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1. Introduction

In recent years, Jacquet module methods have taken on an increasingly important role in
the analysis of parabolically induced representations (or subquotients thereof), especially
for the classical p-adic groups Sp(2n, F), SO(2n + 1, F), and O(2n, F) (cf. [T2,J2,M-T,
B-J,M1,M2], etc.). Central to this is the ability to efficiently calculate Jacquet modules of
induced representations. In the case of Sp(2n, F) and SO(2n + 1, F), this is provided by
the results of [T1]; these were extended in [B] to cover O (2n, F) (also, cf. [M-T] for the
extension to the odd-unitary groups and non-split odd-orthogonal groups). We remark that
such results were previously given for GL(n, F') in [Z], though did not play a central role in
the analysis of induced representations for general linear groups owing to the availability of
other techniques for those groups. The purpose of this paper is to provide an analogous re-
sult for SO(2n, F). While one can study representations for SO(2n, F) by using O (2n, F)
and restricting (cf. [B-J]), having such a result for SO(2n, F) would simplify matters and
make it possible to work with SO(2n, F) directly.

The results in [T1] for Sp(2n, F) and SO(2n + 1, F) are based on the geometric lemma
of [B-Z] (also, cf. [C, Section 6]); these are recalled as Theorem 2.1 of this paper. For the
(non-connected) groups O (2n, F), the more general formulation in [B-Z, Section 5] is used
(cf. [B]). The results for Sp(2n, F), SO2n+1, F), and O (2n, F) are essentially the same.
This is not too surprising as all three have the same Weyl group and further, the double-
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coset representatives required in [B-Z,C] for all three families are essentially the same (cf.
[J3, Lemma 3.6]). In fact, one typically addresses all three families simultaneously as the
resulting combinatorics do not depend on the particular type of group. However, SO(2n, F)
is of a different nature, so there are certain issues involved with producing an analogous
result.

The technical issues may be seen at the Weyl group level. Sp(2n, F), SO2n + 1, F),
and O (2n, F) all have the same Weyl group—consisting of permutations and sign changes
on n letters. However, SO(2n, F) allows only permutations and even sign changes on n
letters. Further, the maximal parabolic subgroups of SO(2n, F) are not quite as convenient
as those of the other groups, e.g., there are two non-conjugate parabolic subgroups which
one might reasonably call Siegel. Thus there are two technical issues in shifting to special
even orthogonal groups: (1) keeping track of the number of sign changes (at least mod 2),
and (2) choosing the correct parabolic subgroups to use. In terms of the results of [T1,B],
the former amounts to adapting M* to keep track of sign changes; the latter amounts to
choosing a suitable definition of u*. These are addressed in Definitions 3.1 and 3.3, re-
spectively.

With suitable definitions in place, the analogue to the results of [T1,B] is Theorem 3.4,
the main result of this paper. This allows one to calculate Jacquet modules of induced
representations for SO(2n, F) in much the same way that [T1] allows for Sp(2n, F) and
SO(2n + 1, F) (and by [B,Z] for O(2n, F), GL(n, F), respectively). As with these results,
the proof is essentially a calculation using the results of [B-Z,C]. However, things are a bit
easier for us—the necessary double-coset representatives have already been worked out in
[B], so we are saved that step. We remark that these results do give an M7,-Hopf module
structure similar to that in [T1], though a bit more involved to set up.

We now discuss the results section by section. The next section introduces notation and
reviews background material. In the third section, we give the main result (cf. Theorem 3.4)
and a short example of its application to the calculation of Jacquet modules. The proof of
Theorem 3.4 is a straightforward calculation; as it is not particularly short or enlightening,
its proof is deferred until Section 4.

Let me close the introduction by thanking the referee, whose comments helped signifi-
cantly improve the exposition of this paper.

2. Notation and preliminaries

In this section, we review some background material and notation which is needed in
the rest of the paper.

Let F be a p-adic field with char F # 2.

First, in general, suppose G is the F-points of a split connected reductive group de-
fined over F. Let Wi denote the Weyl group for G. We fix a Borel subgroup of G.
Suppose P = MU is the Levi factorization of a standard parabolic subgroup of G.
If Algy(G) denotes the category of smooth finite-length representations of G, we let
ig.m:Algy(M) — Algg(G) and ry g : Algy(G) — Algy(M) denote the (normalized) in-
duction and Jacquet functors, respectively. Let R(G) denote the Grothendieck group for
Algy(G). We also use ig,p : R(M) — R(G) and ry,6 : R(G) — R(M) for the semisim-
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plified maps. Note that in what follows, we use = when working in the Grothendieck group
setting; actual equivalences of representations are denoted by =.

