(p,a —2) > 0, egy is
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just given by restriction; if mr(p,a — 2) = 0, it is given by substituting
(p,a—2) for (p, a). More precisely, ifm(p, a —2) = 0, er; is determined by
the following changes: et,(p,a — 2) = er(p, a) if defined, and e1,(p, a —
2)er;(p, b)Y =er(p, a)er(p, b)~! for all other b.

@ If p = pwith % =red(p;o)modl,a_ = a—2,ander(p,a)er(p, a_)~!

—1, then
a—1 \mr(p.a)—1 .
(v7'0) ® Ty if mr (p, a) odd
. (p.a)—1
wy a—1 (T) = \)Tlp e
£x +

QLG ([v75" 0, 0T 0]) 1 T5) ifmr (o, a) even.

Here, mp,(p,a) = 1, mp,(p,a —2) = my(p,a —2) +mr(p,a) — 1,
mr, (', b) = mr(p',b) for all other (p',b), and e1, = er; for Ts,
mrs(p,a) =0, mp(p,a—2) =mr(p,a—2)+mr(p,a) =2, mg(p',b) =
mr(p’, b) for all other (p’, b), and €75 the restriction of er.
If a = 2, we have the following:

(5) If p 2 p, then

mr(p,2)
K= (vip) T @ LT T Ty,
44
where mr,(p,a) = mr,(p,a) = 0, mp,(p',b) = mr(p’, b) for all other
(', b), and e, = et (noting that (p, 2) & St).
©6)If p = p butred(p; o) # %mod 1,

1 \mr(p,2)
)" e

/'L* 1 (T) = <U210
i
where mr,(p,2) = 0, mp,(p',b) = mr(p’,b) for all other (p', D), and
er, = €t (noting that (p, a) ¢ St).
M If p = pwithred(p; o) = %modl and e (p,2) = 1, then

1 \mr(p,2)
) ® T3,

wy (1) = (vfp
4
where mr; (p,2) = 0, mrp, (', b) = mr(p', b) for all other (o', b), and &3
just the restriction of €.
&) If p = pwithred(p; o) = %modl and e7(p,2) = —1, then
1 \mr(p.2)-1 .
(vio ® T4 if mr(p. 2) odd,

1

phy ()= mr(p.2)—1 ,

o) (vio) ® LOv™3p: T5) if mr(p. 2) even.
Here, m7,(p,2) = 1, mg,(p', b) = my(p', b) for all other (p', b), and e, =
er; for Ts, mr5(p,2) = 0, mpy(p', b) = mr(p', b) for all other (p', b), and
e15 just the restriction of er.
If a = 1, we have the following:
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9) If p % 5, then
(M) = ()" D @ T,

where mr,(p, 1) = mp,(p,1) = 0, mr, (o', b) = mr(p’, ) for all other
(p', b), and e, = er (noting that (p, 1) ¢ St).
(10) If p = p but red(p; o) # 0mod 1,

mr(p,1) mr(p,1)

WM =2"7"" (0 7 8T

where mr,(p, 1) = 0, mp,(p',b) = my(p’,b) for all other (p’, D), and
er, = €t (noting that (p, 1) ¢ St).
(A1) If p = p withred(p; 0) = 0mod 1, then

my (p.1) my (p.1) )
« 272 - (p)” 2 ®@Tzifmr(p, 1) even,
wip(T) = my(p.1)-1 mr(p.1)=1 ]
2777 (T 7 ®Tzifmr(p, 1) odd,

0 ifm , 1) even
where mr,(p, 1) = { 1 l}cmig,ﬁ 1; odd ’ mry(p',b) = mr(p’, b) for all
other (p',b), and e, = er if mr(p, 1) odd, e, the restriction of er if
mr(p, 1) even.

The following lemma is covered by the results of [22], but corrects an error. We
remark that the results could also be obtained using the approach from Sect. 4 for
the tempered case, noting that the Jacquet module results obtained in this section
for tempered representations (and used in the arguments in Sect. 4) are known in
the discrete series case (Theorem 3.2.2 [12]).

Lemma 3.2. Let § be a discrete series representation and a > 1. Then Vi p X6
is reducible if and only if one of the following occurs:

(Hha > 2, (p,a —2) € Jord(S), and either (i) (p,a) ¢ Jord(8) or (ii)
es(p, a)es(p,a—2) =1,

(2) a = 2 and either (i) (p,2) ¢ Jord(S) with red(p; o) = %mod 1, or (ii)
es(p,2) =1,

B)a=1and (p,a) ¢ Jord(5) withred(p; o) = 0mod 1.

Lemma 3.3. Let T be an elliptic tempered representation. If (p,a) ¢ Jord(T),

we have fr (v%p) =0.If (p,a) € Jord(T), we have the following:

(1) If a— exists,

¥ (v% )_ mry(p,a) ifeithera > a_ +2orer(p,a)er(p,a_)"' =1,
T\" 2 P) = Umr(p.a)~1ifa_=a — 2 and 7 (p, a)er (p,a-) "' =—1.

(2) If a— does not exist,

i (v% )_ mr(p,a) if eithera > 2, ora =2 and er(p,a) =1,
T p)= mr(p,a) — lifeithera =1, ora=2ander(p,a) = —1.
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Proof. That fr (vaT_1 p) = 0when (p, a) ¢ Jord(T) follows immediately from the
embeddings of T into induced representations [(Eq.(2.1)] and the corresponding
property for discrete series (e.g., Remark 1.3.2 [12]). More generally, we have

frvT p) < mr(p,a)fora > 1.
For (1),ifa > a_ + 2, we use

—cp+l =l —eptl =l
T(—)S([v 2z pr,v 2 p]])x~-~x8([v 2 pp,v 2 ph])x& 3.1

with § discrete series. If m7(p,a) = 1, then (p,a) € Jord(3); the result then
follows from Proposition 3.2.2 [12] and a commuting argument (resp., ™ argument)

for fr (v%p) =1 (resp., fT(v%p) =0). If m7(p, a) = 2, then without loss of
generality, suppose (o, a) = (pp, cp). Then,

—c1+l1 c1-1 —Cp—1t! cp—1-1
T — 5([\) 2 Pl,va]) X e X ([V T pp1,V 2 ph—lD X Ty,

(3.2)
—cp+1 cp—1
for some irreducible 7, < &([v 4 ,oh,th,oh]) x §. The result when

fT(v%p) = mr(p, a) then follows from Lemma 3.3.3 [12] and a commuting
argument. Now, suppose a = a— + 2 and er(p, a)er (p, a,)_l = —1. It fol-
lows from Proposition 2.3.2 [12] that fr(p,a) < mr(p,a); an easy commuting
argument with (3.1) then tells us fT(U%p) >1= fT(v%,o) = 1.

