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THE GENERIC DUAL OF P-ADIC GROUPS AND
APPLICATIONS

CHRIS JANTZEN AND BAIYING LIU

ABSTRACT. In this paper, we give a uniform classification of the
generic dual of quasi-split classical groups, their similitude counter-
parts, and general spin groups. As applications, for quasi-split clas-
sical groups, we show that the functorial lifting maps constructed
by Cogdell, Kim, Piatetski-Shapiro and Shahidi are surjective. We
also analyze structures of general local Langlands parameters and
explicitly construct a distinguished element for each local L-packet.
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1. INTRODUCTION

Let F be a p-adic field of characteristic 0. In [JL14], the authors had
two main results. The first was to classify the irreducible generic repre-
sentations of SO,, (F'). We then used this to show the surjectivity of the
functorial lifting map constructed by Cogdell, Kim, Piatetski-Shapiro
and Shahidi ([CKPSS04]). In this paper, we extend these results. In
particular, the surjectivity of functorial lifting map is extended to all
quasi-split classical groups. Because the strategy used for the classifi-
cation of generic representations does not depend on the structure of
the groups in as delicate a manner, the same basic argument can be
applied to the corresponding similitude groups, as well as general spin
groups. Thus we classify generic representations for these groups as
well. These classifications of generic representations are expected to be
very useful, for examples,

(1) for the problem of classifying the generic unitary dual, as con-
sidered in [LMT04];

(2) towards a conjecture of Gross-Prasad and Rallis (see [GP92,
Conjecture 2.6], [Kud94], [JS04, Liull, JL14], [GI16, Appendix
B]) which states that a Langlands parameter is generic (i.e.,
its L-packet contains a generic representation) if and only if its
adjoint L-function is holomorphic at s = 1;

(3) for the generic Arthur packet conjecture (see [Shall], [Liull,
JL14], [HK17]) which states that an L-packet of Arthur type
has a generic member if and only if it is a tempered L-packet.
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We discuss each of our main results in turn.

The classification of generic representations of GL,,(F') was done in
[Jac77] (from which those for SL,(F) may be obtained-see [Tad92]),
those for SOg,11(F) and Spa,(F) were done in [Mui98a], and those
for SO, (F) in [JL14]. To these groups, we add SO3, 5(F), Usny1(F),
Ugn(F), GSpgn(F), GSOQn(F), GU2n+1(F>, GUQn(F), GSpin2n+1(F),
GSping,(F), GSO3, »(F), and GSpink, ,(F'), with the quasi-split
groups defined by a quadratic extension F = F'( /¢).

There are a few key ingredients in the classification of irreducible
generic representations for these groups:

e results on induced representations and genericity for general
linear groups,
e Levi factors of (standard) parabolic subgroups having the form

M =H,, x - x H,, XGy,

where

H. = GLm for Gn 7& U2n+1a U2na GU2n+1> GU2n>
" ReSE/FGLm for G,, = Usny1, Usn, GUzpy1, GUsy,

e an explicit form for the Langlands classification and Casselman
criterion,

e a u* structure for calculating Jacquet module like that of Tadi¢
for classical groups,

e cuspidal reducibility conditions,

and for similitude groups, formulas for

e twisting induced representations by characters,
e central characters of induced representations.

Most of these are already known, though we do fill in a few gaps and
make a correction or two. We also try to formulate things in a uniform
way to facilitate treating the different groups together.

Let v denote the absolute value. Consistent with [BZ77], we inter-
pret this as a character of a general linear (resp., similitude) group via
composition with the determinant (resp., the similitude character). A
representation 7 of a general linear (resp., similitude) group is essen-
tially tempered if there is an () € R such that v=(™)(r) is tempered,
and similarly for square-integrable representations. To have a uniform
presentation of the result below, for an irreducible representation o of
G, (F), we let

%6(0) if G,, = GSping, 1, GSping, with n =0,
p =1 elo)if G, = GSpin}, ,,, or G, = GSping,41, GSping, with n > 0,
0 if G, is not a general spin group,



4 CHRIS JANTZEN AND BAIYING LIU

noting that by Lemma 3.7, § depends only on the representation of
(lower rank) Gy (F') appearing in the supercuspidal support of o.

The following theorem summarizes Propositions 4.13 and 4.20 for
square-integrable representations (adapted to essentially square inte-
grable representations at the end of §4.3) and the discussion of essen-
tially tempered representations in §4.4.

ProrosIiTION 1.1.

Generic Essentially Discrete Series: Let A; = [v=%7;, V7] =

{v=tg, v-%tly Vi), a Zelevinsky segment, 1 < i < k,
where 7; is an irreducible unitary supercuspidal representation
of a general linear group. Assume that if i < j has 7, = 75,
then a; < b; < a; <b;. Let o0 be an irreducible supercuspidal
generic representation of G,/(F) and assume that for each i,
one of the following holds (necessarily exclusive):
(1) 87, x 00 s reducible, in which case a; € -+ (Z\ {0})
and a; > [ —1;
(2) v3187;, 30 0(€0 s reducible, in which case a; € B — % + Z>o;
(3) vP7; x 00 s reducible, in which case a; € 3+ Zso;
(4) v®1; x 0“0 s drreducible for all z € R and (using c to
denote the outer automorphism described in §3)
(a) 7 27 but ¢ - o0 2 50 for SO, SO%, .,
) 7 21 but w00 2 6 for GSpan, GUany1, GUay,
(¢) %1 2 7 but w, (¢4 -.g(D) 2 50 for GSOy,, GSOS, ,,
(d) v 2w, 0 2 7; but ¢ - g0 £ 50 for GSping,,
GSpin§n+2;
in which case a; € B+ Z>o. Here, ~ denotes contragredient
composed with Galois conjugation for unitary and general
unitary groups and s just contragredient otherwise. This
case does not occur for SOop11, SPan, Usni1, Usp, GSPing,11.
Then, if w is the generic subquotient of 6(Ay) X «-+ X 0(Ag) X
o0 7 is essentially square-integrable. Conversely, any generic
irreducible essentially square-integrable m of a group G,(F') is
of this form (with Ay, ..., Ay unique up to permutation), and
further

T 0(A1) X - X 8(Ag) x o).

Generic Essentially Tempered: Let 11,7, ..., 7. be irreducible
generic unitary supercuspidal representations of general linear
groups and o'°® be an irreducible generic essentially square-
integrable representation of G,,(F). Let Uq,..., V. be segments
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—ki ki— .
of the form U; = [vP+ 2“7'2-, VB+TlTZ-]. Then the generic com-

ponent

o < §(Wy) x - x 6(T,) x 0P

15 a generic essentially tempered representation. Furthermore,
any generic essentially tempered representation may be realized
this way (with inducing representation unique up to Weyl con-
Jugation).

Note that the essentially tempered claims above follow directly from
a result of Harish-Chandra (cf. [Wal03, Proposition I11.4.1]). The clas-
sification of square-integrable and tempered representations are done in
§4.3 and §4.4, respectively; the results for essentially square-integrable
and essentially tempered representations are obtained as consequences.

We need a bit of notation in order to present the next result in
a uniform manner. First, for a segment ¥ = [v79, %], we define
> = [, v%€], so that §(X)Y = §(X). Also, we set

o Weten (central character) for general spin groups,
olet) 1 otherwise,

and similarly for w’ ., and W’ ).
The following theorem summarizes Theorems 4.23, 4.24, 4.25, 4.27,
and Note 4.29.

THEOREM 1.2. Put §(%;) = v*id;, i = 1,2,---, f as above (i.e., x1 >
Xy > - >xp > ). Then, the representation

§(X1) x - x 8(%f) % o)

1s 1rreducible if and only if{Z]—}f:l and o't satisfy the following prop-
erties:
(G1) 0(%;) x 0(%;) and 6(%;) x w;(et)é(ij) are irreducible for all 1 <
i#J<f;and
(G2) 6(%;) x o' s drreducible for all 1 <i < f.
The reducibility for (1) is known from [Zel80]; for (2) we write ¢(*D as
in Proposition 1.1 as above. Then §(X) x o'®®) is irreducible if and only
if the following hold:
(G3) 6(%) x 0(¥;) and W', 6() x 6(;) are irreducible for all 1 <
71 <¢;and
(G4) 6(%) x 0“2 is irreducible.
To understand when the second condition above holds, write o(°? as
in Proposition 1.1. Then, §(X) x 0(*? is irreducible if and only if the
following hold:
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(G5) 6(%) x 6(A;) and w’ ., 6(X) x 6(A;) are irreducible for all 1 <
1 < k;and

(G6) either (a) §(2)xo® is irreducible, or (b) §(%) = ([ P¢, vPP¢)),

with VP x 00 reducible and there is some i having 6(A;) =
S([HPE, v +BE]) and b; > b.
Finally, for the second condition above, we have §(X) x o(®) is irre-
ducible if and only if one of the following hold: for ¥ = [v=%€,1°¢], we
have

(G7) ¢ # w;(O)ff or

(G8) ¢ = w;(o)f and the following: (i) if v°¢ x o is reducible for
some (necessarily unique) x = f + a with « > 0, then ta ¢
{—a—B,—a+1—=73,---,b—PB}; (i) if v°& x 0 is irreducible
forallz € R, then0 ¢ {—a—f,—a+1—-0,---,b— [}.

We take a moment to note a couple of misstatements in the intro-
duction of [JL14]. First, condition (2) for square-integrable generic
representations was misstated in [JL14, Proposition 1.1] (with 1 in-
stead of —3). Similarly, in [JL14, Theorem 1.2, condition (2) in the
reducibility of §(X) x ¢® should be v¢ x ¢(® reducible (rather than
¢ x 0 as stated). Both are correct in the body of the paper.

The second part of this paper is to apply the above classification of
generic representations to show the surjectivity of the functorial lift-
ing maps for G,, = SOap11, SPan, SO2n, SO3, o, Uspi1, Usyp, quasi-split
classical groups of F-rank n, constructed by Cogdell, Kim, Piatetski-
Shapiro and Shahidi ([CKPSS04], [CPSS11]).

Let N = 2n for G,, = SO9,41,Us,, SO9,, N = 2n + 2 for G, =
SO03,40, N = 2n + 1 for G, = Span, Uspy1. By Langlands’ principle of
functoriality, the following table summarizes the cases of funtoriality
we consider from G,, to Hy:

Gn L LGn — LHN Hy
SOgn_H Spgn((:) X WF —> GLQn(C) X WF GLQn
Span | SO2m41 X Wp — GL2n+1(C) x Wg GLopi1

(C)

SOgn SOQn(C) X WF — GLQn(C) X WF GLgn

SO§n+2 SOQTL+2(C> X Wg — GL2n+2(C) x Wg GL2n+2

U2n+1 GLgn_H (C) X WF — GL;T?_H(C) X WF R6SE/FGL2n+1
U | GLyu(C) % Wp — GLIA(C) x Wr | Resp/pGLan

TABLE 1. Langlands functoriality

where GL*(C) = GLi(C) x GL(C), and GLi(C) < GL;*(C) is the
diagonal embedding.
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In [CKPSS04], Cogdell, Kim, Piatetski-Shapiro and Shahidi, and
[CPSS11], Cogdell, Piatetski-Shapiro and Shahidi, constructed a local
functorial lifting [ from I19¥(G,,) (generic representations of G,) to

a subset Hgg)(H ~) of representations of Hy, satisfying the following
conditions:

L(oc xm,s) = L(l(c) x ,s),
e(oxm, s,0) =€(l(o) X m,s,v),

for any irreducible generic representation 7w of Hy(F'), with k € Z,,
where v is a fixed nontrivial character of F. The left hand sides are
the local factors defined by Shahidi ([Sha90a]), and the right hand
sides are the local factors defined by Jacquet, Piatetski-Shapiro, Shalika
([JPSS83)).

One of the main ingredients of this paper is that the local Langlands
functorial lifting from irreducible unitary supercuspidal generic repre-
sentations of G, (F') is surjective. Arthur ([Art13]) and Mok ([Mok15])
proved this result using the trace formula method and the global de-
scent result of Ginzburg, Rallis and Soudry ([GRS11]). Jiang and
Soudry ([JS12]) (for G, = SOs,41, Span, SOa2n, SO5, . 5), Soudry and
Tanay ([ST15]) (for G, = Ua,), constructed the local descent map from
irreducible unitary supercuspidal representations of Hy to irreducible
supercuspidal representations of G,,. The generalization of descent map
from irreducible unitary supercuspidal representations of Hy to their
product is straightforward for G, = SOgp11, Span, SO2y, SO3,, 5, but
for G,, = Usy, Usyy i1, further work is needed.

As an application of the classifcation of the generic dual I1¢9)(G,,) of

G, we show that the local functorial lifting [ : [19)(G,,) — Hgg)(HN)
constructed above by Cogdell, Kim, Piatetski-Shapiro and Shahidi is
surjective. Note that for SOg,.1, in [JS03, JS04], Jiang and Soudry
have already constructed the corresponding local Langlands functorial
lifting, and proved that it is actually bijective. In [Liull], Liu proved
the surjectivity for Spay,, and in [JL14], Jantzen and Liu proved the
case of split SO,,. Note that the details of the proofs in [Liull] and
[JL14] have been omitted. Here we gave uniform detailed proofs for all
the quasis-plit classical groups. We remark that, for Sps,, SO,,, and
SO3, 15, 1 is expected not to be injective by [Jia06, Conjecture 3.7],
which is a refinement of the local converse theorem conjecture.

Let ®(G,,) be the set of local Langlands parameters for G,,, which are
L@ ,-conjugacy classes of admissible homomorphisms Wy x SLy(C) —
LG, where Wp x SLy(C) is the Weil-Deligne group. When G, =
SOs,, 805, 5, given a local Langlands parameter ¢ € ®(GLy), ¢ :
Wg x SLy(C) — GLN(C), assume that it factors through G,,(C) and
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¢ 2 co within G,,(C), where c¢ is the c-conjugate of ¢. Then ¢ pro-
duces two elements in ®(G,,) (see [Art13, Chapter 1]), which are de-
noted by ¢ and c¢. To identify ¢ and co, let ®(G,,) be the set of
c-conjugacy classes of ¢ € ®(G,,). For any ¢ € ®(G,,), denote its c-
conjugacy class by ¢. Note that for any ¢ € ®(G,,), if ¢ 2 c¢, then they
automatically have the same twisted local factors since they come from
the same local Langlands parameter ¢ € ®(GLy). Define the twisted
local factors of ¢ to be those of . When G, is not SO,,, 503, . ,, we
simply put ®(G,,) to be ®(G,,).

__The local functorial lifting [ enables us to assign a parameter ¢ €
®(G,) to each o € 1Y (G,), which is exactly the parameter corre-
sponding to [(0). That is, there is a map ¢ : II9(G,) — ®Y(G,),
where &)(g)(Gn) is the set of parameters corresponding to representa-
tions in [(TI9(G,,)). We show that the surjectivity of [ implies that of
L.

As another application of the classification of the generic dual of G,,,
for any local Langlands parameter ¢ € ®(G,), by an explicit anal-
ysis of its structure, we construct a distinguished irreducible repre-
sentation ¢ of G, (F) such that ¢ and o have the same twisted local
factors, as in [JS04, Liull, JL14]. We remark that Arthur ([Art13])
and Mok ([Mok15]) have already proved the local Langlands corre-
spondence and constructed the local L-packets for G,,. However, this
explicitly constructed member ¢ in each local L-packet is very useful
for certain problems, for example, it plays a crucial role in the work
towards Jiang’s conjecture on the wavefront sets of representations in
local Arthur packets (see [Jial4] and [LS23]).

We now discuss the contents by sections. The next two sections
introduce notation and background material, and the groups to be
considered in this paper, respectively. 84 contains the classifications
of generic representations for our groups. This is broken into four
parts, which classify generalized Steinberg, square-integrable generic,
tempered generic, and generic representations, respectively. Then, we
introduce Langlands philosophy of functoriality for quasi-split classical
groups in §5, and prove the surjectivity of the local functorial lifting
maps in §6. In §7, we analyze the structure of local Langlands param-
eters and associate a particular representation to each local Langlands
parameter.

Acknowledgements. The authors would like to thank Mahdi Asgari,
Sviatoslav Archava, Kwangho Choiy, Joseph Hundley, Muthu Krishna-
murthy, and Marko Tadi¢ for helpful discussions on various aspects of
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this work. The authors also would like to thank Dihua Jiang and Frey-
doon Shahidi for their interest and constant support.

2. NOTATION AND PRELIMINARIES

Let F' be a p-adic field of characteristic 0. We begin by defining the
groups under consideration. To this end, let .J,, denote the m x m
1, ifk+0=m+1,

0, otherwise (1’s on the antidiagonal,

matrix having ji, = {

0’s elsewhere).
We start with the split groups defined by forms. In the symplectic
case. We take

B T 0 —J, B 0 —J, y
_{XGGLm(F)\ X<Jn h )X_A(Jn h ),)\EF}.

For the classical group Spy,(F), one simply restricts to A = 1 above.
We remark that for X € Spo,(F), it is automatic that det(X) = 1.
For the odd orthogonal case, we take

SOg1(F) = {X € SLony1 |TXJ2n+1X = J2n+1} .

Note that we do not consider the corresponding similitude group as it
is just a direct product of SOsq, 1 (F') and F*.
We now turn to the even orthogonal case. Here, we first define

GOy, (F) = {X € GLy,(F)| "X J2 X = AJa, for some A € F*} .
Taking determinants, A" = (det X)?; we set
GSOy,(F) = {X € GOq,(F)| \" = det X }.

The classical group SOs,(F') then consists of those X € GSOq,(F)
having A = 1.

We now turn to the (non-split) quasi-split groups defined by forms.
Here, we start with a quadratic extension £ = F'(y/€). As we do not
have such groups in the symplectic or odd-orthogonal cases, we begin
with the even orthogonal case. Set

In
J2(§L)+2 =
In
We then define
GO, o (F) = {X € GLonsa(F)| "X, X = M), for some A € F} .
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and take
GSOL) ,(F) = {X € GOS),,(F)| A"+ = det X}.

The group SOSL)H(F) then consists of those X € GSO&Z)H(F) having
A= 1
For the unitary groups, we retain the quadratic extension above and

set
(

1
-1

CifN =2n+1,

Iy = —1
1

(-J J”), if N =2n.
Then,

GUN(F) = {X € ResgpGLN(F) | "X JyX = AJ for some \ € F*},

where ~ denotes the Galois conjugation. Consistent with this, by defini-
tion, GUy(F) = F*. Again, the unitary group Uy (F) consists of those
X € GUy(F) having A = 1. We also remark that in the archimedean
case (F' =R and E = C), one has GUy;,11(R) = Us,11(R) x H, where
H ={zI|z> 0}.

