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1. Introductory material
1.1. Introduction

The purpose of this paper is to extend the Mceglin—Tadi¢ classification of discrete
series of classical p-adic groups to cover tempered representations of these groups.

Recall thatin general, if G is the F-points of a connected reductive group defined
over a p-adic field F, an irreducible tempered representation 7 of G embeds in a
parabolically induced representation Indg (8), where § is a discrete series represen-
tation of the Levi factor M of P. Note that § is unique up to conjugacy. Further,
every component of Indg (6) is tempered. For the classical groups considered in
this paper, Indg (8) decomposes with multiplicity one. The components of Indg (©)]
are distinguished by the action of standard intertwining operators via the R-group.
This is convenient for some purposes, but not well-suited for the application of
Jacquet module methods.

For classical groups, an extension of the Mceglin—Tadi¢ classification would
characterize representations in the tempered dual based on parabolically induced
representations into which they embed, a more convenient characterization for
using Jacquet module methods. The Langlands classification for admissible rep-
resentations is also well-suited for applying Jacquet module methods. However,
it requires knowing the tempered duals of the Levi factors of standard parabolic
subgroups—in this case, products of general linear groups and lower rank classical
groups of the same type. By extending the Meeglin—Tadi¢ classification to cover
tempered representations, we may combine these to obtain a framework well-suited
to Jacquet module methods. We note that Jacquet module methods have been quite
effective in analyzing families of induced representations for classical groups in
cases where the classification of tempered representations is not an issue (e.g., see
[3,13,23-25,31], etc.). Thus, it is hoped that an extension of the Moeglin—Tadié
classification will fill a gap and allow a broader application of these methods. How-
ever, our particular motivation for undertaking this project is to study duality for
classical groups [1,26], where we expect Jacquet modules to play a key role (as in
the case of general linear groups, e.g., see [22]).
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Our approach to extending the Mceglin—Tadi¢ classification to tempered rep-
resentations relies heavily on both the Mceglin—Tadi¢ classification for discrete
series and the R-group results of Goldberg. In order to describe our results, we first
briefly review their results. For concreteness, we work with symplectic groups in
the introduction. Recall that for G = Sp(n, F), a parabolic subgroup has the form
P = MU with Levi factor M = GL(n1, F) x --- x GL(ng, F) x Sp(2ng, F)
withng +ny +---+ ny = n.

We start by reviewing the Mceglin—Tadic classification for discrete series. We
must first review a bit of notation from [36]. Suppose p is an irreducible unitary
supercuspidal representation of GL(r, F'). We let v = |det| and, for a, b with
a—b e Zand a < b, we let §([v¢p, b p]) denote the generalized Steinberg
representation associated to the segment [v¢p, vb pl, i.e., the unique irreducible
subrepresentation of Indg(vb,o ® vb_l,o ® - ®vip), where G = GL(r(b —
a+ 1), F) and P the standard parabolic subgroup having Levi factor GL(r, F) x

- X GL(r, F). In [21], a discrete series representation § of G = Sp(2n, F) is
embedded in a representation of the form

—ay+1 ar—1

§ — Indg (8 ([v%pl, val]) ®

—agyg_1+1 ay—1
) v 2 Pk, V 2 Pk ®63p ,

with &5, a “strongly positive” discrete series and the p; not necessarily distinct
(see Sect. 1.3 for more; a precise definition of strongly positive discrete series is
not crucial to the general discussion here in the introduction). Meeglin—Tadi¢ then
identify § with a triple (Jord, o, ) as follows: o is the partial cuspidal support of
d, i.e., a supercuspidal representation of Sp(2ng, F) (possibly ng = 0) such that
any term in the supercuspidal support of § has the form - - - ® o. Jord consists of
(p1,2a1 + 1), (p1,2a2 + 1), - -+, (pk, 2a2k—1), (pk, azk)—essentially the ends of
the segments appearing in the embedding above—plus additional elements con-
tributed by §;,. The description of ¢ is more involved,; it is a function defined on
a subset of Jord U (Jord x Jord) with image in {£1}. It essentially identifies
representations of the above form into which § may be embedded. To give a bit of
the flavor, suppose (p, a), (p,b) € Jord,a < b, and there isno c witha < ¢ < b
and (p, ¢) € Jord. Then ¢ is defined on the pair ((p, a), (p, b)) and characterized
by

e((p,a). (p.b) = 1 & § < Ind§ (5 ([V%p, vbz;lp]) ®9) (1.1)
for some irreducible 6.
We now discuss the results on tempered representations and R-groups which we
need [6-8,11]. If T is an irreducible tempered representation of G = Sp(2n, F),
it follows from the work of Goldberg and Herb that

G byl b-l b bt
T =Indp 8([1} T pl, v 2 pl])®-~'®8 VI v T ® Ty

(irreducibly induced), with T,;; an elliptic tempered representation. (We retain the
notation and terminology for the analogous representations of the non-connected
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group O(2n, F); see Sects. 2.3, 2.4.) Thus, the key for us is understanding the
elliptic tempered representations. Now,

—c1+1 cp—1 - cg—1
T < IndS (5 ([vilz ol ulTp;/]) ® - ®8 ([ = v pZ]) ®5),

with § a discrete series representation and the induced representation having 2¢

. —cj+1 ci—1
(inequivalent) components. Note that this requires that Indg‘ B(v2 ,olf’ , V72

pi'D) ® ) all be reducible and, for i # j, (o]’ ¢;) % (pf, c;). The reducibility of
X —ci+1 ci—1 . .
Ind,‘i; G(v—2 p/,v 7 p/'l) ® §) is equivalent to (p/, ¢;) ¢ Jord(8) and ¢; of
appropriate parity (c; = 2red(p;’; o) + 1 mod 2—see Sect. 1.3).
To extend the Meeglin—Tadi¢ classification to tempered representations, let us
first focus on the elliptic case. Suppose

—c1+1 c1— —cp+1 cp—1
Ty < Ind$ (3 ([v £y ]) ® - ®8 ([ ol v p,@’]) ®5)

as above. We would like to construct Jord(T) by adding two copies each of

(pf,c1)s ..., (p/,ce) (one for each end of 5([\1('7“/0[.”, v%p;’]), even if ¢; =
1). Thus we introduce a fourth datum, m7—the multiplicity (which seems
slightly more convenient than working with multisets), so have T associated to
(Jord(T), o, er,mr). Thus,

Jord(T) = Jord(8) U{(p{,c1), ..., (p], co)}
and

_ |1 if(p,a) € Jord($),
mr(p,a) = |2 if (p,a) = (p/, ¢;) for some i.

Again, we have e7 : St —> {£1}, with the domain S7 C Jord(T) U (Jord(T)
x Jord(T)). We have St D S5, and er|s; = 5. The additional values of et effec-

tively distinguish the 2¢ components of Ind$ (5([1) =4 oy, v /01]) ® - ®

8([v —4 Py, v = /D) ® 8) In particular, we have the following extension of

Eq. (1.1): if (p,a), (p,b) € Jord(T) witha < b and no a < ¢ < b with
(p,c) € Jord(T), then

(1) if m(p,b) =1,

e((p.a), (p. b)) = 1 & § = IndS (5 ([V%p, ubz;lp]) ®9)

for some irreducible 6.
(2) if m(p, b) =2,

for some irreducible 6.
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Other basic properties of the Mceeglin—Tadi¢ classification also have counterparts in
the extension to the tempered case. For more general tempered representations—
i.e., no longer assuming elliptic—we construct Jord(T'), mr by similarly adding
to Jord(Tey), mr,,; St and e7 match S7,, and £7,, (noting that the corresponding
induced representation is irreducible so we do not have components to distinguish).

At this point, we make a few remarks on the hypotheses. As we need the results
of [21], we also assume their “Basic Assumption” (see Sect. 1.3). For purposes of the
arguments made in this paper, we can work in the generality of [21]; no additional
restrictions on charF or the bilinear forms defining the groups are needed. While
Goldberg’s work is central to our results and assumes char ' = 0 and the groups are
split (or quasisplit in the unitary case), Theorem 13.1 of [21] is a suitable substitute
and requires only the “Basic Assumption” (which we need in any case). Thus we
may work in the same generality as [21].

We also remark that although S O (2n, F) is not directly covered by the results of
this paper, its tempered dual may be obtained from that of O (2n, F') viarestriction—
see Lemma 2.3 and Proposition 9.1 of [18]. (We also take this opportunity to note
a correction to [18]. In Definition 2.1, the statement “We remark that if o, 1, ot &
@ .. .”isnot correct—in this case, one has coig y (11Q- - -1~ 1QTk) = ig.uM(T1®
e RT—1 ® rk_l), with 7 a character. One should interpret 7y X - - - X 7x X (1 ®c) as
in the beginning of the definition: 71 X - - - X & X (1 ®¢) = coigu (11 ®- - - @ Tk).)

We now describe the results section by section. Sections 1.2 and 1.3 review
some general background and the Mceglin—Tadi¢ classification, resp. The main
results are summarized in Sect. 1.4. Sections 2.1-2.4 establish the basic classifica-
tion of tempered representations. In Sect. 2.1, we give additional properties of the
Mceglin—Tadi¢ classification which are needed later. Section 2.2 looks at the case of

Indg (6([\1%+1 0, v%p]) ® 8) while Sect. 2.3 uses this to build up to the case of

general elliptic tempered representations. The extension to arbitrary tempered rep-
resentations is given in Sect. 2.4. Sections 3.1-3.4 establish additional properties of
the extension, key among them the following: Suppose (p, a), (p, b) € Jord(T)
witha < bandnoa < ¢ < b with (p, ¢) € Jord(T), then

eT ((IO’ (1), (/0, b))

G —a+l b—1 —a+l b—1 ,
=1= T—Indp 8([1) 2 p,v 2 p])®~-~®8([v 2 p,v2p])®T ,

m

where m = min (m(p, a), m(p, b)) and T’ is an irreducible tempered representa-
tion whose data is obtained by removing m copies each of (p, a), (p, ¢); €7/ is then
obtained by restriction of e7. Sections 3.1 and 3.2 establish some basic terminology

and results on Jacquet modules of discrete series needed in the proofs which fol-
+1

low. Section 3.3 revisits the case of Ind(§([v ™2 p, v T p])®35); Sect. 3.4 uses this
to prove the above result. The final section—Sect. 3.5—determines the action of
normalized standard intertwining operators on the components of §; X - - - X 8 X &
in the case where § is generic. As a corollary, we also characterize the generic
component; as in [10], it turns out to be the component with ¢ trivial (identically
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1 on its domain). As we use Goldberg’s results in Sect. 3.5, the classical groups
considered there are restricted accordingly.

Before closing, we take a moment to note the recent paper of Tadié [34], which
gives a similar classification of tempered representations of classical groups, but
using somewhat different data. We also take the opportunity to thank the referee for
a number of useful suggestions and corrections, as well as M. Tadi¢ for explaining
aspects of his work with C. Meeglin to us.

1.2. Notation and preliminaries

In what follows, we use S(n, F) to denote one of the groups considered by Mceglin
and Tadi¢ [21]. In the symplectic case, we have Sp(2n, F). In the orthogonal case,
fix an anisotropic orthogonal space Yy. If dim(Yp) is odd and n > dim(Yp), we
take V, to be the (2n + 1)-dimensional space in the Witt tower over Yy; S(n, F)
is then the special orthogonal group over V,,. If dim(Yy) is even and n > dim(Yy),
we let V;, be the 2n-dimensional space in the Witt tower over Y, and take S(n, F)
the orthogonal group over V. In the unitary case, we start with a fixed separable
quadratic extension F’ of F and an anisotropic unitary space Yy over F’. We take
V,, the 2n-dimensional (resp., (2n + 1)-dimensional) space in the Witt tower over
Yy and for n > dim(Yy), let S(n, F) be the unitary group over V,,.

We now discuss some structure theory from [2,30,36]. As in [4], for a p-
adic group G with parabolic subgroup P = MU, we let ig » and ry g denote
normalized parabolic induction and the normalized Jacquet functor, respectively.
For S(n, F) in one of the families of classical groups under consideration, set

R = @R(GL(n F)) and R[S] = @R(S(n F)),

n>0 n>ng

where R (G) denotes the Grothendieck group of the category of smooth finite-length
representations of G and n is % dim(Yyp) or %(dim(Yo) — 1), whichever is integral.
We define multiplication on R as follows: suppose pi1, p2 are representations of
GL(n1, F), GL(n2, F),resp. We have M = GL(n1, F) x GL(ny, F) is the Levi
factor of a standard parabolic subgroup of G = GL(n, F), where n = ny + ny,
and set 71 X 72 = i, m (71 ® 12). This extends (after semisimplification) to give the
multiplication x : R x R — R. To describe the comultiplication on R, let M;)
denote the standard Levi factor for G = GL(n, F) having M;y = GL(i, F) x
GL(n — i, F). For arepresentation t of GL(n, F), we define

n
m*(T) = D ru,6 (0,
i=0

the sum of semisimplified Jacquet modules (lying in R ® R). This extends to a map
*: R — R ® R. We note that with this multiplication and comultiplication
(and antipode map given by the Zelevinsky involution, a special case of the general

duality operator of [1,26]), R is a Hopf algebra.
Similarly, suppose t is a representation of GL(n1, F') and 6 a representation
of S(ny, F). We have M = GL(n1, F) x S(ny, F) the Levi factor of a standard
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parabolic subgroupof G = S(n, F),withn = n1+nj,andsett X6 = ig y(t®6).
If one extends X to amap X : R ® R[S] — R[S], we have R[S] as a module
over R. To describe its comodule structure, let My = GL(I, F) ® S(n — i, F), a
standard Levi factor for G = S(n, F'). For arepresentation 7w of S(n, F), we define

n/
wH(m) = Z”M(;),G(ﬂ),
i=0

where n’ denotes the Witt index (so is n — %dim(Yo) orn — %(dim(Yo) — 1)) and
the sum is of (normalized) semisimplified Jacquet modules (lying in R ® R[S]).
This extends to a map u* : R[S] — R ® R[S].

For unitary groups, let o denote the nontrivial element of the Galois group of the
underlying quadratic extension. For a representation & of S(n, F), we then define

5 7 oo  for unitary groups,
7 otherwise,

where ~ denotes contragredient. Using this, we may give R[S] the structure of an

M*-module over R (cf.[2,21,30]):

Theorem 1.2.1. Define M* : R —> R ® R by
M*=m®1Do(@m*) osom®,

where m denotes the multiplication X : RQ® R —> Rands :R® R — RQ® R
the extension of the map defined on representations by s : 11 @ T2 —> 72 Q T1J.
Then

wr (T xm) = M*(t) x (),

where X on the right hand side is determined by (11 @ 12) X (Tt ® 0) = (11 X T) ®
(T2 X 0).

In what follows, we frequently look at those terms in p*, m*, M* having a
given first factor. In particular, if A is an irreducible representation of a general
linear group, we let u} (resp., m}, M}) be the sum of everything in pu* (resp.,
m*, M*) of the form A ® 6. More precisely, if u*(w) = >, mjA; ® 0; (m; the
multiplicity of A; ® 6;), we set u} () = Zieh miAi ®0;, where I, = {i | A; = A},
and similarly for m} and M. Similarly, if A is an irreducible representation of a
standard Levi factor M, we let r) be the sum of everything in rys g of the form
A ® 6. Formally, we let r,;, the terms from minimal nonzero Jacquet modules (so
the terms appearing in r,,;, are all supercuspidal).

We now take a moment to review cuspidal reducibility values. Suppose p is
an irreducible unitary supercuspidal representation of a general linear group and
o an irreducible supercuspidal representation of a classical group. If p 2 g, then
v¥p x o is irreducible for all x € R; if p = p, then there is a unique nonnegative
x € R such that v*p x o reduces (cf. [29] and Corollary 4.4 [3]), which we denote
by red(p; o). The values for red(p; o) for Sp(2n, F) and SO(2n + 1, F) have
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been determined (assuming certain conjectures) in [19,37]; in the generic case, it
is known that they must lie in {0, %, 1} (cf. [27,28])).

We next review the Casselman criterion for S(n, F) (see [5,35], which extend
easily to the non-connected group O(2n, F)). Suppose 7 is an irreducible rep-
resentation of S(n, F). Suppose v''p1 ® --- @ v pp ® 0 < ry g has p; an
irreducible unitary supercuspidal representation of GL(m;, F) fori =1,...,k, o
an irreducible supercuspidal representation of S(m, F), and x1, ..., xy € R. The
Casselman criterion tells us that if 7 is tempered, the following hold:

mixy >0
mixy +moaxpy >0

mixy +moxy + - -+ mpxg > 0.

Conversely, if these inequalities hold for any such v p; ® - - - ® pr @ o (i.e., p; an
irreducible unitary supercuspidal representation of G L (m;, F) and o anirreducible
supercuspidal representation of S(m, F)) appearing in a Jacquet module of 7, then
7 is tempered. The criterion for square-integrability is the same except that the
inequalities are strict.

The following lemmas are Lemma 3.1 of [21] and Lemma 5.5 of [14], respec-
tively. The extension of Lemma 3.1 of [21] to the nonconnected group O (2n, F)
is not difficult and is included below.

Lemma 1.2.2. Suppose m is an irreducible representation of G and o a supercus-
pidal (not necessarily unitary) representation which appears as a subquotient of
ry,G (1) for some parabolic subgroup P = M N of G. Then, 1 — ig pm(0).

Proof. The connected case is covered by Lemma 3.1 of [21]. Suppose G =
O@2n, F). Let o9 =< rpo0 (o). Then op < ry0 Go(mo) for some irreducible
7o < rgo,g (). Further, m < ig o (o) (e.g., Lemma 2.13 of [9]). By the con-
nected case, we have g < igo p0(00). Therefore,

T —> iG,GO(ﬂO) —> iG,GO o iGO,MO(O—O) = l‘G’M o iM,MO(GO)'

Either iy j0(00) = o or o @ ¢o, with ¢ the (restriction to M of the) nontriv-
ial character of O(2n, F) which is trivial on SO (2n, F) (e.g., Lemma 2.13 [9]).
Therefore, 7 < iG p(0) or ig. pm(Co); by partial cuspidal support considerations,
it must be the former. |

Lemma 1.2.3. Suppose m is an irreducible representation of G, A an irreducible
representation of M and m — ig . m(A). If L > M, then there is an irreducible
representation p of L such that

(D) = ic.L(p)
(2) p is a subquotient of iy, p(X).
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1.3. The Meeglin-Tadi¢ classification

In this section, we review the construction of [21] of discrete series for classical
groups. (This discussion also borrows freely from the review of the Mceglin—Tadi¢
construction given in [24].) There is an alternate characterization of part of the
construction, given in [32,33], which we also discuss. We then close with a lemma
which characterizes part of the Mcaeglin—Tadi¢ construction in terms of Jacquet
modules.

Let 7 be an irreducible admissible representation of a classical group. If 7 is
not supercuspidal, we may write

T Vvip x - xv¥py ¥ o,

with x1, ..., x¢ € R, p1, ..., pg irreducible unitary supercuspidal representations
of general linear groups, and ¢ an irreducible supercuspidal representation of a
corresponding smaller classical group (possibly o = 1, the trivial representation of
the trivial group). Recall that in the case of O(2n, F), Mceeglin—Tadi¢ do not treat
representations of O (2, F) as supercuspidal, so do not allow a representation of
O (2, F) to be the partial cuspidal support. Since SO (2, F) = F*, an irreducible
representation of O (2, F) can be embedded in a representation of the form Indy =
x x 1 with x a character of F*. Thus we may take o = 1 as the partial cuspidal
support. The o which appears is unique, and the partial cuspidal support of 7 is
defined to be this o.