We now look at (2). For a = 1, the result follows from (3.1): it m7(p, 1) = 2,
then (p;, ¢c;) = (p, 1) for some i, and the result is clear. If m7(p, 1) = 1, then
(p, 1) € Jord(§). Therefore, ,u’{“p}((S) = 0 by the Casselman criterion, from which
fr(p) = 0 follows. For a = 2 and e7(p, 2) = 1, the result follows from Lemma
2.3.5[12]. If er(p, 2) = —1, it follows from Lemma 2.3.5 [12] that fr(v%p) <
mr(p,2). Ifer(p,2) = —1 and mr(p,2) = 1, we have (p,2) € Jord(s). That
es(p,2) = er(p,2) = -1 = f(;(v%,o) = 0 follows directly from the Moeglin—
Tadi¢ classification; that fr (v%,o) = 0 then follows from (3.1). If m7(p,2) = 2
and e7(p,2) = —1, we must have (p;,c;) = (p,2) in (3.2). It then follows
(easy commuting argument) that fT(v%p) >1= fT(v%p) =1.Ifa > 2 and
mr(p,a) = 1,itfollows from (3.1), Proposition 2.1.2 [12] and and easy commuting
argument that fT(v%,o) = 1. If mr(p,a) = 2, the result follows from (3.2),
Lemma 3.3.3 [12], and an easy commuting argument. O

Proposition 3.4. Let T be an elliptic tempered representation, (p,a) € Jord(T).
Suppose fr (v%p) # 0 (see Lemma 3.3) and a > 2.

D If (p,a =2) ¢ Jord(T),

Ky w (1) = (V%p)mﬂpm ® T
7]
where Ty has Jord(T1) = (Jord(T)U{(p,a —2)H) \{(p,a)}, mr,(p,a —

2) = mr(p, a), and remaining multiplicities matching those for T. We obtain
er, by substituting (p, a — 2) for (p, a): e, is determined by e1,(p,a — 2) =
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er(p,a) if defined, e1,(p,b)er;(p.a — 2)~" = er(p,b)er(p.a)™", and
&7y |STl NSy = 8T|S7'1 NS7-
) If (p,a —2) € Jord(T) with et (p, a)er(p,a — =1,

M’iva 1 }(T) = (

® T,

a—1 \mr(p,a)
v 2 ,0)

s,

where Jord(Ty) = Jord(T)\{(p,a)}, mp,(p,a —2) = mr(p,a —2) +
mr(p, a), remaining multiplicities the same as for T, and e, = €T |7, -

B)If (p,a —2) € Jord(T) wither(p, a)er(p,a —2)~' = —1, in order to have

fT(v%p) # 0, we must have mr(p,a) = 2 (and then fT(V%p) = 1)
Further,

a—1 —a+1 a=3
M*{‘ a1 }(T) =vZp®LE ([v%p, va]) ; T3),
v'2op

where T3 has Jord(13) = Jord(T)\{(p, a)} and mr;, e, given by restriction.

Proof. The values of fr (vaT_1 p) are given in Lemma 3.3.
We start with (3), which is the easiest of the remaining cases. Here, we have

a—1 —a+1 a=3

T — 8([1)%“,0,\)%,0]) XT3 > v 72 pxX 8<[VT,O, vT,o]) X T3

with 73 as in the statement of the proposition. Lemma 2.3 then gives the result for
3).

We now turn to (1), in which case fr (U%,O) =mr(p, a). Write

—ay+1 ap—1 —ap+1 ag—1
Tf—)S([v Zpp,v 2 pl])x-~~x8<[v 2 g,V 2 pk])x&

In what follows, we essentially reduce to the case k = 1, which is then addressed
in Lemma 3.5 below. Thus, suppose k£ > 1.
First, for 1 < j <k, let

—aj+!1 aj—1 —aj+j-1 aj_j-1
Aj=3$§ ([v 2 ,01,va1]> X oo X6 <[V 2 pji-1,V 2 Pj—1:|>

7aj+1+1 aj_Hfl —ag+1 a—1
X6\ |v 2 pj+1,V 2 pjtl X"~X5([V T g,V 2 Pk]).

Then,
—aj+1 a]-—l
T—>Ajx§||[v 2 pj,v 2 pj|]xé

T;)AjXTj

—a;j+l a;j—1

for some irreducible T; < §([v 5 Pjs v'/T,oj]) x 8. By definition, 8T|5j =ery,
where §; denotes the domain for 7.
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Write u? ot }(T) = (v%p)m ® T', where m = mr(p, a). Set
v p

8. =

{8 ifmr(p,a) =2,
J

8 ifmr(p,a) =1,

where for mr(p,a) = 1, the §' is that of Theorem 3.2.2 [12] (noting that this
8’ is elliptic tempered, but need not be square-integrable). We define A/j = Aj
if mr(p,a) = 1or (pj,a;) = (p,a). If not, we let i be such that (p;, a;) =

S —a+3

+1 aj—1 a—
(p,a) and replace §([v™ 2 p;, v 2 p;]) with §([v h 0, stp]) in the defini-
tion of A; (with the rest of the terms remaining the same). Finally, set a’/. =
aj —2if (pj,a;) = (p,a)
aj if not.

Then

7 ’
—a’.+1 .—1
a.+ al

T’<—>A’jx8(|:v 3 pj,v2,oj:|> >48;.
U

/ / i
T<—>Aj>4Tj

—d’ 41 a'.—1
for some irreducible Tl’ <48([v 5 Pjs v'/T,oj]) X 5’1 Again, we have 8T/|s;. =
STJ{.
Fix j. First, suppose m7 (0, a) = 1 or (pj, a;) = (p, a). Note that in this case,
Jord(T]f) = (Jord(T)\{(p, a)})) U{(p,a —2)}. If we knew that u* , | (T}) =
{v 2 p}

2
(v ot p)nT (P ij, the k = 1 case (Lemma 3.5 below) would imply that 77| ¢ is
J
as claimed. As the values of &7/ on U; S} determine 7/ (Sect.2.3 [12]), the result

follows for this case. Thus to finish this case, it remains to show p* ,_, (T}) =
{v 2 p}

VT oy @ T
Observe that we have A’j = Aj and

T — AjxT;
a1 \M7(p.a)
%ij(vzp X Or;

[ a=1 \mT(p.q)
:(\;2,0) xAj><167.,

noting that 6r; is tempered. Since u* ,_, (T) = (V%p)mm”“) ® T’, we have
f(v2 p}

T'— A; x Or;
)

QTJ' = T//v

as needed.
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Now, suppose (p;, a;) # (p,a) and m7(p, a) = 2. Note that in this case, we
have Jord(TJf) = Jord(T;) and must show T]f = T;. We have

TL>AJ'>4T]'
I
N
w{al }(T)§<v21p> ® A % T

V2T op

=

T' < N % T

as needed. This finishes (1).
For (2), the argument is fairly simple if either (p, a) or (p, a—2) has multiplicity
two. If my(p, a) = 2, we have

—a+1 a—1 ’
Tf—>8([v 2 p,v 2 ,o])x]T,

where the data for T’ are obtained by removing both copies of (p, @) and restricting
er (Lemma 2.4). As

o G0 7)

s,

() o 5 (o)) 7).

a+3

and fr(vT p) = 2, it follows that (noting the irreducibility of § ([v =2~ p, 1T p]) x
')

o 0= () 60 ]) )

<,

As S(W"% p, v T p]) x T = Ty, the result follows. If my(p,a) = 1 but
mr(p,a —2) = 2, the argument is similar: by Proposition 3.4.3 [12], we have

T < § ([V%H,O, vaZ;lp]) x T,

where the data for T” are obtained by removing one copy each of (p,a) and
(p, a — 2) and restricting e7. Here, we have

N f =at3 el 7 — a=1 —a+3 a=3 .
,u{al } v P,V 2 p|) X =v 2 pR(S(|v 2 p,v2p|)xT
Vv

5,

v 2 p

Mg{: a1 }(T)=V021,0®<5 ([V702+39yv%p]> X T//).
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Again, the conclusion follows from the observation that 7, = §([v =5 P,V o pl >
T".