We now turn to the general spin groups. As we do not have con-
venient matrix realizations, we follow [Asg02] and work from the root
data in the split cases. Write

X = 260@261 @@Z€n

and

X =ZLéy®Zé, @ - - - D Zé,
as the rational characters (resp., rational cocharacters) with the usual
pairing. Then G Sping,1 has roots and coroots

IT={e1—ez,e2—€3,...,n1—€n,n}
and
1= {61 — 63,60 — &5, ..., 6n_1 — En, 28, — &}

Note that these are dual to the data for GSpa,.

For GSpiny,, we retain X and X from above. We then have roots
and coroots

[M={e; —ey,0—€3,...,6p1—€p,n_1+€n}
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and
IT={& —é,69 — €3,...,En_1 — Epn,bn_1+ &n — &}
Note that these are dual to the data for GSOs,.

More generally, we have included the simple F-roots and co-roots for
the groups under consideration in Appendix A.

Finally, we turn to the (non-split) quasi-split general spin groups.
Here, we follow [HS16]. In particular, the quasi-split forms correspond
to homomorphisms of Gal(F/F) into the automorphisms of the Dynkin
diagram. In the odd case, such homomorphisms are trivial and one
has only the split odd general spin groups. In the even case, one has
a nontrivial homomorphism which may be parameterized by a qua-
dratic extension F = F(y/¢) as above, with the nontrivial element of
Gal(E/F) being mapped to the automorphism of the Dynkin diagram
which interchanges the last two simple roots. This defines the group
we denote as GS pmgan) +9- A more detailed description can be found in
§3.1.

We let G,,(F") denote one of the following groups under consideration
Sp2n(F)a SO2n+1(F)> SO2n(F)a SOéiL)—iQ(F)a U2n+1(F)a U2n(F)>
G Span(F), GSO,(F), GSOL) 5(F), GUsp 11 (F), GUsy(F),

Gsz'ngnH(F),Gsz'ngn(F),Gsz'ng;)H(F),
and fix a Borel subgroup B. The standard parabolic subgroups con-
taining B may then be parameterized by subsets ® C II. For G, (F') #
SO9,(F), GSO2,(F), GSping,(F), the standard parabolic subgroup
associated to ® = I\ {au,, Onytngs - - -y Onytooimy, p has the form P =
MU with
M =H,,(F) x---x Hy, (F) x G, (F),

where nq + -+ -+ ng +ng =n and

H. = GLm for Gn 7& U2n+1a U2na GU2n+1> GU2n>
me ResE/pGLm for Gn = U2n+1, Ugn, GUgn_H, GUQn

Note that we freely identify Resg/pG Ly, (F) with GL,,(E) in places.
We also note that in this context, we have
1 for Sp2n> SO2n+1> SO2na U2na
Ny(E/F) for SO, 5, U1,
F* for GSpop, GSOs,, GSping, 1, GSping,, GUs,,
E* for GSOS),, GSpin) s, GUspyy.
For G, (F) = SO, (F), GSOs,(F), GSping,(F), there is an outer
autmorphism c of the root data which interchanges the last two simple

GolF) =



12 CHRIS JANTZEN AND BAIYING LIU

roots. Now, if a,,_1,a, € ® or «,, € P, the situation is like that above
for the other groups under consideration. If o,, € ® but a,,_1 & ®, then
c-® contains ay,_1 but not «, (and is otherwise the same). In both cases
M = GL,,(F) X ---x GL,, (F) x Go(F'), but these are not conjugate
in G,,(F). However, through the use of an artifice-introduced in [JL14]
for GG,, = S0O,, and discussed in the next section for G, = GSO,,
and G Spiny,—one may set things up so that for representations of M,
the two situations are distinguished in the representation for Go(F).
The ambuguity in writing M = GL,,,(F) X --- x GL,, (F) x Go(F) is
then eliminated, and we may consider standard Levi factors for these
groups to also have the form M = GL,, (F) X - X GLy, (F) X Gy, (F)
with ny + -+ + ng + ng = n, but with ng # 1 (noting, e.g., that
SO9(F) = GL(F) x SOy(F) is better viewed as the latter).

We now take a moment to recall some notation from [BZ77], [Tad94].
First, for P = M N a standard parabolic subgroup of a p-adic group
G, we let igar (resp., ma) denote normalized induction (resp., the
normalized Jacquet module) with respect to P. Let G = Hy(F) and
P = MU the standard parabolic subgroup with M = Hy (F) x --- X
Hy (F). If m®---® 7, is a representation of M, we let

T XX T =lgu(n®- - ®71,).
Similarly, suppose P = MU is a standard parabolic subgroup of G,,(F)

with M = Hg, (F) X -+ X Hp (F) X G (F). Form ®@---®7,.®0 a
representation of M, we let

X XTpXNo=lgyu(Mm® - T, ®0).

Note that in the classical case, this allows ¢ = 1, the trivial represen-
tation of Gy(F')-the trivial group.
We next discuss some structure theory from [Zel80]. Let

R = D R(H.(F))

n>0

where R(G) denotes the Grothendieck group of the category of smooth
finite-length representations of G. We define multiplication on R by
extending the semisimplification of x to give the multiplication X :
R x R — R. To describe the comultiplication on R, let M denote
the standard Levi factor for H, (F) having M = H;(F) x H,_;(F).
For a representation 7 of H, (F'), we define

n

(2.1) m’ (1) = ZTM(i)vG(T)7

1=0
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the sum of semisimplified Jacquet modules (lying in R ® R). This
extends to a map m* : R — R ® R. We note that with this multipli-
cation and comultiplication—and antipode map given by the Zelevinsky
involution (a special case of the general duality operator of [Aub95],
[SS97])—R is a Hopf algebra.

Following [Tad94] and [Tad95], we move to the classical and simili-
tude groups under consideration. Set

RIG) = DR(G..(F)).

n>0

We then extend the semisimplification of x to a map x : R® R[G] —
R[G]. For the groups under consideration other than SOy, GSO,, and
G Sping,, we define p* as in [Tad95]: For 0 < ¢ < n, let M be the
standard Levi factor for G,,(F) having M) = H;(F) x G,—i(F). We
then set

(2.2) W= T
=0

a sum of semisimplified Jacquet modules. In the cases of Spa,, SOg,41
addressed in [Tad95] (and a number of other families from [MT02]),
this produces a twisted Hopf module structure. However, the general
situation here is not quite as elegant—but just as useful calculationally.
This is addressed in the next section; as are the cases of SO,,,, GSO,,
and GSping, (based on the approach in [JL14] for SOs,).

Before discussing some specific representations of general linear groups,
we need a bit of notation. As in [BZ77], we let v = | - |p and inter-
pret this as v o det on GL,(F) (with the n determined by context);
for H,(F) = GL,(E), it is the corresponding character under the iso-
morphism. Similarly, on a similitude group, we let v = v o £, where
¢ denotes the similitude character of the group (again, determined by
context; see Lemma 3.3). This is always used with a representation
(e.g., vm), with the underlying group that of the representation. Later,
we apply this convention to other characters of F'* as well.

As in [Zel80], we consider segments of the form

wor v = (o vt P W)
for 7 a unitary supercuspidal representation of a general linear group
and @ = bmod 1. The induced representation v*r x --- x 7 has a
unique irreducible quotient (resp., subrepresentation) which we denote
by 0([ver, vb7]) (resp., (([v*r,v*7])). The representations & ([, vb7])
are essentially square-integrable (i.e., square-integrable after twisting
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by a character), and every irreducible essentially square-integrable rep-
resentation has this form. Given a segment ¥ = [vo7,0b7], let 3 =
[v=0%, v~9F], where 7 is the contragredient of 7 if

Gn 7& U2n+1a U2na GU2n+1a GU2n>

and is the Galois conjugate contragredient otherwise. We call 7 self-
dual (respectively, self-conjugate-dual in the case of unitary and general
unitary groups) if 7 = 7. We remark that square-integrable representa-
tions for general linear groups are generic (cf. [Jac77]). The analogous
representations for classical and similitude groups are discussed in §4.2.

3. GROUPS

In this section, we give some background on the particular groups
under consideration. This include material on the groups themselves as
well as representation theoretic notation and results specialized to these
groups (the Langlands classification/Casselman criterion, p* structure
for Jacquet modules, etc.). While much of this material is known, we
fill in a number of gaps.

We retain the assumption char(F') = 0 in this section but note that
for most applications here, char(F') # 2 suffices. See Remark 3.13
below.

For the split classical groups, the papers [Mui98b], [JS04], [Liull],
[JL14] cover the problems considered in this paper. Thus our interest
here is in the non-split quasi-split cases, as well as similitude groups
(split or quasi-split). However, as the discussion of irreducible generic
representations may be applied to the split classical groups as well, we
include them here for the sake of completeness. In particular, we let
Gy be one of the following: SOqpy1, Span, SOa2,, SO3, o, Usny1, Usp,
GSpin2n+1, GSpingn, GSpin§n+2, G5p2n, GSOQn, GSO;,H_Q, GU2n+1,
and GU,,. Note that the groups which are not split over F' require a
quadratic extension (or equivalent) in their definition; denote this ex-
tension by F = F'(y/€). For those non-split groups defined via bilinear
forms, one may consult [MVWS8T7] or [Bru63] for an explicit description
of the anistropic part. For the general spin groups, consult [Asg02] or
[HS16]; for the (non-split) quasi-split case, also see §3.1 on G'Spins, .
We also note that [Arc] has identified an issue in GSO3,,, which also
occurs in SO3,  , and seems to have gone unnoticed in the literature
(including some work by the first-named author), namely, the need to
account for the parity in the number of sign changes for the Weyl group
action. This affects the characterization of when a unitary supercusp-
idal representation of a standard Levi factor is ramified, as well as the
w* structure of Tadi¢; we discuss these in more detail below.
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One result needed in this paper is the standard module conjecture.
This has been done in the generality needed for the groups at hand in
[HO13|.

We start by looking at the maximal split tori. If G, is one of
the classical groups SOaz,41, SPon, SOon, SO5, .o, Uspyr, or Usy,, let
d(ay,...,a,) = é(ay)---éy(ay,), with a; € F*. Note that with respect
to the matrix realizations of these groups, we have

( diag(ay, ... an, 1,07, ... a7t)
for G, = SO2n+1(F)7 U2n+%(F)7
) diag(ay, ... an,a;t, .. a0t
dlas, - an) =4 g G- Span(F), SOnp(F), Usn(F),
diag(ay, ... an,1,1,a7%, ... a7t)
for G, = 8O3, .o (F).

The maximal split torus is then
A={d(ay,...,an)|a; € F*}.
For the similitude groups
G Span, GSOap, GSpingp 41, GSping,, GSO5,, o, GUsp i1, GUsy,, GSpINg, 5,

we set d(ay,...,an,a0) = €é1(a1)éz(as)...éx(an)é0(ag) for a; € F*.
Again, for those given as matrix groups (i.e., those other than the
general spin groups), these have matrix realizations

( diag(ay, ..., an, apa; ", ... apart)
fOl" Gn = GSpgn(F), GSOQn(F), GUQn(F),
) diag(ay, ..., an, a9, a0,a2a;’t, ... a2a;t)
d(a/17 Y an’ a0> a for Gn = GSO;”+2(F)7
diag(ay, ..., an, ag,a2a;t, ... a2a;")
for Gn = GU2n+1(F).

The maximal split torus is then
A={d(ay,...,an,a9)|a; € F*}.

For the (non-split) quasi-split groups, the maximal quasi-split torus
is also important in what follows. We start by looking at G, =
U2n+1, Ugn, GU2n+1, GUQn, GSpmggn)H For GUQn_H(F), we have

T ={d(ai,...,an,a0) = diag(ai, ..., an, ag, alod,, ..., adoa; ) |a; € B>}

after identifying H,(F') with E*. Since the similitude factor is agdo,
the quasi-split torus for Us,,1(F) is

T ={d(ai,...,an,a0) =diag(ay,...,an, ag,a,",...,a;")
lay,...,a, € E” and ag € N1 (E/F)},
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where N1 (E/F') denotes the norm one elements. Similarly, for GU,, (F),
we have

T ={d(ay,...,an,a0) =diag(ay, ..., an, aod, ", ..., ad;")
lay,...,a, € E* and ag € F*}.

As the similitude factor is ag, the quasi-split torus for Us, is

T ={d(ay,...,a,) =diag(ay,...,an,a,", ...,

Note that these match the descriptions of [Gol97] (though our form
is slightly different in the odd case). Viewing the quasi-split torus for
Gsz'néiL)H(F) as a subgroup of that for GSping,.»(E) (see §3.1 on
GSpins, ,,), we have elements of the quasi-split torus having the form
(using dg for GSping, o(F)) dg(aq,. .., an, ao/ag,ap) with ay € E*
and a; € F* for ¢+ > 0. To simplify the presentation below, we set

aY)lay,... a, € E*}.

d(al, ey Oy, a()) = dE(al, vy Qpy, do/ao, CLQ).
The quasi-split torus is then
T ={d(ay,...,an,a0)|a1,...,a, € F* and ag € E*}.

We now turn to the quasi-split orthogonal case. We first note that
for the form used in defining S 05‘2 1o(F)and GS Oéi) +o(F'), the maximal
quasi-split torus for G.S Oé‘z) +o(F") has matrix realization

T = {diag(ay,...,a,, X, (det X)a ', ..., (det X)a;")
la; € F*, X € GSOP (F)},

where
GSOgs)(F) = {X = < ;j gﬁ ) ,r,y € F with 22 —5y2 #0}
Note that GSOS)(F) & EX via X = ﬂyf Zv s ay = 7+ YR

Under this isomorphism, det(X) corresponds to Ng/r(ag) (norm) and
gives the similitude factor. We may abuse notation slightly and write
this as

T ={d(a,...,an,a9)|a,...,a, € F* and ag € E™}.

Alternatively, realizing GSO%‘Z) +o(F) by working inside G'SOa,42(E),
in a manner similar to what is done for GS pmgen) +o(F) in §3.1, one can
arrange that the quasi-split torus genuinely has diagonal matrices. The
maximal quasi-split torus for SOSL) +o(F) has the same form but with
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We now look at the Weyl group action on the split tori.

classical case, we have

d(al, ..

Si'd(alu ey A1, Qgy Qg1 A2, - -
for i < n and

for
Sn'd(alu ceey Gp—1, an) =

for

d(al, ..

17

In the

San) =d(ay,. .

<y Ai—1, Aj41, Ajy Aj42, - .

<y Ap—1, a;l)

Gn = SO2n+la Sp2n> SO§n+2> U2n+1> U2na
<5 Ap—2, ar_zlu a;—l)
G, = SOg,.

If G, is one of the similitude groups, the Weyl group acts as follows:

for i < n, we have
si-d(aq, . .

and for ¢ = n,

Sn d(a17 L 7an—17an7a0) == <

@1, Qg i1, Qia, G, Gg) = d(ag, . .

((d(ai,...,a,_1,a," apag)
for G,, = GSpingpy1, GSping,, ,,
d(ay, ..., an_1,a0a,", ap)
for Gn = GSpgn, GUQn,
dlay, ... an_o,a;" a;t), apan_1a,)
for G,, = GSpina,,
d(ay, ..., a,_ 2, a0a; " apa,t,, ag)
for G,, = GSO»,,
d(ay,...,an_1,a2a;", ag)

L for Gn = GSO;n+2, GU2n+1.

For the (non-split) quasi-split groups, the action on the quasi-split

torus is also important in what
that above; for i = n, we have

Sp * d(a17 ey Qp—1, Ap, CLO)

follows. The action of s;, i < n matches
the following:

( d(al, e, a1, CL;l, C_Lo)
if G, = SO%),,,
d(al, e, Qp1, CL(]C_L(]CLT_LI, C_Lo)
if G, = GSOY).,,
d(ah ceey Gp_1, C_Ly_le aO)
— if Gn = U2n+17
d(ay, ..., an_1,aotoay, ", ag)
it Gy = GUspss,
d(ab ceey Ap_1, a’Oa'y_Lla a’O)
it G, = GUsy,
d(ab <oy Ap—1, @;1> @oCln)
| i G, = Gsz'ng;)H,

- Q)

cy Ai—1, a”i+17 a;, a”i+2a (778 a’O)
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and

Spod(ay, ... an1,0,) =d(ay,... an1,a,")if G, = Usp,

recalling that

aiy...,0n € £ %f G = SOSL)H’ GSOS@L—% Gsping;)—l—27
EXit G, = Uznt1, Uzp, GU2n+17 GUy,,

and

e d NilB/F)if Gy = SOS) 5 Usnia
EX if G, = GSOL) o, GUsp 1, GUsy, GSpin). .

We remark that the restriction of the action of s, to the split tori
matches the description above.

We now discuss centers and central characters for the similitude
groups. In the split case, the center is just Nyenkera. For an element
d(ay,...,a,,ap) from the quasi-split torus to be in the center, it must

be fixed under the action of the Weyl group. For GS Oéi) 1o (F), this im-
plies the center lies in the split torus; the center then follows as in the

split case. For GSpinggn)H(F), the center contains Z(GSping,.2(E)) N

GS pmgan) +o(F) and is contained in the set of elements of the quasi-split
torus fixed by the Weyl group; these match and give the center as de-
scribed below. For GUs,(F'), the center contains the scalar multiples
of the identity which lie in GUa,(F') and is contained in the set of el-
ements of the quasi-split torus fixed by the Weyl group; again, these
match and give the center below. For GUy, 1 (F'), the center again con-
tains the scalar multiples of the identity which lie in GUs,1(F'). To
see that there is nothing else, consider the root group corresponding
to the F-root «,, = e, — eq; direct calculation shows that conjugation
by d(ai, ..., an,ap) from GUs, 1 commutes with this only if a,a5" = 1
(for ag,a, € E*). Thus, to be in the center, we must have ay = a,;
Weyl invariance then gives a; = -+ = a, = ag (so scalar). Thus
we obtain the following conditions (see [Tad94, Proposition 4.3(v)] for
G, = GSpay,, [AS06, Proposition 2.3] for G,, = GSpinsy,, and [AS06,
Proposition 2.10] for G,, = GSOs,):
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G, constraints for center
GSpinQn—i—l ap=---=a, =1
G Span, ag = - =a, =2 and ay = 2?
GSping, |a1=---=a, =( with (?=1
GSO,, a=---=a, =z and ag = 2°
GSO;}H_Q ay = "= Qp = a9 = 2
GSpiny, .o | a1 =+ =a, =, ap = (ap with ¢? =1
GUap11 ap = =0ap =09 = 2
GU,, ag=--=a, =2, 0 = 22
TABLE 2. Centers

G, Wiy X X770

GSpingni1 | Wny

G Span, Wiy Wy + -+ War, Wy 1f Mg > 0

Wary Wiy -« - -kawgm ifng=0

G Spina, Wro

G SOy, Wiy Wry + - - Wr Wry 1f g >0

Wiy Wrey - - - W w2 if mg =0
GSO3,, 0 | WrWny - WryWry

GSpin, 5 | wn,

GUspi1q Wiy Wry « - - Wr Wrrg

GU,, WryWry « - - Wr, Wry 1f g >0

Wy Wy -+ - Wry (Wry © Ngypp) if ng =0

TABLE 3. Central characters

Note that for GSpinsy,(F) with n > 1, the center actally has 7 =
{£1} x F*; we abuse notation slightly and use w, to denote the central
character of m on the F'* part of Z (which is what actually arises in
(3.5)); similarly for GSpins, ,(F). We also note that GSO;(F) =
GSpiny(F) = E*, 80 wy, is technically a character of E* in these
cases. However, in practice it is the restriction to F'* that actually
comes into play in Table 3 or (3.5).