Let 6 be a discrete series representation for a classical group S(n, F). Jord(d) is
defined to be the set of pairs (p, a), where p is an irreducible unitary supercuspidal
representation of a general linear group having p = g and a € N, which satisfy the
following:

(1) a is even if and only if the L-function L(p, R4, s) has a pole at s = 0. Here,
if p is a representation of GL(d, F), we let L(p, Ry, s) denote the L-function
defined by Shahidi (cf.[27,28]), with R is the representation of GL(d, C) on
A2C4 in the symplectic and even-orthogonal cases, and on Sym?(C?) in the

odd-orthogonal case. (For the unitary case, see appendix 2 of [20].)
a—1 a—1
@) s(v="T" p, v T p]) % 8 is irreducible.

We note that, assuming the Basic Assumption of [21] (discussed later in this sec-
tion), the first condition ensures the parity of a matches the parity of 2red(p; o)+1.
(Notice that the parity does not depend on o, though the particular reducibility value
does.)

We remark that, for convenience, we use representations in the following
description of admissible triples when we actually want equivalence classes of rep-
resentations; the reader should interpret the discussion below accordingly. (Working
this way saves us from having to make a somewhat awkward but obvious definition
of equivalence of triples.)

Let Trip denote the collection of all triples (Jord, o, ¢) which satisfy the fol-
lowing:

(1) Jord is a finite (possibly empty) set of pairs (p, a), where p is an irreducible
unitary supercuspidal representation of a general linear group having g = p,
and a € N with a even if and only if L(s, p, Ra,) has a pole at s = 0.
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(2) o is an irreducible supercuspidal representation of a classical group S(n, F).
(3) € : S —> {&£1} is a function on a subset S C Jord U (Jord x Jord) which
satisfies certain conditions, which we discuss in more detail momentarily.

Letus start by describing the domain S of €. S contains all (p, a) € Jord exceptthose
having a odd and (p, a’) € Jord (o) forsomea’ € N; S contains ((p, a), (p, a’)) €
Jord x Jord when p = p’ and a # a’. Several compatibility conditions must also
be satisfied:

(i) if (p,a), (p,a’) € S, we must have & ((p, a), (p,a’))
=e(p,a)e(p,a)™!;
(i) & ((p, @), (p,a"))

=& ((p.a), (p.ah) e ((p.d), (p,a")forall(p,a), (p.d), (p,a")
€ Jord having a,a’, a” distinct;
and (iii) ¢ ((p, @), (p,a)) = ¢ ((p,d'), (p,a)) forall ((p,a), (p,d")) € S.
(1.2)

We follow the notation of [21] and, in light of (i) above, write (p, a)e(p, a’ )~! for
€ ((,o, a), (p, a’)) even when ¢ is undefined on (p, a) and (p, a’) separately (i.e.,
even when (p, a) and (p, a’) are not in S).

We now discuss triples of alternated type. Suppose (p, a) € Jord. We define
(p,a-) by taking a— = max{a’ € N|(p,a’) € Jord and a’ < a}, noting that
(p, a—) may be undefined. Also, let us write Jord, = {(p’.a) € Jord|p' =
p} and Jord,(o) = {(p',a) € Jord(o) | p) = p}. We call (Jord,o,¢) €
Trip atriple of alternated type if the following hold: (1) e(p, a)e(p, a)"l=-1
whenever (p, a_) is defined, and (2) |Jord,| = |J0rd/’) (0)]|, where

, Jord,(o) U {(p,0)}if ais even and e(p, min Jord,) =1,
Jordp (0) = Jordz (o) otherwise. ’
We write Tripg; for the subset of all alternated triples in Trip.

This brings us to admissible triples. First, suppose (Jord, o,¢) € Trip has
(p,a) € Jord with (p,a_) defined and e(p, a)e(p,a_)~' = 1. Set Jord =
Jord\ {(p, a), (p,a_)} and let &’ be the restriction of & to SN [Jord' U (Jord' x
Jord")]. One can check that (Jord’, o,&") € Trip. We say that (Jord’, o, &) is
subordinated to (Jord, o, €). We say the triple (Jord, o, ¢) is admissible if there
is a sequence of triples (Jord;, o, €;), | <i < k, such that (1) (Jordy, o, €1) =
(Jord, o, ¢€), (2) (Jordi+1, 0, &i41) is subordinated to (Jord;, o, &;) for all 1 <
i <k—1,and (3) (Jordy, o, &) is of alternated type. We write Tripyq,, for the
set of admissible triples.

Mexeglin—Tadi¢ establish a bijection between the set of all equivalence classes of
discrete series for all S(n, F) (not including O (2, F)) and the set of all admissible
triples. We now describe that correspondence. If § is a discrete series representation
for an orthogonal group, we write (Jord (), os, &5) for the associated admissible
triple. Here, Jord(§) is as above and oy is the partial cuspidal support of §. It
remains to describe &5.
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We first describe €5 on pairs. Suppose (p, a) € Jords with a_ defined. Then,
Sa(p,a)egl(p,a_) =1
@ 1
a—+ a—1
there is an irreducible representation @ such that § < & ([v 2 p,v 2 ,0]) X 6.
(1.3)

This property is sufficient to define &5 on that part of S contained in Jord () x
Jord(8) (use property (3)(ii) from the definition of triple above). Now, suppose
(p,a) € Jord(s) with a even. If a,,;, denotes the smallest value of a having
(p,a) € Jord, we have

es(0, amin) =1
(2 -
there is an irreducible representation 0 such that § < & ([u%p, T p]) X 6.

(1.4)

We can reformulate this by formally setting 5(p, 0) = 1; Eq. (1.3) is then sufficient
to determine &5(p, a) for all such (p,a) € Jord,. If (p,a) € S with a odd (in
which case there is no b with (p, b) € Jord(os)), Mceglin—Tadi¢ use normalized
standard intertwining operators to define €5(p, a) (cf. Proposition 6.1 [20]). In lieu
of this approach, we follow that given in [33], which has a more representation-
theoretic character.

In [33] (which provides proofs of results announced in [32]), Tadi¢ gives another
way of defining &5 (p, a) when (p, a) € S with a odd. In this case, the choice needed
to fix & on Jord,, is a choice of components of p X 05. We nextreview this definition.

To start, we make a choice of components, writing p X o = 71(p;0) &
7_1(p; o). Then, for a € N and n € {£1}, let §([vp, v¥p]; 7, (p; 0)) denote the
unique irreducible subrepresentation of §([vo, v¥pl) X 17,;(0; o). If apay is the
largest value of a such that (p, a) € Jord, we define e5(p, amaqx) as follows:

es(p, amax) = n < thereis an irreducible A such that §

amax—1

> AXS ([v,o, v 2 pl;(p; U)) . (1.5)

Observe that once €5(0, amqyx) is known, Eq. (1.3) is enough to determine &5 on S.

Before proceeding further, let us take a moment to recall the Basic Assumption
under which the Mceglin—Tadi¢ construction is done, and which we retain. Let p
be an irreducible unitary supercuspidal representation of a general linear group
having p = p and o an irreducible supercuspidal representation of some S(n, F).
The Basic Assumption is the following:

Gomatl i Jord, (o) # 0,
if L(p, Ra,,s) hasapoleats = 0and Jord,(o) =¥,

red(p;o) =11
0 otherwise,

where a, jnqx is the largest value of a for which (p,a) € Jord. The reader is
referred to section 12 of [21] for more on this assumption.
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Note 1.3.1. In the opposite direction, let (Jord, o, €) be an admissible triple.
Then the associated discrete series representation § satisfies the following: if
(p,a), (p,a_) € Jord withe(p,a)e(p,a_)"' =1, then

—a_+1 a—1
8(—)8([\1 2 p,vT,o])NS/,

where 8' has Maglin-Tadi¢ data (Jord', o, &') with Jord' = Jord \ {(p, a),
(p,a_)} and &' is the restriction of € to S’ (the domain of ¢'). Repeated application
of this results in an embedding

—ay+1 ay —apyp_1+1 ay
5%8([1) 2 pl,v2pz]) X---xé([v Zp,v2 p]) X Bsps

where 8y has its associated triple alternated (i.e., is a strongly positive discrete

series). For (Jord, o, €) alternated, we can construct the associated discrete series
o o o 7 D o

as follows: write Jord, = {(p,ay), ..., (p, akp)} withay < --- < ar,- Then,

kp
5 s HH5([V(¢p(af)+1>/2p,v(a,.”—n/zp]) %0,

p i=1

as unique irreducible subrepresentation, where ¢, : Jord, — J ord;) (o) is an
increasing bijection (noting that by the definition of alternated triple, these have
the same cardinality).

Remark 1.3.2. Tt follows directly from the embeddings in Note 1.3.1 that if
w*,_; (8) # 0, then (p, a) must be in Jord(3).
v 2 op
Lemma 1.3.3. Let § = 8(jord,o.¢) and (p, a) € Jord with (p, a_) defined. Then
a_+1 a—
§— 6 ([U%p, le,o]) X 0 for some irreducible 6

a—1

a_—+1
u*(@) >34 ([V%p, va]) ® 0 for some irreducible 0’ .

Ifa_ is not defined, we may replace a_ in the above statement with 0 or 1, whichever
matches the parity of 2red(p; o) + 1.

Proof. The implication (=) is immediate from Frobenius reciprocity (taking
a=+l

0’ = 0). For (<), if a_ exists, observe that since u*(8) > § ([v 7 p, v%,o]) ®
6’, we have

a—1 a_+1

Fmin(®) =V T pRVT PR Qv T p®---
| (Lemma 1.2.2)

a—3 a_+1
2

/OX"'®U 2 p X
| (Lemma 1.2.3)
§—>Ax0"

a—1
§—>Vv 2 pxV
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a=3 a_+1 . .
XV ZpxX--+-xv 2z pand irreducible 6”.

a—1

for some irreducible A < v 2
a_+1

Any A other than §([v™2 p,v 2 p]) would have r,x,(A) # 0 for some x €

{a72+1’ a72+3’ L #}, hence r,x,(8) # 0. Since r,x,(8) = 0 for all such x

+1 a
by Remark 1.3.2, this is not the case, so A = §([v" 2 p, le,o]), as needed.
If a_ does not exist, the same argument still works, replacing a_ by O or 1, as
appropriate. O

a—1
2

1.4. Summary

We close the first chapter by summarizing the main results. In particular, there
is a bijection between irreducible admissible quadruples on the one hand, and
irreducible tempered representations of a family of classical groups on the other.
In what follows, we describe this more precisely.

An admissible quadruple is a quadruple of the form (Jord, o, €, m) satisfying
the following:

e Jord consists of pairs (p,a) having p an irreducible unitary supercuspidal
representation of a general linear group and a € N.
o is an irreducible supercuspidal representation of a classical group.
m : Jord —> N subject to
(1) if p 2 p, then m(p, a) = m(p, a), and
(2) if p = pbuta # 2red(p; o) + 1 mod?2, then m(p, a) € 2N.
e For ¢, we first define

Jordy; = {(p,a) € Jord | p = pand a = 2red(p; o) + 1 mod 2}.
‘We then define S,;; as for discrete series:

Set = {(p,a) € Jordy |red(p;0) =0orred(p;o0) = %mod 1}
U{((0, @), (0", a")) € Jordey x Jordey | p = p' anda # a'}.

The domain of ¢ is S = S,;, and
e: 8§ — {£1}
subject to the following:

(i) if (p,a), (p,d’) € S, we must have ¢ ((p, a), (p, a))
=e(p, a)e(p,a)™";
(i) & ((p, @), (p,a")) =€ ((p, @), (p,a")) & ((p,a), (p,a")) forall
(p,a), (p,a’), (p,a”) € Jord having a, da’, a” distinct;
and (iii) & ((p, @), (p,a")) =€ ((p.a'), (p,a)) forall ((p,a), (p,d")) € S.

Further, let Jordgs = {(p,a) € Jordey; |m(p, a) is odd}. Then, (Jordys, o,
&4s) 1s an admissible triple in the sense of [21], where g4 the restriction of
to Sy (defined as in [21]).
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The bijection is implemented in one direction as follows: let § be the discrete
series associated by Meeglin—Tadi¢ to the triple (Jordys, o, €45). Define m,;; on
Jord, by

|1 if m(p,a)isodd,
meii(p, a) = [2 if m(p,a)is even.

Associated to the quadruple (Jord,;, o, €, mey) is an elliptic tempered represen-
tation

Ty — H 1) (I:U%_Hp, U%p]) X 6.
{(p,a)eJorden |m(p,a)=2}

It is characterized inductively by the following:
(1) If (p,a) € Jord,; with me;(p, a) = 2, then

—a+

Toyy — 6 ([VHTIP, VHT_IP]) x Ty,

where the data for T, is obtained by removing both copies of (p,a) and
restricting ¢.
) Ife(p, a)e(p,a_)~' = 1,let m = min(m(p, a), m(p, a—)). Then,

—a_+1 a—1 m ’
Tell — 4 (I:v 2 P,V 2 IO]) A ell’

where the data for 7)), is obtained by removing m copies each of (p, a), (p, a_)
and restricting €.
(3) If Jord,(Tey) = {(p, a)} with m(p, a) = 2, we must have red(p; o) = 0 or

%. If red(p; o) = %, we have ¢(p,a) =1 & T — 8([1)%,0, v%,o])2 X 6
for some irreducible 6. If red(p; o) = 0, we have (for n = £1) e(p,a) =
a—1
n<e T < xAxTG(vp, vz ph% 7,(p; o)) for some irreducible A (see
Lemma 2.2.2 for a description of T (§([vp, va2;l,0])2; 7, (0; 0))).
Finally, let Jord,,, = Jord \ Jord,;. We choose a set X containing exactly one

of (p,a), (0, a) for those (p, a), (p,a) € Jord having § % p. Then T is the
irreducible induced representation

—a a— m(p,a)
r= T ()

(p,a)eX

—a a— Im(p.a)
s

{(p,a)eJordyon | P=p)

a_+1 a—1
X H 1) ([v 7 p,v2Zp
(p,a)eJorde

]) Lim(p.a)—mey (p.a)]

X Tey.
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In the other direction, suppose T is an irreducible tempered representation of
a classical group. In the data (Jord, o, ¢, m), we have o as the partial cuspidal
support. Write

~ —ay+1 M —ap+1 ag—
T=3([V I pp,v 2 pl])x'~x5([ T pg,v T pk])NTeu

(irreducibly induced) with T, elliptic tempered. Then Jord = Jorde; U Jordye,
where

Jorde = {(p,a) |a =2red(p; o)
+1mod?2 and § ([v%ﬂp, vaT_l,o]) x T irreducible}
and

Jordnon = {(plv al)s (1517 Cll), L] (pka ak)v (ﬁk? ak)}

(noting that there may be repetition among the elements listed in Jord,,,). Let §
be the unique discrete series representation such that we may write

—by+1 b — —by+1 by~
T<—>8([ T oppv T :01]) ~-x8([ I oppv T Pe]) X 8.

Then,

21{i | (o], bi) = (p, a)}| + 1 if (p,a) € Jord(s),
m(p.ay = | 21 bi) = (p. )}l +2 it (p,a) € Jordu \ Jord(s),
7 2l{i | (o, bi) = (p, @)} it (p,a) € Jordy,, and p = p,

il (o, bi) = (p.a)or (b, )} if p F p.

Alternatively, both Jord and m may be determined from Lemma 2.4.1. Finally,
& = &7, is determined by the following:

ey

| a aet m(p.a)
e(p,a)e(p,a-)" —l(:)T<—>8([ p,UZp]) x 6

for some irreducible 0,
(2) ifred(p;0) = 5 L mod 1,

4nin =1

1 m(p,amin)
e(p,amm)=1©TL>5([v§p,v 2 p]) X 0

for some irreducible 8 (where a,,;, is the smallest value of b such that (p, b) €
Jord,y), and
) ifred(p;o0) =0,

&(p, Amax) =N

—amgy +1 amay—1 2 (m(p,amax)—mo) amgy=l e
T o (8 ([p4 5 00 ™5 7)) X T(3([vp, v ™4™ p1)™: 7y(pi 0)) ).

for some irreducible A, where moy = 1 or 2, whichever matches the parity of
m(p, amax ), and apy,qy s the largest value of b such that (p, b) € Jord,y (see

amax — m
Definition 2.3.6 for a description of 7 (§ ([vp, v 2 1 p]) ! s Ty(o; 0))).
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2. Jacquet modules
2.1. Some lemmas on the Maeglin—-Tadi¢ classification

In this section, we give several results on the Mceglin—Tadi¢ classification which
are used later in the paper.

Let § be a discrete series representation and M a standard Levi factor such that
rm,g(8) # 0butry ¢ (8) = 0 for any standard Levi factor L < M. For ¢ > 0, we
let n(p, ¢) denote the number of times vE¢p appears in some x < ry g(8). Note
that this depends only on the supercuspidal support of § and not on the particular
M or x used.

The following lemma tells us that Jord(6) is determined by the supercuspidal
support of §.

Lemma 2.1.1. Let § = §(jord,0.s) be a discrete series representation. Suppose
¢ > 0with c =red(p; o) mod 1. Then, we have the following:

(1) If ¢ = red(p; o),
(p,2c+1) e Jord & n(p,c) —n(p,c+1) =1.

(If (p,2c+ 1) & Jord, thenn(p,c) —n(p,c+ 1) =0.)
2) If c < red(p;0),

(p,2c+1) € Jord < n(p,c) —n(p,c+1)=0.

(If (p,2c+ 1) € Jord, thenn(p,c) —n(p,c+1)=—1.)

The case ¢ = 0 is the same except that n(p,c) — n(p,c + 1) is replaced by
2n(p,0) —n(p, 1).

lifo =0mod1
Jifa=1mod1l
{(p,a1),...,(p,ar)}. For ¢ > 0, we let ny(p, c) (resp., n—_(p, c)) denote the
number of times ¢ (resp., —c) appears in the set {‘”T_l, ”22_1 e “kz_ , —0l, —0)—
1, ..., —a}. We remark that since Jord is multiplicity-free, n+(p, c¢) < 1. Now, by
Lemma 3.1 [15],

Proof. Let @ = red(p; o) and set ag = [ . Write Jord,(8) =

_|n(p,¢) —n(p,c+1) if ¢>0,
n+(p’c)_n_('0’c+l)_[Zn(p,O)—n(p,l) if ¢=0.

The lemma now follows from the observations that

1 if (p,2c+1) € Jord,

1 ife <a,
40 =10 if not

andn_(p,c+1) = [0 if not.

O

Proposition 2.1.2. Let § = 8(jord,0.c) and (p, b) € Jord. Suppose (p, b_) exists
and b > b_ + 2. Then,
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* bl ’
wWioq =vZ oS,
p

v 2

where §' is the discrete series representation with Meeglin-Tadi¢ data described
below. Here,

Jord(8') = (Jord(8) \ {(p. b)}) U {(p. b — 2)}
and ey is defined by ess = € on Sy N S (Ss the domain of eg/),
ey (p.a)ey (p.b—2)"" =e(p,a)e(p. b)™'
for (p.a) € Jord() \ {(p. b)}, and
es(p,b—2) =¢(p,b)

if defined. Note that if b_ does not exist, we may replace b— + 2 with 1 or 2 in the
inequality b_ + 2 < b, whichever matches the parity of 2red(p; o) + 1.