We begin by recalling a few things about general linear groups (cf. [B-Z,Z]). Let B
denote the Borel subgroup of GL(n, F) consisting of the upper triangular matrices in
GL(n, F). This has maximal split torus consisting of the diagonal matrices in GL(n, F).
We have Wy, Fy = {permutations on n letters}, which acts on the maximal split torus by
permuting the entries. If m, ..., my are positive integers satisfying m| + --- + my = n,
we let Py, ,....m,) denote the standard parabolic subgroup having Levi factor My, .. m,) =
GL(m, F) x --- x GL(my, F). Now, let R = EBH>0 R(GL(n, F)). This is a Z-graded
Hopf algebra over Z (cf. [Sw] for the definition of Hopf algebra); with multiplication de-
fined for representations by

m:R®R — R,

m:t @i m(t1 ® 12),

where G = GL(n| 4 ny, F) and M = My, n,) (t; a representation of GL(n;, F)); comul-
tiplication is defined for representations by

m*:R—- RQR,
n

m T rM(k,n—k),Grv
k=0

where 7 is a representation of GL(n, F'). These are then extended Z-bilinearly and Z-li-
nearly to obtain the bialgebra structure. Note that we will often use x to denote multipli-
cation: 71 X 2 = m(1] ® 12). For completeness, we remark that the antipode map is given
by the Zelevinsky involution (which is a special case of the duality of [Au,S-S]), though
this will not play a significant role in what follows.

We now discuss orthogonal groups (cf. [B]). The special orthogonal group SO(2n, F),
n > 1, is the group

S0@2n, F)={X €SL2n,F)| "XX = I, },

where *X denotes the matrix of X transposed with respect to the second diagonal. For
n=1, we get

SO(Z,F):{[g )L011| ‘AeFx}éFX.

SO(0, F) is defined to be the trivial group. We let

1

— O
O -
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This is a representative for the non-trivial element of C = O(2n, F)/SO(2n, F) and acts
on SO(2n, F) by conjugation. We denote the trivial element of C by e (and use 1 as its
representative).

We fix the Borel subgroup for SO(2n, F) consisting of the upper triangular matri-
ces in SO(2n, F). This has maximal split torus consisting of the diagonal matrices in
SO(2n, F), which have the form diag(a, ...,an,an_l, ...,ay) withay,...,a, € F*. We
have Wso@n, F) = {permutations and even sign changes}, which acts on the maximal split
torus by permuting and inverting the entries. The simple roots for SO(2n, F), n > 2, are
I ={ay,...,oa,} with

ei —eiy1 fori<n,
o = .
en—1+e, fori=n.

Note that

o fori <n—1,
c-a = .
! aop—1—; fori=n—1,n.

The standard parabolic subgroups P = MU have M = M, .., ©of the form
,,,,, nng) = GL(n1, F) x--- x GL(ng, F) x SO@2ny, F), where ny +---+ng+ng =n.
We note that in the case ng =0, nx > 1 (i.e., the corresponding subset of simple roots con-
tains exactly one of «,,_1, ¢, ), there are two non-conjugate standard parabolic subgroups of
this form. We use My, ... »,.0) to denote the Levi factor for the standard parabolic subgroup
having a1 in the corresponding subset of simple roots; the other is then ¢c(M,, ... n,:0))>
and so denoted. If 71 ® --- ® 7x ® o is a representation of M = M, ... n.:ny)> WE Write
71 X .-+ X Tx X o for the induced representation ig p (71 ® -+ ® T @ o) (or its im-
age in the Grothendieck group). If M = c(M,,... n;:0))s then ig u(11 @ - @ ® 1) =
c(ty X -+ - X 1, x 1) (cf. Lemma 3.2) and we write the representation as c(7y X - -+ X T X 1).
We close by recalling the following result of [B-Z,C]:

Theorem 2.1. Let G be the F-points of a connected reductive p-adic group defined over F,
MU and NV the Levi factorizations standard parabolic subgroups. Let w be a smooth
representation of M. Then, ry ¢ o ig,m7 has a composition series with factors
innowory yr, wel[Wy\W/Wyl,

where M' = M Nw= (N), N = w(M) NN, and [Wy\W /W] consists of the double-
coset representatives of Wy\Wg /Wy of minimal length.
3. Calculation of Jacquet modules

In this section, we give the main result of this paper (cf. Theorem 3.4) and a short

example of its application to the calculation of Jacquet modules. Note that the proof of
Theorem 3.4 is deferred to the next section.
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We first define an analogue to the M* of [T1], modifying M* to keep track of the number
of sign changes. Asin [T1],welets:RQ@ R — R® R be defined by s(t11 @) =10 Q19
(which defines s on a basis).