It mr(p,a) =mr(p,a —2) = 1, the argument is based on combining a pair
of embeddings. First, by Proposition 3.4.3 [12], we have

T<‘—>5([v 2 p, v ])><1T’,

with T" having Jord(T") = Jord(T)\{(p, a), (p,a — 2)} and m7, e+ given by
restriction. Then,

a—1 1

T — 8([1} 2 p, vT,o]) T < v7T x§ ([U%ﬁp,v%pb x T,
By Lemma 2.3, letting 07 = @T(U%p), we then have
—a+t3 a=3 ,
eTga([v 5 p,v2p])>4T. (3.3)

Note that it follows from Eq. (3.3) that 67 (v ot p) is tempered.
In the embedding

—ay+1 aj —ap+1 ag—
T“—>5<[ B ,01,1)2/01]) ~'X3<[ B pk,vzpk])NST,

we have (p, a), (p,a —2) € Jord(d1). By Theorem 3.2.2 [12], we have

S — vT,o x T,

with T” having Jord(T") = Jord (87)\{(p, a)}, m7~(p, a —2) = 2 with remain-
ing multiplicities and e7~ given by restriction. Then, by a commuting argument
(noting the obvious irreducibilities involved)

—aj+1 aj—1 —ag+1 ap—1 a—1
T(—HS([V 2 m,vaDX---xS([V TP, v T Pk]) vzpxT”
a—1 —ay+1 ap—1 —ap+1
EvT,oXS([v T p1,v 2 pl])x---XS([v 2 o,V >><1T”.

Again, by Lemma 2.3,

—aj+1 a;—1 —ap+1 ap—1
or <5 <[v+ p1, v ,01]) XX 8 <[v £ v pk]) “T". (3.4)

Recall ([12]) that ¢, is defined as follows: we have

Or S«S([v 2 p,v Hp])
—aj+1 aj—1 —ap+1 ap—1
X(S([v 2 pp,v 2 pl])x-~-x5([v 2 pk,vak])x(SgT.

For notational convenience let (,o(), ag) = (p,a—2). Then, fori =0, ..., k, there

is a unique 7; < 8([v aé Pi, V T pil) X 8o, such that

—ap+1 ap—1 —a;_1+1 aj_1—1
O <8\ |v 2 po,v 2 pof|)x--x8[|[v 2 pi—1,v 2 pi-1
—dit1+] 4y —1 —agtl a1
><5(V 2 PtV 2 pi+1)><~-'><5(v 2 pk,vzpk>><17i-
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a;+1 a;—1
If S; denotes the domain for §([v i Pi, V"2 p;i]) X 8p,, by definition (Sect.2.3
[12]) we have

Eor |Si = 8'];.

Observe that it then follows directly from (3.4) and the description of the data of
T” that

eor |sy = &7 = €1 |5, -

Also, it follows directly from (3.3) and the description of the data of T’ that
eor |s, = erls, =er s,

fori =1, ..., k. Combining these, we have

Eor |S,- =E€r |S,-

fori =0,...,k.
As &g, is determined by its values on Sp, N [Jord,, (0r) U Jord, (61) x
Jord, (0r)], i = 0,1,...,k, it suffices to show that &g, |5, determines &4, on

Sor N [Jord,, (07) U Jord, (61) x Jord, (07)] fori = 0,1,...,k. Fix i €
{0,1,...,k}. If red(p;; 0) = 0 or red(p;; o) = % mod 1, then &4, is defined
on Jord,, (0r); by Lemma 2.3.1 [12], its values there determine &g, on Sp, N
[(Jord,, (0r) U (Jord, (87) x Jord,, (0r))]. If red(p;; o) € N, then gy, is not
defined onindividual elements of Jord,, (67). However, it still follows from Lemma
2.3.1[12] that &g, is determined on Sy, N[Jord,, (O7)U(Jord,, (07) x Jord,, (61))]
by its values on S;,i =0, ..., k (more precisely, those having p; = p;) as long as
Jordy, (3¢) # 9. (To see this, fix (p;, b) € Jord(8e;) and observe that for p; =
Pis €0 (pis ai)eoy (pira;) ™' = o, (i, ai)eo, (pi, b))~ - g, (piy b)eoy (piva;)~L)
However, that Jord,, (§¢,;) # ¥ follows for red(p;; 0) > 1 as in Example 14.4.0
[20], finishing this case and the proposition. a

Lemma 3.5. Proposition 3.4 holds in the case k = 1 and (p, a) satisfies either (i)
a_ < a — 2 (or does not exist), or (i) e (p, a)er(p,a_) "' = 1.

Proof. Write u* ,_, (T) = (V%p)m ® T', where m = m7(p, a). Note that as

vZop
in the proof of Proposition 3.4, it suffices to show that e7- is as claimed. Further, if

we let S7(p) be that part of S7 supported on Jord, (T)U (Jord,(T) x Jord,(T)),
and similarly for S5 (p), S7/(p), etc., it suffices to show that e7-s,,(p) is as claimed.
We note that the case where (p, a_) exists is covered by Lemma 3.3.3 [12].
Thus we assume (p, a—) does not exist. The proof is broken into three main cases:
(1) Jord,(T) = {(p, a)} with red(p; o) half-integral, (2) Jord,(T) = {(p, a)}
with red(p; o) integral, (3) (p, ay) exists, where a is the smallest value of b > a
satisfying (p, b) € Jord if it exists.
Case 1 Jord,(T) = {(p, a)} with red(p; o) half-integral
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Observe that by supercuspidal support considerations (Lemma 2.4.1 [12]),
myp(p,a — 2) = m. Now, in one direction,

er(p,a—2)=1
| (Lemma 2.3.5 [12])

/ 1 a3 T\ /
T <—>5([v2p,u 2 ,0]) x 0

I
T — (v%p)m x 8 <[v%p, v%p])m x 0.

By Frobenius reciprocity, ry. ¢ (T) > (U%p)m ® 8([\)%,0, v%p])m ® 0’ for the
appropriate standard Levi factor M. As the only irreducible representation of a
general linear group having (v ot P"® 8([1)%,0, Ve o™ in its Jacquet module is
5([1)%,0, vaz;l,o])’”, we get u*(T) > 8([\1%,0, va2;l,o])’" ® 0’. It now follows from
Note 2.4.2 and Lemma 2.3.5 [12] that e7(p, a) = 1.