Proof. We start by assuming b_ exists. We discuss the (largely similar) case where
b_ does not exist at the end.
First we show § <> v 7 p x 7’ for some irreducible 7/, then show u*,_, (§) =
v 2 p
v Z p®n’, and finally, 7’ = §’. From the results of Mceglin-Tadic (see Note 1.3.1),
we have

—ap+1 ay—1 —ayp_1+!1 ayp—1
8"—)8([1} b p,v22p])x--~x8(|:v 4 p,v2k2 ,o:|)><18*,

where Jord(8*) = Jord(8)\{(p, ai), ..., (p, axx)} and the restriction of £* = g+
to Jord,(6*)U (Jord,(8*) x Jord,(6*)) is alternated. We have three possibilities

b—1
2

toconsider: (1) b € {ay, a4, ...,ax}, ()b € {ay, a3, ..., axy—1},and (iii) (p, b) €
Jord(8%).
First, suppose b € {ay, a3, ..., ax—1}; for concreteness, b = a (the hard-

. e —b+1 —a2j—1t! a1
est case). Observe that by irreducibility, v"2 p X § ([v 2 p,v 2 pi|) =

—b+1 —b+1

_“Zj—l‘H (12]—1 . .
1) (|:v . p,v 2 ,oi|) xv~2 pwhenj > 1.Thus, “commuting” thev ™2 p

back,
- — —az+1 as—1
5%(5([1)%,0,\) p])xv%p)xé([v %+ p,v52 p])x-~-
—agk—1+1

-1
2
ar—1
X8 (|:v T p,v % pi|) X 8*

~ b3 -l a3+l a5 —b+l
:8([\1 2 p,v 2 p])xb‘([u 2 p,v 2 p])xv 2 p X -

—ayk—1+1 ayy—1
M) (|:v T o,V % pi|) x §*

a
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= —az3+1 as—1
3 (0 a]) o (]
s (|:v—a2k21+1 ). vazkzlp]) N v#p e

By Proposition 3.1(ii) [23], we have v px&* irreducible hence v# X 8% =
—ayi_ ni—1
v o p % 8*. Now, noting that v =5t p xX6([v = - P,V 2 p]) is irreducible for

all j, we continue
—b+3 ap—1 —a3+1 as—1
8%8([1)%,0,1)22 ])X8([ > ,o,v52 p])x~-~
-—a,l any — _
X(S(v 2k21+p,v2l§1p)xv1721p>48*
~ b=t —b+3 ap—1 —az+1 as—1
0 (5] e (] ¢

B —app_1+1 ayp—1 7
XS( v 2z p,v 2z pl|) xé*

| (Lemma 1.2.3)

b=t ,
§—>VZpXxm

for some irreducible 7/ < §([v = P,V z2 pl) x 8([v a% P,V 52 pl) X .-+ X

—ay,

+1 1
S([v i P,V 2 p]) x 8*. The argument if b € {ay, aa, . .., ap} is similar but
easier (as no inversion is required). Finally, if (p, b) € Jord(8*), we have

a -1 a —1
5% § (|:v°‘°,o, 2 pi|) X 8 (|:v°‘°+lp, R ,o:|) X e
a a—!
%8 (I:vozp’ v 2k45 p]) q 8**,

1 ifa=0modl
with ¢« = red(p;0), ap =
(03 0), @ Il 1fa—§mod1
- < a2k+a—1- Again, for concreteness we focus on the hardest case and take
b = azr1q—1. Now, observe that since b_ > apyiq_2 and %
have

and ase41 < agkg2 <
> o — 2, we

b—1 >b_+3>a2k+a_2+3>a
2 - 2 = 2 -

so §([v¥p, v? p]) is nondegenerate. Thus,

8* s 8 (I:vl)lop’ UaZkEI_] p:|) X 8 (I:‘)C(O"l‘llo7 vaZkJEZ_l pi|) X oo

xv%p x 8 ([v"‘,o, va;},o]) X 8
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_ a —1 a —
= vle,o x 8 (|:v“0,0, p p:|) X 8 (|:v°‘0+1p, p lpi|) X
X X 8 ([vo‘,o, vb2;3,0]) X 8,

. . Qk+1—j—1 b—1 L. .

since §([v¥ T/ p, v 2 p]) x v Z p is irreducible (as axpi; < - <
Wk4+q—2 < b_ < b — 2). Combining this with our original embedding for §,
we may argue as before to get

—ay+1 apr—1 —az+1 ag—1
6~'—>8([u 5 ,o,va,o]) X(S([ 3 P,V g p]) X+
—ayg—1+1 a—1
)
2,

12
<
3
N‘l
k)
X
(=%}
/N
i
<
4
o=
=
ks
<
=i
he}
—
—
X
(=%}
A/
i
<
4
()98
t
ks
<
iS)
o
he}
—
—
X

| (Lemma 1.2.3)

5 — vpr x 7’
—a —a ag—1
for some 1rredu01blerr < 4§([v — ,o v 22 ,o]) X §([v 5 0, v 42 p]) X -0 X
—a +1
S o v D) x 8((v0p, v HET ) x 80t o, v EET phx

S([v¥p, v 2 p]) x 8.
We now turn to the task of showing u*,_, (8) = vh2;1p Qn’and ' = §'. We
first show 7’ is square-integrable. Now, v:erze 7/;’ nontempered, we would have
78 ([v7e v ') x "
with r > s. Then,
8 — v%p x8([v7"p' v p']) x .
Itv'7 p x 8([v™"p’, v¥ p']) were irreducible, then we would get
s> 8([v7p' v p]) x v%p xm”,

which contradicts the Casselman criterion for the square-integrability of §. Thus,
b—1 . . .

vz p x8§(v"p’,v¥p']) would have to be reducible. This requires p’ = p and

b%] = s + 1. However, since r < s,
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§—> v o x s ([vo vip]) x "

still contradicts the Casselman criterion for the square-integrability of §. Therefore,

7" must be tempered. Further, by Proposition 8.2 [21], since 7’ is tempered and has

the same infinitesimal character as §’, 77’ must in fact be square-integrable as well.
Now, observe that the partial cuspidal support is o for both 7z’ and §'. Further,

since " and &8’ have the same infinitesimal character, it follows from Lemma 2.1.1

that Jord(n’) = Jord(8'). We first use this fact to show u*,_, (§) = v%p Q.
v 2 op

After that, we finish showing 7’ and §’ have the same Mceglin-Tadi¢ data (so are

equivalent) by checking ¢, = €.

To show /L*% ) = vhz;lp ® 7/, write u*(r') = Zj Aj ® ¢j. Since
b1 vup b=1 —b+1 . ~ v
M*wZp)=v2pR1+1Qv 2z p+v 2 p® 1 (noting p = p), we have

b—1 b—1 b—1
W pxa) =" ((M X vTp ®¢./) +0®V T pxg))

—bt1
+ (i xv T p®9))). @1
Since (p,b) € Jord(x'), it follows from Remark 1.3.2 that u*,_, (z’) = 0.
v 2 op
Therefore, the only way to obtain a term of the form v = ®--- inu* (vb%l poxm’)
is to have A; = 1, hence ¢; = x’. It then follows that u*,_, (8) = v?,o Q/,

) v 2 p
as claimed.

Let &’ = &,/. Suppose (o', a), (o', a_) € Jord(w"). We first show
(0, a)e'(p' a) "t =e(p',a)e(p’ a )"

when (p’, a), (0',a-) # (p,b —2) (so (0/,a), (p',a_) are also in Jord(8)). In
this case, we have

e'(p,a)e'(p,a_) "t =1
/ ﬂ ! ﬂ /
nf—>8([v2p,v2p])>49

b—1 a_+1 a—1
§—vzZpx$ ([vT,o’, UT,O’]) X 0
— a_+1 a—
Now, we claim T px38([v = o, v o p']) is irreducible. In fact, the only way it
could be reducible would be if p” = p and b = a_ (contradicting our assumption) or
b = a +2 (which would imply a_ = b, again a contradiction). Then, a commuting
argument implies
a_+1 a1 b1
8(—)8([ 2 p v 2 p’])xv T px6O
U (Lemma 1.2.3)

§—§ ([U%p/, v%l,o’]) x 6’
U
e(p/,a)e(p’,am)™ =1
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(for some irreducible 8’ < v 2 p X 0), as needed. In the converse direction,

e(p a)e(p’,a ) =1
U
a_+1 a—1
§— 3§ ([UT,O’, UT,O’])
X0
b—1

| (noting § — U+21 0 X
uw* (vb%pxn’)za([ 0, v%p’])®9.

Again, u (vpr x 7’) is given by Eq. (2.1). Since v = ,o does not appear in
a_+1
vz p,v 21,0] theonlywaytoplckupacopyofS([v 5 ,o,v T ,0])®9
is if it appears in A; ® VZp X ¢;. In this case, we would have to have
a_+1 a— a_+1 a
= 8T p/ v T p')). That is, 1* (7)) = 8T P/ v T D) ® ¢j. By
Lemma 1.3.3, this implies &/(p’, a)e’(p’, a_)~' = 1, as needed.
We now show &'(p, b — 2)e'(p, b_)"' = e(p, b)e(p, b_)~'. Observe that

g (p.b—2) (p, b)) =1
4
7§ ([vb;;l,o, v%p]) X 6
b—1 l& +1 b=3
>V 2 px3s ([v_Tp, U%,O]) X 60
| (Lemma 1.2.3)
§—>Ax0

b_
for some irreducible A < v e o x §([v = p, v Eh p]) As in the proof of

Lemma 1.3.3, we must have A = §([v 72+ P,V e ,o]) (or else u*(8) > vp ® 0O’
for some x € {b +1 e b23}). It then follows that e (p, b)e(p, b—)~ r— = 1.In the
converse dlrectlon

e(p,be(p, b))~ =1
U

b_+1 bh— b—1 b_+1 b—3
(SC—>5([ 2 p,v 2 p]) m@%vaXB([va,va]) X 6

VU' b_ +I
- -3
rM,G(S)vaTIp(S@«S([ pr])@@
U
b—1 b— b_+1 b3
M.G (va X n’) >0 T p®s ([v 2 p,qu]) ®6

b—1
for the appropriate standard Levi factor M. Since u*,, (§) = v 2z p ® 7/, it
v 2 p

follows that u* (') > §([v _2 0, pr]) ® 6. It now follows from Lemma 1.3.3
that &’(p, b — 2)e’(p, b_)~ I'— 1, as needed.
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We next show &' (p, by )’ (p, b—2)"! = e(p, by)e(p, b)~! (assuming (p, by)
exists). The argument that ¢’ (p, by )’ (p, b—2)"' =1 = e(p, by)e(p, b))~ =
is like that above for (p a) (p',a—) # (p.b —2), noting that the irreducibility of

+
v b p X 8([1) o P,V 2 p]) is immediate here. In the converse direction,

e(p. byp)e(p. b))~ =1
| (see Note 1.3.1)

—b+1 byl b1 byl =b+l b3
§—=d8(|v 2 p,v 2 pl) XS —=56|v 2 pv 2 pl)xdl|lv 2 p,v2Z pl|])x

| (Lemma 1.2.3)
b1 byl
8‘—)5([\)2,0,1} 2 p])xe

for some irreducible 6 < &([v =t 0, vb53,0]) x 61. Now, observe that since
b—1 b—1
w* (8) # 0 and there are no terms of the formv 2 p ® --- in M*(§([v 2 p,
vZop
b
v +2 p]), we must have u*,_; () # 0. Therefore, by Lemmas 1.2.2 and 1.2.3,

v 2 p

b=1
2

b—1 . .
we must have § < v 2 p x 0’ for some irreducible 8’. Thus,

by—1 _ _ _ by —1
§ — 8([1} 21,0 e ,0]) X vlep NB/EU%,OXS ([vlep,erTp]) x 6’
b—1
| (since p* bt (T)=v72per)
v 2P

by —1
ur (') =8 ([ p v 7 p]) ®6'
{ (Lemma 1.3.3)
£(p.bp)e'(p.b—2)"1 =1

as needed.
The arguments above show &’ is as claimed on S’ N (Jord' x Jord'). It
remains to show &’ is as claimed on §’ N Jord'. Fix p’ having Jord;), # ¥ and

g’ deﬁned on Jord’ From the condition &'(p’, a)e'(p’,a_)"' =1 & 7/ —

S([v = o, ot 0'1) x 6’ (a consequence of the work above), it suffices to show
that &' (p’, a) is as claimed for a single value of a’. We break this into two cases: (1)
red(p’; o) = jmodl and (2) red(p’; o) = 0 (recalling that if red(p’; o) € N,
¢’ is not defined on Jord ).

First, suppose red(po’, a) =5 ! mod 1. Let a) . be the smallest value of @ having
(p',a) € Jord'. The argument that &' (p/, amm) 1 = e(p,a,,,) =1islike

that for (o', a), (0, a_) # (p, b — 2) above, replacmg (p',a_ )w1th (,0 0) in the

argument In this case, the irreducibility of v o p X 8([v2 P,V mif p]) follows
froma) . <b_ < b —2.Inthe converse direction,
&0 aly,) =1
U

a -1
5§ (|:v%,0’, p ,0’]) X 0.
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4 —
min

2 p']) x 0) # 0 implies /VL*% () # 0 (noting that
vZp

a

Now, 1, , (8([vip/,v

v 2 p
ifp = p,b>a

min

T p x 0’ for some irreducible 6’. Thus,

a . -1 _ h— ar/nin71
8%8([115,0’,1) e ,0’]) X v%p ><19’§v12]p x8(|:vé,o’,v 2 ,o’i|) x 0’

U (since w_, (&) = vpr ®n’)

v2op

a . -1
i) =8 ([vip, v p]) ®¢0
I

£ ) = 1,

). By Lemmas 1.2.2 and 1.2.3, we may then conclude 6 —

as needed.

Now, suppose red(p’; o) = 0. Let a,,,, be the largest value of a such that
(0’ a) € Jord'. If (p',a),,.) # (p,b — 2), then for n = *1, we have (see
Sect. 1.3)

e'(0's ) =1
U
§ <> ¢ xo ([vp/, 2 p’} LT (s o))
U
5 — v[%],o X ¢ X8 (|:vp’, va;"afl,o’} s Ty (p's 0))
| (Lemma 1.2.3)
5> ¢ x5 ([up/, = p’} STy (0 cr))

e(p', apg) =1

(some irreducible ¢’ < v%p x ¢), as needed. If (p’, a,,,.) = (p, b — 2), then

m

gp.b—=2)=n
|} (as above)

§ — vb%]pxqb X 8(|:vp,v%p];rn(p;o)) = ¢ x v%p X 8([1},0,1)%;)];1,7(/);0))

where the irreducibility of vb%] p x ¢ follows from the fact that any v*p in the

supercuspidal support of ¢ has x < % — 1 (which follows from the assumption

b_ < b—2).ByLemma 1.2.3, § < ¢ x 6 for some irreducible 6 < v%p X
S([vp, v%p]; 7,(p; 0)). Now, v%p x §([vp, v%p]; 7,(p; 0)) is dual to the
generalized degenerate principal series of Proposition 3.2 [3] (noting b > b_+2 =
b > 3, which translates to £ > 1 in Proposition 3.2 [3]). In the notation of that paper
(subrepresentation realization of the Langlands classification), one can see fairly
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easily that it has irreducible subquotients L(v# 0;8([vp, vb%:s,o]; 7,(p; 0))) and
§([vp, vb%l,o]; 7,(p; 0)). Thus, either

—b+1 b=3
8~'—>¢><1L(v 2 ,0;8([1),0,1) 2 p];r,,(p;a)))
or
b—1
> ¢ x4 ([vp, va] ; Ty (o 0)) :
In the former case, we would have

—b+1 b=3
> pxv2 p><8([vp,v 2 p];rn(p;o))

=b+1 b=3
=72 p><¢><5([vp,v 2 p];rn(p;a)),

with the irreducibility of ¢ x v Z p as above. However, this contradicts the Cas-
selman criterion for §. Thus,

§—> ¢ x4 ([v,o, vhz;l,o] ; Ty (ps a))
e(p,b) =,

as needed. This finishes the proof that &’ is as claimed (i.e., 7’ = §'), and the case
where b_ exists.

If b_ does not exist, the proof is largely similar; simplified in some places
as the minimality of b then precludes certain possibilities. The exception is the
argument that &'(o, a,, . ) = (o', a,,;,) whenred(p'; o) = %mod 1. In this case,
if o/ = p, a different argument is needed. Here, a,,;, = b, and we must show
& (p,b—2)=¢(p,b). We have

e(p,b) =1

§— 4 ([U%p, vb%]p]) X 6
U
b—1
W (vT,o X n’) #0
6([1}7,0,va

U (noting (p, b) € Jord(x'))
)"

g(p,b—2)=1.
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In the converse direction,

ep,b—2)=1

3§ ([v%p, v%p]) x @’ (some irreducible 6”)

8§ — L(§ ([vzp, p]),vb%p)x@.

We can rule out the latter as it would give u*,_; (8) # 0, contradicting (p, b—2) ¢
vZ2op
Jord (). The former implies €(p, b) = 1, as needed |
Repeated application of this proposition gives the following:

Corollary 2.1.3. Let § = S(jord,o.s) and (p,b) € Jord. Suppose (p, b_) exists
andb > b_+2.Ifb_+2 < c < bwithc =bmod?2, then

where &' is the discrete series representation with Meeglin-Tadi¢ data described
below. Here,

Jord(8') = (Jord(8) \ {(p. b)}) U {(p. c))
and ey defined by ey = € on Sy N S,
ey (0, @)ey (p, )~ = e(p,a)e(p, b)”"
for (p,a) € Jord(8) \ {(p, b)}, and
es(p,c) =¢(p, b)

if defined. Note that if b_ does not exist, we may replace b— + 2 with 1 or 2 in the
inequality b_ + 2 < ¢ < b, whichever matches the parity of 2red(p; o) + 1 (and
&g just the restriction of €).

Note 2.1.4. The same argument as in the proof of Lemma 1.3.3 tells us
5§48 (I:U%,O, vb%lp]) x 8

in Corollary 2.1.3.
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2.2. The case of §(Iv=5" p, vT p]) x 8

In this section, we extend the Mceeglin—Tadi¢ classification to cover the components

. —ct1 el . .
of the representation §([v™2 p,v 2 p]) x § (assumed reducible). This serves as
the basis for extending the classification to elliptic tempered representations in
Sect. 2.3.

Lemma 2.2.1. Suppose 8§ = 6&(jord,s,e) and (p,c) & Jord but with ¢ =
2red(p;0)+1 mod 2.

(1) Suppose there is some (p, x) € Jord with x > c. Let a be the minimal such x.
Then, there is exactly one component 1’ 0f8([v%+1,0, v%p]) X 8 such that

(2) Suppose there is some (p, x) € Jord with x < c. Let b be the maximal such x.

Then, there is exactly one component ©”’ (possibly ') of § ([v = o,V S p)xé
such that

* (TL’//) £ 0.

Lo o))

Proof. Write u*(8) = >°, ¢ ® 0, and observe that (noting p = p here)

(el o3 (Vo))

Then, by Theorem 1.2.1,

=
w (5[ v T ] 1) =D D Daw T e v el
l [:—CZ-H j=i
X8 ([vj,o, v%p]) X T ® 8([vip, vj_l,o]) X 6.
For (1), observe that to contribute to u* .., ., , we must have j =
" B (v 2 p,v 2 p)
—i+1= % and 7y = 8([v 2 p,v 2 p]). By Corollary 2.1.3, this gives 6y = &’

(8’ as in the corollary) and

c+l a—1

—ctl =1 ctl a—1
W e (07T 0T e x8) = 8T 00" )

s([v 2 p,v 2 p])
® (5™ p. v T ) 1 8).
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c—1

Since (p, ¢) € Jord(8') (again, see Corollary 2.1.3), we have § ([v =5 P,V 2 pl)x
8’ irreducible, from which (1) follows.

For (2), observe that it follows from Remark 1.3.2 that to have a term of the form
v% o ® A < m*(ty), we must have (p, x) € Jord. In particular, since there is no

(p,x) € Jord with b < x < ¢, we see that to contribute to u* ., ., s
[B(v 2 p,v 2 p)?]
we must have 7, trivial. It then follows that —i + 1 = j = b—'ZH. Thus,

—c+1 1 b+l =1 2
IU/* b+1 c— ((S (I:I)T-Fp’vaiI) >q5) :5([‘}%)0, UTP])
(v 2 p,v 2 p)D?]

o (5 ([ pv' ) #5).