Definition 3.1. Let M},: R — R ® R ® Z[C] be defined by
My=mQ®1)po("®@m*)posom™,
where C®@m*)p:R® R— R® R® R ® Z[C] is given by

T1m*(nn) e

if 71 is a representation of GL(n1, F) with n| even,
1 m*(n) ®c

if 7 is a representation of GL(n{, F) with n odd,

COm*)p(t1 ®n) =

and(m @ Dp:ROIR®RAZ[C] - R® R®Z[C] is given by
MmO Dp(MInA®BAN=Mxn)JnE®Cc.

Recall that in [T1], Tadi¢ observes that R[S] = @n}O R(SOQ2n + 1, F)) is a module
over R (and similarly for symplectic groups). It is not a Hopf module, but rather what
Tadic¢ refers to as an M*-Hopf module over R. We give a corresponding interpretation
here, though it requires a bit more to set up.

First, let R[D] = EBn>0 R(SO(2n, F)). We consider R[D] ® Z[C]. Let

K =spany {0 ® ¢ — cf @ e},
where 6 runs over irreducible representations of SO(2n, F) for all n > 0. We then set
Rp = (R[D] ® Z[C])/IC.
Itis Rp which will carry the structure analogous to that given in [T1]—that of an M},-Hopf
module.

We now define the R-module structure on R p. First, let

w:R® R[D]® Z[C]— R[D]® Z[C]
be defined by
W TROIRC = (T xR,

noting that it is enough to define p for r ® 0 ® ¢’ with T ® 0 irreducible. An easy calculation
shows that u: R ® KL — K. Therefore, u descends to a well-defined map

up:R® Rp — Rp.
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This gives Rp the structure of a module over R. As in [T1], it is a Z4-graded module. We
also use x to denote wp.

Lemma 3.2. Let M be a standard Levi subgroup for SO(2n, F). Then

COorm.G =reM),GOC,
co iG,M = iG,c(M) ocC.

Proof. Straightforward. O

‘We now define the comodule structure. As in [B], we let

1T\ {ag} ifk<n-2,
e=1 D \{ap-_1,,} ifk=n—1,
1T\ {an} if k =n;

letting 2, =11 \{an—1} =c($2,). Welet 290 =11,s0 Mg, =G.
We first define

w*:R[D]®Z[C] — R ® R[D] ® Z[C]

as follows: For mr an irreducible representation of SO(2n, F), withn > 2, and 0 < k < n,
write ryg, G () = > ier, Ti (k) ® 0 (k) and Mg G (0) = Zjej c(tj ®1). We set

n
wr @)= Z( D k) @6k ® c’) +) (T ®l®c).
k=0 “iely jeJ
For n = 0, the only irreducible representation of SO(0, F) (trivial group) is 1, and we set

w1l =191xc.

For n = 1, an irreducible representation of SO(2, F) has the form x x 1 for x a
(quasi)character of F* (noting that under SO(2, F) = F*, this corresponds to the char-
acter x ), and we set

Wxx1)=10(x xR +x®1c+x'®1xcc.
We then extend u* to R[D] ® Z[C] Z-bilinearly.

Definition 3.3. A straightforward calculation (using Lemma 3.2) shows u*: K - R ® K.
Therefore, u* descends to a well-defined map

wh:Rp— (R®RIDI®ZIC])/(R®K)=R® Rp

under the obvious isomorphism (i.e,, T 0 Q' + RIK <+t ® (0 ® ¢’ + K)).
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Theorem 3.4. Rp is an M},-Hopf module over R. In particular, for T, 6 representations of
GL(ny, F),S80(2n, F), respectively, and ¢’ € C, we have

wp(Tx @@ +K))=Mp) xuhHO @ +K).
Note that on the right-hand side, % is defined as follows: let
x:(R®R®ZIC])® (R® RID]® Z[C]) > R ® R[D] ® Z[C]
be defined on representations by
MO X(TRIQ+K)— (11 x 1)@ (2 x0)®cie2+ K.