In the converse direction,

er(p,a) =1
| (Lemma 2.3.5 [12])

1 a—l m a—1 m 1 a3 m
T<—>8([v2p,v2p]> ><19<—><v2p> x6<[v2p,v2p]) X 60

a— m a— m
rM,G(T)Z(VTl,O> ®5([V%,O,UT3/):|) ®0

for the appropriate standard Levi factor M. As u* ,_, (T) = (v% oM T . 1t
v 2 p}
p]"®6. As above, this then implies e7/(p, a—

a=3
2

follows that * (T') > §([v2 p, v
2) = 1, as needed.
Case 2 Jord,(T) = {(p, a)} with red(p; o) integral

First, observe that [Jord,(T)| < 1, so |Jord,(§)] =< 1. This implies
red(p;o) € {0,1} (e.g., see Sect.14.4 [20]). If red(p;o) = 1, we have
St(p) C Jord,(T) x Jord,(T). Thus, ¢ = ¥ (see Example 14.4.1 [20], e.g.)
and there is nothing to prove. We therefore assume red(p; ) = 0 in what fol-
lows. Recall that in this case, one makes an arbitrary enumeration of components
pxo=r11(p;0)®1_1(p; o) (see [29,30]) as part of the classification of discrete
series.

In the notation of Definition 2.3.6 [12],

e (p,a—2)=n
a=3 m
T <> AxT( ([v,o, V2 p]) ;s Ty(p; 0))

J
T — (v%p)m XAXT( ([v,o, vaT%p])m 3 Ty(0;0))
=X (V%p)m x T (8 ([vp, vaT%p])m ; Ty (0; O’))

rmc(T) > A® (v%py” ® (v%;;)m ®---® ()" @ 1,y(p; 0),

<
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with the irreducibility of (V%p)m x A immediate from supercuspidal support

considerations. Now, observe that by the Langlands classification, L((v S P,
—a+3

(v ba P K Ty L 7_,(p; 0)) is the unique irreducible representation con-

taining (v =5t 0)"'® (v =5t P)"® - @W ! p)"®1_,(p; o) inits Jacquet module.

It then follows from duality that 7' (6 ([vp, v% pD™; t,(p; 0)) is the unique irre-

ducible representation containing (V%p)’" ® (v%,o)’" ® - @Wp)" @ Ty(p; 0)
in its Jacquet module. Thus,

w(T)=r®T( ([vp, va%p])m s Ty (03 0)).

By Lemma 2.2.8 [12] for m = 2 and a similar argument when m = 1, this then
implies

er(p,a) =n,

as needed.

Case 3 (p, a4) exists
We first consider the case mr(p, at+) = 1.
In one direction,

er/(p,ap)er(p.a—2) =1

, a—1 ap—1
T €—>6([v2 P,V 2 p])xl)»

er(p.ap)er(p.a)~ = 1.

In the other direction, by Proposition 3.4.3 [12]

er(p,aper(p,a)™t =1

—a+l1 ay—1 —a+l a=3

T 3§ <[u I p,v 2 p]) X T* — 8([1)%/0, v#p]) X B([v 2 p,va:|) x T*
| (Lemma 2.2)

T — 8([1)%;0,1)@2;],0]) X &

1) x T*. From this embedding and the

for some irreducible § < 8([1)%“/0’ v%p
‘T p, we see that fT(p%p) = fg(\)%p),

a— ay—1
irreducibility ofS([lep, v%p]) XV
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SO fe (U%p) = m. It then follows that & — (vaT_1 )™ x &' for some irreducible
&'. Then,

a—1 at—1 a—1 \m
T—§ [va,v 2 p] ><<v2,0> x &

azl \M a-1 ay 1 ,
E(v2p) Xdl|lvZ2p,v 2 p|l]xé
U

a—1 a—1 ay—1
G (T) = 0T pm@S(vT pv T p) ®E

for the appropriate standard Levi factor M. It then follows from (1.1) that

ap—1

w2 ([0 o
U (Note 2.4.2 [12])
er/(p, ap)er(p,a—2)"" =1,
as needed.

It remains to address the case m7(p, a+) = 2. Note that as k = 1, this has
mr(p,a) =1,s0(p,a) € Jord(5). The implication e7'(p, ai)er (p, a=2)"'=
1 = er(p,ap)er(p, a)~! = 1 is similar to the argument when mr(p,ay) = 1.
In the other direction,

er(p.aper(p.a)~t =1

sty () o) )

p.v P

noting that

et 5] )

Vo2

a [ 2 —a a—
(0 ]) o ([ ] ).

has the right-hand side irreducible (since (p, a) € Jord(§)). As fa([ bl
v

a—1
2

pv 2 p])xs

a—1

(v'2 p) =3, we get
a ayp—1 2 a— 3
Tf—>8<[v%l,o,v+2 p]) x(lep) x 6
| (Lemma 2.2)
atl  ap-l a1 \2
T<—>8([v2p,v2p])xklx(v2p> X 6

for some irreducible 6 and some irreducible A; < 8([1)% 0, v pl) x VT 0.
—1 a

The two possibilities for A are 8([\1%,0, va+2 p]) and E(U%p, 8([\)%1,0,

T 01)). In either case, we have v ot o X Ap isirreducible ([33] and Lemma 3.6
below). We now have
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arl  ai-l a1 \2
T~'—>8([v2p,v 2 p])x<v2p) X A1 X6
| (Lemma 2.2)
T‘—))\zxv%pxklxeév%pxkzxk]><19

1
for some irreducible )»2 < 5([1)%,0 v = oD x vT,o Now, if A, =
LO* o p s([v° < P,V o pl)), the embedding above would immediately imply
—1
fT(v z ,o) > 2, a contradiction. Thus, Ar» = 6([1) 7 P,V = p]). Since

8([1) o P,V +2 p]) x Ap is irreducible for either possibility for A1 ([33], Lemma
1.3.3 [10]), we have

a—1 a—1 ay—1
T—>v2Zpx$ ([va, v%pD X Ay X0

a-1 a-1 a1
§v2px)\1x8([v2 o,V 2 ,0])%9.

Applying the same argument again tells us A = 5([1} ot o,V e p]). Arguing as
in the case mr (p, ay) = 1, we now get

a1 o B N
T%v2px8<[v2p,v 2 ,0]) X 60

a— a— ap— 2
ru.c(T) = lep®8 ([lep, T Ip]) ®0
4

o a1 2
u (T =8 ([lep, v%lp]) ®0
U (Note 2.4.2[12])
er(p,aer(p,a—2)"1 =1,

as needed. m]

Lemma 3.6. The following representations are irreducible:

(l)vaxﬁ(v = p.5(0 Tpv'T p]))forb>a
Q) LO™T p, 8w T p v 3p1) VT ) x VT pfora > 2,
(3) LO™ T p, 8(Iv z‘p,v T o) x v'T pfora > 2.

Proof. (1) is a special case of Lemma 4.1 (or more generally, Proposition 4.3) of
[15]. For a = 2, (2) and (3) follow from [33]. For a > 2, (3) is immediate from
Lemma 1.3.3 [10].

This leaves (2) when a > 2. In this case, observe that by Lemma 1.3.1 [10] the
only possibleirreducible subquotients of £(v =5t p,8([v 2 5 ,0, VT ,o]) VT ,o) X
VT p are the followmg.