Further, since (p, b) € Jord, we have 5 ([v =5 P,V bt p]) x 6§ irreducible. (2) now
follows immediately. O

Lemma 2.2.2. Let § = 8(jord,o,¢) With Jord,(8) = V) (noting that this requires
red(p; o) =0or %) and suppose 8([1)%“,0, v%p]) X § is reducible.

(1) Ifred(p; o) = % there is exactly one component 0f8([v%+lp, v%p]) )
such that

) If red(p; o) = 0, write

s([v7 v T o)) o= @ TG YT D Ty(050)

ne{£1}
where for n = £1, T (6([vp, v%p])z; 7,(p; 0)) is characterized by

w5 (TG, v oD% 703 0))) 2 8(1vp, v T pD)? @ (05 )

with t,(p; o) as in Sect. 1.3. Then, for n = %1, there is exactly one component

T of 5([1)%“/), v%p]) X 8 such that p*(w) contains a term of the form

AT B(vp, v 2 p)?; 1y(p; ).

Proof. For (1), write u*(8) = Ze ¢ ® 0¢. Then, using Theorem 1.2.1,

el el
W (o To]) o0 =3 3 S e T
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Now, observe that to contribute to u* | ., , we must have 7, = 1 (by
[B(v2p,v 2 p)?]
supercuspidal support considerations), so §; = §. Therefore, j = —i + 1 = %

and ty = 1, hence

* —ctl ezl 1 = 2
s O] ws) = (o) o
()]

from which (1) follows.

(2) is an immediate consequence of Corollary 7.5 and Definition 7.6 of [14]
(whose proof uses only the u* structure and results on general linear groups, hence
holds in the generality needed here). O

Lemma 2.2.3. Let § = §(jord,0.¢) and suppose (p,c) ¢ Jord. Further, suppose
there are (p,a), (p,a—) € Jord witha > ¢ > a_ and ¢c = amod?2. Let T <

(V=T p. v T pl) X 6.
(D) Ife(p, a)e(p,a_)~' =1, then

LS e e (T) #0eu* . ., (I)#0.
8(vz pv 2 pD B2 p,v 2 ph?

Q) Ife(p, a)e(p,a_)~' = —1, then

/-’L* c+1 u—l (T) 75 O < M a_+1 c—1 (T) = 0

Proof. Write

where Jord(8') = (Jord \ {(p, a)}) U{(p, )}, Jord(§") = (Jord \ {(p,a_)}) U
{(p, )}, and &', &’ defined by

/ /
&'lsns = €lsns's  €lsnsr = €lsns”,
and the following (when defined):

g (p,c)=¢e(p,a), &'(p,c)=c¢ep,a-),
(0, 0)¢ (0, d) " = e(p,a)e(p,d)”",
e"(p,0)e"(p,d) ' = e(p,a_)e(p, d)™".

We first show that I, I’ (resp., I, I") have a common irreducible subquotient
characterized by ,u (T) > 8([1)%,0 v%p]) ® 8([1)#“,0 v%p]) x & (resp.,
1

w(T") = 8([v = P VT ,0])2®5([ 5 0, v T pl)x8), noting that the right-
hand factors in the tensor products are irreducible.
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To show I and I’ have a common irreducible subquotient with the property

claimed, let
, —ct1 el ctl a=1 ,
I:S([ 2 p,v 2p])x8([v2p,v2p])>48.

By Note 2.1.4, one sees that I, I’ < Z’. To prove the claim, it suffices to show that
wH(1), (1), and p*(Z') each contain 8 ([v T p, v°T p)@S(Iv "7 p, 1T p])
8’ with multiplicity one—a straightforward u* calculation. Similarly, to show I and
1" have a common irreducible subquotient with the property claimed, let

T = 8" p v T ) x ST pov T p]) % .

Again, using Note 2.1.4, we see that I” < Z”; to see that I < Z”, just observe that

S p,v T ol w8 > 8 ([ 90T 0))
X8 ([U%ﬂp, vu%lp]) X & ([v%ﬂp, vﬂl%ﬁlp]) X 6
([ ) <3 ()

<o ([ 0.0 o) o,

— —a—_+1
orI” To prove the claim, it suffices to show 8([1) 5= ,0 VT p])2®5([v 2+ 0,

i ,o]) x 8 appears with multiplicity one in u* (1), u*(1”), and u*(Z”). Again,
this is a straightforward ™ argument.
For (1), it suffices to show that 7" = T”. To do so, it is enough to show
E3

n a1 e (T") # 0. A straightforward u* argument shows
[B(v™ 2 p.,v 2 pD?]

,bL* c+1 a—1 ((S ([U _“Z-H P, U%Io:l) X 8’) = 8 ([ % % ])
3T p T ol
o (557 ) 13).

p]) x &8 irreducible. It follows from a pu*

As noted above, we have 5([\)%“,0, v 7
calculation and Lemma 1.2.2 that

—c+1 , a_+1 c—1 2
8([\) T2 p,v T p]) X 8 ~’—>8([v 2 p,v 2 p])
—a_+1 a_—1
><l(6([v = 0,V 2 p])xuS’).

/ e+l a—1 a_+1 =1 2
T L>8(|:v T p,v 2 /O:I)X(S([v72 0,03 'O:I)
s )
] 00)

Now, observe that by the description of " above—noting thate’(p, ¢)e’(p, a_) ' =
1, we have

Thus,
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, atl e
) C—>8([v 2 p,v 2 p])m@

—a_+ _—1
for some irreducible 6. Since §([v ™~ 2 p, = p]) x &' is irreducible, we see that
for the appropriate standard Levi factor M,

S | , 1 3 at1
rM,G((S([v 2 p,v 2 p])><18) V2 POPR®V2PpRQ---QV 2 p
03 (v 517
| (Lemmas 1.2.2 and 1.2.3)

—a_+1 a_—1 c— c—
5([1} T p,v 2 p])xS’%levaTpr-uxv T px0

for some irreducible 6’. By Lemma 1.2.3, it follows that
—a_+1 a_—1
5([1} p p,va])x8/C—>k><19’

. . c—1 c=3 a—+1 —+1
for some irreducible A < v 2 p x va X - x v 2 p.Since ui, p(S([v -5 0,

v=7 p])x 8")=0 for allxe{%

ie.,

S, 0T ),

—a_+1 a_—1 a_+1 c—1
) ([v z p, va]) X8 8 ([v 7 p, vT,o]) X6

Therefore,

T' s 5 o, v T pl) x (W T p. v T pl)d 1 6!

| (Lemma 1.2.3)
T'— Ax0

for some irreducible . < 8([vE p, v*T ,0])><8([v = 0, v p])d. tfollowsfrom
c+l

Lemma 1.3.1 [17], e.z., thatx—c(a([v S p T ) s p, v p]))

S([v = 0, VT p])? x 8([v = p, 1T p) (irreducible by Zelevinsky [361). (In
fact, one can show each appears with multiplicity one, but that is not needed in

what follows.) Since m* , |, | (X) # 0 in either case, we get
v 2 p, vTﬂ])z]

I‘L* a_—+1 c—1 (T/) # Ov
B(v" 2 pv 2 p)?]

as needed.
For (2), it suffices to show T/ 2 T”. To do so, it is enough to show that
a—l (I//) =

*

w1 . (") =0.For this, it is enough to show u* _,
(v 2 pv 2 p) (v 2 pv 2 p)
0. This follows directly if we show u* .., ., (§”) = 0. However, since
5T pv T p))
e (p,a)e’ (p,c)~! = —1, this holds. |

. —c+1 c—1 .
‘We now proceed to parameterize the components of § ([v =5 P,V 2 pl)xédin
a manner which extends the Mceglin—Tadi¢ classification of discrete series. In lieu
of atriple (Jord, o, €), we use a quadruple (Jord, o, ¢, m), where m : Jord —
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N represents the multiplicity (with the obvious interpretation of m = 0 when
appropriate). (This seems to be a bit more convenient than allowing Jord to be a
multiset.) This covers discrete series in the obvious way—one takes m(p, a) = 1
for all (p,a) € Jord.

Let § = 8(Jord.oe) and write 8([v"2" p,vT pl) x 8 = Ty @ T_y. If
(Jord;, o, €;, m;) is the quadruple attached to 7;, we have

Jord; = Jord U {(p, c)}

and
o] = 0.
The multiplicity is given by
|1 if (e x) € Jord(8)
miPL ) =1 (o', x) = (p,0).

It remains to describe ¢; for the two components.
The domain S; of ¢; is like that for S (the domain for ¢):

Si ={(p',x) € Jord; |red(p’; o) ¢ N}U{((p, x), (0", ) € Jord;
xJord; | p' = p” and x # y}.

Note that S C S;. We then take &; to be the extension of & defined as follows
(retaining the convention of writing £((p, a), (p, b)) as £(p, a)e(p, b)~1):

(1) Jord,(8) #9
Suppose (p, a) (resp., (o, b)) is the element in Jord,(8) with a > ¢ (resp.,
b < ¢) having a minimal (resp., b maximal), noting that not both need exist.
We define (cf. Lemma 2.2.1)

gilp,0)ei(p,a)y ' =1 u* 0 o (TH#0
(v 2 p,v 2 p)

and

gi(p,ei(p, ) ' =1eu* . . (TH)#0.
[8(v 2 p,v 2 pD?]

Note that by Lemma 2.2.3, if both (p, a) and (p, b) exist, this is well-defined.
Ford # a, b, c, we then set

&i(p, O)ei(p,d)!

_ e, 0ei(p, )7 - ei(p, a)ei(p, )7 if (p, a) defined;
~ eaip.0ei(p, b)) gi(p, b)ei(p,d)”!if (p, b) defined,

noting that well-definedness is a straightforward consequence of Lemma 2.2.3.
For any d (i.e., including a and b), we then define

ei(p, d)ei(p, o) = ei(p,)ei(p,d) "
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If (p,c) € S;, we set

6i(p.c) = | G0 OEi(p @) - €i(p.a) if (p. a) defined;
= eip, 0)ei(p, b)) - i(p, b) i (p, b) defined,

again noting that well-definedness is a straightforward consequence of
Lemma 2.2.3.

(2) Jord,(8) =9
Note that this can occur only when red(p; o) = 0 or % If red(p; o) = %,

we define ¢;(p,c) = 1if u* | (T;) # 0 (see Lemma 2.2.2). If
[8(v2p.v Z p)?] )
red(p; o) = 0, we define ¢;(p, ¢) = 1 if u*(T;) contains a term of the form

- TS ([vp, v%p])z; 741(p; 0)) (cf. Lemma 2.2.2).

Remark 2.2.4. The definition in (2) when red(p; o) = % is equivalent to taking
&(p,0) =1 and using Eq. (1.1) (cf. p728 [21]).

‘We now observe the following:
Lemma 2.2.5. With the definition above, properties (i)—(iii) of Eq. (1.2) hold.

Proof. That (iii) holds is part of the definition. That (i) and (ii) hold follow from
straightforward arguments using the corresponding properties for discrete series.
E.g., if (p, b) exists, one can show (i) holds as follows:

ei(p,o)ei(p,d) = ei(p,0)ei(p, b))~ - ei(p, b)ei(p,d)!
=¢i(p,0)ei(p,b)~t - e(p,b) - e(p,d)!
= Ei(P’ C) . 81'(107 d)—l’

as needed. O

Note 2.2.6. We can characterize Jord; as in[20]: it follows from [6,7] that if (o', x)

has x of correct parity, then (p', x) € Jord; ifand only if §([v = o, v P'HXNT;

is irreducible.

Corollary 2.2.7. Suppose T is as above and (o', a), (0’,a_) € Jord. Then,

a_+1 a—
W .y (D #0S T 8™ o' o) x6

S(v 2 pv 2 p'))

for some irreducible 0, and

a_+1 a—
W wn ., (D AOS T8 pvT p )2 xe
[6([v 2

P T p')?]
for some irreducible 0.

Proof. The argument is essentially the as in the proof of Lemma 1.3.3. We omit
the details. |

We close by recording the following lemma, to be used later in the paper.
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Lemma 2.2.8. Supposered(p; o) = 0and Jord,(5) = V. If5([v£T+l,o, v%p])x
S reduces and T < 8([\1%“,0,1)%,0]) X 8, then pu*(T) contains a term
of the form L ® T(S([v,o,v%p])z;rn(pga)) if and only if T < M\ X
T ([vp, v%p])z; 7, (p; 0)) for some irreducible A

Proof. The implication (<) is immediate from Frobenius reciprocity. In the other
direction, suppose p* contains a term of the form A® 7 (§ ([vp, v 5t o3 7,(0; 0)).

Then, for the appropriate standard Levi M, we have

c—1

rm,6(T) Z v p1 @ -+ @ V™ py @ VT PRVT P ® (v%pt@v%p)@w®(Vp®vx))®tn(p;o)
J (Lemmas 1.2.2 and 1.2.3)

- c—1 c—1 c=3 c=3
T — vpp X - X v p, X (vavavaTpqupx~~ X VP X Vp xtn/(p;a)),

with p; 2 p for all i. By Lemma 2.2.2, we must have " = 7. Therefore,

T%vx1p1><~~~><vx'"pm>4(v 2 pxVv 2 pxv?2pxy2 p><~~><vvap>4rn(,o;o))

| (Lemma 1.2.3)
T <> viipp x - xvimp, 0

el c—1
2 2

for some irreducible 6 < v va%va%px- - XVPRVE X T,(0; 0).
If0 # T(3([vp. vT pD)%: 7(p: 0)). then rin (@) VT p@ VT p@ VT p®
%p@)- @V RV po.Since p; % p forall i, this would imply 7, (T') #

c—1 c—1 c—3 c=3
VIPI®: @V M0 @(VT pRV T p)R(V T pQV 2 )R- Q(Vo®Vp)® PR,
a contradiction. Thus,

PXV

v

T < v¥pp x oo X Vo 3 T ([p, v )% 103 0))
| (Lemma 1.2.3)

T < 3/ % T((vp. v'T p])%: 1y (03 o)),

as needed. O

2.3. Elliptic tempered representations

In this section, we define the quadruple associated to an irreducible elliptic tem-
pered representation, building up from the results of the previous section. Key
properties—the analogues of Egs. (1.3), (1.4), and (1.5)—are also given, appear-
ing as Proposition 2.3.2, Lemma 2.3.5, and Lemma 2.3.7, respectively. Once the
Mceglin-Tadi¢ classification has been extended to elliptic tempered representa-
tions, it is then a fairly straightforward matter to extend it to general tempered
representations, which is done in Sect. 2.4.

Recall that if T is an elliptic tempered representation (in the symplectic, odd
special orthogonal, or unitary case), we have

—aj+1 aj—1 —ai+1 ag—1
T'—>8([v 2 pp,v 2 pl])x-~-x8([v 2 P,V 2 pk])xé
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where § ([v aé ,ol,v - p,])>481sreduc1bleforallz and 6 ([v 05 ,o,,v 2 pil) &

—ai+1

§([v — Pj,V 7 p;]) for i # j. Note that this requires p; = p; for all i. For
notational convenience, we also call a component of such an induced representation
of O(2n, F) elliptic.

Suppose (Jord($), o, ) is the Mceglin—Tadi¢ triple for 5. We now give the data
(Jord(T), o, er,mr) for T. Here,

Jord(T) = Jord(8) U{(p1,a1), ..., (ok, ax)},

and

|1 if(p,a) € Jord(s),
mr(P-@ =12 ifnot, ie.. (p.a) = (pr. i) for some i.

We note that Jord(T) could have been defined in terms of irreducibility as with
discrete series—see Remark 2.3.4. It remains to define 7.
Let

St ={(p,a) € Jord(T)|red(p; o) € NYU{((p,a), (p’,a")) € Jord(T)
xJord(T) | p = p' anda # da'},

the domain for e7. Also, let S; be the domain needed for § ([v 05 i,V o ,o,]) X3§.
Note that S; C St for all i. We deﬁne er by first defining e7|s, for all i.

Fix i and wrlte 8([v = pi v T pz]) X8 = Ty1(pi,ai; 8) & T_1(p;, ai; 8).

—a +1 1
Since 6 ([v 5 P1,V 12 p1]) x---x8([v 15 Pk, V e pk]) % 8 decomposes with
multiplicity one, we have

—ay+1 ap—1 —aj_1+1 aj_1-1
T‘—)S(I:v 2 pl,vT,o])x-nxS Vo2 pi—1,V 2 pi—q
/ES ha giy1—1
xS (v 2 PtV 2 pigr | ) X

—ag+1 ap—1
x4 ([v 2 pk,vak]) X Te (pi, ai; 6)

for exactly one & € {£1}. We then define

erls; = ET: (pi,ai30)

(defined in Sect. 2.2). Since S; N §; = Ss for i # j, we have er well-defined
on U; S;. It remains to define 7 on the rest of Sz, i.e., define e7(p, a)er (p, b) !
when (p, a), (p, b) € Jord(T)\Jord () (again retaining the convention of writing
er(p,a)er(p, b)~! for er((p,a), (p, b))). There are two cases to consider:

(1) Jord,(8) # 9.
We choose (p, ain) € Jord(8) having a,,;, minimal and define
er(p, a)er(p,b) ' = er(p, ber(p,a)~"!
= e7(p. @)e(p. amin) ™" - 7(0. Amin)eT (0. b).

noting that both terms on the right-hand side are defined (above).
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(2) Jord,(8) =9
In this case, red(p; o) = 0O or %, so er(p,a) and e7(p, b) have already been
defined (above). Then, we set

er(p,@)er(p, )" = er(p,a)-er(p,b)”"
Lemma 2.3.1. Properties (i)—(iii) from Eq. (1.2) hold.

Proof. The proof is a straightforward argument using Lemma 2.2.5 and the defin-
ition above. m|

Proposition 2.3.2. Let T be an elliptic tempered representation with associated
data (Jord, o, e, m) as above. Then, if (p,a), (p,a-) € Jord,

ep.a)e(p.a) =16 T e 5T p v T o))" 50
for some irreducible 6.
Proof. We break the analysis into four cases based on the multiplicities of (p, a)

and (p,a_).

Case I: (p,a), (p,a—) € Jord($) (i.e., m(p,a) =m(p,a_) =1)
For (=), observe that
—aj+1 aj— —ap+1 ap—1
T=—>8([ p p1v2p1:|)x -x 8([v 2 ,Ok,vzpk])>4(S

s ([ )

—ag+1 aj— a—+1 a—1
x 8 ([ T g, v 2 pk]) x 8 ([UT,O, vT,o]) x &

smce es(p, a)s,g(,o a yl = = e(p,a)e(p,a_)" I = 1. Observe that §([v aé Dis

v p,])x&([v 72 o,V T p])151rredu01blef0ralll—1fp, Z p,thisisimmediate.
If pi = p, we cannot have a_ < a; < a, so also holds. A commuting argument
then gives

a—+1 a—1 —aj+1 aj—1
T<—>8([v 2 ,O,UT,O])N(S([U 2 p1,v 2 pl])x~~~
—ap+1 a
X8 ([ =5 v o Pk]) x 8,

and the result now follows from Lemma 1.2.3.
For (<), observe that

a_+1 a—1
T<—>8([v 2 p,va]) X 0
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0

Write M* (500" o1 v i) x xS0 TE g v T ) = 50 @
)L’j and u*(8) = 1; ® 6;. Then,

« —aj+1 ap—1 —ap+1 ap—1
w (5 ([ o T ]) ) 8T o™ i) 406)

:ZZAJ' X‘L’i®)»/j X 6;.
i

ayp—1 ap—1
Observe that since V'p' ® -+ < rpin(d;) has v¥p" € {vlTpl, ...,vapk}
aj—1 a_+1 a—
wheni; # l,andv' 2 pg{v7 2 p,.. le,o}foranyi wemusthavekj =1.
Thus to have u* , ,, ,, #0,wemusthave r; = §([v = 0, VT ,0]) ie.,
(v 2 p,v 2 p))
w4 ., (8 #0.ByLemma 1.3.3, this implies &s5(p0, a)es(p, a_ )l =

S(v 2 pv 2 pD
1, hence ¢(p, a)e(p, a )"t =1, finishing this case.