This then descends to a well-defined map x: (RQ RQZ[C]) ® (R® Rp) - R® Rp used
on the right-hand side.

Proof. See Section4. O

As in [T1], this is a Z, -graded comodule.
We give an example to show how this may be used to calculate Jacquet modules of
induced representations:

Example 3.5. Let x be a (quasi)character of F*. Then y o detgr, Fy %1 is a represen-
tation of SO(4, F') whose Jacquet modules are calculated below using Theorem 3.4. Note
that 1 is used below for both the trivial representation of GL(0, F) and SO(0, F) (both
trivial groups); the particular interpretations being clear from context. Note that 1 x 1 also
appears; this is also the trivial representation of SO(0, F).

First, we have

M7 (x odetgr, F))
=xodetGL(z’F)®1®e+|'|_%x®|~|%x Qe+ 1® x odetgre,F)®e
AR I NPT L= TR M e POy - TN AP T
+x 'odetgrop ®1®e
and

uhl®e+K)=191®e+K.

Therefore, by Theorem 3.4,

1h(x o detore, ) % (1@ e +K))

1 1
=xodetgLe. @I X 1@e+|-|"2x®|-|2x x1®e
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1 1
+1® xodetgre,m X 1®@e+1-1"2x ' x| T2y ®Ix1®c
1 1
+ T @ T2 x 0 1 @c+ x T odetgran ®1 3 1@ e+ K.

Thus,

_1 1 I L
Mg, .G(x odetgLam ¥ D =1-1"2x |- 2x +|-172x ' & 12x7",

IMa,,G(X 0 detGra, ) X 1) = x odetGra,my + X~ o detGra, ),

1 _1
FMQZ,G(XodetGL(z,F)N1)=C(|'| 2 x| 1T 2y).

Note that this matches the results calculated in [J1, Section 4.2], done using the results
of [B-Z,C].

4. Proof of main theorem

In this section, we give the proof of Theorem 3.4. The proof is essentially a long
but straightforward calculation. In particular, we show that M} () x u},(0 @ e + K) =
uh(t x (0 ® e + K)) for T and 6 representations, which suffices. For convenience, we
suppress the /C in what follows. The calculation of M} (t) x u}, (0 ® e) is done from
the definition in Section 3. We calculate u},(r % 6 ® e) using the results of Bernstein—
Zelevinsky and Casselman (cf. Theorem 2.1), along with the double-coset representatives
given by Ban in [B, Section 5].

Suppose T x 0 is a representation of SO(2n, F). The cases n =0 and n = 1 are covered
by the definition of ,u‘l‘), so we assume n > 2 below. Also, if T ® 6 is a representation of
GL(ip, F) x SOQ2(n — i), F), we treat n — i; =0 and n — i = 1 as special cases, dealing
with them at the end. Thus, we assume ip < n — 1 for now.

We start by calculating M},(t) x 7}, (0). To this end, write }’M_QZ’G(Q) = Zzen M) ®
6;(n—ip—¥¢) and Mg, cO) = ZueU c(Ay(n—ix)®1), where Ty and U are the appropri-
ate indexing sets. To add clarity, we have, e.g., written A;(£) rather than just A;, indicating
the rank of the underlying group as an argument. Then,

n—ip
ppO®e) Y Y MO —i—-O®e+ ) rn—i)®l@c.
=0 teTy uelU

Also,

My(t)=m®)po(C@m*)posom*(t)

i
=m®po(C@m*)p os(Z Y pr(H @iz —j))

j:O VER]'

=m®1l)po (~®m*>D<Z PIEACE)) ®p,(j>),

Jj=0 reR;
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where R; is the appropriate indexing set. Continuing,

i
My(1)=m® 1>D<Z PIACEN)

j=0 reR;

J
® ( Yo D AWep —k)) ®c"2—f'>

k=0 seS(r,j,k)

J
=y >N (GG — ) x PN W) @ p2 (G —k) @71, (1)

Jj=0 k=0 reR; seS(r,j.k)

where S(r, j, k) is the appropriate indexing set. It now follows that

n—ip

M}(1) % 10 ® ¢) = ZZZZ Do DGl x pf) k) X Ae(O)

j=0 k=0 rER =0 seS(r,j.k) teTy
® P2 (j—k) X0 (n—iy— ) ®c2

+ZZZ Do D Grlia— ) x pl ) x hy(n —in)

Jj=0 k=0 reR; seS(r,j.k) uel
(2)(J k) % 1®Ci2_j+l.