—a+3 a—3 a—1 a—1
() m =L T p 5([v ;p,v?lpn,vjp,ﬁp),
Q) m=Lo™ T +a([ 2 oI Pl v T p)

() 13 =LES(v "2 p,vZ pl)v I p,v 2 p)
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—a+l a—=1 a—1 . —a+l a—1 a—1
@ g =LGS(v 2 p,v 2 pD,vzpGe,mg=8(v 2 p,v 2 p])xv 2z p).
By the Langlands classification, 71 appears with multiplicity one. We now show
that the remaining possibilities cannot occur. Observe that by Proposition 2.1.4 [10],

L™ =55 p,8([v =5 p,v T ,o]) VT p) has f(v T ,o) _O soany1rreduc1blesub-
quotient of L(v 2],0 s([v 23,0 VT ,0]) v 5 p) XV T ,ohas f(v n ,o) < 1.
However, Proposition 2.1.4 [10] tells us fm(v = p) = fm(v = ,o) = 2. Thus, they
do not occur. Further, m™(7r3) contains a term of the form(S([v%Jrl 0, v% PN,
whereas m* (ﬂ(v%ﬂp, 8([1}#,0, v%p]), v%p) X v%p) does not (as the

p=5 p appears after the p=5 p in any Jacquet module term). Irreducibility fol-
lows. O
Lemma 3.7. Suppose T is elliptic tempered.

(1) If (p,2) € Jord(T), then

L \mT(p.) .
v2p ®Tiifer(p,2) =1
D=7, (mreo-1 i ,
vip (vio) ® L 20 T1) ifer(p,2) = —

where Jord(Ty) = Jord(T)\{(p, 2)} with remaining multiplicities matching
those of T and e, given by restriction. Note that if e (p,2) = —1, we must

have m7(p, 2) = 2 to have fT(v%,o) # 0.
Q) If (p, 1) € Jord(T), then we must have mr(p,1) = 2 to have fr(p) =
mr(p, 1) — 1 nonzero. In this case

:u’?io}(T) = /0 ® T25
where Jord(T») = Jord(T)\{(p, 1)} with remaining multiplicities matching
those of T and eT, given by restriction.

Proof. The claim for (2) follows directly from the definition of Jord(T).

For (1), the proof in the case where £7(p, 2) = —1 is similar to that for Propo-
sition 3.4 (3); the proof in the case where e (p, 2) = 1 and m7 (p, 2) = 2 is similar
to that of Proposition 3.4 (2) in the case where m(p, a) = 2. The proof of (1) in the
case where e7(p,2) = 1 and m7(p, 2) = 1 reduces to k = 1 in the same manner
as in the proof of Proposition 3.4 (2) when m(p, a) = 1. Thus we are reduced to
showing (1) in the case where e7(p,2) = 1, mr(p,2) = 1,and k = 1.

In this case, we have

T — 8([1)%“,0,1)%,0]) )

for some discrete series 8. Then, writing u* | (8) = V2 p ®38’ as in Theorem 3.2.2
{(v2p}
[12], we have
—ctl el 1 S~ L —ctl el ,
T~'—>8([v 2 p,V 2 p]) X VIp XS =v2px8([v 2 p,V 2 ,0]) X &
U
1

u*i ; }(T) =vIpQRT

v2p



44 C. Jantzen

for some irreducible 7’ < 5([1)%“,0, ot p]) x 8. T’ clearly has the same par-
tial cuspidal support as T'; that Jord(T’) and my are as described follows from
supercuspidal support considerations (Lemma 2.4.1 [12]). It remains to show that
er is as described. For this, it suffices to show that e7/(p,b) = er(p, b) for
(p,b) € Jord(T’) (so b > 2). We do this in two cases.
Case 1 (p, b_) does not exist in Jord(T").

Noting that m7/(p, b) = mr(p, b), Lemma 2.3.5 [12] tells us

er(p,b) =1
4

, 1 b—1 mr(p,b) ,
Tf—>5([v2,o,v2p]) X 6

1 1 b1 mr(p,b) ,
T —>vipx$§ [vz,o,vz,oJ) X 6
%p’va Xv%pxle/
1

E
3 b1 mr(p,b) 1 \mr(p,b)+1
'—>8<[v2p,v 2 ,o]) x<v2p> x 60’
| (Lemma 2.2)
3 b1 mr(p,b)
T<—>8<[v2,o,v Z ,o]) x 0"

er(p,b)er(p,2) "' =1
| (Lemma 2.3.1 [12])

er(p,b) =1
as we have ¢7(p, 2) = 1. Conversely,
er(p,b) =1
U

er(p,ber(p,2) ' =1

U
3 b1 mr(p,b)
TL)B([\)Z,O,I) p p]) x 0",

Further, by iterating Proposition 3.4, we see that 6" is tempered with mg» (p, 2) =
mr(p,b) + 1 and e77(p,2) = 1. In particular, f(,w(l)%p) =14+ mgr(p, b). Thus,
noting T <> v%p x T’ by (1.1),

3 b1 mr(p) 1 \mr(p,b)+1
T"—>8([v2p V2 p]) x<v2p> x 0"

(p)
w*(T) z&([vzp vz ,o]) ! X v2p®kforsomelrreduc1ble)»

1 mr(p,b) 1
M*(UZ,OXIT) ([ vzpD XVIpQA

LT > 8 <[ - :I)mr(p,b) -
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by a standard p* analysis. As my/(p, b) = mr(p, b), this implies e7/(p, b) = 1
by the same argument as in Corollary 2.2.7 [12], as needed.

Case 2 (p, b_) exists in Jord(T").

By Lemma 2.3.1 [12] and the preceding case, to show e7/(p, b) = er(p, b),
it suffices to show e7/(p, b)er(p, by ! = er(p,b)er(p, b_)~!. The proof that
er(p,ber(p,b_)"' =1 = er(p,b)er(p,b_)"' = 11is very similar to the
proof that e7/(p, b) = e7(p, b) in the previous case. The converse direction is
easier than in the previous case:

er(p, byer(p, b-)~' =1

b—1

N b+l b1 T\(0.b) . .
u(T)>6 ([v 2 p,v 2 p]) ® A for some irreducible A

1 b_+1 b1 m(p,b)
w* (vfp x T’) >4 ([va, va]) ® A

b_+1 b—1

* o/ = m(p.b) ’ : . ’
w (T’ =346 ([v 2 p,v 2 p]) ® M\’ for some irreducible A’,

(as 1 ¢ %, %, o BN As mpi(p, b) = my(p, b), it then follows that
e (p, b)er(p, b_)~! =1, as needed. o

4. Reducibility results

In this section, we determine when v 2 p x T is reducible. We focus on the case

where (p, a) € Jord witha = 2red(p; o) + 1 mod 2, with the final result given in
Theorem 4.7; Note 4.8 discusses the (much simpler) case when this fails. We start

. . a—1
with a general lemma, then turn to the task of analyzing v 2 p x T.