Case 2: (p,a) € Jord($), (p,a—) & Jord($) (i.e.,m(p,a) =1,m(p,a-) =2)
In this case, (p, a—) € {(p1, ay), . (,ok, ak)} without loss of generality, sup-

pose (p,a_) = (px,a). Let Ty < 8([v 5 o,V = p]) x & be irreducible with

—ap_1+1 a

—a+1 k—1—1
T—d8(v 2z pl,v KR pl])x XS T ok, v 2 1) } T

Then, by definition and Corollary 2.2.7,

sp.a)Epal) =16 T s(v 7 p v T pl) % 6

for some irreducible 6.
For (=), we have

ap_q+1 ag_1—1

1

T s st pl,v - m])x - x 8([v —2 P v 2 pea]) % Tk
i

2

—aj+1 —ap_1+ aj_
—> (v ,Ol,v kN ,01])>< X S(vT 2 ,Ok 1,V Pk—11)

x8([* = p v T p]) % 6.

Again, §([v 5 0is v - p,]) x §([v _2 o,V “ p]) is irreducible for i # k (since
a;—1

a_—1
VT oo v T op, .., N ,o}). Thus, a commuting argument gives

aj—1

T s pvzp1>x8([ v T o)) x -

—a, —

j—1+!1
x8([v— 2z Ple R ,Ok 1) < 0;

the result now follows immediately from Lemma 1.2.3.
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For (<), we note that the same argument as in Case 1 gives

—ap+l a -t
l’l’* a_+1 a—1 (8([]) Tz ply vz pl]) X -
(v 2 p,v 2 p)

ag—1+1 A1~
X([v™ 2 pg—1, v 2 ,Ok 1) % Tk) #0
¢
K orast o Tk #0.
()

Itnow follows immediately that 7§ ([v _2 0,V T ,0])><19 = u*
«3([va va])

(Ty) # 0, hence €(p, a)e(p, a)" ! = ex(p, a)er(p, a_)~! =1, as needed. This
finishes Case 2.

Case 3: (p,a-) € Jord(d), (p,a) & Jord($) (i.e.,m(p,a—-) = 1,m(p,a) =2)

In this case, (p, a) € {(p1,a1), ..., (o, ar)}; without loss of generality, sup-
pose (p,a) = (pk, ax). Let Ty < 8([\)%“,0, v%p]) X & be such that

aj+1 ap—1 _1+1 ap_1—1
T‘—>5([V TTpL,v T m]) ><5([ B Pk—1,v" 2 pk—1]) X T.
Then, by definition,
a_+1 a—
ep.)e(par) =16 T = 8(v' T p, 0T p)? % 6.

At this point the argument is essentially the same as in Case 2, except with

S([v 72 P,V e ,o]) used in place of §([v 72 P,V - p])

Case 4: (p,a), (p,a-) & Jord(S) (i.e.,m(p,a) =m(p,a-) =2)

In this case, we have (p,a), (p,a-) € {(p1,a1),..., (pk,ar)}; without
loss of generality, suppose (p,a) = (pr—1,ak—1) and (p,a—-) = (pk, ax). By
Lemma 1.2.3, we have

—ay+1 ap—1 —ag_p+1 ap_n—1 ,
T‘—>5([V I pr,v 2 Pl])x"‘X5 VT2 o2,V 2 pp2| )X T

for some irreducible 7’ < 8([\) 5" ,0, VT ,o]) x §([v aa P,V 72 p]) X 6.

+1
First, we claim T '—> 6([1) 2P,V T ,0])2 x 6 for some irreducible 6 if and

only if 7" < §([v . P,V T /o])2 x 6’ for some irreducible 6. For (<), observe
that

a_+1 a—1 2
T — § ([v Zp, va]) x 6’

U
a| —ag_o+1 ap_n—1
T —§(v 2" ,01,1) &R ,01])>< X d([vT T k-2, v T pr—2])
xS (v T %p])z x 6/
a_—+1 _1
26([vT PD? X 8(v = pi, v T i) x -

—ag—2+ ag—2—1

x8([v—7 ,Ok 2,V 2 pral) ¥ 6,
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with the irreducibility of 6 ([v 3 Dis v - ,0,]) x &([v 72 P,V a ,0]) as above.
The implication (<=) now follows from Lemma 1.2.3. For (=), observe that

T s(v 7 = p,v Ea p]) X 6

s 8([1) 7a£+l ?
K att a p1, VT p1]) X
v 2 pv 2 ph?]
—ap_n+I1 ag_n—

x8([v™ 2  pr—2,v 2 Pk 2]) % T’) # 0.

The same con51derat1ons as above tell us M*(8([v u% o1,V 12 p1]) x -+ X
—a, ap_»—1
S([v k22 Pk—2, V = Pk—2])) cannotcontribute,sop® i (T #

Bv- 2 pv 2 p)?
0. That T/ < §([v = o,V T ,0])2 x 6 for some irreducible 6 now follows as in
the proof of Corollary 2.2.7.
Next, we claim 7 (p, a)er(p,a_) "' =1 ifand only ifer (o, a)er (p,a_)”!
= 1. To see this, observe that for 7, < §([v =5 P,V T ,o]) X §, we have
T = (v "5 v T pil) x

—ag—+1 g2~ - a_—1

X3([v™ 2 pr—2, v 2 ,Ok 2]) x &([v —7= ,OV ZpD) X T,
¢
—a_+1 a_—1
T’C—)S([v 7 p,v 2 p])mTa.

If Jord,(8) # ¥, it now follows from the definition that e7 (o, a)e7 (o, bl =
er,(p, a)er,(p, b)™! and e7/(p, a)er (0, b))~ = er,(p. a)er,(p,b)~" for any
(0, b) € Jord(8). A similar argument shows e7(p, a_)er(p,b) ' = ep/(p,a_)
er(p,b)" L. Coupled with the multiplicative properties of ¢ (Lemma2.3.1), we now
see e7(p, a)er(p,a_)"' = ep(p, a)ep (p,a~)~ ', as claimed. If Jord,(8) =9,
then er(p, a) and e7(p, a_) are defined. Again, one has e7(p, a) = 7, (p a) and
er(p,a) = er,(p, a) as above (clear from the definition if red(p; o) = mod 1
and a short, straightforward argumentifred(p; o) = 0). A similar argument apphes
to a_, from which the claim follows.

Combining the claims above, it is enough to prove the proposition for 7’, which
is covered by Lemma 2.3.3 below. O

Lemma 2.3.3. Let T < §([v ™ =5 ,0 VT p])x8([v az p,v T p])xébeelllptlc
tempered as above. Then,

er(p, a)er(pa) ' =1 uw* . ., (I)#0.
[8(v"2 p,v 2 pD?]

Proof. As a bookkeeping convenience, write (for c = a or a_)

1) ([v%ﬁp, v%p]) X8 =Tr1(p,c;8) ®T_1(p, c; ),

where T, (p, c; ) is chosen as follows:
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(1) Ifthereisa (p, b) € Jord(§) with b < a_, choose b maximal (so b = (a_)_
in Jord(T)) and define T;)(p, ¢; 8) by &7, (p.c:8) (05 DIET, (p.c:8) (P, o)l =n.

(2) If(1)failsbutthereisa (p, b) € Jord(s) withb > a,choose b minimal (sob =
ay inJord(T)) and define T (p, ¢; 8) by €71, (p.c:8)(0+ DIET, (p.c:6) (P ol =n.

(3) If both (1) and (2) fail, then Jord(8) = @. We then make our choice so that
€T, (p.c:8) (P, €) = n (cf. Sect. 2.2).

Observe that

s([7 o= ) < ([ p v T 0])
= > ([ e v T p]) 1 Tho.as0)

nel{£1)

> ST v T ) % Tyo, 43 9.

ne{x1)

Now, observe that

% —a+l a—1
w a—+l 4o (5 ([V 2 p,v 2 P]) X Ty(p,a—; 5))
(v 2 p,v 2

Py 2 pl)ﬂ . W
=o' T v T 02 @8 ([0 v T p) (00 8)

(noting that there isno (p, b) € Jord(8) suchthata_ < b < a). Next, observe that
—a_+ —1
S([v—z p, v = ,0]) X T, (,o a_; §) isirreducible (see Note 2.2.6), so exactly one

component of §([v ™~ =5 p VT p]) x T,(p, a—; 8) has u* # 0.

a_+1 a—1
[8(v 21 p.v 2 pD?]

To prove the corresponding statement for & ([v 5 0, v T pl) X T,(p, a; 8),
we first claim that

e (T(;oaﬁ))—c?([\f2 P v T P12 @ Ty(p, a_; 8).
By 2 pw“T o2

It follows directly from

* —a+l a—1 a—+1 a—1 2
e o O] ) 2 (550
[8(lv = P T p])2]
—a_+1 _—1
® (5 ([v 2 p, T p]) X 6)

that

B e oy (Te(peas8) =507 p,v T )2 ® Ty as )
Bv"Z p,v 2 pD?]

for some n. To show n = ¢, we consider three cases corresponding to (1),(2),(3)
above (noting that (3) gives rise to two subcases: red(p; o) = % and red(p; o) =
0). These are fairly straightforward; the details are omitted.
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Now, it follows from a straightforward pu* argument that

—a_+1 a_—1
K (3([v 2 p,va])NTn(p,a;S))
(v 2 pv Z pD?

a—+1 a—1 2 —a_+1 a_—1
=8([v 2 ,o,vT,o]) ®6([v 2 p,va])xTn(p,a_;é).

—1

a_+1 a_ —a a—
It then follows that §([v ™2 p,v™2 p]) x T;(p, a; 8) and 8([vT+l,o, le,o]) X
T,(p,a—; 8), n = %1, have a common component 7, characterized by having

¥ (7717)

a_+1 a—1
Bv 2 pwv 2 p)?
a_+1 a—1 2 —a_+1 a_—1
=34 ([VTP, va]) ®4 ([v 7 p, va]) x Ty(p,a—;d);

in particular, having u* ;| # 0. The common components of
" | B(v™2 pv 2 ph?]
—a_ a_— —a+1 a—1
(v 2 p,v 2 p)xTy(p,a;d)and S(v™2 p, v T pl) x T_,(p,a_; 8) then
have u* ., =0. O
B2 pv 2 ph?

Remark 2.3.4. Note that it follows from [6,7] that we may characterize Jord(T) as
in [20]: it consists of all pairs (p, @) with ¢ = p and a = 2red(p; o) + 1 mod 2
such that 8([1)%“/), v% p]) x T is irreducible.

Lemma 2.3.5. Suppose T is elliptic tempered with (p, amin) € Jord(T) and apiy,
the smallest value of a having (p,a) € Jord(T). Further, suppose red(p; o) =
% mod 1 (so that €(p, amin) is defined). Then,

Apin—!

E(p,amin) = 1 & T <> (2 p, v p]y"amin) 5

for some irreducible 0.

Proof. First, suppose m(p, amin) = 1. In this case, the proof is like that in Case 1
of the proof of Proposition 2.3.2 (if one takes a_ = 0 and ¢(p, 0) = 1).

Suppose m(p, amin) = 2. If Jord,(5) = ¥, the claim follows immediately
from the definition of e7 (see Sect. 2.3). Thus, we assume Jord,(8) # ¥. By the
same argument as in Corollary 2.2.7, we have

nin—!

T%é([v%p,va])2x9<:>u* L a1 (T) #0.

Bv2p.v™ 27 pD%

Therefore, it suffices to show

er(p,amin) =1 & u* |, o (T)#0.
Bv2pv 2 p)?l
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Now, write

—aj+l1 aj—1 —aj_1+1 ag_1—1
T°—>5([V v 2 pl])x"'X5([V T pr—1,V 2 Pr— 1])

—Amint] mm

x8([v 2" p,v pl) » 8

U
T s ([u 7a2+1 oL, l)alz P]:I)

—ap_1+1 ajp_

1~
x§(v— 2 pp—1,v 2 pk 1D x T

int

“m 4nin—! C.
for some irreducible 7’ < 8([1) 2 ,o, v~ 2 p])x4. Bydefinition, e7 (0, a@min)
= e71(p, amin)- A straightforward p* analysis and commuting argument tell us

By gy (D #F0e ), (T") # 0.
[5([ pv 2 pD ] [8([v2 2 p)?)
Thus, we are reduced to showing
er (P, amin) = 1 & uf | apin=l (T ) # 0.
[M[ﬂp,v 2 p )2}

Now, since ain is minimal in Jord,(T') and Jord,(8) # ¥, we have (p, a) €
Jord(8) with a minimal (so thatin Jord,(T"), a— = amin). Since m(p, a) = 1, it
follows from Proposition 2.3.2 and Corollary 2.2.7

8T/(pv amin) = ET,(pv a) < ,bL* Apintl a—1 (T/) 75 O
(v 2 p,v 2 p))

At this point, we claim that if e7/(p, a) = 1,

,LL* 1 apin—! (T/) # O < M* apintl a—1 (T/) ;é 0
[5([‘)20,‘1 2 P])z] S(lv- 2 p,v 2 p))

and if ep/(p,a) = —1,

M* 1 apin=—! (T/) ;é O < I'L* apintl! a—1 (T/) = 07
|:5([v7/),v 2 ,0])2] S(v 2 pv 2 p)

from which the lemma then follows. The proof of this is essentially the same as
that in Lemma 2.2. 3—formally take (p 0) for (p, a—) there, with ¢(p,a-) = 1.

The degeneracy of § ([v 5 0, 72 p]) simplifies part of the proof; the rest is the
same. O

Definition 2.3.6. Suppose red(p; 0) = 0. Form = 1 or 2, set

(Lo, v'T pli ty(pi o)) ifm =1,

b—1
T i 2= m; Xl — _
@ ([vo, v pD™: T (p; 0)) [T(S([vp, v%p])z; T(p;0)) ifm=2,

with the representations on the right defined in Sect. 1.3 and Lemma 2.2.2, resp.
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Lemma 2.3.7. Suppose red(p;c) = 0. Let T be an elliptic tempered repre-
sentation with Jord,(T) # 0. Let ayqx be the largest value of a such that
(p,a) € Jord(T). Then,

amax—1

e7(0, max) =1 & T <> A x T(S([vp, v 2 p])™Pmes)s g, (p; o))

for some irreducible A.

Proof. First, suppose m(p, dmax) = 2 and Jord,(§) # ). We have

—a_+

za +l e -1 U1~ x 1 amax —1
T 8(v™= 2 pv T m])x xS T -, v T Pk 1) %8 =" p, v p]) % 8

A
4
TesAxT

for some component 7" < §([v gl 0, vamazx_l p])x8. By definition, e7 (0, amax)
= e7/(p, Amax). Further, if ¢4y is the largest value of ¢ such that (p, cpax) €
Jord(8), we also have e1(p, cmax) = €77(p, Cmax) (both matching es(p, cnax))-
Now, by Tadi¢’s characterization, letting n = €5(0, ¢max) = €7(0s Cmax)s

max

5 < 3 % 8([vp, v z”pb;rn(p;a»

4
—amax+1 maA
T"—38(v™ 2 p,v ) ]) x A% 8([vp, v 1 —p); 7y (p; 0))
amax+ max Cmax —
=2 x8(v p, v 5 p1) % 8([vp, v 4 pI); 7, (p; 0))
4
T > AN x60andT < A x X x0
for some 0 < 8([v="5" p,v™4 p]) x 8([vp. v 4 pl): 1,(p; 0)). Note
that by construction, €g(p, Cax) = 1. Also, as ' commutes with §([v maget] ,
vamaf p]), we have
/’L* cmax+1 ﬂmnx 1 (T/) # O < /’L* cmax+1 amax —1 (0) ;é O
(v 2 pv pD?1 Bv 2 pv 2 p)?2

er (0, Amax)ET (P, Cmax)_l = 20(0, Qmax)€o (P, Cmax)_1~

It now follows that 9 (0, amax) = e17(0, Amax) and €9 (0, cmax) = €10, Cmax)-
In the notation of [3], we have

—amax+1 amax—1 Cmax—1
D (810 =" p,v™ 5= p) % 8([wp, v 5™ p)): 705 ) )
Hmax+ amax—1 .
= (v p. v 8T pl) X Ly (p, 2= — 11 0),

where D¢ denotes the duality operator from [1,26] (extended to O (2n, F) in [16]),
noting D¢ (1, (p; 0)) = t—y,(p; o) (for the even-orthogonal groups, we make the
choice of duality so that this holds—see Remark 6.6 [16]). This representation is
analyzed in Theorem 3.4 of [3], the combinatorial arguments of which apply in the
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generality needed here. It then follows from Theorem 3.4 of [3] and duality that for
¢ =¢e9(p, amax)€o(p, Cmax)_l’ we have

ma\'_]
r cmax—1 (9) = 2 1% R &Q Vo (9] o

Vo2 p®--Qvo®p
QT (3(([vp, v

l/lmax

D Ten (03 0))
| (Lemmas 1.2.2 and 1.2.3)
cmax—1

0 > v px - x vp x p x TG(wp. v ™8 P e (03 )
U

Cmax—1 amax—1

T AxAxv 2 px---xvoxpxT@(vp,v 2 p])2;1:;,7(,o;0))
| (Lemma 1.2.3)

amax—1

T >t xT@(vp, > pD% g (pi o)
=T TG, v 7 ph% (s 0)

where &€ = ¢{n = e7(p, amayx ), as needed.
In the converse direction, it suffices to show that u*(7") contains no terms of

dmax

the form A’ @ T (§([vp, v 2 = oD% 7_,(p; 0)). To this end, observe that

Imax

T < i x T(a([vp, 5 ) 105 0)

pH(T) < M*() (T(a([vp, S D% 105 )

amax —

so it suffices to show M*(A) x u* (T(S( Vo, v 2 l,o])z; (05 O’))) contains no

Ima)

terms of the form A’ @ T (8 ([vp, v = l,o]) i Top(p;0)). Write M*(A) = D, A/ ®

dmax

3 and = (T (Uvp, v ™8 p)% 703 0))) = 32 2 @ 6. Then,

M*(0) % " (T((S([vp, PE D2 7 (o 0))) =S S M x 2 @A x6;.
P

amax —1

Now, any term of the form v* p®- - - in pu* (T((S([vp, p s oD% 7 (p0; 0))) must

Hmar+1 amax—1

have x = ”’”‘“ (]ust conmderu (8([v o, v 2 plx a)). Therefore, if

Aj # 1, it must contain a v gt p in its supercuspidal support. Therefore, 6; can
Aan -1 o« . .
haveatmostonev 2 pinits supercuspidal support, hence the same for 1 6 (as

. . . max—1
any v* p appearing in the supercuspidal support of 1 must have |x| < %). In
amax—1

particular, 17 x6; cannot contain T (§ ([vp, v 2 oD?; 7,(p; 0)) as asubquotient.

amax

Thus we must have A; =1 = 6; = T(§([vp, v = oD?: 7,(p; 0)), as needed.
This finishes the case m(p, amay) = 2 with Jord, (8) # 0.
Now, suppose m (0, pax) = 2 with Jord,(8) = ¥J. We have

—ay+1 a;—1 —aj+1 ap—1
T'—>8([v : p1,vlTp1])x-~-x8([v 5 pk,va,ok])XS,

with (p;, ai) = (p, @max) for some i; without loss of generality, suppose i = k.
Then,
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—ay+1 aj—1 —ag_1+1 ap_1—1
T‘—>5([V I p,v 2 01])X~'X3 VT o1,V 2 pp—l

X (5 ([v _am3x+l 0, vamazx_l p]) X 8)
a2

—ay+1 ap—1

T — 8([\) 5 p1,vT,01]) X

—aj_1+1 ap_1—1
R ) ([V T pk—1,V 2 Pk1:|) x Ty

—amax+1 amax—1

for exactly one irreducible 7o < 6([v™ 2 p,v" 2 p]) x 6. By definition,
er(p, amax) = ETy (p, amax). Thus,

er (P, Gmax) =1
!
8T0(,0, Qmax) =1
| (definition—see Sect. 2.2)

max —

a 1 2
W (To) = 2y @ TG ([vo. ™5 0]) s w0100
J (Lemma 2.2.8)

amax—1

7o 20 % 76 ([up. 04 5]) s (01 0)

—aj+l1 aj—1 —ay_1+1 ag_1—1
s (P )

amax—1

xho x T (8 ([vp, vo2 p])z; (5 0))
| (Lemma 1.2.3)

amax—1

T—>AxT(@ ([v,o, Vo2 ,0])2 s Ty (p; o)),

as needed. The converse direction is similar to the preceding case.