Now, to match this result with what we get for u},(t % (6 ® e)) below, let j =i — d and
£ =11 —d — k (which defines d and i;). We then have

M (2) % wh(6 ® e)
iy ip—d n—ir+d+k

=YY Y Y Y @XM x i —d—k)

d=0 k=0 ij=d+k reRi,_q s€S(riz—d.k) €T _a—s
® P& iz —d —k) x 0 (n+d+k—ij —ir) ®c*

in ip—d

Y % D D 6 x p) k) x d(n — i)

d=0 k=0 reR,2 d SES(rip—d,k) uel
® P32 —d —k) x 1@t

Usingn —ip =iy —d — k,so k =iy + i — n — d, we may rewrite the second sum as

iy n
)IEDIES > >G5 d) x p) i1 +iz—n—d)

d=0 iy=n+d—i> rERizfd seS(r,ip—d,i1+ip—n—d) uel

X Au(n — i) ® p2(n — i) x 1@ It
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Interchanging the order of the d, i1, and (in the first sum) kK summations, we get

M3 (t) x 1O ®e)

min{iy,iz} minfiy,i}—d

—Z > > DD DI S A )

i1=0 d=0  k=max{0,i{+ip—n—d} V€Ri2—d s€S(r,in—d k) tETil—d—k

X pL) X hi(it —d — k) @ pB(in—d —k) ¥ 6;(n+d +k —i1 —ip) ®c?

i1+ip—n
£y Z > > PLAC
ij=n—ip d=0 reR,z_d s€S(r,ip—dij+ir—n—d) uelU
x pii1+iz—n—d) x hu(n—i2) ® p2(n— i) x 1@ T ©)

We now turn to the calculation of u},(t X (0 ® e)). As in [B], let [Wg,.l \W/ Wg,.z]
(respectively [Wg \W/ We, D denote the double-coset representatives of shortest length,
where W = Wso,, Fy and Wo, = Wy, . By the results of Bernstein—Zelevinsky and Cas-
selman (cf. Theorem 2.1), we have I

n
up(tx@®e) =) > Firi(w)(t ®0) ®e
i1=0 wE[WQiI \W/WQiZ]

+ > Friy(w)(T®0)®c,

welWe, \W/ W, 1
where
Fiiiy(w):T®0—iynyowory y(t®0),
with M = Mg, , N =Ng, , N'=NNw(M),and M’ =M Nw~ (N); F(n, i>)(w) is de-
fined the same way except using N = N . Using the double-coset representatives worked

out in [B, Section 5] (and retaining the notation in [B]), we may write the sum more ex-
plicitly as

n  min{iy,i} min{iy,ip}—d
0,0
pp(rn@®e) =) Z Y. Fun@@ b)) oo e
i1=0 4 d=0  k=max{0,i{+ir—n—d}
even

n—1 minfiy,ir}
+>3 Z Fiiiy(gnd.iy +i2—n—d)" )t ®0) ®e

11,02
i1=0
d even
i1+ip—n—d>=0
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n—1 min{iy,iz} min{iy,ir}—d

+Z Z Z Fiy, lz(qn(d k)l(?loz))(r®9)®e

i1=0 d=0 k=max{0,i;+ir—n—d+1
=0 d=0 {0,i1+i2 }

minfiy,iz}
+Z Z Firir(qn(d i1 +i2—n — ),(llg))(T®9)®e
i1=0
. 11+12d (;zddd>0
min{iy,iz}
+Z Z Fiiiy(an(@d. it +iz—n—d)") )z ®0) ®e
i1=0

d d
i1+ip—n—d >0

i
+ Z Foiy(qn(d, i —d)f, ll MNeeoec

d=0
d odd
i
+ Y Faip(nd.ia—d) ) @0) @c, 3)
ddezvgn

noting that the upper bounds of n — 1 (instead of n) in the second, third, and fifth sums

arise from the conditions in the definition of ¢, (d, k) l(? 10 ), etc., on [B, pp. 160-161]. Now,
let us write

e @)=Y POt i-d-kherd)
SES(dsk)il,iz

RAs(i1—d—k)Q0(n+d+k—1i1 —ip)

for £2 = 24 N 2;,_q N £2;, N 82}, ti,—a—k (defining the indexing set S(d, k);, i,); we write

ry (@@= > c(tPherPh-d-kbHerP@@rn—i)®1)
s€8(d k)i iy

f_or 2/ =82 N Riy—q N 24, N 2, with iy +ir —d —k=n (defining the indexing set
S(d, k)i, .i,). Therefore (noting that conjugations by ¢g,’s produce the contragredient of
1P (d) as in [T1]; cf. [G-K]) we have

wh(t = 0 ©e)

n min{iy,ip} min{iy,ir}—d
- Z Z Z Z t D (k) x ag(iy —d — k) x 19 (d)
i1=0 d=0  k=max{0,ij+ir—n—d} seSd,k)i i,
d even