Proposition 4.1. Suppose 7 < (V-2 p)k x S(w=F p, v T p)! X T is irre-
ducible. Then, w has the form

—a K’ —a a—3 v
T :L((]}T‘Flp) ’S(I:v 2+1[0’VT’;10]> ;T/)

withk' + ¢ <k + ¢

Proof. Write m1 = L(A;T'). If A = (), we are done. Thus, suppose
8([1)#,0, v%p]), ¢ < d, is a generalized Steinberg representation appearing

in A. Then, if we write u*(T) =Y, A ® 6, it follows from Theorem 2.1 that
—d+1 c—1 —a+1 X1 a—1 X2
([0 Pa]) = () 1 ()
X <l_[5 ([v_i-‘+1p, 1)02;3,0]> X 6 ([vj‘,o, vaZIpD) X An,

s=1

<
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where *”ZH < iy < % and iy < js < M We first claim that d = a. If
2

vTﬂp came from vz p)x' we would have d = a, as claimed. We clearly

—d+ .
cannot have v™ 2 ,0 coming from (v N ,0))‘2 If d+1 = —iy + 1, then we must
have 21 > u = ¢ > a — 2. Therefore, d > a, sozs > ﬂ =i, = “H . This
d+l c 1

again corresponds tod =a.lf j; =

Therefore, d > a+2. This forces Js <
—d+1
2

, we must have &= > u :> c>a.
1 , a contradiction. Thus we cannot have

. —d+
Js = . Similarly, v=2 p cannot come from Aj as A, must have nonnegative

central exponent (by the Casselman cr1ter1on)

Next we claim that <= C_l = _“2+1 or 4= Agarn consrder the possible sources

of v St p. If it came from (v =5 )1 or S([vistlp v Ea ,o]) we would have

% = _“2+1 or 73, as claimed. The condition ¢ < d = a immediately elim-

inates (V%,o)x2 and 8([v¥ p vanlp]) as possible sources. The remaining possi—
bility is that v o p comes from Aj. As A, must contribute to §([v =5 ,0, v T p])

—e+ l
and must satisfy the Casselman cr1ter1on we have A= 8(lv 2 p,v 2 p))
with ¢ < ¢ < a. This leaves §([v =5 p v = p]) to be accounted for We
have _“’2+1 < % < ”23, ) %1 < Therefore none of (v = p)"z

5([1)_’3“,0 vaz oD, 5([1)/3,0, VT ,o]) cancontr1bute tod([v=2 ,o v2 I,o]) The
only remaining possibility is that § ([v =5 P,V = p) =v a2 p.Thene =a—2.
Since a — 2 < ¢ < a, we must also have ¢ = a — 2, finishing the claim.

As for the bounds on k', ¢/, from the discussion above, each lower segment end

—a+1

ofv 'z p appearmg in (the GL part of) L((v =5 ,o)k 8([ =5 P,V - p])g T
comes from a v =5 p in (v =5 )k or 8([v =5 P,V = ,o])/Z It then follows that
K+0 <k+¢. O

We attack the reducibility conditions for v ‘T pxT,a > 2, through a sequence
of lemmas.

Lemma 4.2. If m7(p,a — 2) > 2, then UT,o x T is reducible.

Proof. Write T = §([v—2 5 v ,o]) X T’ (irreducible as m7(p,a — 2) > 2).
Then

a=1 ~  a=l —a+3 a=3 ’
v2p>4T:v2p><5([v 2 ,v2p])>4T,

- a=3

whose reducibility follows from that of va x §([v™ 55 ,V 2 p)). |

Lemma 4.3. Suppose (p,a —2) ¢ Jord. Then va x T is irreducible.

Proof. Frorn Proposition 4.1, the only possible irreducible subquotients of v ot 0 X

Tare LWT 7 0:T), L(6([v =5 o,V a ,0]) T"),and T”. The first occurs with mul-
t1p1101ty one by the Langlands classification. The second has a term of the form

VT p®- - inits sy, so cannot occur. Thus if the third does not occur, irreducibil-
ity follows.
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That the third cannot occur essentially reduces to supercuspidal support con-
siderations. In the notation of Lemma 2.4.1 [12], if % >red(p; o),

a—3 a—1
O=mr(p,a—2)=nr pr—— )~ p—

a—3 a—1
= nr p,T =nr ,O,T s

where n7(p, x) denotes the number of times v** p appears in a term in the super-
cuspidal support (i.e., if vp; @ V20 ® --- ® v lp; ® o is in the minimal
Jacquet module for 7', then n7(p, x) = |{l |,ol = pand x; = £x}|). A tempered

subquotient of 7 would have an extra v o p in its supercuspidal support, so

a—73 a—1
mrr(p,a—2) =nygr | p, > —nrr | P

= (n57) (e 55) 1) =

a contradiction. The argument for ‘17_3 < red(p; o) is similar. The lemma now

follows. O

Lemma 4.4. Suppose mr(p,a — 2) > 0 and either (1) mr(p,a) = 0, or (2)
er(p,a)er(p,a —2)"" = 1. Then, v%p x T is reducible.

Proof. Let T’ have data given by

mr(p,a—2)—1if (o',b) = (p,a —2),
my(p',b) = § mr(p,a)+1if (p',b) = (p, a),
m7 (o', b) otherwise,

and g7+ the restriction of 7 to S/ (if m7 (p, a) > 1, wehave Jord(T") = Jord(T)
and the restriction is an equality). We claim that such a 7’ exists, i.e., that the data
given is admissible. Recall that for (Jord(T'), o, e/, m7+) to be admissible, we
need the underlying triple (Jord(T")gs, o, (67/)4s) to be admissible in the [M-T]
sense, where

Jord(T")as = {(p', b) € Jord(T') | b
= 2red(p; o) + 1mod2 and my/ (p’, b) odd}

and (e71)4s 1s given by restriction of 77, which in turn is the restriction of e7. The
admissibility may then be checked in cases based on the parity of m7(p, a) and
mr(p,a — 2). In all four cases, admissibility is immediate from Proposition A.1
in the appendix.

Now, observe that by Theorem 3.1,

N , a—1 \mr(p.a)+1
W (@ =(v7)
"2 p}

v

’
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wherempr (0, a—2) = mr(p,a—2)+mr(p,a),myr(p,a) = 0,and ey~ given by
restriction. Observe that Theorem 3.1 also tellsus u* ., (T) = (v%p)’"m”“) ®
2 p}

{v
T”, so

x a—1 a—1 \mr(p,a)+l p
[ (v2,0>4T)=(v2p) QR T".
"2 p}

fv2

By Lemma 2.2, T’ — vT,o x (VT p)mT(/’ @ 5 T :> T — vT,o >4 Afor
some 1rreduc1ble A< (v o p)"1(P-@) 5 T” Since fT/(v n ,o) <1+ f;\(v T p)
we have f,\(v 2 ,0) > mr(p, a). Further, since fr»(v 21,0) < mpr(p,a) =0,

we have fk(vaz;lp) = mr(p,a). Therefore, u* , , (L) = WT pynr (0 g
(v 2 p}

T" = A =T by (1.1). As we also have L(v =5 p;T) < v%p x T, reducibility

follows. =

Lemma 4.5. Supposem7(p,a—2) = 2and (p,a) € Jordwither(p, a)er(p,a—
2)~ ! = —1. Then, vaZ;l,o X T is reducible.