Finally, suppose m(p, amax) = 1. Then, by definition, e7(p, amax) =
es(p, amax). An argument like that in the beginning of the case m(p, angyx) = 2
gives

ama,

x—1
es(P, Amax) =N =T —> A x4 ([vp, Vo2 p] s Ty (0; o))

for some irreducible A, as needed. The converse follows as in the case m (0, apqx) =
2. m|

2.4. Tempered representations

In this section, we finish the process of extending the Meeglin—Tadi¢ classification to
general tempered representations. This is fairly straightforward given the extension
to the elliptic case done in Sect. 2.3.
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Recall that an arbitrary irreducible tempered representation 7 may be written

—ay+1 aj—1 —ap+1 ag—1

T=5§ ([VT/OI, UT,ol]) X X8 ([vT,ok, VT,OI{]) X Tp1, (2.2)

+1 a;—1
with T,y an elliptic tempered representation and §([v : P1, VIT,OI]) -
—ap+1 ap—1
S([v 5 Ok va,ok]) unique up to conjugacy (i.e., permutations and sign

changes). Note that by Goldberg [7], this is consistent with the use of elliptic
in the case of O(2n, F) from Sect. 2.3. Further, for each (p;, a;), exactly one of
the following holds: (1) (p;, a;) € Jord(Tey), or (2) a; % 2red(p;; o) + 1 mod 2
(including the possibility red(p;; o) = 00, i.e., p Z p).

We now define Jord(T) = Jord.;(T) U Jord,,,(T). Here, Jorde;(T) =
Jord(Tyy) and Jord, o, (T) consists of the (p;, a;) satisfying (2) above (including
both (p, a) and (0, a) if they are different). We define mr (p, a) by

mr,, (p,a) +21{i | (pi, ai) = (p, @)}l if (p,a) € Jordeu(T)
mr(p,a) =1 2l{i | (pi,ai) = (p,a)}| ifa # 2red(p.0) + 1 mod2 with red(p; o) < oo
i | (pi>ai) = (p,a)or (p, a)}| if p % p.

Of course, o is the same as for Tyy;. To finish the quadruple (Jord, o, ¢, m) for
T, we take St = S7,, and e = &e7,,. We have thus associated a quadruple
(Jord,o,e,m)to T.

We have the following analogue of Lemma 2.1.1. The proof is essentially the
same; we omit the details.

Lemma 2.4.1. Suppose T is tempered. With notation as in Lemma 2.1.1, if ¢ > 0
we have the following:

(D) Ifc = red(p; o0)mod 1, then

n(p,c) —n(p,c+1) ifc > red(p; o)
n(p,c) —n(p,c+1)+1 ifc<red(p;o).

m(p,2¢+1) =
@) If p = pand c # red(p; o) mod 1,
m(p,2c+1) =n(p,c) —n(p,c+1).
A Ifp ZEp
m(p,2c+ 1) =m(p,2c+ 1)
= %[n(,o, c)—n(p,c+1)+n(p,c)—n(p,c+ DI

If c = 0, we replace n(p,c) —n(p,c+ 1) by 2n(p, 0) — n(p, 1) in the formulas
above.

Note 2.4.2. We have the following analogue of Lemma 1.3.3, proved using the same
argument.



Tempered representations for classical p-adic groups 363

Let T = T(jord,o,e,m) be tempered and (p,a) € Jord with (p, a_) defined.
Then

a—1

a_+1 _ m(p,a) .
T 3§ ([va, va]) X 0 for some irreducible 6
12
atl e @ . o
w*(T) =6 ([v 2 p,v 2 ,0]) ® 0’ for some irreducible 6’.

Ifa_ is not defined, we may replace a_ in the above statement with 0 or 1, whichever
matches the parity of a.

3. Tempered representations
3.1. The definition of fx

The following definition and lemma are the analogues for classical groups of Def-
inition 2.1.1 and Lemma 2.1.2 of [17].

Definition 3.1.1. Let 7 be an irreducible representation and X a set of (equivalence
classes of) irreducible not-necessarily unitary supercuspidal representations of gen-
eral linear groups. We define f5; (X) to be the largest value of f such that r,,;, (1)
contains aterm of the formv* p| ®- - -@V*/ pr®- - - withv*lpy, ..., v/ pr € X.If
X = {v*p}, we write fr (v*p) inlieuof fr ({v*p}). Welet 1% (;r) denote the sum of
everything in u*(77) of the form A ®6 with A, 6 irreducible and r,,;;,, (A) containing a
term of the form v p1 ® - - - @ v*f pr with f = fr(X)and v py, ..., vV pr € X.

Remark 3.1.2. Note that u, 0 and ,U«T,,x p) are not in general the same, so the dis-
tinction between v* p and {v* p} is otherwise maintained in what follows.

Lemma 3.1.3. Let w be an irreducible representation and X a set of (equivalence
classes of) irreducible not-necessarily unitary supercuspidal representations of
general linear groups. Further, assume that if vip € X, then v=*p & X. Then,
there are unique irreducible representations A, 0 and unique f € NU {0} such that
the following are all satisfied:

() m— A x0.
Q) Ifvipr @ @V pr < Frpin(X), then v¥py, ..., v/ pr e X.
(3) rvep(0) = 0 forall v¥p € X.

Furthermore, f = f7(X) and ,u}“( (r) = A ®0. In fact, Tt — A X 0 as the unique
irreducible subrepresentation. In particular, if ©' is an irreducible representation
with Wy (') = py (), thenw’ = m.

Proof. The proof is similar to that of Lemma 2.1.2 of [17]. We omit the details. O

Remark 3.1.4. In what follows, our concern is with the case |X| = 1. If we have
X = {p} (with p = p), the above still holds except that . ® 6 can appear with
multiplicity greater than one.
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We close this section with the following extension of Remark 1.3.2:

Note 3.1.5. Let T be an irreducible tempered representation with associated data
(Jord, o, &, m). It follows from the embedding

—ay—1 ap+1 —ap—1 ap+1
T<—>8([v 2 pp,v 2 pl])x~-~x8([v 2 P,V 2 pk])xé

and Remark 1.3.2 (applied to §) that fT(v%,o) <m(p,a)

3.2. Jacquet modules for discrete series

The main result in this section is a characterization of terms of the form v p ® T (p
supercuspidal) which appear in the Jacquet module of a discrete series representa-
tion (Theorem 3.2.2). As a corollary, we may characterize the & which appears in
Eq. (1.3).

Lemma 3.2.1. Suppose 6 = 08(jord,o,e) IS a discrete series representation and
(p,2) € Jord, (which implies red(p; o) = %mod 1). Then,

Lo |1 ife(p,2) =1,
fé(vzp)_[o #‘8(p’2)=_1

Further, when f; (v%p) = 1 we have
* 1 /
n @)=vipRJ,
{v2p}
where 8" = 8(jora 0,e) has Jord(8") = Jord(8) \ {(p, 2)} and ey the restriction
of &5

Proof. First, suppose that ¢(p, 2) = —1. Then, it follows directly from the char-

[

acterization &5(p, apmin) = 1 if and only if § — 8([\1%,0, anil,o]) X 6 and
Lemma 1.3.3 that f3(v2 p) = 0.

Now, suppose &(p,2) = 1. If we show p*(§) > v%p ® &', it follows that
f3(v2p) > 1. On the other hand, by Note 3.1.5, we have f5(v2p) < 1. Thus, this
would imply p* ! ) = v%p ® &', as needed.

v2p
By [21], one has
8 — v%p X T

for some irreducible 7r. We must show that 7 = §’ from the statement of the lemma.
First, we claim that 7 is square-integrable—the argument is the same as in the proof
of Proposition 2.1.2. That Jord(sw) = Jord(8') follows from Lemma 2.1.1. As
the partial cuspidal supports match, all that remains to show &, = &y.

If |Jord,| = 1, that 7 = & follows immediately from the Mceglin-Tadié
construction. If [Jord,| > 1, let b be the smallest value greater than 2 having
(p,b) € Jord. By Lemma 2.3.1, it suffices to show &, (p,b) = &(p, b). This
follows from an argument similar to that used in (the later part of) Proposition 2.1.2.

m]
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Theorem 3.2.2. Suppose & is a discrete series representation with Meeglin-Tadi¢

data (Jord, o, ). We have fg(v%,o) = 0 unless (p,a) € Jord and one of the
following holds:

(1) (p, a_) exists and either (a) a > a_ + 2, or (b) e(p, a)e(p,a_)"' = 1.
(2) (p, a—) does not exist and either (a) a > 2, or (b)a =2 and e(p,a) = 1.

In either of these cases, fs (U%p) =landp*, , (§) = vaZ;lp ® T, where T is

v 2 p
an elliptic tempered representation (noting that this includes the possibility of T
being discrete series) with data (Jord(T), o, e, mr) as follows:

_ | Word\{(p,a)) U{(p,a—2)} ifa>2,
sord(@) = | o ifa=2
and
m(p’, b) if (p',b) # (p,a)or (p,a—2),
mr(p',b) =10 if (o', b) = (p, a),

m(p,a—=2)+1 if(p'.b) = (p,a—2)(witha > 2),
and et defined on its domain St by

e(p’,b) if(p',b) # (p,a—2),
S(Ioaa) lf(,O/,b)Z(,O,a—Z)

in those cases where e7(p’, b) is defined, and if (o', b), (0’, ¢) € Jord(T),

g(p/vb)s(p/vc)_l if(p/vb)v(p/vc) # (loaa_z)v
er(p',D)er(p', o)™ = L e(p, @e(p, o)™ if (0',b) = (p,a — 2),
e(p,b)e(p,a)~  if (o' c) = (p,a —2).

er(p'.b) = [

Proof. Tt follows from Remark 1.3.2 that f(g(v%p) > 0 requires (p, a) € Jord.
Now, Cases 1(a) and 2(a) are covered by Proposition 2.1.2, noting (for 1(a)) that
f(g(v%p) < 1 follows from Note 3.1.5. Case 2(b) follows from Lemma 3.2.1.
Thus, only Case 1(b) needs to be addressed. In particular, we may assume
(p,a), (p,a —2) € Jord. It is then immediate from Eq. (1.3) that fg(v%p) =
1 ife(p,a)e(p,a—2)"1 =1,

[0 ife(p,a)e(p,a—2)"1=—1
Note 3.1.5).

From [21], if (p, a), (p,a — 2) € Jord with e(p, a)e(p,a — )7 =1, we
have

§— 3§ ([V#p, v%p]) X 8] — v%p X (8 (I:U%H,O, v%p]) X 81)

for the usual §; (see Note 1.3.1). Note that since (p,a — 2) &€ Jord(51), we have
a a=3 —a a—
S([v 7 p, Vv 2 p])xé; reducible. Let T be a component of § ([v 7 0, vT3,0]) X

81 such that § — v%p x T. It follows from Lemma 3.1.3 and fg(v%,o) =1
a—1

that u* a1 () = v 7 p®T, so that this holds for exactly one component of
P

v

(noting that f(g(v%,o) < 1 follows from
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S([v =4 P,V < ,o]) x §1. To see that this T has the data given in the statement of
the theorem, observe that by the construction in Sect. 2.2, we have

Jord(T) = Jord(81) U{(p,a —2)}
= (Jord(®) \{(p,a), (p,a =2)}) U{(p,a —2)} = Jord(8) \ {(p, a)}

and

1 if (o/, b) € Jord(8y),
mr(p',b)y =12 if(p',b) =(p,a —2),
0 otherwise,

matching the description of Jord(T) and mr in the statement of the theorem. Clearly,
the partial cuspidal support is still o. Thus, it remains to address 7.

First, if (o, b), (o', c) € Jord(8)) = Jord(8) \ {(p, a), (p,a — 2)}, then the
construction in Sect. 2.2 implies

er (0, b)er (o', )" = e5,(p, b)es, (p', )" = e5(p’, bYes(p’, ¢) !
and, if defined,

er(p'.b) = e5,(p', b) = e5(p'. b).

Again, this matches that part of the description of e7 in the statement of the theorem.
Thus, it remains to show e7(p, b)e(p,a —2)~ " and e7(p, a — 2) (when defined)
have the values claimed.

For er(p, b)e(p,a — 2)_1, observe that by Lemma 2.3.1, it is enough to show
this for some b # a — 2. It therefore suffices to first address the case b = a., then
(assuming a4 does not exist) the case b = a_. The arguments here are similar to
those in (the later part of) Proposition 2.1.2. For e7(p, a — 2) (when defined), note
thatif |Jord,(8)| > 2, then we have already argued above that e7(p, ¢) = €(p, ¢)
for ¢ # a,a — 2, so are done by Lemma 2.3.1. Thus we may assume Jord,(8) =
{(p,a), (p,a—2)};in particular, a,,;, = a —2. There are two cases, corresponding
tored(p; o) = 1 > mod 1 and red(p; o) = 0. The proof of the former is also similar
to the (later pan of) the proof of Proposition 2.1.2; the proof of the latter to the
proof of Lemma 2.3.7. Note that Proposition 2.3.2 and Note 2.4.2 serve the roles
here that Eq. (1.3) and Lemma 1.3.3 play in the proof of Proposition 2.1.2. O

The following corollary identifies the 6 in the characterization

e5(p, es(p.a) "l =168 < 5T p,v T pl) 6.

Corollary 3.2.3. Let § = 8(jord,0,c) be a discrete series representation If

(p,a), (p,a-) € Jord with e(p,a)e(p,a—)" L= 1, then § — §([v S 0,V o

o) x T, where T is elliptic tempered with data (Jord(T), o, er,mr) as fol-
lows: Jord(T) = Jord \ {(p, a)}, er is the restriction of &, and my(p’, b) = 1
for all (p',b) € Jord(T) exceptfor (p a-), which has multiplicity 2. Further,

Wy, =68y S T @ T

(v 2 pv 2 p)
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3.3. Jacquet modules for 8([1)%,0, vc2;1,0]) X 8

In this section, we establish the analogue of Note 1.3.1 for components of

<S([v%+1 0, v p]) x & (assumed reducible). In Sect. 3.4, we extend this first to
the elliptic case, then to general tempered representations.

Lemma 3.3.1. Let § be square-integrable and T < 8([\1%“,0, v%p]) x 8 elliptic
tempered. If (p, a), (p,a-) € Jord(T)wither(p, a)er(p, a ) V=1, thenT —
1

—a_+ a—
S([v—z2 p, le,o]) X T, where T’ is an elliptic tempered representation whose
data is obtained as follows: one removes one copy each of (p, a) and (p, a_) from
Jord(T); e/ is then the restriction of er.

Proof. We consider three cases: (1) c =a,(2)c =a_,and 3) c # a,a_.

Casel:c=a
We have

—c+1 c—1 —a_+1 c—1
T%(S([v 2 p,v 2 ,0])>48C—>8 [v 2 p,v 2 p])
X8( v—c2+lp’ —az—lp ) s
J (Lemma 1.2.3)
—a_+1 c—
T<—>8<[v T P,V Tlp]) X 6

for some irreducible 6 < §([v™ =5 ,o v a5 p]) x 8. Note that since e7(p, c)er

(p’ a*) ! = la we haVelL a_+1 c—1 (T) 7& 0 = lu‘ a_+1 c—1 (9) 7&
[B(v"2 p,v Z pD? (v 2 p,v 2 p])

0. We claim that & = T/, with T as in the statement of the lemma. Observe that
in this case, T’ is actually square-integrable. By Corollary 2.1.3 and Lemma 1.3.3,

T — §(v = P,V T p]) x §. Further, since
a—+1 c—1 a_+1 c—1
g oy (0050 x8) = (5450 o
()

(a straightforward p* argument), we see that 7" is the only irreducible subquotient

a_+1 c—
of §(lvz p, le,o]) x 8 havingu* , ;| #0.Therefore,0 = T', as

(v 2 pv 2 pD

claimed. This finishes Case 1.

Case2:c=a_

By Note 2.1.4, § <> 8([vT p,v*T p]) x &’ Note that 8 from Note 2.1.4
matches 7" in the statement of the lemma. Thus,

T $§ ([U%ﬂp, v%p]) X 8 ([v%p, v%p]) x T’
| (Lemma 1.2.3)
T AxT
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c+l1 1 c+1

with & = 8([v=T p,vT p) or LGV T p. v T pl). 8([v T p, v T p])). To
have u* ., ., (T) # 0, we musthave M* _, ., (&) # 0, which

ST pwToh y 8(v Z pv Z p))
holds only for A = §([v" 2 p,v 2 p]). Thus,
—ctl a—1 ,
Tf—>8([v2p,v2p])>4T,

as needed.

Case 3: ¢ # a,a_ Since (p, a), (p,a-) € Jord(5) and 55(,0,(1)85_1(,(),61,) =
er(p,a)er(p, a_)~! =1, we have

8§ ([\170;rl 0, v%p]) x 8

for 8" as in [21] (see Note 1.3.1). Therefore, noting ¢ > a or ¢ < a—_,

—c c— —a_+1 a—
T 3§ ([VT-H,O, % 21,0]) x 8 ([v T 0, le,o]) x &'

—a_+1 a— —c+1 —
%8([1) p ,o,va])XS [v p p,vT,o)xuS’

—a_+1 a—1
T — 3§ ([v 2 p,vT,o]) x T’

forsome T’ < 8([1)%“,0, v pl) x8’. Clearly, Jord(T’), my and the partial cus-
pidal support are as claimed. It remains to show g7 is also as claimed. For this, it is
enough to show g7+ is as claimed on S7/N (Jordp (T U (Jord,(T") x Jord, (T/)))
(as the remaining values match those for €5, hence €5 and so e7).

First, suppose Jord,(8") # §. Then it suffices to show e7/(p, c)er (p, D
er(p,c)er(p, b)~! for some (p,b) € Jord(T'). First, suppose we have (p, b) €
Jord(T’) with b minimal such that b > c¢. There are three possibilities to consider:
MHa>a_ >b>c,2Qb>c>a>a_,andB)b >a >a_ > c. If
eithera > a_ > b > corb > ¢ > a > a_, a straightforward argument using
Corollary 2.2.7 and the definition in Sect. 2.2 shows that e7/(p, ¢)e7/(p, by ! =
1 & er(p,oer(p, b))~ =1.