For G,, = S0O,,,GSO,,, or GSpinsg,—groups of type D,—we would
like to set things up so that the p* structure and Casselman crite-
rion/Langlands classification have forms like that for the other simili-
tude groups considered. This has been done in [JL14] for SOy, (F") and
[Kim16] for G Spina,; we follow the same basic strategy for GSOs,. For
this, we must first take up the existence of an outer automorphism cor-
responding to the action of ¢ on SOy, (F) (¢ defined on [JL14, p.208],
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e.g.). Of course, for GSOs,(F'), the same ¢ provides the outer automor-
phism. For GSping, (F), a corresponding ¢ of order two is constructed
on [Kim09, p.622]. The following lemma combines the discussion of
¢ for GSping, from [Kim09] and [HS16], and Haar measure proper-
ties in [BJO1, Section 2]. The (based) root datum for (II, X, II, X) for
G Sping, is given in [Asg02] and summarized in §2 above; the action of
c on the data is described in [HS16, Lemma 4.5]. We include the proof
for the sake of completeness.

LEMMA 3.1. There exists an outer automorphism c¢ : GSping, (F) —
GSping,(F') of order two with the following properties:
(1) ¢- (I, X, 11, X) = (I, X, 11, X).
(2) ¢ is a homeomorphism in the p-adic topology.
(3) ¢ preserves Haar measures on GSping,(F') and GSping,(F')/Z(F)
(where Z(F') is the center).

In particular, it then follows that if a representation ™ of GSping, (F)
is square-integrable (resp., tempered), then so is ¢ - w. Similar consid-
erations apply to standard Levi factors and their representations—if 6 is
a square-integrable (resp., tempered) representation of a standard Levi
factor M, then c- 0 is a square-integrable (resp., tempered) representa-
tion of the standard Levi factor ¢(M).

Proof. First, note that for GSOa,,, the matrix ¢ (see [JL14, p.208]) has
these properties. For GSpins,, there is an outer automorphism con-
structed in [Kim09, Section 2] which interchanges the last two simple
roots and can be seen to be of order 2. This corresponds to the au-
tomorphism on the data in [HS16, Section 4.3] and has the properties
there, which imply (1). We remark the the root data for GSpins, is
dual to that for GSOs, (cf. [Asg02]); the actions of their respective ¢’s
are dual.

For (2), let I} denote the kth group in the Iwahori filtration, i.e.,
the subgroup generated by {uq(z)|z € P*, a € AT}, {ua(y)|y €
P a € A7}, and {#(2) |2z € 1+ P* & € X}. This is a basis for
the topology at the identity. From this description, one clearly has
c(1y) = Iy, from which the claim follows.

For (3), first let yu denote Haar measure on G. As ¢ is homeomorphic,
it takes measurable sets to measurable sets, so ¢ - p is defined. As in
[BJO1, Lemma 2.2], one then has ¢ left-invariant hence a multiple of y;
as ¢ u(I) = p(Iy), they are equal. Next, observe that since ¢(Z) = Z,
we have a quotient action ¢ on G/Z. Further, since the action of ¢ on
G gives an automorphism of toplogical groups, the action of ¢ on G/Z
is also an automorphism of topological groups. As a consequence, if fi
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denotes a Haar measure on G/Z, ¢ i is also a Haar measure on G/Z,
hence a multiple of ji. In fact, looking at the measure of a c-invariant
subset of G/Z, it follows that ¢ - i = . Therefore, if 7w is a square-
integrable (resp., tempered) representation of G, then ¢ - 7 is also a
square-integrable (resp., tempered) representation of G/Z.

The remaining claims now follow directly. U

REMARK 3.2. Similar considerations apply to SO5, o, GSO3, 5 and
GSpins, ,. For the form used for SO, . ,, GSO;, ., (see §2), the

matrix

may be used. For GSpins, ., we have GSpins,  o(F) C GSping,42(E)
and inherits the action of c. Note that for SO3,,, GSO3, 5, and GSping, .,
¢ acts trivially on the F-data.

We return to the task of setting things up in a more uniform way
for the type D, similitude groups. Following [JL14], we let both
X ® e and x ® ¢ denote the character x on Go(F) = F*, but with
different interpretations when used with parabolic induction. These
play the role of 1 ® e and 1 ® ¢ for SO,,; the discussion below ap-
plies to SOy, if these are used instead. In particular, suppose P =
MU is a standard parabolic subgroup with «, ¢ Il;;. Then M =
GLp (F) X -+« X GLy,, (F) x Go(F). For representations 7, ..., m of
GLp (F),...,GLy, (F), welet m @ ®@m, ® (x ® €) denote a repre-
sentation of M, while m ®- - ®m, ® (x ® c) denotes a representation of
¢(M) (the Levi factor of the standard parabolic subgroup ¢(P)). Thus,
we write

7r1><---><71'k>4(X®€):iG,M(7rl®"'®7rk®X)’

and
T X -+ X T X (X®c):C(Z'G7M(7T1®"'®7Tk®X))-

In terms of the action of ¢, we take ¢c(y ® €) = x ® c and ¢(x ® ¢) =
X ® e. Note that if x’ is a character of F'*, then the representations
X' % (x®e)and x'7! % (X'x ® ¢) constitute the same representation of
GSOy(F) = F* x F*; similarly for GSpiny(F') with x’ x (x ® e) and
XX X (x®c). (For either family of groups, if M = GL,,(F) x Go(F)
with m > 1, we have M and ¢(M) nonconjugate and the corresponding
induced representations are not in general equivalent.) Note that it is
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a straightforward consequence of induction in stages and c o ig .y =
iG,c(m) © € that

(3.1) c-(mxo)2nrxc-o
and
(32) T X (7'('2 X O') = (7T1 X 71'2) X o

in this context.

We now take up how induced representations behave under twisting
by characters. For concreteness, we consider the case of GSping, .1 (see
[Kap17] for a slightly different approach to the same question). If &,
denotes a rational character of GSping,.1(F), n > 0, then the restric-
tion of &, is invariant under the action of the Weyl group. Checking
the action of the simple reflections, &,|4 = c1e1 + - - - + ¢pe, + coep has
L= =c, = %co; we normalize so that &,|4 = €1 + -+ + e, + 2eo.
If n =0, we take § = €g. In either case, &, is a Z-basis for X(G)
(rational characters on G, = GSping,11(F)). Note that if M =
GLi(F) x GSpingm—i)+1(F) is a standard Levi factor, it follows from
this description that

det, @&, if k < n,

€n|M -
dety @2 if k = n.

Let x be a character of F'*. We may identify x with a character of
GSpingp1(F) (resp., GLi(F)) via x o &, (resp., x o dety). With this
identification, we have

xm X x0if k<n
X(m x0) =
T X0 if k=n

The bifurcation in the formula is essentially dual to that in the cen-
tral character formula for GSps,(F') above (see [Tad94, Proposition
4.3(v)]). It is a straightforward matter to verify that these are indeed
equivalent (with equivalence given by f € Vi = xf € Virsyeo,
e =1 or 2, as appropriate); see [BZ77, Proposition 1.9].

We note that for G,, = GSpina,, we also have £, |4 = e1+- - -+e,+2¢
forn > 1and & = ey; for G,, = GSpins, ,,, see §3.1. Similar arguments
then give the following (also, see, e.g., [ST93, (1.2)] or [Tad94, Proposi-
tion 4.3| for G,, = GSpay, and [CFK20] for G,, = GSping,41, GSpinay,).

LEMMA 3.3. Let x be a character of F*. We may identify x with
a character of G,(F) via x o &, where & = &, as above for G, =
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GSpingn.1, GSping, and is the similitude character for
Gn = GSpQTH GSOQTU GSO§n+27 GU2n+17 GU2n

(Recall that for GUy, 1 (F) and GUy,(F), the image of £ lies in F*,
so x a character of F* is sufficient). For m and 0 representations of
Hy(F) and G,,(F), we then have the following:

. ~ T X x0 ifn>0
1) For Gn = Gszn2n+1, X(ﬂ- X ‘9) = iﬂ. % ;29 J;cn =0.
2) For G, = GSpan, GSO3, .5, GUspi1, GUap, x(m x0) =7 % x0.
3) For G,, = GSOsqy, x(m x0) =71 x X0 forn # 1.
_ . ~ ) xmxx0ifn>1,
4) For G, = GSping,, x(m x 0) = { X % x20 if n = 0.

(5) For G, = GSpini, o, x(m x0) = xm x x0.

(
(
(
(

REMARKS 3.4. (1) We have not discussed twisting by characters
for G, = GSOs,, GSpins, when n = 1. The issue is that
G1(F) =2 F* x F* for these groups, so X(Gy) is actually 2-
dimensional. One could reasonably define

X(x1 X xo) = x1 % xxo for Gy = GSOy,
= XX1 X X*Xo for G, = GSpiny,
to make the formulas above work when n = 1.

(2) Note that the image of the similitude character need not be all of
F*—e.g., for GSO;, ,,, [Xul8, Lemma 2.1] shows that it consists
of only the norms of E/F, where E is the associated quadratic
extension.

(3) In terms of the action of c, observe that c-x = x. For this,
it suffices that c-§ = §. For G,, = GSOyy,, GSO3,, .5, this may
be verified directly from TXJX = M\J. For G, = GSping,,
one has (¢ - &)|a = &|a by the definition of £ above and [HS16,
Lemma 4.5]. Further, as &|y is trivial and ¢ - U = U, we have
(c-O|y = &y, Similarly, (c-&)|g = &|lg. As A, U,U suffice
to generate G, we have ¢ - & = £. The similitude character
for GSpins, ,(F) may be obtained by restriction of that for
GSping,2(E) (see §3.1) so also satisfies ¢ - & = ¢&.

NoOTE 3.5. We note that fOT Gn = GUQTH_l, GUQn (07’, U2n+1, Ugn) one
can also compose a character x of E* with det to produce a charac-
ter of G,. It is not difficult to see that this construction can produce
characters which are not among those in Lemma 3.3, and vice-versa.
Though we do not use these characters in what follows, we include the
corresponding twisting formula for the sake of completeness:

(x odet)(m x 0) = (xy o7 odet)r x [y o (£ -det)]6,



24 CHRIS JANTZEN AND BAIYING LIU

where 7(x) = x2~" on EX and M = Hy(F)xG,_(F). We also remark
that these characters of GUn(F) are related by det - det = £V (take det
of TXJ'X = \J').

The following definition and lemma allow for more concise versions
of the Casselman criterion and Langlands classification.

DEFINITION 3.6. Let m be an irreducible representation of G,,. Write
7 = v ™ my with my having a unitary central character. We set

e(m) if G, = GSpingpy1, GSping, and n > 0,
B %E(ﬂ') if G, = GSping,y1, GSping, and n = 0,
Blm) = e(n) if G, = GSping, o,
0 otherwise.

LEMMA 3.7. If 1 < ¢y X ... ¢5 % 0O is an embedding into a repre-
sentation induced from supercuspidals, then B(m) = B(c(?).

Proof. We focus on the case G, = GSping, 1, GSping,. The case
G, = GSpins, ., is similar; the other cases are trivial.

If 7 = 0(®9 the result is immediate. So, suppose m # o(¢?). Note
that we must then have 3(7) = (7). Recall that 7 = v*(™m, with m,
having a unitary central character. Then

To = @) X ..., ¥ o9 =7 — FT (¢ x ... ¢} x ap).
We then have

™y if n, > 0,

T I/a(ﬂ)gbll X "'VE(W)Qb;c A { gy if ng = 0.

Therefore,

e(m) if 0
(60) _ 1% Op 1I Ny > s
7 { v*@egyif n, =0
U
(e0)y — 8(77') if Ng > 0,
(@) { 2e(m) if n, =0
\Ig

e(o“) if n, > 0, .
B(ﬂ-> = 8(7‘-) = { %i(o.(e(]))) if Ny =0 = B(U( 0))7
as needed. O

NoOTE 3.8. In light of Lemma 3.7, we simply write § below for (),
B0, etc.
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We now return to our general discussion of the results needed for the
families of groups under consideration. We start with the Casselman
criterion. See [Wal03, Propositions II1.1.1 and III1.2.2] for the general
result; [Tad94, Section 6], [Asg02, Proposition 4.2]-noting that it is
missing a unitary central character hypothesis—and [Kim09, Proposi-
tion 3.2] for some of the specific groups under consideration. Suppose 7
is irreducible. Let ¢ ®- - - @, @00 < ra,c(m), with ¢; an irreducible
supercuspidal representation of H, (F') and o0 an irreducible super-
cuspidal representation of G,,,(F'). If 7 is essentially square-integrable,
then

nife(¢1) — B8] >0
ni[e(¢1) — Bl + nale(g2) — 8] >0

nile(¢1) — B] + nale(da) — B] + -+ + nyle(dr) — 8] > 0.

Conversely, if the above inequalities hold for all such ¢; ®- - -®¢, QR0
then 7 is essentially square-integrable. The criterion for temperedness
is similar, but with weak inequalities. Note that for G,, = SO,,, if
p_1, 0y & Iy, both @1 @+ @ Pp_1 ® P, ® (1 ® e) and the equivalent
PR R @, ®(1®c) must be used in the Casselman criterion;
for GSO,, (resp., GSping,), both ¢ ® -+ ® ¢, ® 0¥ and ¢; @ - ®
Gr1 @ O @ (drx @ c) (tesp., ¢1 @+ ® dp_1 @ Xd; ' @ (X @ ¢)) must
be used.

We note that for SOy(F') (resp., GSOo(F'), GSpiny(F)), the repre-
sentation Y x (1®e) = x 1 x(1®¢) (resp., x ¥ (xo®e) = x ' % (xxo®¢),
X X (xo®e) = xox ¥ (xo®c)) with xo unitary is considered tem-
pered but not square-integrable if x is unitary. This interpretation is
consistent with other cases of irreducible p x ¢(© and the inequalities
above.

We now turn to the Langlands classification. For the general re-
sult, see [Kon03]; more concretely, see [Tad94, Section 6] for Sps, and
G Spap; [Jan93, Section 1.3 for SOy,41 and SOs,, with the latter in-
terpreted in terms of the artifice above in [Janll]; [Kim09, Theorem
5.4 and Remark 5.5] for GSping,+1, GSping,, GSpin},, noting the
assumption T tempered there. Let 01, ..., d, be essentially square inte-
grable representations of general linear groups and and 1" an essentially
tempered representation of G, (F') satisfying

(3.4) e(d1) = - >e(dy) > B.
Then the Langlands classification tells us that
51 X X 519 x T

(3.3)
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contains a unique irreducible quotient; denote it by L(d; ®- - - ®§, QT).
Further, any irreducible admissible representation may be written in
this form, with the data unique up to permutations among representa-
tions of general linear groups having the same central exponents.

We also have occasion to use the Langlands classification in the sub-
representation setting. In this case, the inequalities in (3.4) are reversed
and we use Lg,;,(d1 ®- - -®0Jx; T') for the corresponding (Langlands) sub-
representation.

For general linear groups, the Langlands classification is similar—if

e(dy) > -+ > e(6r),

then d; X --- X d; has a unique irreducible quotient £(§; ® -+ ® )
and every irreducible representation may be written in this form, with
01 ®- - -® 0, ungiue up to the order in which representations having the
same central characters appear. The corresponding subrepresentation
version has the inequalities reversed and L,;(0; ® - - - ® d;) the unique
irreducible subrepresentation of d; X - -+ X dg.

Note that for G,, = GSO,, or GSpiny, and «,_1,a, € I, one
can have T' = y X (xo ® d), d = e or ¢, if it is essentially tempered,
ie., if x unitary (for GSOa,) or e(x) = ie(xo) (for GSpins,). The
translation from the standard form of the Langlands classification to
the description above using the artifice is then a straightforward matter.

REMARK 3.9. We also make a brief remark on the action of ¢ for
Gn = S0s,, S05, . 5, GSOy,, GSO3, 5, GSping,, or GSpin, ,. It
s a straightforward matter to verify that with notation as above—and
already noted in (3.1) for the D,, cases—that

c-(Txo)=ZTxc- 0.

Further, if t = L(61 ® - @6, @T), thenc-m = L(6H1 @ Q@6 Rc-T)
(IBJO1, Proposition 4.5] ).

We now discuss cuspidal reducibility. In particular, suppose 7 is an
irreducible, unitary, supercuspidal representation of H,,(F) and o
an irreducible unitary supercuspidal representation of G, (F'). As in
[Sha90a], for a maximal parabolic subgroup P = MU associated to
I\ {a}, we set @ = (py, @) 'py with py the half-sum of the F-roots
from U. For s € R, we let I(sa, 7 ® ¢(®) denote the corresponding
parabolically induced representation. It follows from work of Silberger
and Harish-Chandra ([Sil79], [Sil80]) that if 7 ® ¢ is ramified (i.e.,

~

wo(1 ® ) =2 7 ® 0@, where wy is the long element in the set of
minimal-length double-coset representatives) that there is a unique



THE GENERIC DUAL OF P-ADIC GROUPS 27

so > 0 such that I(sod) reduces; if 7 ® o(® is not ramified, then
I(sa, 7 ® 0®) is irreducible for all s > 0. Further, Theorem 8.1 of
[Sha90a] tells us that when 7 ® o(© is generic, s € {0,4,1}. We now
make this more explicit for the groups in question.