Proof. Letm = L(v 5 p, T). Observe that if v pxT Were irreducible, we
would have 7 = v o p x T, hence f,,(v N p) =1+ fT(v n ,0). Thus, to show
reducibility, it suffices to show f (U%p) = fr (va2;l,o). Note that f7 (v%p) =
mr(p,a) — 1 by Theorem 3.1.

Asmr(p,a —2) =2, we have

T vE pXT <= v =5 px8([ 7u23p v%p])xT’,

where the data for T’ is obtained by removing the two copies of (o, a — 2) and
restricting e7 (Lemma 2.4). By Lemma 2.2,

n%ﬁ( = 0, 8([ afﬁp,v%p])>><lT’

T4 ([VﬂZHp, v%pD x T,

or

As the latter has L(5([v =5t o,V a p]) T') as its unique irreducible subrepresen-
tation, the former must hold.
Now, let m = my(p, a) = my/(p, a). Since (p,a —2) ¢ Jord(T'), we have

a m
T — (lep) x T”, T" as in Theorem 3.1. Thus,

—a —a+3 a73 a—1 m 7
nf—)ﬁ( 2,03([ T2 op,v p]))x<v2p> xT".
Applying Lemma 2.2 and Lemma 3.6, we have

a—1 —a+ 1

n%<v7p>milx£(\) P p8([ B ,o v2p]) VT )NT”
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or

. (ﬁp)w1 x £(v75 8™ 0 v T o)) 1 T

If the latter held, we would have

—a a— m
As p* _,, (n) = vTHp ® T, this would imply rpy.g(T) > (UTlp) ®
2 p

v
S([v =5 o VT ,o])®T” contradicting fT(v = )—m—l Thus theformerholds
However, as (p, a) ¢ Jord(T") and M* (L (v7a2 p,8(v=2" ,o,v T ,o]),v 7 p))

. a—1 a—1
contains no terms of the formv 2 p®- - -, the former tellsus f (v 2 p) =m—1,
. a—1 a—1
ie., fr(v 2 p)= fr(v 2 p),asneeded. |

Lemma 4.6. Supposemr(p,a—2) = land(p,a) € Jordwither(p,a)er(p,a—
2)~! = —1. Then, v%p x T is irreducible.

Proof. From Proposition 4.1, there are three possible forms for an irreducible sub-
quotient of v o pxT:L(v™ =5t 0;T), L(S([v =5t P,V a ,0]) T'), and T”. The
first appears with multiplicity one by the Langlands classification. Thus if we show
the second and third do not appear, irreducibility follows.

First, consider 7”. On one hand,

T//Sv%pNT

=

fT// (U%p) S 1 + fT(U%p) = mT(,O,a)-

On the other hand, it follows from Lemma 2.4.1 [12] that m7» (p, a) = mr(p, a) +
a—1

1 and mpr(p,a —2) = mr(p,a —2) — 1 = 0. This implies fr (v z p) =

myr(p,a) =mr(p,a) + 1, a contradiction. Thus, we cannot have T”.

We now consider L((S([v%“p, v%p]); T'). Were this to occur, we would
have

B ([v =5 o, VT p]) T < M* (v%;lp) x w*(T).
If W*(T) = )_; i ® &, we have (Theorem 2.1)
M <u%p) i W (T)

—a+1 — _
:Z(V 2+pxki®$i+v7pxk Q& + A; ®vT,o><1§,).

i
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As the Casselman criterion tells us A; has nonnegative central exponent, the only
possibility is

—a+1 a=3 —a+l
(i) er = axnes
. . —a+l1 a=3 —a+1
For A; irreducible and §([v™2 p,v 2 p]) < v 2 p x A;, we must have
—a+3 a—3
Ai = §([v ba p,v 2 p]). Then & must be tempered (as any violation of the
Casselman criterion for & immediately produces a violation for A; ® & =

8([vaT+3,o, v%p]) ® &;, contradicting the temperedness of T'). It then follows
from Lemma 2.4.1 [12] that m7 (p, a —2) = 2+mg (p, a — 2) > 2, contradicting

mr7(p,a—2) = 1. Thus, L(S([v%ﬂp, v%,o]); T’) does not occur either, and we
have the needed irreducibility. O

Theorem 4.7. Consider v%p X T, where a = 2red(p; o) + 1 mod2 and a > 2.

(D Ifmr(p,a —2) =0, we have v%p X T irreducible.
Q) Ifmr(p,a —2) =1, we have
(a) v%p x T reducible if m(p,a) = 0ore(p,a)e(p,a — )~ =1,

(b) v'T p x T irreducible if (p, a)e(p, a — 2) = —1.
Q) Ifmr(p,a —2) > 2, we have v%p x T reducible.

In the case a = 2, we have v%p x T reducible if and only if mr(p,2) = 0
orer(p,2) = 1. (Recall that for a = 1, we have p x T irreducible if and only if
(p, 1) € Jord(T).)

Proof. The case a > 2 is covered by the preceding lemmas.

Fora = 2, oneirreducible subquotient of v 3 pxTis L(v’% p; T),anditappears
with multiplicity one. The issue is therefore to determine whether or not there is
another irreducible subquotient. Note that by Proposition 4.1, such an irreducible
subquotient would have to be tempered.

If mr(p,2) = 0, we construct T’ by adding a single copy of (p, 2) to Jord(T)
and taking e7/(p, 2) = 1, with all other data matching that for 7. That the data is
admissible may be seen from the appendix (noting g = %); from Theorem 3.1 we

, (T = v%p ®T.Then T’ — v%p x T, implying reducibility.

{v2p}
If e7(p, 2) = 1, a similar argument works. In this case, we obtain T’ by adding

a single copy of (p, 2), i.e., taking m7/(p,2) = mr(p,2) + 1, and letting all
remaining data remain the same. Again, that the data so obtained is admissible
follows from the appendix. One can also see from the data that if u* , (T) =
{(v2p}
w2p), ® 6, then u* . (T = (12 p)/+! ® 0. From Lemma 2.2, we then have
{(v2p}

T — v%p X A for some irreducible 1 < (v%,o)f x 6. Further, it follows from
this embedding that in order to have u* , (T’) = (v%,o)erl ® 6, we must have
{(v2p}
wryo) = (v%,o)f ® 0, implying A = T. Thus 7" < v%p x T, again giving

{(v2p}
reducibility.
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Now, consider the case e (p, 2) = —1. Suppose we did have v 3 p X T reducible.
As L(v™ 3 p; T) is the Langlands quotient in v 3 p x T, it cannot also appear as a

subrepresentation by multiplicity one. So, let T/ < v%p x T be a subrepresenta-
tion (necessarily tempered as above). Note that from this embedding, we see that
if ¥ | (T) = wip)f ®6, then u* | (T’) = (v2p)/*! ® 6. On the other

{v2p} {v2p}
hand, by supercuspidal support considerations (Lemma 2.4.1 [12]), we see that

Jord(T") = Jord(T), mg/(p,2) = mr(p,2) + 1, and remaining multiplicities
the same. Further, it follows from Lemma 3.3 that since m7/(p,2) = mr(p,2)+1
and fr/(v 5 p) = fr (v%,o) +1, we must have 77 (p, 2) = e7(p, 2). However, since
my(p,2) and m (p, 2) have different parities, Theorem 3.1(8) tells us one of them
would require 6 tempered and one would require & nontempered, a contradiction.
Thus we have irreducibility in this case. O

Note 4.8. In the case where a # 2red(p; o) + 1 mod?2, we have the following:
VT p % T is reducible if and only tf(,o a —2) € Jord(T). In particular, in the
context of (2.1) and (2.3), we have v ot p X8 zrreductble with any reduczbllzty
whtch arzses then commg from the reductbzllty ofv o p X 6([v Cé Pi, V - p,])
orv ot o x 8([v dé p e ,0]) (or with v =5 ,omplaceofv = p)

Appendix A. Characterization of admissible triples

There are a number of places in this paper where it is claimed that a particular
tempered representation exists, i.e., that the data given is indeed admissible. At
the core, this corresponds to the claim that the underlying discrete series data
corresponds to an admissible triple. The purpose of this appendix is to give a
characterization of admissibility in the discrete series case which simplifies the
task of determining whether a particular ¢ does indeed correspond to an admissible
triple, thereby making the admissibility claims in this paper essentially obvious.