Now, suppose b > a > a_ > c. Suppose &' is the discrete series representation
having Jord(8') = Jord(§)\{(p, a), (0, a—)}, the same partial cuspidal support as

_+1

8,and ey given by restriction of 5. By [21], we have § <— §([v -3 0, v%p]) x5
Now, set

I =96 ([v%ﬁp, v%p]) X6

and

—a—+1

3 e al /
1228([1) T p,v 2 ,0])><1T§,

for £ = £1, where TE/ is the component of 8([\)%+1 0, VT p]) x & characterized
by &gy (p. b)egy(p. ) ™! = &,
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First, we claim /; and I§ , & = =1, have exactly one irreducible subquotient in
common. To see this, let

—c+1 =1 —a—+1 a—1 ,
I=5([V 2 p,v2p])x8([v 2 p,UZp])NS.

—c c_1
Observe that [, 12+1 , I{l < Z.1Itisnot difficult to show that 5([VT+1 P,V 2 p])x
—a—_+1

S([v—2 p, v% p]) ® 8’ appears with multiplicity four in ©*(Z), multiplicity two
in each /L*(IzS ), and multiplicity two in p*(/;)—once in each component. Since
(I5)), the claim

I £ 125 for either value of & (e.g., consider u* el et
(v 2 p,v 2 p))
follows. Now, let & = &5(p, b)es(p, a)~l.

a—-1

It is now a straightforward matter to show that §([v 2 p, v pl) x
8([1)%,0, v%p]) ® (8([1)%,0, v%p]) X Tg) (irreducible) appears with mul-

c+l
2

tiplicity one in each of pw*(1y), ,u*(lzc), and ©*(Z), but not in ,u,*(lz_g).

We now finish the case b > a > a_ > c¢. We first note that since
*

K e is nonzero for exactly one component of [;, we have
(v 2 pv 2 p)

,LL* c+l a_—1 (T) ;é 0 <~ /’L* c+l a_—1 c+l a—1 (T) 5& 0.
(v 2 pv 2 p) (v 2 pv 2 pDx8(v 2 p,v 2 p))
Therefore,

er(p, b)er(p, o) ' =¢ = er(p,a )er(p, o)t =1

=W o1 o (T) # 0 (definition)
5(|:va’va:|)

= H/* el a_-l ctl a—1 (T) 7& 0
8(|:va’UTpi|)XS([VT/OJ}T;O])

=>T<h,I

= er(p, ber(p, o)~ =¢.

Conversely,
er(p,o)er(p, o) == = er(p,aler(p,e)t = —1
= l‘l’* c+1 a_—1 (T) = O
()
ST 21
=T<NL*
= ST/(p’ b)gT/(IOa C)_l = _§7
as needed.

Now, consider the case where one has (p,b) € Jord(T') with b maximal
having b < ¢. Whenc > b > a > a_ora > a_ > c > b, it is the same
basic argument as for b > ¢ > @ > a_ ora > a_ > b > c above except
8([1)#,0, v%p]) is replaced by 5([1)%,0, v%p])z. When ¢ > a > a_ >
b, the argument is also similar, with the key difference being that one shows
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W e D) =80T p v T p)?® (6([ o T ,0])>48) (irre-

BT pv T p))2 1

ducible), and 8([1)7/0, v% oD ® (8([1)%“,0, v%p]) X 8) appears with mul-
tiplicity one in both u*(lzg), ¢ =es(p,a_)es(p,b)"", and u*(Z) (hence does not

appear in ,u*(l{g)).

This finishes the case Jord(8") # @.

Finally, suppose Jord, (8") = @. Then, there are two possibilities: red(p; o) =
Oor 3.Ifred(p; o) = %, the argument s like that for Jord, (8') # ¥ taking b = 0.
If red(p; o) = 0, the result follows from Lemma 3.3.2 below. This finishes the
proof of the lemma. O

Lemma 3.3.2. Suppose red(p; o) = 0. Let § be a discrete series with Jord,(8) =
{(p, ), (lp a- )} and es(p,a) = es(p,a-) = ¢. By [21], write § <
8([v =5 0,V T ,0]) % 8'. Suppose ¢ = amod?2 with eitherc > aor0 <c < a_.
Write

8([1)%“,0,1)%,0]) x 8 = @ T, ([ (2+1,0 v%p]);é’),

ne{E1}

where T), (8([\)#,0, v%p]); ') is the component satisfying
el (p,c) =n. Set

& —c+1
T,(v 2 p,v 2 pl);d)
—c+1 c—1
1:8([\1 2 p,v 2 ,o])><18

and

, —a—+1 a=1 —ctl foid ’
1,7:5([1) 2 p,v 2 p])xlTn(b‘([v 2 p,v2p]);8).

Then I and I,; have a (unique) common irreducible subrepresentation T,, with
er,(p,a) =er,(p,a-) = ¢ and e, (p, c) = 1.

Proof. Let

’ —c+1 c—1 —a—+l1 a—1 ,
1 :8([\} 2 p,v2p])x8<[v 2 p,UZp])Mé.

Note that /, I,; < I’ (for n = %1). Further,

* ’ ezl 2
el a_—1 e I=2¢ ([v,o, V2 p])

’”‘5([W,m])ia([wm})Xa([w,m])
<8 ([T 0]) 5 ([sp "5 0]) @ x p 0 8

in particular, contains 8([vp, v S ])2 x &6([vp, v 72 pD) x §([vp, v o p]) ®
(p x Te(p; 8')) with multipli(:1ty one (for & = =+1). One can show that w*(I)

and u (I ) both contain §([vp, v T ,0])2 X §([vp, v _2 ol) x §([vp, v T ,o]) ®
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(0 X (0 0)). Therefore they have a common component T; characterized by

W (Tr) = 8([vp, v'T p])zx5([vp T o)) x 8([vp. 1T P @ (p x Ty (p; ).
+1

Since T; 8([1) =5 P,V T ,o]) x §, by definition, ST{(,O,(Z) = ¢gs5(p,a) = ¢

and e1,(p,a-) = &s(p,a~) = ¢. Further, it follows directly from pu*(7;) >

c— a_—1 a—
3(Lvp, v' D x([vp, vT 1) x8(Ivp, V7T pD® (01 Te (s &) thatife > a
we have u* . i (Ty) # 05if ¢ < a_, u* e a1 (Tp) # 0. In
[8([va v T P2 S(v 2 pyv 2 pl
either case, it follows that 7, (o, ¢) = er, (p, a) = er,(p,a-) =¢.

Let Tgf be the other component of 7, so that &7, (p,a) = et (p,a-) = ¢ and
ey (p,c) = —¢. Then,

v o)) x BT p v T o) 1 8
) o[ ]) )
U

T%Ig

forsome & € {£1}. Now, a straightforward u* argument shows that p* (1 é) contains

S([v =5 P,V T p]) ® 8 with multiplicity one. In particular, since 7; < I §/ accounts
for the only copy, we must have T/ £ I; = T/ < I’ .. The lemma follows. mi

Lemma 3.3.3. Suppose T — 8([1)%“,0, v%p]) X § is elliptic tempered. If
(0, a), (p',a_) € Jord(T)andeither(1)a_ < a—2,0r(2)er (o', a)er(p’, a_)~!
=1, then fT(U%,O/) =mr(p’,a) and

a1 N\mr(0'a) ,
T — (v 2 p) xT

where T' is tempered with

Jord(T") = (Jord(T) \ {(p, @)}) U{(p', a = D)},

o = or, and

mr(p”, d) if (p".d) # (p',a), (p',a = 2);
mT’(p//ﬂd) = mT(p/va_2)+mT(p/va) l:f(lo//?d) = (P/,a_z);
0 if (", d) = (o', a).

Further, e71 is determined by e1'|s;ns,, = €170,
er(p' a—er(p',b)" = er (o), a)er(p’, b)”"
and if applicable,

er(p,a—2)=¢er(p',a).
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Proof. First, we note that f;s (V%p’) < ms(p’, a), e.g., by Theorem 3.2.2. Then,
fr(v% o) <m7(p’, a) follows directly from the embedding

—cq+1 c1— —cg+1 cp—1
TQS([ T ,01,1)2/01]) "XS([ T Pka‘)zpk])NS

and a p* argument. That fT(V%p’) = mr(p’, a) then follows from Frobenius
reciprocity once we show the embedding claimed. We break this into two cases
based on m (o', a).

Case 1: m(p',a) =2
In this case, we have (p’,a) = (po,¢). fa_ = ¢ = ¢ — 2 (so that
er(p,c)er(p, c —2)~1 = 1), it follows from Proposition 2.3.2 that

=1 el —c+3 c=3
T'—>v2,oxv2,o><1(8([v 2 p,v2p])>46)

—c+3

(noting thatonehas u* ., p (T):v%p X v%p@) (8([va Tg,o]) ><|8)

which is irreducible). Then, T/ = §([v=2" p, vT p]) x 8, which is irreducible
and matches the description in the statement. Thus, all that remains for Case 1 is
c_ < ¢ — 2. For this, the proof is similar to the first part of the proof of Proposi-
tion 2.1.2.

Case2: myp(p',a) =1
In this case, (o', a) € Jord($).
First, suppose (p’,a) = (p, ¢ + 2). Then, by Theorem 3.2.2, u*,_, (§) =
v 2 p

v 0o ® §'. Therefore,

e, (00 0]) 23) =% 0 (0 (7)) ).
v 2 op
Note that the right-hand side is irreducible as (p,c) = (p,a — 2) € Jord(¥).

Since e7(p, a)er(p,a — 2)_1 = 1,wehave u*, | (T) #0,so0
vZ2op

T — v%px (8 ([viCZIp v 21,0]) ><18’),

and T’ < 3([1)%“,0, v%p]) x 8'. Noting that (p, ¢) € Jord(8'), this matches the
description of T’ given.
We may now assume (p’, a) # (p, ¢ + 2). By Theorem 3.2.2,

8*’—)\)%,0 x T

—c+1 c—1 a—1
Since 8([VT+,0, vVZpl)xvz

o'
T — 8( viczﬂ,o,u%p])

xv%p’ X T = v%p’ x 8 [U_C2+],o,v%p]) x T’

irreducible,
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for some irreducible T’ < §([v =5 P,V T ,o]) x T'. Clearly, Jord(T"), o7/, and
my are as claimed. Further, é7/|s,, = e77, so only e7/(p, c)er (p, D)~ Uand (if
defined) e7/(p, ¢) are in question.

We first consider the possibility that (o, c_) exists in Jord(T’). In this event, it
again follows from Lemma 2.3.1 that it is enough to show er (,0 c)sT/ (p,c-)™ Ly

as claimed. Observe thatif (o', a) # (p, c_), we haveS([v 5 P,V T ,o]) XV ot ,o’
irreducible (since (p’, a) # (p, ¢ +2)). Then, a straightforward argument like that
in (the later part of) the proof of Proposition 2.1.2 tells us e7/(p, c)er(p, c_) "' =
L& er(p,er(p,e-) = 1.

If (p,c_) = (0, a), then (noting that in Jord(T'), we have c_ = a — 2) we
must show e/ (p, c)ep/ (p,a — 2)~! = 1 if and only if er (p, c)er (p, a)l=1.
The implication (=) is essentially the same as for (o', @) # (p, c—). Inthe converse
direction, a straightforward p* calculation gives

er(p,oer(p,a)~ !t =1

S5 (o) o 5[ ) 23).

Now, since (p,a) € Jord(§), we have 8([1)%“/0, v%p]) x § irreducible. In
particular,

i ety P T 06 (07 ) )

As (p,a), (p,a_) € Jord(8) and e(p, a)e(p,a_)~ ' = 1, we have u*ﬂ ) #
0

0. The irreducibility of § ([ =2~ p, 1T p]) 8 then tells us x (8([1} o 0T o))

X8| > (v%p)3 ® 0" for some 0”. In particular, for the appropriate standard

parabolic subgroup, we have

c—1

a=1 , atl el 2 azl (.3 "
rM,c(VZpNT)ZrS([ Zp,v Zp]) QW2 p)reH
U

w* » (T #0

([t

since § ([v o 0, v%p])2 X vaT,o is the only irreducible representation having
m* = 8(vE p. v T )P ® (0T ). Thus, ep(p. e (poa — 27" = 1, as

needed. This finishes the case where (p, c¢_) exists.

N‘
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When (p, c4) exists but (p, c—) does not, there are three cases to consider: (1)
(0',a) # (p,cs)or (p,cs +2), 2) (0, a) = (p,c4) (with ¢ > ¢ +2), and
(3) (0’,a) = (p, cx+ + 2). The arguments for all three cases are similar to those
above, with the obvious change that one must use ©* 1 ex1 (T)inplace
S(lv 2 pv 2 p))
of w* ., " (T), etc. Also note the following: for (2), one shows

Bv"Z pv Z pD?]

er(p,c)er(p, o) =16 er(p, ey —Der(p,0) ' =

and for (3), one has m7/ (p, c4) = 2.

It remains to deal with the possibility Jord,(T’) = {(p, ¢)}, which implies
Jord,(T) = {(p, c)}. Note that this requires Jord,(8) = ¥, hence red(p; o) =0
or % For red(p; o) = % we can essentially think of (p, c—) = (p, 0) and use the
same argument as for (o, c—) # (o', a) above to show e7/(p, ¢) = 1 if and only if
er(p,c) = 1. Ifred(p; o) = 0, it suffices to show e7/(p,c) =n = er(p,c) =1
for n = £1, which may be done using an argument similar to those in the proof of
Lemma 2.2.8. O

3.4. Tempered representations Il
This section builds on the results of Sect. 3.3 to prove the tempered analogue of

Note 1.3.1, first for elliptic tempered representations then, building on that, for
general tempered representations.

Lemma 3.4.1. Suppose T is elliptic tempered with
—cy+1 c1—1 —cp+1 cp—1
TSS([V 2 pl,vT,ol])x---XS([v 2 pg,v 2 pk])m&

Let Ty < 6([v —4 Pk, V A px]) X 8 be such that

—c1+1 = —Ck—1+1 Ck—1—1
Twa([ T2 pL,v 2 ,01]) ~><5([v T k-1, V2 pleXlTk.

Suppose (p, a), (p,a-) € Jord(T) withm(p,a) = m(p,a—_ ) =1 (so both are in

Jord($))and et (p,a)er(p,a—)" U= 1. Write § = §([v a5 p,v o ,0]) x 8" as
in [21]. Then,

I’L* *‘1+1 =1 —Ck—1+1 cp—1—1 —a_+1 a—1 (D
(8 o)
—etl 4l *‘k—l*l c—1-1
=8([v T, v T pl]) ) T pk—1,V 2 Pk—1

([ o] o

where T/ < 8(v="5" peov™ o]) % 8 has Jord(T)) = Jord(Ti) \ (0. a). (p.
a-)} and ey given by restriction of e7,.
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Proof. For any of the 2¥~! components T# of §([v g 01,V - p1]) X -+ X
—ck—1+! cp—1—1

S(v™ 2 pr—1,v" 2 pr—1]) x Ty, we have (Lemma 3.3.1)

w (5 p])m) £0
y
(1) #0.

s
M —cp+1 -1 41 —a 1 a1
5(|:U 2 pv 2 p]])x»»-xs([\) 2 Pk—1,V 2 m ]])XS([U 2 p,\;Tp])

Therefore, it suffices to show for 7 = §([v ("12 P11,V 12 p1]) X - - x 8([v —5
cp—1—1

Pk—1,v" 2 pg—1]) x T that
* @)

M —cy+l c1—1 —Ck—1t! cp—1—1 —a_+l1 a—1
5([1} 2 pv 2 p]DX~~><5([v 2 -1,y 2 pk—l])XlS([V 2 pv 2 )

P
—cy1+1 c1—1 —cp_1+1 cr—1—1
=2k-1s ([v o, vle]) XX ([v S v Pk—l]

) ([ “T o %p]) Q1.

Now,
" « =1+l -1
W@ =m (s ([vE v T )
" 7ck,1+1 L‘kilfl %
XM™\S(|v 2 pr—1,v 2 pr-1 X (Th).

—1 ¢K+1

el
> o ([ o)
7zg+l ](/:{
[vj‘fpe, v%pz]) ®3 ([vj‘*]pe, vi‘pz]) :

Focusing onthe copy ofS([v cg ,O[,U = ,og]) in 8([v (5 P,V 12 p1]) x -

Further,

o ([ n)) -

X4

—Ck—1t Ck—1— —a_+
ST v T D xS p, v T pl), we claim either j; = iy =
—c —cm+1 cm—1

“;1 or jy =iy = ”1 . If not—and noting that M*, _; (8([v™ 2" pm,v 2
v - Pt
oml)] = 0 if m # f—we must have a nontrivial contribution of either

S5 pp. v i pgl) or (w5 pe. vt py]) from

7c/+l 71
HM*(S([V - pj,v - pj])) X (Ty)

J#L

—c i+l ci—1

j#t
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to 8. However, either of these possibilities have negative central exponent, so would
contradict the Casselman criterion. Noting that j, = i, = _C‘2+1 or jy =i¢+ %

—cptl cp—1

both contribute § ([ T2 pe,v pg]) to the product, it now follows that

w* @)
—c1+1 c1-1 —Cp—1+1 cp—1—1 —a—+1 a—1
S{v 2 p1v 2 pr|)xx8l|v 2 v 2 e |} [y ey 20

—cy+l c1—1 —Ck—1+1 Cp—1—1
= 2k-1 (5([1) 2 pp,v 2 m])x'“xa([‘f 2 pg-1,v 2 Pkfl])®l)
e (T
)

Thus, the lemma follows if we show u* _, ., |
(v 2 p,v 2 pD

pl) ® T}. Since ez, (p, a)er, (p, a—)~' = e5(p, a)es(p, a—)~" = 1, this follows
from Lemma 3.3.1 and a u* argument like that above. O

(T =87 p,v'3

Lemma34.2.Let T < 8([v 2 5 ,o e p'1) x 8 be elliptic tempered and
(p,a), (p,a-) € Jord(T) withmg(p,a) =1 (so (p,a) € Jord(3)). Suppose b
satisfies a— < b < a and b = amod?2. Then,

bl -l /
T<—>8([U2p,v2p])xT,

where T' is elliptic tempered with the following data: Jord(T") = (Jord(T)\{(p,
a)p) U{(p, D)}, orr =or,

mr(p”,x) if(p”,x) # (p,a), (p,b),
mri(p”,x) =10 if (p",x) = (p,a),
1 if (p”,x) = (p, b),

ander: determined by e1'|spns,, = €1|spns,, €170, Der (0, x) ™! = er(p, a)er
(p, X)L and if defined, e7/(p, b) = er(p, a). Note that if a_ does not exist, we
may replace a_ with 1 or 2 in the inequality a_ < b < a, whichever matches the
parity of 2red(p; o) + 1.

Proof. By Corollary 2.1.3, noting that o’ = p has either ¢ < b or ¢ > a,

c+1 c b+l a b+l a
[ e [ ()
—c+1 c— —1
(|:v + ’,vT/J/j|)><18/U(LemmalZ%)T%S([uT T i|)><T/

for some irreducible 7/ < 8([\1%,0’, v%p’]) % 8’ (8 as in Corollary 2.1.3).
It follows from Lemma 2.4.1 and partial cuspidal support considerations that the
data Jord(T’), o7/, and mp are as claimed. It remains to show &7 is as claimed.
The values of 7/ match those of e5 on Sy C S7v. Thus, to finish, it is enough to
show &7 is as claimed when evaluated at elements of St which involve (p’, c).
By Lemma 2.3.1, it is enough to do show this for one such element of S7/. We do
this in three cases. Note that we assume a_ exists in the arguments below, but the
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arguments work if a_ does not exist and is replaced with 1 or 2 as in the statement
of the lemma.