First, we describe the action of wy needed for the ramified condi-
tion. This is in [MT02] (implicitly) for the cases of classical groups
SOan+1, SP2an, Usnt1, Uan, [Tad98a] for GSps,, [Kimlb] for GSping, .1,
and [Kim16] for GSping,; [ACS16, Lemma 4.17] covers a number of
families considered below

(3.5)
( TR U(O) for Gn = SO2n+1> SPZm U2n+1a U2na
7\/' ® Cm . O'(O) fOl” Gn - SOQTH SO§n+27
wol(r ® 0®@) = { WeOTE 0T O for G, = GSpinan1,

TR (UTO'(O) for Gn = GSan, GUQn_H, GUQn,
F@w, (™00 for G, = GSOsy,, GSO}, .,
We)T @™ - o for G,, = GSpina,, GSping, o

\

Note that we must have n > 1 for SO,,, GSOs,, GSpin,,. We also
remark that the fact that 0(®) remains unchanged for most classical
groups is what allows the notion of partial cuspidal support in [MT02].

Next, for Iy, = IT\ {a4}, the induced representation translates as
follows:

G, | I(sa, 7 ® )
SOgpi1, SO5, 5 [T 30 for k<n
Uspi1, GSpingniq | v21 x0© for k=n
GSpins, o
Spgn, Ugn I/Sp X 0'(0)
SOs,, i xo©® for k<n—1
virxo® fork=n—-1,n(s00® =1®ecor1®c)
GSpa,, GUs, ST x5 o0 V_I%S(VST x ()
G Spinay, P xo® for k<n—1
virxo® fork=n—1,n (s0 0 =y®eor x®c)
GSOy, Vrxrre® 25 (0 xwo©@) fork<n—1
varxv o0 2T (var x 0©) for k=n—1,n
(so 0 =y ®eor y®c)
GSO3, o, GUgpy1 | VT X v 20@ 25 (157 x 0 ©) for k < n
virxv To® 2T (vE x o) for k=n

TABLE 4. I(s&, T ® o)
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This is a straightforward calculation; the example of G Spinj, ., is done
as part of §3.1; the example of Sps(F') may be found in [Sha91]. Many
of these are also covered by [ACS16, (4.20)].

If 7 ®0© is ramified and o > 0 is the unique nonnegative value for
which v*7 x ¢® is reducible, we say that (7;0®) satisfies (Ca). We
claim o € {0, 1, 1}. Table 4 coupled with [Sha90a, Theorem 8.1] tells us
we have (C0), (C3), or (C1) except possibly for the Siegel parabolic(s)
for Gn = 502n+1, SOQn, SO§n+2, U2n+1, GSpin2n+1, GSp’iTlQn, GSOQn,
GSOs, .o, GSpin, 5, and GUy,y1. For these, we must rule out the
possibility of (C$) (corresponding to s = 1 above). For G, = 5Os,41
and SOy, this possibility is eliminated by [Sha92]; [Mcel4, Théoreme
3.1] further rules out this possibility for G, = SO;3, .., GSping, 1,
GSping,, GSpinj, o, and Us,yy. Thus it remains to deal with G,, =
GSOg, GSO3,, 5, and GUppy1.

To address these cases, we have the following lemma:

LEMMA 3.10. Let G, = GSOy,(F) (resp., GSO%, . o(F), GUgpi1(F))
and G, = SO, (F) (resp., SO3,, o(F), Uspi1(F)). Let T is an irre-
ducible supercuspidal representation of H,(F') and x a character of

5 oy o | FX for Go(F) = GSOo(F),
Go(F) = { E* for Go(F) = GSO;(F) or GU,(F)

(so x means x @ e or x ® ¢ for GSOu(F')). Let xo be the irreducible
representation of

~ 1 fOT GO(F) = SOO(F)’
Go(F) = { Ny(E/F) for Go(F) = SO4(F) or U, (F).

given by restriction of x (so xo = 1 ® e or 1 ® ¢ for SOy(F); trivial
otherwise as similitude is 1). Then v°T X x reducible implies v*T X X
15 reducible.

Proof. Let Ay = 1 x Go(F) C H,(F) x Go(F) in the Siegel parabolic
for G,(F). We have G,, = AoG,. We remark that the resulting de-
composition is unique for G:SO,, (F).

Consider the map

E: VI/Sp)qXO — ‘{uspxx

f— f

where f is defined by extending f as follows:
1(3) = f(aog) = 62(a0)x(a0)f(9).
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It is a straightforward matter to show that £ is well-defined. Further,
it is also not difficult to show that £ is bijective, with inverse

EVife— | .
Gn

Noting that G, C G, one can show that & is G,-equivariant (or
equivalently, that £7! is G,-equivariant). One then has v*p x yo =
(v°p % x)|g, - Therefore, if v°p x x is reducible, so is v°p X xo. O

In particular, in light of Lemma 3.3, this shows that if (7, y) is (Ca)
for GSO3, .5 or GUspyy (resp., (7,x ® e) or (1,x ® e) for GSO,,),
then we also have (7, xo) is (Ca) for SO3,,_, or Usyqy (vesp., (1,1 ® e)
or (1,1 ® c) for SOy,). Since it is known that we do not have (C3)
for the classical cases, the corresponding result is immediate for their
similitude counterparts.

There are also certain circumstances in which 7 ® ¢ is not rami-
fied but which can still contribute to square-integrable representations.
These occur when 7 is equivalent to the first factor of wy(7 ® ¢(®) in
(3.5) but o© is not equivalent to the second factor. In particular, we

say that (7;0®) satisfies (CN) under the following conditions:

G, (CN)
SO2n+15 Span, Uant1, Uan, GSpingn11 none
SO, SO, | F=7but ™ 0@ %50
G Span, GUzpy1, GUzy 727 but wyo® 260
GSOs,,GSO;, 5 | T =

N
G Sping,, GSping, .o | WyF = 7 but ¢™ - 0@ % 5O

TABLE 5. (CN) conditions

NOTE 3.11. Note that v*7x09 is reducible if and only if v~ x50 is
reducible—for GSpa,(F'), this is [Tad98b, Remark 2.2]. The same argu-
ment applies to GSOgy(F), GSOS) o(F), GUspi1(F), GUypn(F) (using
(3.5) and Lemma 3.3); for the remaining groups, it follows from (3.5).
In particular, —a is the unique nonpositive value where reducibility oc-
curs.

Our last task is to set up a p* structure like that for classical groups
in [Tad95] (also [MT02]). In order to have a uniform presentation, we
define a variation on Tadi¢’s M* below. This variation counts sign
changes, as those are important for many of the groups under con-
sideration. Thus we formally define N* : R — R® R® R ® Z(C)
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by

N*=(®m")posom”,
where C' = {e,c}, s :m ® my — 7 ® 1y, and

T @m*(m) ®e
if 71 is a representation of H,, (F') with ny even,
1@ m*(m) ®c
if 71 is a representation of H,, (F') with ny; odd.

("@m”)p(m@ms) =

We first consider the groups G,, = SOa,41, Span, Usni1, Usn, GSPiNoy, 11,
GSpan, GUapi1, and GUs,. Here we define x by

( (p1 X p2 X p) @ (p3 X 0)
for Gy, = SO2n41, SPon; Uang1, Usp,
(Wop1 X p2 X p) ® (p3 X 0)
for G,, = GSping, 1,
(p1 X p2 X p) ® (p3 X wp,0)
\ for Gn = GSp2n> GU2n+1> GU2n

(MRp@p@dx(peo) =

Note that the action of C'is trivial in this case. With u* as defined in
(2.2), we then have

pr(A ) = N*(A)xp(m),

an immediate consequence of [Tad95] (for G, = SOg,11, Spa,, and
GSpgn), [MTOQ] (fOI' Gn = U2n+1 and Ugn), [K1m15] (fOI' Gn = GSpin2n+1),
and [KM19] (for G,, = GUs,); the case G,, = GUsy;, 41 is similar.

For G,, = SO3,.5, GSO3, .o, or GSpins, ., we define x by

((p1 X p2 x p) ®d(ps x 0)
for G,, = S0O;3, .4,
(p1 X pa x p) @ d(p3 X wp,0)
for G, = GSO;3,, .,
(Wop1 X p2 X p) @d(p3 % 0)
( for G\, = GSpins, .

(MRp@ps@d)X(po) =4

Then, with p* as defined in (2.2),
pr(Axem) = N*(A)ap’(m).

We outline the changes needed to the proof of [Tad95, Theorem 5.2]
to deal with GSpin3,, ., in §3.1; the other cases are similar. Also note

that for SO3,, . ,, the inclusion of the action of C' represents a correction
to [MT02].
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REMARK 3.12. We can also use this to produce ji* structure for SO3, .,
more like that of [Tad95]. In particular, we define M}, : R — R ®
R®Z[C] by M}, = (m ® 1)p o N*, where

(m®1)D(>\1®>\2®>\3®d):(>\1><>\2)®>\3®d

Then,
pi(r @ 0) = Mp(7) »x p*(0),
where
(MRnHRd) X (TR60)= (i x7)Q(rpxd-0)
(noting that 7o x d-0 = d- (15 x 0)).

The structures for SOy, GSping, are done in [JL14] and [Kim16],
respectively, and included in the summary below (though the presenta-
tion below is a minor variation on that in [Kim16]). The structure for
GSOy, (resp., GSping,) is essentially a combination of that for G\Sp,,
(resp., GSping,1) above and that for SOs,. Note that the Weyl groups
here allow only even sign changes; again N* accounts for this. Let G,
be GSOy, or GSping,. We can now construct a p* structure which
closely resembles that for the other classical groups. To this end, we
set

M\ {ag}if k <n-—2,
Qk: H\{an_l,an} 1fk:n—1,
I\ {a,} if k =n.
Note ¢, = II'\ {ay,—1}. For 7 an irreducible representation of G,,(F)
with n > 2, and 0 < k < n, write TMQk,G(T(') = Zigk Tix ® 0, and
TMeq,,G(T) = D _jc; T @ (X; ® ). We then define

(3.6) w(m) = Z Z ik @ 01 + Z T ® (x; ®c)

k=0 i€, jeJ
for G,, = GSOsy, or GSpin,,. This also applies to G,, = SO,, if one
replaces x; by 1 in the second summand and in 7y, (7) above. For
n = 0, we have only y ® e and x ® ¢ for GSO,, or GSping,; for
d = e or ¢, we define

pxed=1xxed).

The corresponding definition for SO,, with n = 0 is p*(1 ® d) =
1® (1®d). For n =1, an irreducible representation of GSOy(F") has
the form y x (Y ® e) = x™! x (X'x ® ¢) for x a (quasi)character of
F* (noting that under GSO(F') = F* x F*| this corresponds to the
character x ® x’), and we set

HFxx(X®e)=10(xx(X®e)+x@ (X ®e)+x ' ®@(xx' ®c).
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The situation for G\Spin, is similar except that xy x (Y’ ®¢e) = x'x ! x
(X’ ® ¢). Thus, we take

pxx (X ®e) =1a(xx (X' @e) +x@ (' ®e) +xXx @ (X ®c).
For SOy, we have Y ® (1®¢) = x ' ® (1 ® ¢) and take
prixx(ee)=1e(xx(1ee)+x@(lee+x @10
In any of these cases, we linearly extend p* to a map pu* : R[D] —
R ® R[D].
We take X defined by
( (p1 X p2 X p) ®d(ps  0)
for Gn = SOgn,
(p1 X p2 X p) ® d(ps X wz,0)
for G,, = GSOy,,
(Wop1 X p2 X p) @d(p3 % 0)
\ for G,, = GSping,.

(M @p@ps@dx(p®0) =

Then,

prA =) = N*(A)»p"(m).
We note that this follows from [Kim16] for G,, = GSping,; for G, =
G SOy, the argument is similar to that for SOs, in [JL14].

3.1. Structure of GSpin, ,(F). The purpose of this subsection is
to establish certain key properties of GSpin3, ,. To this end, let E be
a quadratic extension of F'; write E = F(y/¢). In particular, the goal
here is to understand the F-data, maximal non-split torus, and Weyl
group action and apply them to obtain the p* structure, description of
characters, and calculation of I(s&@, 7 ® o).

Given an algebraic group G over F, the set of isomorphism classes of
F-forms is in bijection with H'(Gal(F/F), Aut(G)) (see [Ser97, Chap-

ter I11.1]), where Aut(G) is the group of F-automorphisms of G. Then,
the F-rational points of an F-form H of G can be obtained as follows:

H(F)={x € G(F):a,s(z)) =z for all s € Gal(F/F)},

where a, is a 1-cocycle corresponding to H.

Let ¢ be the nontrivial element of Gal(E/F) and ¢ be the outer con-
jugation corresponding to reflection of the Dynkin diagram of G Sping, 2.
Let a, = ¢. Then, we have the following concrete realization of the

quasi-split GS pmgsn) 4a(F):
GSpin$),,(F) = {X € GSpinania(E) |o(X) =c- X},

We thank Kwangho Choiy for helpful discussions on this realization.
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We start by looking at tori. In G\Sping,2(F), set
d(ay, ..., G, ang1,00) = €1(ar) - .. €n(an)éni1(angr)éolao),
as above. Then, the maximal split torus in GSping, 2(FE) is
{d(ai,...,an,ani1,00) | a; € E* foralli=0,1,....,n+ 1}
To lie in the maximal (non-split) torus in GSpingan) 4o(F'), we then re-
quire
d(o(ay),...,0(a),0(ans1),0(ag)) =c-d(ay,...,an, Gni1,a0)
=d(ay,...,an,, a;}rl, Ap+100),

noting the action of ¢ is given by [HS16, Lemma 4.5]. This then tells
us

ola1) =ay, ..., o(ay) = ap, o(apy1) = a;}rl, o(ag) = any1a0
(2
Q... 0y € F* any1 = o(ag)agt, ag € EX.

Thus, the maximal non-split torus in Gsz'ngEn) 1o(F) is

T ={d(ay,...,an,0(ap)/ag,ap)|a; € F* fori=1,...n, ap € E*}
For ay € F*, we have o(ag)/ap = 1, so the maximal split torus in
Gsz'né‘En)H(F) is

A={d(ay,...,an, 1,a0)|a; € F* fori=0,...,n}

(elements written as d(aq, . .., an,aq) earlier).

For the F-roots for Gsz'ng;)H(F), we restrict the roots for GSping, 12(F)
to A. To make the results clearer, let

Ei=¢jafori=0,...,n.
Of course, a Z-basis for the rational characters is
Xr=A{E,...,E,, Ep}.
Then,
(1 —e)|a=F1— Es,....(en1—€n)la=E, 1 — E,
and

(en - en+1)|A = (en + €n+1)|A = En
Thus, the simple F-roots are

HF = {El - E27 I ETL—I — En7 ETL}
A Z-basis for the F-cocharacters for GS pmg:n) 1o(F) is
XF - {Ela ceey Elna EO}?
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where E; = ¢i|px viewed as a cocharacter into S*. This is easily seen
to satisfy E;(E;) = 0;; (calculated via t(F) = E;(E;(t)). It remains
to determine ITp.

At this point, we note that philosophically, we can move between
the relative Weyl group W; (see [Spr98, Section 15.3]), a Wi-invariant
inner product, and the F-coroots. That is, given one, the other two
may be determined. In the discussion below, we start with the relative
Weyl group. From this, we then construct a Wy-invariant product and
use that to determine the coroots.

We first observe that Wi consists of the c-invariant elements of W.
e, for 0 < k <n,
éo—én+1 fork:n+1
[HS16, Lemma 4.5]). It is then a fairly straightforward matter to check
that w € W is c-invariant if and only if w-é,,11 = é,,41 or ég—¢é,,+1. This
immediately gives a well-defined action of a c-invariant w on Ej, . . ., E,
(via w- E; = (w-&)|px). On the other hand, if w € W}, we may lift it
to a corresponding element w’ € W by defining the action of w’ on ¢&;,
1=20,1,...,n+1. There is an obvious action of won é;, i =0,1,...,n
(lifting from E; = &g« ); we take w’ - é; = w- & fori =0,1,...,n. For
1 =n+ 1, we define

To be more precise, recall that c¢- é, = (see

W e | énp41 if w has an even number of sign changes,
ntl €y — €n41 if w has an odd number of sign changes.

So defined, w’ gives an element of W whose action on A matches that
of w and which is clearly c-invariant. We remark that if s; denotes the
simple reflection corresponding to the simple root «; for GSping, o
(usual ordering), then sq,..., 8,1, SpSp+1 = Spi15, are c-invariant and
generate Wp. Further, these give rise to the simple reflections corre-
sponding to Iz as may be seen by their actions via restriction.

We now turn to W-invariant forms, starting with GSping, 2(FE).
We first note that it is a straightforward calculation to check that (-, -)
defined by

aif j=1i>0,
0if j # ¢ with 4,7 > 0,

{eir ej) = —%oz if i = 0 or j = 0 but not both,
Bifti=75=0,

is invariant under simple reflections, hence a W-invariant, symmetric
bilinear form; positive definite if o, 5 > 0. It is also c-invariant. Fur-
ther, any positive definite, symmetric, W-invariant bilinear form is (-, -)
for some «, B > 0. In what follows, we take a = = 1 for convenience.
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We now define (-, -)* by
<Ei7 Ej>* = <6i7 €j> for 0 < ’L,j < n,
to get a symmetric, positive definite bilinear form. To show the Wj-
invariance of (-, -)*, it suffices to check it for w = s1,..., 8,1, SpSps1 =
Snt1Sn. For k < n, we note that sp permutes the E;’s, so s - E; =
s, P <1 =7 and
For s,s,.+1, we note that
Ey+ E, ifi=0,
SpSna1 - By =< B if1<i<n—1,
—FE, if i =n,
from which it is a straightforward calculation to verify (s, s,+1-F;, SpSn+1-
By = (E;, E;)".
We next determine the simple dual F-roots. For an F-root a, we
want

&z By + -+ 2, B, + 20Ey) = 2 (o, 2, By + - '<;:a£l;2En - I0E0>*.
Fora, =FE;, — E;11,1 <1<n-—1, we get
ai(x By + - 4+ 2By + 2oFy) = 1 — T4
for o, = E,,,
an(r1E1 + - -+ 2, By + xoEy) = 22, — x0.
We then have
Hp = (B — B By — By 28, — B}

While the action of W on A is described above, we also need the
action on T. We now take up this question. For 1 <7 < n—1, we have

si-d(ay, ..., ai_1,0;, g1, Gy, . . ., an, 0(ag)/ag, ag)
=d(ay, ..., @1, 011,05, Ay, - - -, G, 0(ag) /ao, ag),
and
SpSna1 - d(at, ..., a1, an,0(ag)/ag, ap)
=d(ai,...,an 1,a," ap/o(ag),o(ao)a,).

In particular, note that the action of s, s, includes a Galois conjuga-
tion of ag.