In what follows, we use a variation of the Mceglin—Tadic classification asin [16].
In particular, rather than taking the domain of ¢ to be in Jord U (Jord x Jord), we
simply take the domain to be Jord. For the case of (p; o) having half-integrable
reducibility, this makes no difference as the values of ¢ on Jord,, determine those
on Jord, x Jord,. The same holds when red(p; o) = 0.

When red(p; o) € N, write Jord, = {ay, ..., ar} witha; < --- < a;. If g9
denotes the Mceglin—Tadi¢ datum, we define ¢ by arbitrarily choosing €(p, a;) €
{£1}. We then take

e(p, ax) = e(p, a)leo(p, ax)eo(p, ar) ']
e(p, a3) = e(p, ar)leo(p, az)eo(p, az) ']

(noting the compatibility conditions on p.729 [20]). Now, we may identify
€olJord,U(Jord,x Jord,) Withboth €| jora, and —&| jord, , 80 we no longer have a bijec-
tion between admissible triples and equivalence classes of discrete series. We must
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therefore introduce an equivalence relation ~ on triples, where (Jordi, o1, €1) ~
(Jordy, 02, 82) if Jordy = Jordy, o1 = o2 = o, and for each p having
red(p;o) € N,

€1lyord,, = E&2liord, ,-

Now, fix a p and consider Jord,. Again, write Jord, = {ay, ..., a;} with
ay < --- < ag. We may then identify elyord, with the k-tuple

‘9,0 = (5(107 a1)7 g(p’ 02), s 5(107 ak))’
Also, weset g, = (1, —1,1,—1, ..., (—1)") (with k implicit from context) and

ag = ap(p; o) = 0 ifa=red(p;0)€Z,
0o =ao(p;0) = ; ifa=red(p;o) €5 +1Z.

Proposition A.1. ¢ is admissible if and only if for each p we have
(ep €air) € {ao £},
where ( , ) denotes the usual inner product.

Proof. (=) Fix p and consider ¢,. Recall that if ¢, is not alternated, there exist
a;, a,-+17ith e(p,a;) = e(p,aj+1). Removing (p, a;), (p, aj+1) from Jord and
restricting & produces the subordinated triple (Jord’, o, ¢’). To be admissible means
this process may be repeated until one arrives at an alternated triple. One clearly
has (g,, €q11) = (8;), galt), SO it suffices to address the alternated case.

In the case o = red(p; o) € N U {0}, a strongly positive discrete series repre-
sentation has |Jord,| = |Jord,(o)| = 1{1,3,5,..., 20 — 1}| = « (e.g., see 14.2
[20]). Thus e = (1, =1, 1, =1, ..., (=1)%) and (g, €a1;) = Fa. As ap = 0, this
matches the description in the proposition. (Note that while « = 0 is vacuous, the
proposition has already been done in this case in Lemma 6.1 [11].)

In the case @ = red(p; o) € —% + N, there are two possibilities for a strongly
positive discrete series:

|Jord,(o)|if e(p, amin) = —1,

|Jord,| = { |[Jord, (o) + 1if e(p, amin) = 1.

As |Jord,(o)| = {2,4,6,...,2a = 1}| =a — %, the possible alternating ¢, are

£ = (-1, 1, -1, 1,...,(—1)“*%)
and
g = (1, 11, —1,...,(—1)‘”%).

We then observe that

1

(8178011> =—o+ E
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and

(€2, €alr) = ¢ + X
matching the claim in the proposition. Note that in the case @ = %, wehave ey =0
corresponding to |Jord,| = 0 and o as the strongly positive discrete series. In lieu
of building from the vacuous case, we may simply note that when |Jord,| = 2, we
have ¢, = (1, 1) or (—1, —1) (Example 14.1.2 [20]), which satisfies (&, €41;) = 0.
(<): Fix p and consider ¢, = &lyord,- It suffices to show that each such ¢, satisfies
the conditions for admissibility.

First, suppose @ = red(p; o) € NU{0}. Asthecase« = Oiscovered by Lemma
6.1 [11], we may assume @ € N. Observe that in order to have [{e,, €q1:)| = o, we
must have the number of entries in &,—call it n—satisfying n = o mod 2. Further,
note that [{&,, qa11)| < n, implying n > o. If n = «, we have |(gp, gu11)| = «
implying &, = =é&4s, and &4y, is known to be admissible in this case (alternating,
of course). Thus, we suppose n > «.

Now, as |{(e), €ais)] = o < n, there must be a pair of consecutive entries
satisfying (p, a;) = €(p, aj+1) (or else €, is alternating and |(,, gq11)| = n >
a). Let Jord®, ¢ be obtained by removing (p, a;), (p, ai+1) from Jord and
restricting €. Note that (Jord, o, €) is admissible if and only if (Jord“), o, 8(])) is
admissible. We have |(£f)l), car)| = abutn = n—2.1fn—2 = a we are done: ¢V

is alternating and known to be admissible in this case as above. Otherwise,n—2 > «.
n—o
%)

We iterate this argument and eventually obtain &,
known to be admissible), finishing this case.

The argument in the half-integral case is similar. The difference comes from
the fact that in this case, the known alternating &’s have (g, £4;1) = % + o (noting

= =g, (alternating and

that the case (&), €a11) = % - % = 0 corresponds to Jord, = ¥).

As before, we have |(g), €41)| < n. Therefore, to have |(g,, eqi1)| = @ &+ %,
we must have n > o — % Ifn =a+ %, then (gp, a1r) = % + « implies ¢, =
Sa[,ifi’l:ol—i-l . .. .

. 7’ corresponding to known admissible (alternating) cases. As

—ggt ifn =0 — 3
before, if n > o + %, we must have e(p, a;) = €(p, a;+1) for some i (or else
gy = Eeq and [{gp, €qir)| =n > o + %). Let (JordV, o, (1) be obtained by
removing (p, a;), (p, ai+1) and restricting . We have (Jord, o, ¢) admissible if
andonlyif (Jord ), o, ¢ ) admissible. Now, 5 has n") = n—2:ifn—2 = a1,
we have ¢ admissible (alternating). If not, we iterate the argument, eventually
reaching the alternating case O
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