Case 1: (p',c_) € Jord(T) exists

First, suppose either (1) p’ 2 p, or (2) p’ = p buta # c_, in which case either
¢c— > aorc < a(whichimplies ¢ < b). Then, a straightforward u* argument tells
us

2 plv 2 k) 2 plv 2

fren o nNDFEOS W L (T #£O.
[T ()

As (o', c2) # (p,a), (p, b), it follows immediately that
er(p', )er(p', ) =1 & er(p, e)er(p',c)™ =1,

which suffices.
Now, suppose p” = p and c_ = a. Itthen follows (using Corollary 2.1.3 applied
to &) that

M:([ bl | asl ) ([ bl el Dz (‘3 ([”jlp’vczlp]) M)
(S ]) o (o= o (0] 9).

noting that 8([1)# 0, v}%l 0]) x & is irreducible. In particular,

- L (D #0 6

*
K atl c— b+1 a—1 b+1 c—1
[8(|:V Povs p:I) ] 8(|:v Pov p])X[a(I:U Pov pi|)

(as («=) is clear and both hold for exactly one component of § ([v =5 P,V 5 p]) x4).
Using this observation, one can now argue as in (the later part of) the proof of Propo-
sition 2.1.2 to show that e7(p, ¢)er(p,a) "' =1 & ep/(p, e (p, b))~ =1, as
needed.

2 (1) #0
]

Case 2: (p', cy) € Jord(T) exists

If o’ 2 p oreither c; < a or ¢ > a, the argument is similar to that given in the
beginning of Case 1.

Suppose p’ = p and ¢4 = a (so ¢ = a_). In this case, we claim

1 o NI #F0 & NI #O0.
) KB

m *
5([qu,va S{lv 2 p,v2op

The implication (=) is a standard p* argument on p* (8([vh%1p, v%p]) x T).
The implication (<) follows directly from * .., ,., (T’) # Oand u*(T) >
2 pw 2 oD

3(v2 pv2op
b+1 a—1
8([1)%,0, v 2 p]) ® T'. It is then immediate that

e (p, e (p, )L =1 er(p, )er(p,a) ! =1,
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as needed.

Case 3: Jord,y (T) = {(p', ¢)} (so Jord,y (8) = ¥)

Of course, p’ Z p in this case. Further, since Jord,(§) = ¥, we must have
red(p’;0) =0or %

If red(p’; o) = 0 it follows from Corollary 7.5 and Definition 7.6 of [14]
(whose proof uses only the u* structure and results on general linear groups, hence
holds in the generality needed here) that

o 2
T AxT(@ ([v,o’, UT],O’]) ; Ty(p; o)) for some irreducible A

C— 2
T < A xT($ ([vp’, lep’]) ; Ty (p; 0)) for some irreducible A’.

It then follows immediately from the definition in Sect. 2.2 that &7/(p’,¢) =
er(p’, ¢), as needed.

If red(p’;0) = 2, an argument like that in (the later part of) the proof of
Proposition 2.1.2 tells us e77(p", ¢) = 1 < e7(p/, ¢) = 1, finishing the proof. O

Proposition 3.4.3. Suppose T is elliptic tempered with (p, a), (p,a-) € Jord(T).
Let m = mln(m(,o a),m(p,a_)). If e(p,a)e(p,a_)™" = 1, then T
S([v 7 0,V T p])’" X T', where T' is an elliptic tempered representation whose

data is obtained as follows: one removes m copies each of (p, a) and (p, a_) from
Jord(T); e/ is then the restriction of er.

Proof. We have four cases.

Case I:m(p,a) =m(p,a_) =1
Since e7(p, a)er (p, a—)~' = e5(p, a)es(p,a—)~" = 1, we have

o —cp+1 cp—1 —cg+1 cp—1
T~‘—>8(v 2 pl,val])x~-><8([v 2 pk,vak])xuS
[ —c1+l! c1—1 —cg+1 cp—1
%8(1) 2 m,va]) -~-><8([v T g,V 2 Pk])

r —a_+1 a—1
M) ( vz p, va X 5/
—a_+1 — —c+1 c -l
= ([U 7, T J v 71, va]) X
r—cp+l Cr—
X(S(v 5 pk,vkz ,ok ><18/

4
—a_+1 a—1
Tf—>8([v 2 p,va])xT*

for some T* < 8([v -2 pr.v T o) % -+ x 85 p. v™T" pi]) %1 8. We
must show T* = T, In particular, since Jord(T*) = Jord(T'), mr+ = my/, and
the partial cuspidal supports match, we must show e+ = e7-. For this, it suffices
(from the definition) to show &7+ | s, = /| s for ¢ = 1,...,k, where Sé is the

domain associated to &([v Cé 0¢, V 52 pe]) x 8. Without loss of generality, we
take £ = k.
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Write

s —c1+l c1—1 —Ccp—1+1 Ch—1— "
T C—>8([v 2 p1,v 2 pl])x~--x8 vV 2 pPg—1,V 2 ,okl X Ty

for some T* < §([v 615 Pk> V k2 or]) % 8. By definition, 8T*|s’ = ey By
Frobenius rec:1pr001ty,

—a_+1 a—1 —c1+l1 cp—1
T—=38{|lv 2 pv 2 p|)xél|v 2 p,v 2 p;
—ck—1+1 cp—1—1
x-ox 8 v 2 Pk—1-v 2 o | )T

{
—a_+1 a—1
pw (M ={s{[v 2 p.v2Zop
—c1+1 cp—1 —Cp—1+1 cp—1—1
x8{|lv 2 pp,v 2 pr|)x-ooxsl|v 2 Pk—1,V 2 pr—1 T

InLemma3.4.1, we have T} = T;* = ey = e From their descriptions, we have
ST/|SJ/( = ey Combining the equalities, we get esr*lsl/C =éry =& = ST/|S]/(, as
needed.

Case2:m(p,a) =1,m(p,a_) =2
Without loss of generality, let (o, cx) = (p, a—) and write

T<—>(S([ *fl*'plyu%pl])><.~x5(|:vw§| ka 1 i Ok— 1i|)x8([u%+lp,v$p]) X 8
4

—a—+1 a——1
T(—>A,-><8([v > p,v 2 p])mT,-,

—c:

—cp+l i—1t Ci—1—
where A,H— (v 1;01,\1 =N m]) X e X 6([v 2 pz 1LV B )01—1]) X
+1 41— <

cipr—! —Ck—1t k=1~
5([v .21 pz+1,l 2 pi1]) X X S(vT T pr—1, v 2 1D and T; <
S([v 5= Pi,V 2 ,0,]) x 8. By definition, sT|ST = ¢7;. By Lemma 3.4.2, we have

T: — §([v o O,V T ,0]) > T! with T/ as in Lemma 3.4.2. Then,
—a_+1 a_—1 a_+1 a—1
) s () o7

a_fl a_+1 a—1
(5 e e]) < (. )

| (Lemma 1.2.3)

et o)) o (s

or

||2

i~}
he}
| I—
N—
N
X
Z
X
o]

1

—a—+1 a—
T — 8([1} p p,vT,o]) X A x T,

As ( (8([v o v Tl s p T p])) X

S Z pw Z p)
a—1

—a_+1 —
Tl.’ = 0, we must have the latter. It follows directly that 7 <— §([v 2+ P,V 2
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pl) x T’ for some T’ having Jord(T’), my/ and partial cuspidal support as
in the statement of the proposition. It remains to show ez is as in the state-
ment of the proposition. To this end a straightforward /L argument gives

A (s “T v ) T') = 25w ST T ) e T

a—1
S(v 2 pw 2 p))
It then follows that 7/ < A; X T/ for all i. Thus, by definition, e7| Sy = T/ From
above, since 8T|S = &g/, we get ST/|5 = srls / for all i. As U Jord(T;) =

Jord(T’), this tells us e7r = erls,,, as needed

Case 3:m(p,a) =2, m(p,a_) =1
Without loss of generality, let (o, ck) = (p, a) and write

—cl+1 c1—1 —ck—1+1 cg—1—1
T%(S([ m,v2p1])><~-~><8(v T Pk—1,V 2 Pk— 1])

T — AxT,,

—Cf

with A = 80" v pi) x - x 8 5 1 v 3 gD and
T, < (v =5 P,V Ea ,o]) x 6. By definition, erls, = eér,. In particular,
er,(p, a)er, (p,a—)~ I = 1. Therefore, by Lemma 3.3.1,

—a_+1
Ta<—>8([ o ,0\12,0])>48a,

with 8, as in Lemma 3.3.1. Thus,

T%Ax&a_(LvaEHp v 51,0]) X 84
ES([v 2 p,v2p ])xAxS

—a_+1 a—
T < § ([v T ,o,vT]p]) X T*

for some T* < A X §,. We must show T* = T’, T’ as in the statement of the
proposition.
—cp+l —cj_1+1
As in the previous case, let A =6§(v 2 pl, v e ,01]) X -+ X 8([v B
ci_1— ciy1—1 1 —cp—1+1

1
Pi—1,V T2 pi) x (v 2 S pl+1 Vo2 pip]) X - X 8([vT T o,
v 2 p_1]). Then,

—a+1 a—1 —citl ci—l
Tf—)(S([v 2 p,vT,o]) X Aj x8([v 2 pi,v 2 pi]) )
4

—a+1 a—1
T‘—)(S([v 2 p,vT,o])xA,-xTi
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for some irreducible 7; < §([v 63 Pi, V = ,ol]) x §. By definition, 8T|ST = er,.
On the other hand,

—a_+1 a—1 —cj+1 ci—1
T 3§ ([viz 0, va]) X Aj X8 ([v 2 pi,V 2 pi]) X &g

—a—_+1 a—
TC—>8([V 2 ,o,vT],o]) X AN X T

—ci+1 —1
for some T < §([v™z ,o,, v 0i]) X 8,. One can show that 7* is the unique

component of A x 8, such that T < §([v —— P,V T p]) x T*. Then, we have
T*<AixT'= er+|sr = erx. Further, by Lemma 3.4.2, we know Jord(T;") =
(Jord(T;) \ {(,o a_ )})U{(,o a)}and er* matches e7; if a_ is replaced by a. Since
we have

ST|STi =E&T; and 5T*|ST3« =8Ti*’
1

for any i, we see that e7» and e7 match if a_ is replaced by a. That is, T* = T’,
as needed.

Case4:-m(p,a) =m(p,a_) =2
We have

—a_+1 a_—1 —a+1
Tf—)S([v P p,va]) X(S([ v T p]) x T

—Cp—n+1

for a umque irreducible T’ < §([v 012 o1,V 12 o1]) x -+ x 8([v 2 Pk—2,

C

v 722 Pr—21) 1 8; it follows easily from the definition that e |s,, = &7, so matches
T’ from the statement of the proposition. Now, from Case 4 in the proof of Propo-
sition 2.3.2 and the proof of Lemma 2.3.3, we have

a_+1 a1 2 —a_+1 a_—1
N ([UT,O, va]) X (8 ([v T p, va]) X T”)

for some T” < 8(v T o,V = p]) x T'. Since either possible T” has

—a—+ —1
S(v—z p T p]) x T” irreducible, we see that

a_+1 a1 2 —a_+1 a_—1 2
T < § ([VT,O, va]) x 8 ([v 7 p, va]) x T’
| (Lemma 1.2.3)
T—AxT

for some irreducible

b2 ([} s (5 o))
a0 R
cs(sa]))
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Of the four products, only & ([v — 0,V T ,o])2 allows u* 4, B #0.

[8( qu,va])zl

—a_+1 a—1 2
T — 5([\1 2 p,vT,o]) x T,

as needed. This finishes Case 4 and the proposition. O

Thus,

Corollary 3.4.4. Let T be an irreducible tempered representation with data
(Jord,o,e,m). For (p,a) € Jorde, we define a_ as the largest value
of b < a such that (p,b) € Jordy (so €(p,a)s(p,a_)"" is defined). If
e(p,a)e(p,a_)~' =1, we have

—a_+1 a—1 m
T8 ([V ) ,o,va]) x T

where m = min(m(p, a), m(p,a_)) and T' is the irreducible tempered represen-
tation whose data is obtained as follows: one removes m copies each of (p, a) and
(p, a-) from Jord(T); 7/ is then the restriction of €r.

Proof. This follows from Proposition 3.4.3 and Eq. (2.2). O

Note 3.4.5. From Lemmas 2.3.5 and 2.3.7 and Eq. 2.2, we have the following:
(1) Ifred(p; o) = —modl

8()0 amm) — 1 =4 T — (S([\}Zp ) miél ])m(p \Qmin) X 9

for some irreducible 0 (where ay,iy, is the smallest value of b such that (p, b) €
Jord,y).
(2) Ifred(p;0) =0,

&(p, Amax) =M
¢

—amax 41 amax—1 L m(p.amax)—mo) amax—1 T\ M0
T—xx 8([v T p,v 2 pD NT(S([Up,v 2 p}) ;T 0)) ),

for some irreducible A, where my = 1 or 2, whichever matches the parity of
m(p, Gmax) (and amay is the largest value of b such that (p, b) € Jord,).

3.5. Intertwining operators and generic representations

In this section, we consider the action of normalized standard intertwining operators
on the components of 1 X - - - X §; X § in the case where § is generic (i.e., admitting
a Whittaker model with respect to some fixed character) and the components are
elliptic tempered. As we use the results of Goldberg [6—8] here, we assume char F =
0 and restrict our discussion to the split orthogonal and symplectic groups and
quasisplit unitary groups. In particular, Goldberg has determined the R-groups in
this case, and we have

C[R] Z Homg (81 X - -+ X 8 X 8,81 X -+ X & X 3d),
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with the isomorphism implemented by » — A,, A, the corresponding normalized
standard intertwining operator. As the induced representation has R = (Z/ZZ)k,
the normalized standard intertwining operator acts on the isotypic subspaces as £1.
For a given component 7', we show that this is essentially given by er.

Recall that discrete series of general linear groups are generic [12]. For § to be
generic, we must have the partial cuspidal support o generic. It then follows from the
results of Shahidi [27,28] thatred (p; o) € {0, % 1}. Inthe case where red(p; o) =
0, the parameterization of discrete series requires a choice of components of p X o.
As is done in [32], we make the choice so that 71 (p; o) is the generic component
(also the choice needed in [10]—see Note 3.5.1 below).

Note 3.5.1. Suppose § is a discrete series representation with generic partial cus-
pidal support. Then, it follows from section 3 of [10] that § is generic if and only if
&s is trivial (i.e., identically I on Sgs).

1

Lemma 3.5.2. Suppose § is a generic discrete series, p = p with 5([\1%+1 P,V 2
p]) % & reducible. A component T < 8([1)%/0, v%p]) X 8 is generic if and only
if er is trivial.
Proof. The proof may be done in four cases: (p, a_) exists (necessarily in Jord (§)),
(p, a4) exists (also necessarily in Jord(8)), Jord(§) = @ with red(p; o) = %
and Jord(§) = @ with red(p; o) = 0.

We start with the case (p, a—) € Jord(§) exists. By Note 3.5.1, it suffices to
show that T is generic if and only if e7(p, a)eT (p, a,) = 1. We have

Tc—>3([ T T p])xa‘([v T ])xa

| (Lemma 5.5 [14])
TL)S([ 702+1p,v T p]) X 0

—a_— +1 a—
for some irreducible & < §([v =5 ,o vz ,0]) X§ = 8([v 2 p, le,o]) X 6.
Let §* be the discrete series with the same partial cuspidal support as §,

Jord(8*) = (Jord(8) \ {(p, a-)}) U{(p, a)},
and &4+ trivial, noting that the admissibility of the data for §* is immediate from that
for §. By Note 3 5 1 and Corollary 2.1.3, §* is the generic irreducible subquotient
of §([v = P,V T p]) X &; by Note 2.1.4, §* '—>5([v 5 p VT ,o]) X 8.
Now, suppose 7_ is the component of §([v ™2 el ,o, VT ,o]) x § having

er_(p,a)er_(p, a_)_l = —1. In this case, we claim that 6 # §*. Were that the
case, we would have

T_ 3§ [wzﬂp v%p])NS*
—a_+1 a—1 a_+1 a—1
~'—>5([v 2 ,vzp])XS([v 2 ,0,1)2,0]))45
U
7 (T-) #0
atl a1 N2
()

ET_ (107 a)8T7 (107 a—)_l == _15
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a contradiction. Thus 6 # §*, from which it follows that T_ is not generic. The
generic component must then be the component satisfying e7 (o, a)er (p,a-) =1,
as needed.
The case Jord(§) = @ withred(p; o) = % is similar (replacing a_ by 0).
The case (p, ay) € Jord(§) follows the same basic lines, but is a little easier.
Here, we have

X < § ([v72 0, v%p]) X 8 ([V%p, v#p]) x 8’
(Lemma 5.5 [14])
> A xd

a+1

for some irreducible A < §([v =5 P,V T p]) X 8([va v - pl). As above,
+ 1

we can show that for 7_, we must have A # 6([v =55 P,V
subquotient), from which the result follows.

The last case—when Jord(§) = @ and red(p; 0) = 0—is a straightfor-
ward consequence of the definition in Sect. 2.2 once one notes that choosing

p]) (the nongeneric

741(p; 0) generic makes T (§([vp, v%p])% 741(p; 0)) the generic component
of 5([v =5 P,V T p]) X 6. |

We now take up the action of normalized standard intertwining operators. We
start with the elliptic case, where the reducibility actually occurs. We continue to
assume § generic.

Write §; = §([v alz i,V = ,o,]) (generic by Jacquet [12]) and assume §; x
- X & x & is elliptic. we let r; € W denote the ith block sign change—the
element which inverts §; and leaves the rest of §; ® --- ® & ® § unchanged.
By Goldberg’s work [6-8], we know that the R-group for §; x --- x §; x § has
R = (ry, ..., r¢). Thus, to determine the action of normalized standard intertwining
operators associated to R, it is enough to do so for rq, ..., ri. We let A,, denote
the normalized standard intertwining operator associated to r;.
Recall that the normalization of intertwining operators is such that the action
on generic components is trivial.

Proposition 3.5.3. With notation as above, suppose § is generic and 81 X - - - X 8 X8
with 8 has elliptic tempered components. If T is a component of 51 X - - - X 8¢ X6, then
the normalized standard intertwining operator A, acts on the T -isotypic subspace
as

(1) e (pi, a;) if red(p; o) = 0 or 1,
(2) er(pi aer(pi, b)~" if red(p; o) = 1, where (p, b) € Jord(s) (noting that
&s trivial ensures this does not depend on the choice of (p, b)).

Proof. We focus on the first case; the second is similar.
First, observe that if i = k, we have

T &1 X+ X1 xTy
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for some T < i x 8. By definition, e7 (o, ax) = 1 & &7, (ok, ax) = 1. The result
now follows from Lemma 3.5.2 and induction in stages.

If i < k, it follows from Schur’s lemma that there is a unique up to scalar
intertwining map

E 81 X -+ X381 X8 X8yl X X8 —> 8 X+ X1 X841

X oo X 8k X 8,',
which induces to give

E181 X oo X 81 X8 XBjg) X+ X XE—>

Xooo X 8i—1 X 8jq41 X -+ X 8 X 8; X 4.

Ifc; € Wistheelement whichinvertsthe §; ind1®- - -®4§;—1®68; +1Q- - -QIRS;, we
have A,, = E_IAC[ & up to a scalar which may easily be seen to be 1 (e.g., consider
the action on a vector in the generic subspace). The result may then be deduced
from the case i = k just considered. O

We close by identifying the generic tempered representations in a manner anal-
ogous to that in [10].

Corollary 3.5.4. Suppose T is an irreducible tempered (not necessarily elliptic)
representation with T < §1 X --- X 8¢ X 8, where § is generic. Then, T is generic
if and only if et is trivial (i.e., identically 1 on St ).

Proof. In the elliptic tempered case, this follows directly from Proposition 3.5.3.
For the nonelliptic case, we have

TESiX-'-X(SéNTe”,

which is generic if and only if Ty is. As e7 = e7,,, the corollary follows. |
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