We now take a moment to discuss the proof of the formula p*(Axm) =
N*(A)xp*(r) from above. The proof parallels that of Theorem 5.2 of
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[Tad95] for G Spa,, formally calculating N*(\)xu*(7) from the defini-
tions above and comparing it to u* (A x ) calculated via [BZ77, Lemma
2.12 (Geometrical Lemma)]. The calculation of N*(\)xu*(m) follows
that of [Tad95, Theorem 5.2] very closely. Most of the calculation is,
in fact, just a process of re-indexing summations, which does not de-
pend on the underlying group. The difference in the definitions of X is
what results in the central character of the GSpin representation be-
ing attached to the inverted G'L representation rather than the other
way around. (Technical note: [Tad95] does the contragredient for the
inverted G'L representations as part of x whereas here we include it in
the definition of N*, but this is not significant.)

The calculation of p*(Ax7) from [BZ77] is done using the Weyl group
double-coset representatives calculated in [Tad95, Section 4]. These
calculations depend only on the Weyl group, not the underlying group,
so we have the same representatives for GSpinj, ,. The difference
here arises in the action of these double-coset representatives, done in
[Tad95, Lemma 5.1] and the discussion immediately preceding it. In
particular, using the superscript to denote the rank of the underlying
group and following the notation of [Tad95],

qn(d, ]{2)_1 (ﬂ.gj) ® ﬂ_gh—d—k) Q 7_‘_:gd) Q W£i2_d_k) ® O.(n—il—i2+d+k)>

11,02
(i2—d—k) (i1—d—k)

_ 7T{j) ® ® w(ﬁéd))v ® 7 ® U(n—¢1—¢2+d+k)7

where W = W (n—i,—ip+arry. With this, the calculation of p*(A x 7) then
matches that of N*xu*(), as needed.

We next discuss characters of GSpin3, ,(F). The restriction of a
rational character of GSpins, ,(F) to A produces a Weyl-invariant
character of A. Write

)\|A201E1+"'+CnEn+COEO, Cl,...,Cn,CQGZ.
Then, for i < n,

sicA=clb+.. . B+ i B+ ciBig + cipoEipo + - -+ e B, + co By
%

Ci = Ciq1-
For ¢ = n,

Sp-A=c1E 4+ e By + (co — ) En + coEo
a2

Cp = Co — Cp.

Combining these, we get A = cE; + ...cE,_1 + 2cE, 4+ cEy. We take
¢ =1 for our basic character, so ;|4 = E1 + -+ E, + 2E.
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We now determine I(s@, 7®0®) for GSpinj, . ,. By [Shal0, Section
1.2], we may use the F-roots to calculate (py, ). By [Shal0, (1.2.6)],
we have

_ (pu, @)
(pu,a) =2 (@a)’

where (-, -) denotes a W-invariant inner product. Note that this is also
&(py ), which can be used with the dual roots above.

We first look at py,,,, for the Borel subgroup. The positive F-roots
are B, — E; for i < j (1-dimensional root space), E; + E; for i < j
(1-dimensional root space), F; (2-dimensional root space—corresponds
0 Ue;—e, 1 (T)Ue;4en.1 (%), x € E). Then,

pu,. = % (Z > 1B - Ej) + (Ei+ E))] + Zz[&]) => (n—i+1)E,

i=1 j=i+1 =1 —1

noting the coefficients of 1 or 2 depend on the dimension of the root
space. For the standard parabolic subgroup P having M = GLy(F) X
GSpin, _;y.o(F), we have

pU = pUmzn - pU]VI,min

n k k n
1
=Y (n—i+1)E; — 55 (E; — Ej) + E (n—i+1)E,
=1 =1 j=i+1 1=k+1

If we observe that

& = Ek—Ek+1ifk<n,

we immediately obtain

(pp, &) = n—l—#ifk<n,
PRI = oy 1itk =n.

Thus,

- | Ei4---+ Ej for k <n,

“= HE+ -+ By) for k=n.

Noting that determinant on GLj corresponds to Fy + - - -+ E), we then
see

i1 x 00 for k < n,

I(S@,T ® 0'(0)> = { var x o0 for k = n.
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REMARK 3.13. While char(F') # 2 is enough for most of the discussion
in §3, there is one key result which requires char(F) = 0 (at least at

present): the characterization of generic cuspidal reducibility points
(Car) (based on [Sha90al ).

4. GENERIC REPRESENTATIONS

In this section, we classify irreducible generic representations for the
groups under consideration. Although not essential to the discussion
which follows, in §4.1 we classify their Whittaker modules. §4.2 con-
structs a basic family of representations needed later, which are es-
sentially generalized Steinberg representations. In §4.3, we start our
classification by classifying square-integrable generic representations.
Building on this, we classify irreducible tempered generic representa-
tions in §4.4 and irreducible generic (admissible) representations in
§4.5.

We note that the assumption char(F) = 0 is not needed in §4.1;
char(F) # 2 suffices. However, the Standard Module Conjecture
([HO13]), generic cuspidal reducibility conditions (Ca) (using [Sha90al)
and R-group results (following [Gol94], etc.) all use char(F) = 0. So,
while the requirement char(F') = 0 is not directly needed in the combi-
natorial arguments presented in the rest of §4, the results do not hold
without it.

4.1. Whittaker models. Recall that an irreducible representation is
called generic if it admits a nontrivial Whittaker model. In this sec-
tion, we review the properties of Whittaker models and classify the
Whittaker models for the families of groups under consideration. We
remark that this is more information than is actually needed in this
paper but is included for the sake of completeness.

Let G be a quasi-split group defined over F', B = TU a fixed Borel
subgroup, and aq, . . ., a,, the corresponding simple roots. To be precise,
we view G as in [Spr98]-a based root datum (X, IT, X, IT) with an action
of the Galois group (so simple root refers to elements of IT, not F-roots).
Recall (see [Sha74, Appendix] or [Sha88, Section 3]) an F-morphism
f : U — F is called non-degenerate if it satisfies the following: for
U = Ugy (1) .. U, (T,) (With u,, root subgroup map from F to U
corresponding to «),

f(u) = kixy + ks + - - + kyzy,

with kq, ..., k, # 0. If G is quasi-split but not split, there are additional
constraints described below. A generic character is then one of the form

\Ij(u) = \Ij(um (xl)uaz (I2) <o Uq, (In)) = @b(klzl“" : '+kn—lxn—l+knxn)>
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with ¢ a fixed nontrivial additive character of F'. We remark that by
[Tat67], any other nontrivial additive character has the form ® (z) =
(bx) for some b € F* hence produces the same family of possible W.
An irreducible representation (7, G(F'),V;) is WU-generic if it admits a
Whittaker model with respect to W, i.e., there is a nontrivial linear
functional ¢ on V, satisfying

forallu € U(F) and v € V). Note that if 7 admits a Whittaker model
with respect to W, it is unique ([Rod73] in the split case and [Sha74]
more generally).

For t € T(F), let t - U(u) = ¥(t 'ut). As in [Jia06], we note that
if 7 is W-generic, then 7 is also ¢ - U generic for all t € T(F). In par-
ticular, the T'(F')-orbits of generic characters parameterize the distinct
Whittaker models. In the remainder of this section, we parameterize
those orits for the groups under consideration.

Let d = d(aq,...,a,) (for classical groups) and d(ay,...,an,aq) (for
similitude groups) be as before.

We begin with the split cases (noting the odd and even special or-
thogonal groups are done in [JS04] and [JL14], respectively, and are
included here for the sake of completeness). For the classical groups,
we have

d—*t. Ut (21) - - g,y (Tp—1)Ua, (2]
= \Ij[um (al (d)xl) .- 'uanﬂ(an—l(d)xn—l)uan (O‘n(d)xn)]
(p(ky(araz )y + - 4 knoi(an_10; )Ty + kn(a?)z,)
for Gn = Sp2n>
¢(k1(a1a2_1)x1 + oot ki (an1a, D1 + knl(an) )
for Gn = 502n+1,
P(ki(aray )y + -+ kno1(ano10, ) o1 + ko1 kn(an-100)2,)

for Gn = SOgn
If we take a1 = anky 'ky . Kkt ay = anky kst kA =
ank;,, we get
Ulua, (1) - - - Uay_y (Tn-1)Ua, (20)]

(e, (@1 (d)21) -t (1 ()T 1)tk (0 ()]
(n 4t Tor - hya2)2,) Tor G = Spin,

(z14 -+ kn(an)xy) for G, = SOq,41,

(14 -+ Kkt kp(a?),) for G, = SOy,.
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From this, we see that there is one orbit of generic characters for SO, 1
while the generic characters of Sp,, and SO, are parameterized by
FX/(FX )2'

For the split similitude groups, we have

A7 Ultg, (1) - Uy, (Tno1), U, (T5)]

= Ulug, (1 (d)xy) . . . Uq, o (n—1(d)Tp—1)Uq, (o (d)z,,)]

[ Y(ky(aray Dy + -+ ko (an_1a; ) Ta_y + kn(a2ag )z,

for G,, = GSpay,

Yk (araz Dy + - 4 kpoy(an_1a; ) 201 + kn(an_1ana5") )
for G,, = GSO,,,

Y(ky(aras DNy + -+ kno1(an_1a; )20 + ko(an) )

for G,, = GSping,1,

Yk (aray Doy + - 4 kpoy(an_1a; )21 + kn(an_1a,)7,)
for G,, = GSping,.

-1

For G, = GSpa,, if we choose ag = k', an = 1, ap_y = k',

_ 1.1 1.—-1 _ 1.1 1.—-1 -1
an_2 — kn—lkn—27 ey CL1 — kn—lkn—2 P kl 9 we get

' W (tay (T1)Uay (T2) - - U, (7)) = V(21 + -+ + Tnoy + Tn);

for GSO,,, if we choose ag = k;_llk:n, a, = 1, ap_1 = k,ﬁl, Ap_9 =

-1 7.—-1 _1.—1 1.—-1 -1
kTL—lk’ﬂ—27 ey al — kn—lkn—2 e kl 9 we get

A7 U (g, (21)Uay (22) . . Ua, () = (@] + -+ Ty + ).

Thus there is one orbit in both cases. For GSping,,1 and GSping,,
as the roots match those for SO,, 1 and SOs,, respectively, one can
take ag = 1 and the remaining values of a; as above to see there is
one orbit in the odd case and orbits parameterized by £ /(F*)? in the
even case.

We now turn to the quasi-split groups. Fix E = F(y/e). First,
Gn = 505, .5, GSO;3, ,, and GSpinj, , have root data that of the
corresponding split groups with Galois action given by ¢ as earlier. In
particular, the F-points are those X € G, (F) satisfying o(X) =c- X
(0 € Gal(E/F) nontrivial). Similarly, for Uy, the root data is that of
G Ly with Galois action — also denoted ¢ for convenience — given by
c: X — JyHTX Y J), with J) as earlier. Again, the F-points are
those X € GLy(F) satistying o(X) =c¢- X.

Let d € G,(F) in the maximal torus be given by

(a1,...,an, apy1) for G, = SO3, .,

(a1,...,Gn, Gpi1,a9) for G, = GSO3, 5, GSpins, ,,,
(CLl, vy Ay a1, Qpg, - .. ,a2n+1) for Gn = U2n+1,
(@1, Gy Ay, - - -, a2y) for Gy, = Us,y,.
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Then,
d(ay, ..., ap, a;}rl) for G, = SO3, 5,
d(ay, ..., an, agay iy, ag) for G, = GSO3, .,
c-d=1< dlay,...,an, a,};,aan41) for G, = GSping, ..,
(At -+ -y Aoy Aty anty oo ayt) for Gy, = Ugpy,
d(ag,, ... aiy,a;t, ... a7t) for Gy, = Uy,

Thus, d € G,(F) if o(d) = ¢-d, i.e.,

G,, | condition
SO;H+2 a :al,...,&n :an,dn+1 :a;}rl
GSO§n+2 aq :al,...,dn = an,dnH :aoa;rl
GSping, o | G1 = A1, ...,0y = Ay, Qpy1 = Aolg
Usnt1 | Qanr = @51 oy Gnga = Gy Yy Gy = C_er_L_|1_1
Usp | a2 = a7 ", g = @y,

TABLE 6. Quasi-split tori

(compare with the descriptions in §3).
Similarly, let u € G,(E) in the unipotent radical be given by

( Uy (1) -+ U, (T—1)Ua,, (xn)uan+1($n+1>
for G, = SO;3, . ,,GSO5, . ,, GSping, .,

Ua, (1) - - - Uq,, (xn)uanH (Tny1) - - - Uag, (T2n)

“= for Gn = U2n+1a
Uy (1) - - - Ua o (Tn—1)Uay, (Tn)Uap iy (Tnt1) - - - Uag,—y (T2n-1)
[ for G,, = Us,.
Then
( Uoy (T1) -+ Uy (Tn—1) Uy (Tn)Uay, (Tt1)
for GTL = SO;n+27 GSO;n—i-% GSpinEn—i-%
ooy d Yoz (1) .. Uayy (Tn) Uy, (Tns1) - - - Uay (T2n)
for Gn = U2n+1,
Uorgy 1 (xl) s Uag gy (xn—1>uan (xn>uan71 (xn-l—l) ce oy (x2n—1)
\ for G,, = Us,.

Thus v € G(F) if o(u) = ¢ - u, i.e.,

G, ‘ condition

* * -k = - _ — _
SO3, .10, GSO3, 5, GSping, o | T1 = X1,...,Tn1 = Tn_1, Tnp1 = T
U2n+1 Ton = L1y, Tpy1 = Tn
U2n Lop—1 = L1y 3 Lpt1 = Tn-1,Lp = Tn

TABLE 7. Unipotent radicals, quasi-split cases
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Note that for SO3, ,, GSO3, 5, GSpins, ., we have x1,..., 2,1 € I
and z,, € E; for G,, = Usyy1, Usp, x; € E except for x,, € F' in the case
of UQn.

Now, let

(4.1) U(u) =k + -+ + ko)

with m = n+1 (resp., 2n, 2n—1) for G,, = SO;,, ,,, GSO3, ,, GSpins, .,
(resp., Gy, = Uapy1, Gy = Usy,). Writing k; = k,,, the coefficients must
satisfy o(ka,) = kea, (see [Sha88, Section 3] or [Sha74, Appendix]).
This results in the same constraints as in Table 7 with k; in place of
x;. In particular,

(4.2) _
( ¢(l€1.§(71 + -+ kn—lxn—l + knxn + knjn)
for G,, = SO3, 15, GSO3, 5, GSping, .,

for Gn = U2n+1, _ 3
Y(kry + -+ ki1 F Ry + k1T + L ki)
for Gn = Ugn.

Next, in (4.1), we have
d7U(u) = U(d - u) = P (ar(d)kizr + -+ an(d)kpzm).

For G, = S0O3,.,,GSO;3, ,, GSpin3, ,,, using Table 6 above, we
have

ar(d) = arayt, ... a1 (d) = ap_ia;t,

and
—1 * *
B -1} apa,y, for G, =803, .,,GSO;, .,
Oén(d) = GpQpi1 = { anaodal for Gn _ GSpin§n+2,
Aplpi1 = dnd;}rl for G,, = SO;3,, .,
Wni1(d) = ananpiay’ = ana, 1, for G, = GSO3, ..,
QpCpy1 = dndoao_l for G,, = GSpins,, .,.
For G, = 505, ,,, taking a; = ank,;lk:;_ll...kj_l for1 <j<n-1
(noting that aq,...,an, k1,..., kn_1 € F'*) gives
(4.3)  V(d-u) =1+ + Tyt + kn@nay 11Ty + knlnly 1 Z0).

Since k, € E*, a, € F*, and a,,1 € Ni(E/F), we have orbits pa-
rameterized by E*/(F* - Ny(E/F)). The situation for G,, = GSO;,, .,
is similar except that instead of a,.11a,.1 = 1 we have a, 10,11 = ag
(ap € F*), so may choose a, = 1, a,+1 = k, and ag = @y 410,41 tO
reduce (4.3) to

U(d-u) =@+ -+ 2po1 + Ty + Tp),
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telling us there is only one orbit of generic characters in this case. For
G, = GSpin, ., again taking a; = a,k;, 'k, ... k:j_l for1<j<n-1
(noting that aq,...,an, k1,..., kn_1 € F'*) gives

U(d-u) =Yz + -+ Tt + knGnaoly T + knlndoay ' T,).

With k, € E*, apay’ € Ni(E/F), and a, € F* (and noting every
element of N;(E/F) may be written in the form agay’ by Hilbert’s
Theorem 90), we again have the orbits of generic characters parame-
terized by E*/(F* - Ny(E/F)).

For G,, = Us,, 41, using Table 6 above, we have

a1 (d) = a1ayt, ..., an(d) = ana;}rl,

Wni1(d) = Ani1a, 4o = Gnlnty, - .., Qo(d) = agna5,,, = G105
Noting that a;,k; € E* for 1 < j < n and a,41 € Ni(E/F), we may

take an,41 = 1 and a; = ankrjlk;ﬁl ) kj_l for 1 < j < n. Then, (4.2)
becomes

\If(d'u):@D(l’l+"‘+£L'n_1+l’n+li’n+£i'n_1+"'+i’1),

telling us there is only one orbit of generic characters. Since G, =
GUs,y1 has the same unipotent radical but larger torus, it also has
only one orbit of generic characters.

For G,, = U,,, using Table 6 above, we have

ay(d) = ara3t, ... an_1(d) = ap_1a; " and a,(d) = ana;}rl = Ay,
ng1(d) = an+1a;i2 = Gy, ..., on(d) = a2na2_nl+1 = aya; .

We may take a; = a,k; k', ... kj_l for 1 < j <n—1 (noting a;, k; €
E* for 1 < j <n except that k, € F'*). Then, (4.2) becomes

U(d-u)=(x1+ -+ Tpo1 + kn@nnTy + Ty + - + 21),

telling us the orbits of generic characters are parameterized by F* /N*(E/F).
For GUs,, the matrix realization tells us d’ = d(1,...,1,a) (noting
ap € F*) has

U(d'd-u) =Pz + -+ Tt + knGy  anGn Ty + Ty + -+ T1),

so we may choose a,, = 1 and ay = k,, to reduce to ¥(z1 + -+ x,1 +
Ty + Tyn_1 + -+ 1) and see that there is only one orbit in this case
(n.b. xy,..., 2,1 € E and z,, € F).
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4.2. Generalized Steinberg representations. In this section, we
construct a family of representations which we call generalized Stein-
berg representations, as well as establishing some properties of them
needed later. Except for 7 x ¢(® or its irreducible subquotients in
the (C0) or (CN) cases, they are essentially square-integrable repre-
sentations. For similitude groups, note that the assumption ¢(® uni-
tary ensures unitary central character for GSpin groups, giving square-
integrable representations in those cases; for other similitude groups,
a suitable twist is needed to make them square-integrable representa-
tions. For a > 0, these are strongly positive square-integrable represen-
tations (see [MTO02] in the classical case, as well as [Kim15], [Kim16],
[KM19] for some of the other families considered; also [Mui06]). We
note that the results in this section do not involve genericity except for
Corollary 4.6.
The following is known in some settings ([Tad98al):

LEMMA 4.1. Let 7 be an irreducible unitary supercuspidal representa-
tion of Hy,(F) and 0 an irreducible unitary supercuspidal representa-
tion of G, (F). Further, assume that (7;0%)) satisfies (Ca) for some
a ¢ {0,1,N}. Then, §([v='r,v7]) x 0 is irreducible.