®TPia—d—k) x0(n+d+k—ii—i))®e
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n—1 min{iy,iz}

+y > > tD(iy +ir—n —d) x As(n —iz) x T3 ()
i1= dd;(e)n ses‘(d,il—&-iz—n—d)il_iz
i1 +ir—n—d>0

®ts(2)(n —iDx1®c

n—1 min{iy,iz} min{iy,ir}—d
+y Z > Yootk x A —d — k) x $0 (@)
i1=0 = k=max{0,i{+ir—n—d+1} seS(d,k);lv,-2

®r§2)(i2—d—k) XOs(n+d+k—ij—ir)Q@c

min{iy,ir}
+Z > > tW (i 4iy —n—d) x as(n —in) x 13 (d)
i1=0 ddod?d se8(d.ij+ir—n—d)i, iy
i14i—n—d >0

RtPm—inxixe

n—1 min{iy,io}

+> > > t (i) 4+ iy —n—d) x ks(n —ip) x 1P (d)
i1=0 dd;?d seS(d.ir+ir—n—d)i, i,
i1 +ia—n—d>0

RtPm—inxl1xc

i
+ Yy Yo M- x - x i P D e1ec

d=0 seS(d,ir—d),.i
dOdds (d,iz )n.lz

iy
+ > ) Wa-dxike-i)xiPdelsc, @)
d=0 se8(d,ir—d)n,i,
d even

noting that g, (d, i» —d)®* 1 are defined differently for 4 = 0 but can be combined into
one sum. We also note that the inducing subgroups in the sums above match what is given
in [B, Lemmas 5.11 and 5.12]. We now combine the i; = n terms from the first and fourth
sums with the sixth and seventh sums, respectively, to get

wh(tx (O ®e))

n—1 min{i,i} min{iy,ir}—d

23 2 Yo D) x i —d—k) x $P (@)

i1=0 d=0  k=max{0,i{+ip—n—d} SES(a',k),'l.iz
d even

@t P(ir—d—k)x0n+d+k—ij—ir)®ce



814 C. Jantzen / Journal of Algebra 305 (2006) 802819

n—1 min{iy,iz}

+y > > t V(i) iy —n—d) x As(n —iz) x T2 (d)
i1= dde:v(e)n ses‘(d,il—&-iz—n—d)il_iz
i1 +ir—n—d>0

RtPm—inxlxc

n—1 min{iy,ip} min{iy,io}—d

+> ) > Yotk x aglir —d — k) x £ (d)

i1=0 ddo(?d k=max{0,i;+ip—n—d+1} SES(d,k),’l,,'z

QTP —d—k)x0(n+d+k—ij—ir)®c

min{iy,ir}
+Z Z > o +iz —n—d) x ks (n —i2) x T (d)
i1=0 d dd seS(d.iy+ir—n—d)i iy
i1+ip—n—d=>0

®r(2)(n—i1) Xx1l®e

min{iy,ir}
+Z > > t (i1 + iy —n—d) x ks(n — i) x 19 (d)
i1=0 d= (?d SES(d,I'l-HQ—n—d)il,iz

o
i1+ip—n—d =0

tPm—inxlxc

i
+> Y Pa-d)xan-i)x TP @1® !

d=0 seS(d,ix—d)n,iy

i
Y Y i h—d) xhn—i) x EO@ ® 1@ .
d=0 seS(d.ip—d)n,i,

We now combine the fourth sum with the second and the fifth sum with the third (noting
that the fifth sum corresponds to k = i1 + i, —n — d when combined with the third) to get

wh(t @ ®e)

n—1 min{iy,iz} minfiy,ir}—d

=2 2 ) Yotk x A —d — k) x 10 ()

i1=0 d=0  k=max{0,i;+ip—n—d} SES(d,k),’ly[z
d even

QtP(ip—d—k)x0n+d+k—ij—i)) Qe

min{iy,ir}

+Z Z Z Ts(l)(i1+i2_n_d)X)‘s(”—iz)XfS(g)(d)

i1=0 =0 e€S(d.i1+ir—n—d)i. :
1 11+12 ned>0 seS(d,i1+ir—n d)’|~’2

1P —i)) x 1@t
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n—1 min{iy,iz} min{i,ir}—d