Proof. Note that the hypotheses imply 7 ® 0¥ ramified (see (3.5)). In
particular, if G,, = SOs,, GSO,,, or GSping,, the minimal (nonzero)
Jacquet module has 8 terms, the same as for the other families consid-
ered (as either 7 is from an even-dimensional general linear group or
the leftover sign changes can be absorbed into ¢(©).

By duality ([Aub95]), it suffices to show that ¢([v'7,v7]) x (@ is
irreducible. We use an argument from the second example in [Jan98,
Section 6]. Let 7 be an irreducible subquotient of {([v'7, v7]) xo®; by
unitarity, necessarily a subrepresentation. Then, using the irreducibil-
ity of v7 x 0, we have

1

7 (v, VT])NU(O) — (([v 1, T])XVTNU(O) > (([v 1t 7)) xvt

rxvfo®,

where

) mfor G, = GSpap, GSOsy,, GSO3, 5, GUzpy1, or GUyy,
=3 0 otherwise.

By the irreducibility of (([v™'7,7]) x v~!7, we have
= v i x (i 7)) X @ < vy x v x (7 ) vRe @),

By the (subrepresentation version of the) Langlands classification, m =
Lep(v ' x vl @7 xv50®), noting that 7 x v%¢(© is irreducible by
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hypothesis and Lemma 3.3. As this applies to any irreducible subquo-
tient, and Ly, (v '7 x v~ 17 @7 x 5¢(©) appears with multiplicity one
in v717 x v x (7 x v%0(?), we have the irreducibility claimed. [

The following is based on [Gol94] (also [Gol95], [Gol97]) and requires
characteristic zero.

COROLLARY 4.2. With hypotheses as in Lemma 4.1, we have 6([v= 7, v7]) %
7 % 0O drreducible.

Proof. For G = SOqy,11, Span, or SOs, (resp., G = Us, or Uy,y1; G =
GSpon, GUayp, GUapi1; G = SO3, ;3 G = GSping,y1 or GSping,), the
result follows from the irreducibility results above and [Gol94] (resp.,
[Gol95]; [Gol97]; [LMTO4]; [BG15]).

Note that §([v 17, v7]) %@ and 730 are irreducible (by Lemma 4.1
and the the assumption (Ca) with a ¢ {0,1, N}). That this implies
S([v='1,v7]) x 7 x 0@ is irreducible follows as in [Gol94, Section 4]

We sketch the argument, using the notation of [Gol94]. First, we
observe that

We(rtrv)@r@e) ={weWw| w(v'irv))@red?)
>5[t vr])) @ 7@ 0@}
>~ 72,
Recall that the R-group is
R={weW( (v rvr)@r®c?)|wf >0 forall § €A},

where A’ = {a € ®(P,A) | po(0([v 7', v7]) @ T ®@ 0 @) = 0} (with
pa(§([v17, v7])@720@) the Plancherel measure as in [Gol94])). Now,
suppose T is a representation of H,, (F') and o© a representation of
G (F) (defining mg, my); by abuse of notation, we also let e; denote
the restriction to A of e;. If we show A" = ®(P, A) = {asm,, ¥am, }
where a4, denotes the k' simple root as listed in the Appendix, then
W(([v=ir,vr]) @ T ® 0) is the Weyl group for A’ so R = 1 and
we have irreducibility. That A" = ®(P, A) follows as in Lemma 4.8
of [Gol94]: both 7 ® 0@ and §([v~'7,v7]) ® 0@ are ramified and
both 7 x ¢ and 6([v'7,v7]) x ¢ are irreducible. Consequently,
p((v 7 vr]) @ 0©@) =0 and u(r ® o) = 0. As po (6([v7,v7]) ®
T®00) = p(6(v'r,vr]) @ o) and pay (5([v 7, v7]) @ T ® 0©) =
w(t @ o®), we have A as claimed. O

Lemma 4.3 below is done in [Tad98a, Section 6] for G = SO, 41 and
Span; the proof here uses the same basic approach. To facilitate the
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proof, we borrow some notation from [Tad98a], which is used frequently
in the remainder of this section and §4.3.

Let a = (my,...,my) be a tuple having my + - - - +my < n and M,
the standard parabolic subgroup of G,, having M = H,, (F) x --- x
Hop (F) X G (my 4oetomy) (F). We then set

(44) SCV = TMQ,GTL’

Similar notation is used for general linear groups but with r, replacing
So. If a representation of G,,(F') is a subquotient of some 79 X -+ - X7 X0
with 7; a supercuspidal representation of H,, (F) and o a supercuspi-
dal representation of G, (F), we let g, = S(my4-tmy)-

LEMMA 4.3. Suppose (1;00) satisfies (Ca) with a € {0,1, N}. Then
5([r,vr]) x 0O is irreducible.

Proof. Suppose 6([7,v7]) x 0® were reducible. As
S(m) (0([7, vT]) 0(0)) =vT ® (T X 0(0)) +7® (vT X 0(0)),

(noting that the hypotheses imply 7®0® ramified) with both terms on
the right-hand side irreducible, we must have §([7, v7]) x 0® = )\1 + Ao,
where $(,) (A1) = v7 @ (7 % 0@) and sy (A2) = 7 ® (17 x o). We
now con81der §([v=tr, 7)) x 6([r, v7]) x 0. On the one hand,

S(v=tr, 7)) x 8([r,vr])) x 0@ = 8([vrr, 7)) X AL 4 6([v™i7, 7)) X Ao
On the other hand,

S([v=r, 7)) x ([, v7]) x ¢©

= (vt vr]) x 7 % 0 + Low(0([v i, 7)) @ 8([7, v7])) X 0@,

Therefore, noting the irreducibility in Corollary 4.2, we must have

S([v=ir,vr]) x 7 x a© < §([v~r,7]) % A; for some i. However,

| mmamm) (O[T, 7]) 20 Ni)| = 48,

while |8 (. mmm) (6([v717,v7]) X 7 x 0@)| = 64, a contradiction. The

lemma follows. O
PROPOSITION 4.4. Suppose (7;00)) satisfies either (1) (Ca) for o €
17 with o> 0, or (2) (CN).

(1) If (7;00) satisfies (Car), suppose b > a with b = amod]1.
(a) If a = 0, write 7 x 0© = Ty (7;00) & T_(7;0©) (with
T (7;09) the generic component if 0 is generic). Then,
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§([vor, vb7]) x 0@ contains exactly two irreducible subrep-
resentations, which we denote 0;([7,v°7];0©), i = £1 (tak-
ing (6;([1,V°7]; 0 ) = Ty(1;6) for b = 0). Further, we
have

S(m) (5i([r, I/bT]; 0(0))) =7 ® 5 ([T, WL 0'(0)).

(b) If a > 0, then §([voT, 7)) x 0© contains a unique irre-
ducible subrepresentation, which we denote 6([v*r, 1°7]; 7).
Further, we have

S(m) (5([Va7', vhrl; 0(0))) = b7 @ 6([vor, V0 7 0(0)).

(2) If (1;0©) satisfies (CN), suppose b > 0 with b= 0mod1. Then
§([1, 7)) x 0@ contains a unique irreducible subrepresentation
§([1,V°7); 0. Further, we have

S (m) (5([7’, VbT]; O'(O))) =7 ® o([r, I/b_lT]; 0(0)) if b>0
for b >0 (with 7 x ¢ irreducible for b=0).

Proof. The proof is by induction on b. The case b = « (resp., b =0) is
immediate from the definition of (Ca) (resp., (CN)).
To uniformize the presentation, for b > « (resp., b > 0 in the (CN)

case), let
(4.5)

§([ver, vP7); 0@) for (Ca) with a > 0 (i = 1 only),
5i(m, ;09 = & 8i([r, vb7); 0 @) for (CO) (i = £1),

§([1,v'7]); @) for (CN) (i = 1 only).

Note that it follows from the formula for s,,:,(8;(7,b;0)) and the
inductive assumption that s(,)(d;(7, b; o)) = vt @ 6;(7,b — 1;0O).
We now assume inductively that the result holds for b with b > «.
Consider the induced representations
= { S([ver, v 7)) x 0 for (Ca),
| o[, vP 7)) % 0@ for (CN),

II =" 0 6y(r, b 09),

and
| { v X §([ver, vP7]) x o© for (Ca),
L X §([r, V7)) % 0@ for (ON).

Clearly, I < I"”. To see I — I”, note that it follows from induction
and the Jacquet module formula that

S([vor, vh7)) @ 0@ for (Ca),
son(8i(r, 50 )) = { 5%7, V7)) gé) io) + 5([7',(1/b7'§) ® o' for (CN)
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(see (CN) conditions for the possible o/(¥); note that §([r, 1°7]; 0(@) =
§([r, v*71]; 0'®). By Frobenius reciprocity—and replacing o® by ¢/ in
the (CN) case if needed-it follows that I — I”.

Observe that from the p* formula, if we interpret o = 0 in the (CN)
case, we have

semy(I) = V"7 @ (6:([r, vP7]) x o) + 77 @ (...,

noting that for GSpin groups, (Ca) and (CN) require w,7 = 7 (and
7 = 1 for the remaining groups). The particular representation appear-
ing with v~%7 is not important for the argument which follows and is
omitted to save space. Similarly,

sy (1)) =" 1 @ 6,(r, b0 ) + v r @ (L) bt (L),
and
semy(I") = V"7 @ (8i([vor, v'7]) x o) + v r @ (L)
+hr () Frere (...

Note that b4+ 1 > b, —b — 1, —a. It is then easy to see that 1’77 ®
6;(7,b; @) appears with mutliplicity one in 8¢ (1), $(n) (I7), and sqn) (I").
Hence I and I] have a common irreducible subquotient 7 satisfying
Semy(m) > VT ® 8;(7,b;0©). It remains to show that s, (m) =
71 @ 6;(7,b;0?). However, we immediately see that as long as

b # —a, the only term in common between s, (/) and sgy)(I]) is
W @ 6i(7,b;0@). Then,

s (0:(, b+ 1;00)) = v @ 6i(7,b;,09),

from which the result is immediate.

If b = —a, we must have o = 0 and b = 0. In particular, (7;0©) is
either (CO) or (CN). In the (CN) case, note that 7 x ¢(® = 7 3 ¢/(©
with ¢’(®) depending on the group, but ¢/® 2 (. Observe that
vr @7 ® o is regular. Further, we have

S([r,vr]) x o <vr x 7 x o
and
S([r,vr]) o' <vr x 730" D =vr x 7300,
As
S(m) (0([, v7]) N =vr@ (T xc?) +7® (vrxd®)
and

$em)(O([7, 7)) x ') =vr @ (1 % 6 ) + 7@ (vr x o),
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we see that 0([7, v7]) xo® and §([7, v7]) x0’(®) must have an irreducible
subquotient in common. Comparing Jacquet modules—and noting v7 x
0© 2 1 % 0'®we see that this irreducible subquotient must have
Jacquet module consising of v7 ® (7 x ¢(®). The (CN) case follows.

In the (CO) case, we adapt an argument from the proof of [Jan96a,
Proposition 3.11]. We consider some induced representations which
appear in v7 X 7 x ¢(®), Observe that (noting the ramified conditions
on 7 ® ¢® required for (C0))

sy (0([7, v7]) 10 D) = v7RT) (p; 0NN Fv7RT_ (1504 r@ L(vTR0 ™),
and for ¢ € {£1},
s(my(VTXTi(1;0 M) = v7@T (750 O) 4 17T (15 0O+ 1@ L(vT00?).

Let 7;, i € {£1}, be the irreducible subquotient of v7 x 7 x ¢(® such

that g, (m;) contains (the unique copy of) v ® T;(1;0©). Com-
paring Jacquet modules above, we see that these are distinct and
semy (M) < vT@Ti(1;00)+7®@ L(vT®0). Further, by central character
considerations, we must have 7; < v7 x T;(7; ¢(?)). Now, since

S([r,vr]) » 0O v x7x0® 2 yrx (Tl(T; O'(O)) P T_l(T;U(O))) ,

we see that both 7 and 7_; appear as subrepresentations of §([7, v7]) %
0. By the Langlands classification, we have L(d([r,v7]) ® o) as
unique irreducible quotient, making this distinct from my;. Looking
at the Jacquet modules above, it is then clear that s, (m;) = v7 ®
Ty(7;09) and () (L(§([1,v7]) @ ) = 7 ® L(v1;0?). The result
follows. O

COROLLARY 4.5. The representations 6([v*T, v*7];0©) (for (Ca) with
a > 0), §([r,v47];6) (for (C0)), and 6([7,v°7];0©) (for (CN)) of
Proposition 4.4 are essentially square-integrable if b > 0. If b = 0-
which can happen only in the cases of (C0) or (CN)-the representations
are essentially tempered but not essentially square-integrable.

Proof. This follows from the Jacquet module characterization given in
Proposition 4.4 and the Casselman criterion. [l

Recall that in the (CO) case, we have chosen T(7;0®) to be the
th,-generic component.

COROLLARY 4.6. The representations 6([v*T, v*7];0©)) (for (Ca) with
a > 0), 6([r,°1];0©) (for (C0)), and (|1, v°7); 0 @) (for (CN)) of
Proposition 4.4 are 1,-generic.



50 CHRIS JANTZEN AND BAIYING LIU

Proof. We use the notation of (4.5).

The proof is by induction on b. The base case b = « follows from
the Standard Module Conjecture (for (Ca) with o > 0), choice of
Ty (1;0©) (for (CO)), and irreducibility (for (CN)). For b > «, one
observes inductively that both I and I} contain the generic subquotient;
the characterization of &,(7,b;0(®) as the unique common irreducible
subquotient then finishes the proof. O

REMARK 4.7. A few words on square-integrability vs. essential square-
integrability for similitude groups are in order at this point. Suppose
VI @ - @U@0 (with 1, ..., 7 and o9 irreducible unitary su-
percuspidal representations) is in the Jacquet module for an essentially
square-integrable representation w. For G,, = GSping,.1, GSpins,, or
GSpins,, o, the central character of T is w0, so 7 is square-integrable.
On the other hand, for G, = GSpa,, GSOay,, GSO3, 5, GUspi1, or
GUyy, the central character has the form wyeir, ... wyeer,w! o (where
w;(o) = W40, wi(o), or Wy o Ng/p). In particular, the central character
is not unitary (by the requirement nyxy + - - -+ ngxy > 0 in the Cassel-
man criterion). To obtain a square-integrable representation, one can
twist by a suitable unramified character xo. This amounts to twisting
o by xo (Lemma 3.3). Thus, for ™ square-integrable, we write

T Ui X . U, X XQO'(O),

noting xo trivial for classical or general spin groups. For the generalized
Steinberg representations of Proposition 4.4, we write
5 ([, l/bT]; XQO’(O)) = xo00;([voT, VbT]; 0(0)),

noting they are generic for i = 1 (by Corollary 4.6). We further note
that for these groups, it follows from Proposition 4.4 and Lemma 3.3
that

sim, . ...my (&([vor, V07]; Xoa(o))) =7 @ @ v ® Yoo
b—a+1

Similar notation is used for more general xo (not just that needed to
ensure unitarity).

In the classical case, the next lemma may be deduced from [Mui04]
or (via duality) [Jan96a].

LEMMA 4.8. Suppose (1;0) satisfies (C1). Let a,b € N with a < b.
Then 6([vT,vo7]) x §([vT, v°7]; 0©)) is irreducible.
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Proof. We start with the case ¢« = b = 1, upon which the lemma is
inductively based. The proof here follows that in [Tad98a, Proposition
5.1]. Note that to satisfy (C1), we must have 7 ® ¢(®) ramified.

For @ = b = 1, we argue indirectly-suppose v7 x §(v1;c®) were
reducible. Letting

_ Wyr for GTL = G5p2n7 GSOQTH GSO;n+27 GU2n+17 GU2n7
“T11 otherwise,

we have

sar(vt x 0(vr;0)) = (v x v7) @ 0O + (v x V1) @ W,
Therefore, were the induced representation reducible, one irreducible
subquotient would satisfy sgr(0) = (v7 x v7) ® 0®. Note that by
the Casselman criterion, 6 is essentially square-integrable (and square-
integrable for classical and general spin groups—see Table 3).

Consider the induced representations I} = 70, I, = §([v™17,v7]) x
wo® and Iy = v x v x 7 x 0©. Note that I, I, < I;. Observe that
vt x 0([1,v7]) ® 0 appears with multiplicity two in p*(I;) for i =
1,2,3. If # < I is an irreducible subquotient such that p*(7) > v7 X
§([r,v7])@0@ then m < I, as well. Observe that as I, is an essentially
unitary representation (see Lemma 3.3 for similitude groups other than
general spin groups), Frobenius reciprocity tells us p*(7) > 7 ® 6.
However, as there are no terms of the form 7 ® ... in u*(Iy), we have
a contradiction. Thus we must have had v7 x 6(v7; o) irreducible.

We next show inductively that v x §([vr, 1°7]; 0¥) is irreducible,
with the base case b = 1 done above. Observe that (using Proposi-
tion 4.4)

S(my (v 2 8([vr, vP7]; 0 ©))
=v7 ® o([v, VbT]; 0(0)) + vt @ (v, VbT]; wa(o))
+ b1 @ vt % 6([vr, P 1];09)
=040 +0"
(defining 6,6, 6"). By inductive hypothesis, all three terms are irre-

ducible. Let 7 < v7 x §([vT, v¥7]; 0(?) be irreducible with Smy(m) > 0.
Now,

S(mm) () = Sy (0) > v 7 @ V07 @ §([vr, 1"~ 17]; 0 )
Y
Sem) (1) > (vt x vP1) @ 6([vr, "1 o)

4

ST > VT ® ..
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noting the irreducibility of v~'7xvP7. In particular, this forces s, (m) >
¢". If b > 2, a similar argument starting with s, m)(7) > S(mm)(0") >
o1 @ vt @ 6([vr, P17 00) tells us spn) () > 0 as well. If b= 2, we
start with s(mmm)( T) > Smmm)(0”) > 121 @ vT @ v7 @ 0. Then,
S@m)(m) > 6([vr, *7]) x 17 ® 00 = 5 (7) > V7T ® ..., again giving
S(m)(m) > 0. As we now have s, () accounting for the entire Jacquet
module, irreducibility follows.

We now address 6([v7, vo7])xd([vr, v°7];0©). Let 7 < §([vr, vo7]) %
§([vr, '7]; 0) be irreducible. Using the irreducibility already proved,
we have

T o= V0T X - x V3T X VAT x vt X 8([vr, 0T 0 @)

>~ 07 X - x V3T x v x v ) 0([vr, V0] wel?)

>yl x i XX 1/37 X 1/27 x 0([vT, vb7]; wo @)

v x V07 X - x V3T x v < O([vr, 107]) } we©@
v x §([vr, v T]) X VAT X - x V3T X 127 3 wol0)

A 5([V7’ V7)) X 17 x - x 13T X T2 X wiol

vt x v x O([vr, vh7]) X 10T X - x 13T ) wio©)

0)

>~
o~
>~

b

>yl x v X x v ) 0([vT, V7)) ) wTo©)

(r = @) By [Jan97, Lemma 5.5] (see Lemma 4.10 below), m —
M6 ([vr, v07]) 1w o for some irreducible A < v~ T xv 27 x- x0T,
Any X other than §([v~*7, v~'7]) would imply r(,)(X) > v=*7... for
some = # 1, hence s (7) > ™7 ® ... ~a contradiction. Thus,

7 6([vor, vi7]) x 0([vT, V7)) x whol

J ([Jan97 Lemma55])
T d([v7or,vi7]) x ¢

0)

for some irreducible ¢ < §([vT, 7)) x W' ®. Since the only term of
the form 5([1/ v i) @6 in p(0([v=or, v 7)) x §([vr, v07]; 0 ) is
S([v=or,v='7]) ® 6([vr, vo7]; W), Frobenius reciprocity tells us

T §([v o, v 7)) x 6([vr, vo1); w0 ).
By the Langlands classification,
T = Lop(6([v™ 7, v 7)) @ 6([vT, vo7]; w,0?))
= L(6([vr, v*7]) @ 6([vT, vo7); 09))

([Jan98, Lemma 1.1]). Thus, as 7 appears as both a subrepresentation
and the unique irreducible quotient in 6([v7, v%7]) x §([vT, vb7]; 0@),
we must have irreducibility, as needed. O
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REMARK 4.9. More generally, the same argument could be used to show
that in the (C1) case, 6([v°t, V7)) x6([vT, vP7]; V) is irreducible when
1<c<a<hb.

4.3. Square-integrable generic representations. The starting point
for the classification of generic admissible representations is the classi-
fication of square-integrable generic representations, which we address
in this section.

We begin with a general lemma, which is essentially a combination
of [Jan97, Lemma 5.5] and a result of [Rod73], applied as in [Mui98b,
Lemma 1.1]:

LEMMA 4.10. Suppose 7 s an irreducible representation with m —
ig.L(N). If M > L, we have the following:
(1) There is an irreducible 6 < ip (\) such that m < iga(0).
(2) If w is generic (so that A generic), then 0 must be the irreducible
generic subquotient of iy ().

We record the following conditions on essentially square-integrable
representations of general groups §([v~%7,v°7]) needed in the classifi-
cation of square-integrable generic representations:

(DS1): If (7;0) satisfies (C1), then a € NU {—1}.
(DS2): If (7;0©) satisfies (C0), then a € Zx.
(DS3): If (7;0) satisfies (C1/2), then a € —1 + Zxo.
(DS4): If (1;0©) satisfies (CN), then a € Zso.

We retain the Jacquet module notation of (4.4).

LEMMA 4.11. Suppose (1;00) satisfies (Ca) or (ON) with 6([v=7, v°7])
satisfying (the appropriate one of) (DS1)-(DS/4) above. Let 7 be the
irreducible generic subquotient of 6([v=7, V7)) x| with b > a. Then
if 1 ® 6 is an irreducible representation occurring in sgr(m), we have

lal
(4.6) n<2Y S tr)) x 8 vbr)).

t=—a

Proof. The only cases with a < 0 have a = —3 (in the (C1/2) case)
and @ = —1 (in the (C1) case). In these situations, it follows from
Corollary 4.6 that 7 is a generalized Steinberg representation. The
result then follows from Proposition 4.4. In the (C0) and (CN) cases,
a = 0 also corresponds to a generalized Steinberg; in the (C1/2) and
(C1) cases, a = 0 does not satisfy (DS1) or (DS3). Thus, we assume

a > 0 below (so also have |a| = a).
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Asb>a+1>1, we have

7 < o([v~r, v 7)) x 6([vor, vi7]) x o ©)
J (Lemma 4.10 and Corollary 4.6)
7 < (v, v 7)) x 6 (o, vir); o).
By Proposition 4.4 and the p* structure, we immediately see that
v~ lr v=%21 .. v7"7 do not appear in the supercuspidal support
of . On the other hand, consider

sar(m) < sar(o([vr, l/bT]) X 0(0))
b+1
=3 (v ) X 6([VT 7)) @ wig (¢ - o),

t=—a

with w; , » depending on the group (but nontrivial only for G,, = G Spa,,
GSOy, GSO3, 5, GUspyq, and GUy,) and ¢™=7 relevant only for
SO3, 15, GSOap, GSO3, 5, GSping,, and GSpins, ., in the (CN) case.

Here, terms from v=*"'7,v=% 27, ... v do appear when i > a + 2.
It follows that
a+1
sar(m Z S([v= 1, vo7)) x O([ViT, 1VP7]) @ wigr (™o - ).

Now, for i = a + 1, we have
S([v=r, 7)) x &([v* T, vb7])
=0([v v 7‘]) +£(5([V“+17 v 7‘]) ® o([v 1, v7])).

Observe that 0([v=%7,1°7]) occurs in right-hand side of (4.6) as a
second copy of the term corresponding to ¢ = —a, so is not an is-
sue. For L(6([v* T, vb7]) @ 5([V 7,1°7])) observe that any term in
Tonin (L(O([v* 2, 07]) @ §([v=oT, v 7‘])) has exactly one v~ v*7, and
1217 in its supercuspidal support, and the copy of v%r always ap-
pears to the left of the copy of v*™'7. However, to be in sqgr(m) <
(§([v=e7, 7)) x 0©), if there is only one copy of v%7, it must appear
to the right of %7, The lemma now follows. 0

DEFINITION 4.12. Fiz ¢ and let P’ be a collection of T’s such that
(700 satisfies (Ca) or (CN) and the appropriate one of (DS1)-
(DS4) above. For each T € P’, suppose we have a collection of segments
Di(1) = [~ 4] i =1,2,..., e,, which satisfy

a1 (1) < by (1) < as(1) < ba(7) < -+ < (1) < b (7).

Let X' = {1 € P'|(1;0") satisfies (C1)}.
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PROPOSITION 4.13. With notation as above, the 1, -irreducible generic
subquotient of

S(A1) X -+ x §(Ag) % x0® = (H H(s —ai(m) g 1 bi(7) ])) X o0

TEP i=1

(defining Ay, ..., Ag) is square-integrable, where xo ensures unitary
central character as in Remark 4.7. We denote this representation by

@ =G§(A1, ..., Ag; x00 D)y, and write P’ = P'(c@), X' = X'(¢?)
for future reference.

Proof. Following [Tad02, Lemma 4.6], we prove the following by induc-
tion on k:

(4.7)
la| la|
sqr(m) < d Z Z S8 vam]) x §([vhm, v m)) x .
] 11=—ai tp=—0ak ]
xO([v ", v ) X S([ ", V1)) @ wiy i (€M - x00 @)

for some d depending on 0@ and the segments, and w;, _;,, ¢k
similar to their counterparts in the proof of Lemma 4.11 above. The
case k =1 is covered by Lemma 4.11.

Now, observe that for any 1 < 7 <k,

T <O(A;) 3 (6(A1) x -+ x 5(A;- 1@ X 0(Aj1) X - X 6(Ay) 1 x00?)
T < 0(A;) % A

for some A\ < (5(A1) X X 5(Aj_1) X (5(Aj+1) X X 5(Ak) X X(]O'(O).
By genericity, it is the 1,-generic subquotient,

5(A1a cee Aj—17 Aj-i—la sy Aka XOU(O))waa
essentially square-integrable by inductive hypothesis. Thus,
sar(m) < sar (0(2;) X 6(Ar, - Ay, Ajity - Ak x00 )y, )

where the right-hand side may be calculated by taking those terms
in N*(6(A;))xsar (6(Ar, .. Ay, Ay, .o, Ag; x00 @)y, ) having N*
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contribution of the form 7 ® 7 ® 1. Then, for each such j, we get

(4.8)
SGL(ﬂ')
lai]| laj—1] bj+1 laj+1] |a|
< d; Z . Z Z Z o Z
i1=—ay 1j_1=—Qj_1 1;=—0j 1j41=—aj41 tp=—ag
S(v™ M, vn)) x §([hm, vorm)) x - x 6([v™ % oy, v 7))

X 5([1/’“7%, I/kak]) ® wiy i (C

Without loss of generality, we may assume that if 7, = 7; for some
i < j, then a; < b; < a; < b;. Looking at (4.8) for j = 1 (noting
k > 1), we see that v=% 17, v=%"25 . »=%7 do not appear in
the supercuspidal support of m. Therefore, looking at (4.8) for j = k,
we may refine the bound by removing those terms which contain one
of v=% Iy v~ 2, . vTb%7 e, if a; > 0, those terms having
ir, > ax + 1. (If a, < O0—which can happen if 7; # 73 for any ¢ < k-
all but iy = |ax| are removed and we immediately obtain the needed
bound.) This gives

(4.9)
sar(m)
laz] lag—1] ap+1
< dj Z Z Z S8, v m)) x §([vrm, v n))
1=—a1 ip—1=—ag_1 ik=—0ak
X oo ([T i v ) X S([V T, V) @ wiy g, (¢ - x oo @).

The only terms in (4.9) which are not part of (4.7) are those corre-
sponding to iy = a, + 1, i.e.,

|a1] lag—1]

de Y o Y s v n)) x 8, o))

i1=—a1  ip_1=—ap_1
X oo x O([vT ety vt )
X ([ 11—y, V11 _1]) X O([v™ % 1, 1))
x §([v™* T, V7)) ® Wiy iy 1 (€ pakt L xoo).
Now, observe that
S([v™ 1, v 13]) x §([v™ iy, V7))

= 0([v %y, kaTk]) + Lo (([v™ %1, v 73.]) @ 6([™* 7y, kark])).



THE GENERIC DUAL OF P-ADIC GROUPS 57

We note that in any term in the Jacquet module of L, (0 ([ 75, v™ 73] )&
§([v* 7y, V% 1])), the copy of v 7, always precedes the copy of v 17
the opposite holds for §([v~%7, v%7]). Now, looking at (4.8) with

7 = 1, we see the only terms there having =% in their supercuspidal
support are those corresponding to 7, = —ay, which all have the form
- x 0([v% 1, v 7;]). In particular, the only copy of v®*17; in such a
term always precedes the only copy of v% 1. This means that the terms
above coming from L, (0([v=% 1, v 73]) @ S([v®* g, 7)) x ...
cannot contribute to pug (7). Thus, removing those terms from (4.9),
we get

sar(m)
lax] lag—1] lag|
< dj Z Z Z Sy, vrm]) x 6([Vim, vPrm])
i1=—a1 Ig_1=—0p_1 ipg=—a
X O[T oy, v ]) X 6([V T, vPm])
® Wi,y (™0 X0 )
a1 lak—1]
+ dy, Z e Z S, v m]) x 6([v'rm, v )
i1=—a1 ig_1=—ak_1

X - X (5([V_ik71+17'k_1, I/ak*l’Tk_l]) X (5([1/%717']@_1, ka717_k_1])

X §([™ " T, VP TE]) © Wiy i1 (€Tt g (O

If we take i, = —a;, in the first set of sums, we obtain the second set
of sums. Therefore,
SGL (ﬂ')
laz] lak—1] lak| ' '
< 2dy, Z Z Z S([v™ 0, v m)) x §([v'rm, vhrm))
i1=—a1 lg—1=—0k—1 tk=—0ak
x oo x S([T i, v ) x S([V T, V) @ wiy ., (M - x o0 @),
the needed inequality. Square-integrability is then immediate from the
Casselman criterion. O

REMARK 4.14. Observe that proof shows more: any irreducible sub-
quotient appearing in both

(A1) % 6(Ag, ..., Ay o),

a

and
5(Ak) X 5(A2, RN Ak—l; U(O))w
15 essentially square-integrable.

a
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We next turn to the task of showing that a square-integrable generic
representation has the form 6(Ay, ..., Ag; x00”)y, as in Proposition 4.13.
To start, we restrict the possible supercuspidal support in the next
few lemmas. Note that Lemmas 4.15, 4.16, and 4.17 apply to square-
integrable representations in general, not just square-integrable generic
representations. Thus we assume only that o € {0} U ;N (known for
many of the groups under consideration from [Mcel4] in characteristic
zero and [GL18] in positive characteristic). We also remark that the
first condition in Lemma 4.15 below is equivalent to (7;0(®) does not
satisfy (Ca) or (CN).

LEMMA 4.15. If

r o { Weo T for Gy, = GSpingy11, GSping,, GSpins, .,

T otherwise,

orx ¢ %Z, then v*1 does not appear in the supercuspidal support of a
square-integrable representation.

Proof. The proofs are essentially those in [Tad98a] for classical groups
and symplectic similitude groups or [Asg02] for general spin groups
(noting that the w, () is missing from [Asg02] but the argument works
the same way).

We first consider the case where G, # SOay,, SO3,, o, GSOa,, GSO3, .5,
GSpingn41, GSping,, or GSpinj, . ,. Now, suppose m were a square-
integrable representation with v*7 in its supercuspidal support but
either 7 2 7 or z ¢ %Z. Write

T VO X s X VP, X X0 D)
with 7, . .., Tn, and ¢(© unitary supercuspidal; y, a character chosen to
ensure 7 has unitary central character (see Remark 4.7). By commuting
arguments, we may assume without loss of generality that

T VO X oo X VTR X VTR X 0T X A X xo ),

where z; =x mod1l for 1 <¢ <k, z; = —x modl for k+1<i<m,
and A = v" i, X oo X VP, has vhip & {VYT, v YT byeprn for
m + 1 < i < n. Then, by the Casselman criterion (and Frobenius
reciprocity), we have z1 + - -+ + 3, > 0. Also, as (commuting)

Z1

VPIT X o o XUPR T X UL X o P 2 TR L P XTI T X - XU T

we must have xp 1 + -+ x, > 0.
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Now, suppose x1 + -+ + o) > Ty1 + -+ + X Then,

T (VBT X e X UBRT) X (VTRRF X X ) X A X o0
> A X (UBRHF X - X VTE) X (VT X - X VR T) X o)

> A X (UTEHF X - X V) X (VTR X X V) X wo )

~Y

& (PTRHIF X e X UPE) X (VTTRE X X UPE) XA X wo©)

for the appropriate w. Observe that xp 1+ -+ 2, —xp—---—x1 <0,
contradicting (via Frobenius reciprocity) the Casselman criterion. The
argument if we originally had =1 + - - -+ 2 < xpq + -+ -+ , is similar
but with v®+17 .. . v*"T getting inverted.

The cases where G, = SO, SO3,, 5, GSOqy,, GSPing, 11, GSO3,, 4,
G Sping,, or GSpins,  , are similar, but with (1) 7 replaced by w w7
for G,, = GSping,i1, GSping,, or GSpins, ., (noting that w,o7 is
still unitary supercuspidal), and (2) ¢(® possibly replaced by co® in
some places for G, = SOy, SO, 5, GSOs,, GSO3, 5, GSping,, or
GSpins, o O

For G,, = Spa, or SOy, 1, the following is a special case of [Tad98a,
Theorem 9.1].
LEMMA 4.16. (1) If( ;00) satisfies (Co) with « € —4 + N, then
S([v=r,1b7)) x 0@ b > a, is irreducible when a € Z.
(2) If (1;09) satisfies (CN) or (Ca) with o € Zsg, then §([v=oT, V°7]) %
©) b > a, is irreducible when a € § + Z.

Proof. First, we address (1) with a < —1 Let 7 = Loy (6([v~07,%7])®
wo®), where w is such that §([v=°7,1%7]) ® wo® is conjugate to
S([v=or, 7)) ® ¢ (n.b.: 7 ® ¢© ramified ensures that such an w
exists; trivial for classical or general spin groups). Then,

7 = 6([vbr, 7)) ¥ wo®

AT X - X v x b s e (0

b+1 b 1__(0)

S VT X X VUTUT T X UOT X W

P X 10T X - x v ) We (),

noting the irreducibility of v*7 x ¢© and v’ x v*1 for = a,a —
1,...,—b—+ 1. Iterating this processs, we eventually arrive at

T e x o x v w 0@,
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By Lemma 4.10, we have m — X\ X o© for some irreducible A <
P x v x v ) 0©)) Any A other than §([v~%7, v*7]) would
have m*(\)~hence p*(m)—containing a term of the form v*7 ® ... with
r € { a,—a + 1,...,b — 1}. As this is not possible, we have A\ =
S([v=ar, vb7]). ThlS makes 7 both a subrepresentation and unique irre-
ducible quotient (Langlands quotient) of §([v=%7, v°7]) x ¢, implying
irreducibility. The argument for (2) with a < —1 is similar.

We now address (1) when @ = 0. In this case, there are terms
in {r,vr,...,v*7} and {v~b7,...,v7 17,7} for which their product is
reducible and the commuting argument above breaks down. We may
repair the argument using Lemma 4.3. First, note that the result is
immediate if b = 0 and follows from Lemma 4.3 if b = 1. Thus, assume

b > 2. Then,
7 = 6([vb7,7]) ¥ wo®

(v i) x v X - x v xwoe©®

= b1 x - x V21 x O([vTi, 7)) X w'o©@

> b7 x - x V27 x §([r,v7]) x 0@

using the commuting/inverting argument above in conjunction with
Lemma 4.3. The argument now concludes as above.
We now take up (1) when a > 0. Using the case a < 0 above, we

have
7 = 0([v71,v07]) x wol

§([vr,vor)) x 6([v="7,7]) X wo®

{

I

§([vr, o)) x 8([r, 7)) x w'o®

I

8([r, 7)) x 8([vr, v*7]) X W'o©

>~ §([r,vb7]) x 6([v~r, v 7)) x o
for the appropriate w’. By Lemma 4.10, we have either

T §(v™r, vb7)) x o

or
T Low(0([v707,7]) @ 6([vr, v°7])) 3 a0,

As the latter would imply p*(7) contains terms of the form 7 ® ...,

which is not the case as p*(7) < N* (6([v=7,v7])) x(1@0®), it must

be the former. Again, m appears as both the unique irreducible quotient
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(Langlands quotient) and as a subrepresentation in §([v =97, v°7]) xa(®),
implying irreducibility, as needed. 0

LEMMA 4.17. Suppose (1;0©)) satisfies (Ca) or (CN). Then v*7 can
appear in the supercuspidal support of a square-integrable representa-
tion only if x € a+ 7Z (resp., x € Z in the (CN) case).