PIpS 2 Yo Nk x i —d =) x £P (@)

=0 =0 k=max{0.i1-+i—n—d} s€S(.bi iy

®rs(2)(i2_d_k)x@s(n+d+k—i1—i2)®c

i
+> Y Pa-d)xan-i) x TP 1® !

d=0 SES(d,l‘Z_d)n,IQ

i
+> Y Pa-dxan-i) x P18
d=0 se3(d.ip—d)n,iy

Finally, combining the fifth sum above with the second, and the third and fourth and sums
with the first (noting that the fourth and fifth sums correspond to i| = n), we get

/fz)(t X0 e))

min{iy,iz} minfiy,ir}—d

_Z Z Z Z fs(l)(k)X)\s(il_d—k)X‘ESG)(d)

i1=0 d=0  k=max{0,ij+ir—n—d} s€S(d.k)i i,

QT1P(ir—d—k) x0(n+d+k—i;—ir) ®c!

min{iy,iz}
+ Z Z > t Wi+ iy —n—d) x As(n — iz) x 2(d)
i1=0 11+12 i d>0 ses‘(d,il—&-iz—n—d)il_iz
@tP(n—inx1ecdth ()

To finish the case i» < n — 1, it remains to show Egs. (2) and (5) are the same. In
particular, we show that the first sum in (2) matches the first sum in (5) and the second sum
in (2) matches the second sum in (2). For the first sum, the i1, d, kK domains of summation
are the same, so it suffices to show that for fixed iy, d, k we have

> 1Dk x aslin —d — k) x 1P ()
SES(d,k)il'[Z

@1y —d—k) x0,(n+d+k—i;—ir) ®c!

=D 2 D a@xpM xk—d—k

reR,2 d SES(r,ix—d k) teT,1 —d—k

® 0P (i —d—k) X, (n+d+k—ij —ir) ®c?.

For this, it is sufficient to check that
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Yo e tPl—d-b et d) @i —d—k)
SES(d,k),‘l_,'z

®6;(n+d+k—ip—iz)
-y 3 > sk @ pF 12 —d — k) ®0r(d) @ A (iy —d — k)

rER,'z,d seS(r,irn—d k) ZGT,'I —d—k

Q6,(n+d+k—i—ir). (6)

However, both sides of (6) easily reduce to ry, 6 (t ® ), where 2 = 2, N §2;,_q N §2;, N
£2i,+ir—d—k- We now show the second sums match up. We claim the iy, d domains of
summation are the same in (2) and (5). In particular, consider the second sum for ,u}‘)(r X
(0 ®e))in (5). Since i1, ip =iy +i» —n, we have min{i{, i3} > i1 + i» — n. The condition
i14+i> —n—d > 0implies d < i1 + i — n; as this is lower than min{iy, i»}, it is effectively
the upper limit of summation. Further, this means that if i; < n — i», the sum degenerates.
Thus the i1 summation effectively has lower limit i; = n — i>. Therefore the domains of
summation match. The rest of the argument is essentially the same as for the first sums.
This finishes the case ip <n — 1.

The cases i = n — 1, n remain. We first look at the case i = n. In (3), the 2nd, 3rd, 4th,
and 7th sums do not occur if i, = n (from the conditions in the definition of ¢, (d, k)il”l.2 ,
etc., [B, pp. 160-161 and 164]). Therefore, the 2nd, 3rd, 4th, and 7th sums in (4) do not
occur if ip = n. If we delete these sums and set i» = n in the rest, we get

wh(t = 0 ®e)

n i]
=> Y Yoo Wa - xtPDetPm—inxiee

i1=0 d=0 SES(d,il—d),'].,,
d even

n—1 i
+>. >, Y Wa-axiP@erPe-inxlec

i1=0 d=0 seS(d,ij—d);
1 J odd ( 1 )ll,n

n
+ > Yo - xiPdelec.

d=0 seS(d,n—d
d Odd ( )n,n

Now, combining these, we get
n i
wh(t >4(9®e))=z Z Z ts(l)(il—d)xfs(3)(d)®ts(2)(n—i1)><1 1®c.
i1=0 d=0 seS(d.ij~d)i, n

On the other hand, we note that the second sum in (2) is absent if iy =n (as u}, (1 ® e) is
just 1 ® 1 ® e). Therefore, we get
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n i
Mp@xpp@@e)=3 % > Y &dxplii—d

i1=0 d=0 reR,_q seS(r,ip—d)
(2)(11 —ipxl ®c
which match up as in the case i < n — 1 (showing (6) holds).

We now turn to the case i =n — 1. We begin by looking at M},(t) x 7}, (6 ® e), which
is where most of the work is for this case. Here, M7}, (7) is as in (1) and

ph@®e)=100Qe+x®10e+x '®1®c,

where 6 = x X 1. Therefore (using i» =n — 1)

M3 () % 156 ® €)

n—

—_

J
XY Y [Ba—1—-pHxplh@pR -k xo@c"

Jj=0 k=0 reR; seS(r,j.k)
+o,(n—1—j) x p(l)(k) X X ®p(2)(] —xl®d
+o0,(n—1—j)x p(l)(k) x x 1 ®p(2)(] — k) x 1®c”_1_j+1]_
As earlier when we used j =ir —d, { =iy —d —k, wenow letd =n — 1 — j and

£=1i1 —d —k (so £ =0 for the first term and ¢ = 1 for the second and third terms). We
have

M3 () x w6 ®e)
n—1 n—1

ZZZ Z Z U(d)X,O(l)(ll d)®,0(2)(n—1—i1)>49®cd

d=0 iy=d reR,_1_q seS(r,n—1-d,i;—d)
n—1 n
Y Y Y B@ola-d-nxy
d=0 ij=d+1 reR,_i_q seS(r,n—1—d,ij—d)
® py(n—inx1@c
+6,(d) x pp )1 —d =) x x ' @ pF(n —in) x 1@,
Now, reversing the d and i summations gives

M (1) x (0 ®e)

n—1 1
:ZZ Z Z o(d)xp(l)(ll d)

i1=0 d=0 reR,_1—q seS(r,n—1—d,i;—d)

@pA(m—1-i)x0®c
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n i1—1

+ZZ Z Z U(d)X,O(l)(l]—d—l)xX

i1=1 d=0 reR,_1_q4 seS(r,n—1-d,i;—d)

®p%(n—i x1®c

n i—1

+ZZ Z Z U(d)xp(l)(ll—d—l)x)(_l

i1=1 d=0 reR,_1—q seS(r,n—1—d,i;—d)

®p% (n—i1) x 1@, (7)
On the other hand, from (5) (which is valid for i, =n — 1), we have

wh(t % 0 ®e))

n  min{i;,n—1} min{i;,n—1}—-d

=> Z > S 1P x i —d — k) x 1P )

i1=0 d=0 k=max{0,i;—d—1} s€S(d.k)i| n—1

Rt P(m—1—d—k) x0(d+k+1-i)®c*!

n  min{ij,n—1}

15 50 SE SRR
i1=0 ilf?if(])ZO s€Sd,iy—d—1);| n-1

@tPm—ipx1ecdth,

Notice that in the first sum, we must have k =i; —d — 1 or i{ — d, and we break it into two
sums accordingly. Note that to ensure k, d > 0, the case k =i; —d — 1 requires 1 < i; and

d <i1 —1 < min{i;,n — 1} (so we change the bounds of summation). The case k =i —d

requires i1 < n — 1 (to ensure 13(2) is associated to a group of non-negative rank), giving

min{ij,n — 1} =i (so we change the bounds accordingly). We get

wh(r x @ ®e)

:Z Z Z Ts(l)(il_d_l)X/\s(l)xfs(”(d)

i1=1 d=0 SGS(d,il—d—l)il,n,1

®rPm—inx1@c

n—1 i
+3Y 3 Y Pa—xiP@erPm—i — 1) x o) ®c!

i1=0 d=0 SES(d,il—d)ilj,,l

n i]—l

+Z Z Z Ts(l)(il_d—l)X)»s(l)xfsm(d)

i1=1 d=0 se8(d,ij—d—1)i n1

@tP(n—ip) x 1@, ®)
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We now claim the first (respectively second, third) sum in (7) is equal to the second
(respectively first, third) sum in (8). This follows from the same considerations used at the
end of the case ip <n — 1 (showing (6) holds). This finishes the case i =n — 1 and the
proof.
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