Proof. By Lemma 4.15, we need eliminate only the following possibili-
ties: (1) 2 € Z in the (Ca) case when o € 5 + Zso, and (2) z €  +Z
in the (CN) and (Ca), o € Z>y, cases.

Suppose not and let m be a square-integrable representation with
such a "7 in its supercuspidal support. By a commuting argument
(and Remark 4.7), we may write

T VBT X oo XU X U7 X - X U T Xy oo )

where z1,..., 2, €  + 7Z and for each k£ + 1 < ¢ < m we have either
7, 271 orx &x+7Z. By Lemma 4.10,

T2 xAxyo?

for some irreducible ¥ < v*'7 X «-- X V®7 and A < vFRHIT X - X
vo+mr o Further, by the Langlands classification for general linear
groups (subrepresentation setting) and a commuting argument (or [Jan00a,
Section 2.2]), we may write

Y §([v T, 7)) x 6([v™%2r, VP2 7]) X - x O([vT%T, v r])

with by < by < -+ < by

We first claim b; > a; for all ¢ with 1 < ¢ < £. Were this not the case,
let j be the smallest value such that a; > b;. Then, for i < j, we have
a; > b; > b; > a;, hence §([v=%1, 0% 7]) x §([v=%T,vb7]) irreducible.
Commuting, we get

7 §([v™%r, v 7]) x §([v™ ) x L

contradicting the Casselman criterion. Thus b; > a; for all 1 <1 < £.
We now apply Lemma 4.16:

T = 0([v T, vhT]) X e x §([vT %, VT

x 8([v=ur, vP7]) x A x xo0®

— d([vuT, V7)) X oo x §([vT %t Vo T])
x A x §([v=r, v%7]) X xo0®

— d([vuT, V7)) X oo x §([pT %t Vo T])
x A x §([vber, vr]) x wyo(c"o®)

— d([vuT, V7)) X oo x §([vT %t Vo T])
x 8([v=ber, v%7]) x A X wyo(c™ - o)
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for the appropriate w (when G, = G'Spay, GSOs,,, GSO3, 5, GUsp iy OF
GUs,,) and c" (for G,, = SOy, SO3, 5, GSOsy, GSO3, 5, GSping,, or
GSping, ., in the (CN) case). If 6([v=% 17, v%17]) x 6([v 1T, v*7]) is
irreducible, we may commute & ([ b7, v%7]) around 6 ([v~%-17, vbe-17]).
If not, Lemma 4.10 implies
7= (v urvbhir]) x - x §([vler, vheat)) x O([v v, ver))
x A x wyo(c" - a®)
or
= 0([r T, vhir]) X oo X Lo (0([v7ber, v¥r]) @ 6([v~%17, v0-11]))
x A x wyo(c" - o®).
In either case, we have
S([var, v 7)) x -+ x 8([v %27, P2 7)) x S([v T, vher)) x ...
with b,_, < by. Iterating, we eventually arrive at
T 6(er, hr]) x L

with 0] < b,. However, this contradicts the Casselman criterion, fin-
ishing the proof. U

For 7 a square-integrable representation, write
T UMy X - X U, X X0 )

with x; + - - -+ x,, as small as possible (as in [Jan00a, Definition 4.1.1])
and appropriate o (see Remark 4.7). By Lemma 4.10, we have 7 —
® x xoo® for some irreducible ¢ < v*1p; X -+ X v¥p,. Write ¢ =
Lop(O([v™ v 7n)) @ -+ @ 6([v=%7,, v%74])).  As the next results
are for square-integrable generic representations only (not arbitrary
square-integrable representations), we note that we may assume

Low(6([v™ 2, " 1)) @ - @ 6 (v~ % 7, v 13]))
= 0([v™ 7, V7)) X - X O([vT %y, VO T])
is irreducible (by genericity). Then,
(4.10) = 0, ) X - X S([ % 1, V%)) X oo ©

(with (—a; +---+0b1)+--++ (—ag +-- -+ bx) minimal). Note that the
argument in the proof of Lemma 4.17 tells us b; > a; for all 7. Further,
a commuting argument allows us to assume without loss of generality

We also remark that for discrete series, one has f = 0 (see Defini-
tion 3.6 and Lemma 3.7).
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LEMMA 4.18. Let 7w be a square-integrable generic representation. With
notation as above, [v~%7;, vbi1;| must satisfy one of (DS1)-(DS4).

Proof. Based on Lemmas 4.15 and 4.17, all that remains to be shown
is the following:

(1) a; > 0 in the (CO) and (CN) cases.

(2) a; > —3 in the (C1/2) case, and

(3) a; > —1 and a; # 0 in the (C1) case.

Fix a §([v=%7;, v%7]) and let 7 = 7.

For (2), we argue indirectly. Let j be maximal with 7; = 7 and
a; < —3. Then, v=%7; x §([v=%7, 7)) is irreducible for all £ > j.
Thus, writing A = §([v=" 7, v 7)) x - - - x S ([~ %1 7j_y, VP17 4]), we
have

7 = Ax (9T hit]) x vT% T x §([vm %t T, v L))
X O([v™% T, P T]) X x o)
= Ax (vt ’T]) (v aimy, vhitir )
X O[Ty, vET]) x v T X XOO'(O)
2 A ([, o)) X B0 g, )
X ST, vPETE]) X V9T X wixoo ),

noting the irreducibility of ¥=%7 x yo0® = v%7 x w;xeo?. As a; <
—aj, this contradicts the minimality of z1 +- - -+, finishing this case.
The same argument shows we cannot have a; < —1 in the (C1) case or
a; < 0 in the (C0),(CN) cases.

It remains to show that a; # 0 in the (C1) case. We first consider the
case where a; # —1 for all j having 7; = 7. Then, arguing indirectly,
let j be the largest such value for which a; = 0. Again, writing A =

S, b)) x -+ x 6([v=%17;_q, vb-17;_4]), we have

T = A X ([, % 7]) x (v 9T, T ]) XL
x§([V™% 1, V1)) % xoo©

o= A O Vb)) X X O ([vT M, VPR T))
([, v¥i7]) 1 xo0®

~Y

noting that for all £ > j having 7, & 7, we have b, > b; and a, >
= 0 implying the irreducibility of 6([r, 2% 7]) x 6([v=%7T,v%7]). By
Lemma 4.10,

e A x §([v™ 9 Ty, T ]) X s x S([vT %, VPR ]) x 6
for some irreducible § < §([r, % 7]) x x00”). Now, noting that

S([vr, V" 7]; x00 )
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is the irreducible generic subquotient of §([vT, 1% 7]) xxoo® (Remark 4.7),
we have

0 < §([vr, % 7)) x 73 x00 @ =7 x §([vr, V% 7]) 3 x00
|} (Lemma 4.10)
0 <1 x§([vr, v 7] x0o@).

As the induced representation is essentially unitary, 7x0([v7, vb7]; xo0)
decomposes as a direct sum, so

0 — 7 x 6([vr, VP71 xo0 @)

4

7 = AxS([v g, vt g]) X - x S([vT % T, VPR T]) X T

0([vr, v 7]); xoo™)

> 7 x A X O([v Ty, V) X X O([v % T, vPET])

6 ([T, v7]; x00 )
(noting the irreducibility of 7x§([v %7, 1% 7,]) for £ < j), contradicting

the Casselman criterion.

To finish, we first establish that among the j having 7; = 7, there

at most one index such a; = —1. Suppose not and let j; < js be
the two largest values such that a;, = a;, = —1 with 7;;, & 75, =
7. Writing A; = 6([v=%7y, % 7]) x 5([1/‘“]’1*17']-1_1,Vbjlflfjl_l]),
Ay = S([v iy, g, VPt g ]) X X O ([vm %2y, g, v, 4]),
and Az = §([v=%2+1 1), 1, VP41, 4]) X ><<5([ ~a 7., v 7)), the usual

commuting argument gives

7w = Ay x 6([vr, vPT]) x Ay x §([uT, vb27]) X Az X xoo ¥

> Ay x Ay x Ag x §([vr, VP 7]) x §([vr, v¥27]) 3 xoo®
| (Lemma 4.10 and Corollary 4.6)
T Ay X Ay x Az x §([vr, vPit)) x §([vT, VP 1] xoo @)

b

— Ay x Ay x Ag x §([V2T, VP 7]) x vr x §([vT, Vb2 7]; x00 @)

b

> Ay x Ay x Ag x §([v27, vbi7]) x vt % §([vr, vhie 7] wyx oo @)

by Lemma 4.8 (twisted by xq), for the appropriate w. However, this
contradicts the minimality of x1 + - - - + x,,. Thus there is at most one

J having 7, = 7 and a; = —1.
Finally, suppose we had ji,j2 with 75, = 75, = 7, a;, = 0 and
a;, = —1; without loss of generality, assume j; maximal. As above, we

may commute to get

T Ay X Ay x Ag x 0([r, v%17)) x §([vr, VP2 7]) % X0,



THE GENERIC DUAL OF P-ADIC GROUPS 65

noting that if j; > jy, then §([v7, %27]) x §([r, %1 7]) is irreducible
so may be commuted into the order above (though that is not crucial
to the argument below). Again, by Lemma 4.10 and Corollary 4.6, we
have

7T‘—>A1XA2XA3X¢9

for some irreducible generic § < §([r, v 7)) x §([vr, vbi27]) 3 xo0 ).
If bj, > bj,, the unique irreducible generic representation with this

supercuspidal support is §([v~tiz 7, P 7] wy oo @)y, for the appropriate

w, 80 0 = §([v~tiz7 Vb 7]; wXOU(O))w Then,

T A X Ay x Az % 5([ 327- be17-] WXOU(O))wa

3 A1 X Ay X Ag x §([v70r7 vbi7]) x wyeo®,

which contradicts the minimality of x1 + - - -+ x,,. A similar argument
applies if bj, < b;,. If b;, = b;, = b, the irreducible generic subquotient
of §([r,°7]) x §([vr, °7]) % x00® is also (by supercuspidal support
con81derat10ns) the irreducible generic component of §([v=°7, 7)) x
wxoo® for the appropriate w. Noting the essential unitarity of this
representation, we then have

T Ay X Ay X Ag x §([v707,087]) % wyoo ™,

giving the same contradiction as above. This finishes the case where
a; = —1 for some j having 7; = 7, and the lemma. U

LEMMA 4.19. Let 7 = §([v=7,v°7]; x00?)y, as in Proposition 4.13.

Then,

T §([v™or, 7)) % x00 .

Further, we have

( 6([vT, vo7]) x 0([vT, vP7]) x Ty (T3 wixoo ™)
in the (C0) case,
§([ver,vor]) x 8([veT, v
in the (C1/2) case,
S([vr, 7)) x §([vr, V7)) > (T ¥ wixocr - o)
in the (C1) and (CN) cases,

where c1,wy, wy are such that the inducing representation appears in the
Jacquet module of §([v=7, 1°7]) x xo0o@.

T bT]) X W2X00(0)

Proof. As in (4.10), write

7= 0([v v r]) x - X O[T v T]) X Xga(o)
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(with (—x1+---4+y1)+- -+ (—zs+- - -+vys) minimal). Recall that the
irreducibility of §([v=" 7, v¥'7]) X - -- x §([v~ %7, v¥7]) and Casselman
criterion tell us y; > x; for all 4.

We first argue that s = 1. Let m(t) be the number of times v*'7
appears in V17 ® - ®@ vt @ Wxh(c - o) < rya(r), noting that
this is well-defined and depends only on the supercuspidal support of
7 (by the requirements for (Ca) and (CN), v*7 becomes v~*7 under
block sign change). In the (CO) and (CN) cases, we have m(0) = 1,
from which we see that s = 1 (noting Lemma 4.18). In the (C1) case,
we also have m(0) = 1. This means we have x; > 0 for at least one
17; by Lemma 4.18, we must then have z; > 0 for this <. Noting that
m(1) = 2, 6([v~®7,v%7]) then accounts for both copies of v!7 in
the supercuspidal support. As any additional §([v~=* 7, ¥ 7]) would
increase m(1), we see that we also have s = 1 here. Finally, in the
(C1/2) case, we have m(3) = 2. There are then two possibilities: (1)
s=1and z; >0, or (2) s =2 and x; = —3 for both 7. To eliminate
(2), observe that

0 < 6(lver, 7)) x 0([veT, v¥27]) 3 xho©

< 0([ver, v 7)) x 8([ver,v¥27]) x vaT X vaT X Yo
(8 (Lemma 4.10)
0 < o([vir,v7]) x ([vir, v¥er]) x €

for some irreducible generic & < VITXVETX xoo'?. As the generic com-
ponent of 127 x 27 % x40 is a subrepresentation of §([v=27, v37]) X
wxho® (w trivial for classical or general spin groups, w = w 1 or
w27% for the other similitude groups), we have £ — 5([1/_%7', 1/%7']) X

wxpo®. Then,

0 — 5([1/%7‘, viT)) X 5([1/%7', v¥27]) X 5([1/_%7', 1/%7']) X wyho?,
which contradicts the minimality of 1 + --- 4+ x,,. Thus s = 1.

By supercuspidal support considerations, the only possibilities with
s =1are §([v=or7, 0¥ 7)) = 0([v=or,v°71]) or §([v=°r,v7]), and as it
is clearly not the latter (e.g., by Proposition 4.13 and the Casselman
criterion), we have

T ([, 1°7]) % x00?,

as needed.
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For the second embedding, we do the (C1) case; the remaining cases
are similar. Observe that
7 0([v7r, v07]) % xoo© — &([vr, 07]) x 6([vor, 7]) % x0o @
(3 (Lemma 4.10)
7w §([vr, 7)) x T

where T < 0([v727,7]) % x00® is the irreducible generic subquotient.
Note that by supercuspidal support considerations, 7 is also the generic
component of 7 x §([v7, v7]; w100 ?)y,. As the inducing representa-
tion is essentially unitary, we have T < 7 x §([v7, v27]; w1 x00? )y, -
Thus,

1) x 7 x §([vT, vo7]) X wixeo®

|l (Lemma 4.10)
— 8([r, 7)) x 8([vr, v°7]) X wixeo®
> §([vr, 7)) x §([T, vP7]) > A
— 0

([vr, vo1]) x 6([vr, '71]) > (T X wixoo @)

T o([vr, v

as claimed. O

PROPOSITION 4.20. Let 7 be an irreducible square-integrable generic
representation. Then 7 is of the form 0(Aq1, ..., Ag;xo0 ™)y, as in
Proposition 4.15. Further,

T O(A) X - X 8(Ag) % xo0®

and the segments which appear are unique up to permutations of the
A;.

Proof. Consider the embedding in (4.10) (with the assumptions that
x1 + ...x, is minimal and the d;’s are nondecreasing) and recall that

< b; for all 7. Fix a particular 7 and via a commuting argument,
write

= o([v 4, I/le]) X e X O[T, vl ) x A x XOO'(O),

where A contains all the 6([v~%7;, v%7;]) having 7; % 7 and ¢, d; are
the a;, b; for those 7; having 7; = 7.

As a result of Lemma 4.18, it suffices to show that ¢;;1 > d; for all
1 <i < ¢ —1 (noting that if £ = 1 there is nothing to show). Suppose
this were not the case and let ¢ be the largest index such that d; > ¢;;.
Write

T A X (5([ T v T]) X 5([ Ci+17_’ Vdi+17-]) X Ay X XOU(0)7
where Ay = 8([u=17, #17]) x -+ x 3((y=5r-17, 117 and

Ay = S([v=+2r vh2r]) x - x §([v™r, v%7]) x A.
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For j > i+ 1, we have d; > ¢; > diy1 > ¢iy1, s0 6([v= 17, vdi+17]) X

§([v=¢7,v%7]) is irreducible. A similar argument applies to
S(v=cr,v¥i7)) x §([v=%r,v%7)).

Therefore, we may commute 6([v¢7,v%7]) and §([v=c+17, v4+17]) to
the right to get

T A X Ay x §([v=cr,v%7]) x §([vc+ir, vhitiT]) x oo
| (Lemma 4.10)
™ — Al X A2 x 0

for some irreducible generic 0 < §([v=¢ 7, v4i7]) x §([v~ 1T, vhtir]) X
oo,
If d; = ¢;y1, write d; for both. Then,

0 < §([v=cir,vhit]) x §([v=%iT, vi+ir]) x xoo®

< S([v~tir,vhir)) x o([v=ciT, vdi+iT]) x oo,

Now, §([v=¢ir, v¥+1i7]; x00 @)y, is the irreducible generic subquotient
of §([v=cit,v%+17]) x x00® (definition in Proposition 4.13). Thus,

0 < 5(v=%r,vh7)) x 8([v=T, v% 1 7); 00D,
As the inducing representatlon is essentially unitary, we have

0 — §([v=%r,v%7]) x 6([v~ %, vi+i7]; Xoa(o))w
It then follows that

a

T Ay x Ay x S([v™%T, vh7]) x (v, vi+7]; 0oy

As §([v=cir,v%7]) x §([v~%r,v%7]) is irreducible for all j < i (as ¢; <

d; <d;), a commutlng argument gives
7 §([v™%r, vh7]) x Ay x Ay x 6([v %, Vdi“T];Xoa(O))%,

which (by Frobenius reciprocity) contradicts the Casselman criterion
for the square-integrability of w. Thus we cannot have d; = ¢; ;.
If d; > ¢;y1 > 0, first suppose ¢;11 > ¢;. Then, we have

0 <([vcir,vhit]) x §([v=citiT, vditir]) x xoo®
< §([peirtir vdir]) x §([v=cir, voitir]) x §([v=cir, vditir]) x Yoo®

< 5([I/_di7‘, I/_Ci+1_17':|) X 5([1/—01-7-’ 1/0”17']) X (5([1/_0”17', I/diHT])
NWIXOC/ . 0—(0)
J (Lemma 4.10 and definition in Proposition 4.13)
0 = 5([;/—@7_’ 1/6”17'], [l/_diT, l/di“T]; W/XOC/ X 0,(0))wa’
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for the appropriate w’, ¢. From Lemma 4.22 below, we then have

0 < §([v=cit,vo+i7]) x §([v~%T, vhiti7]) X Wxoc - o

7 Ay x Ay x §([v=ciT,ve17]) x §([v~di, v%+i7]) x wxoc - 0@,

However, this contradicts the minimality of x1+- - -+x,. The argument
if ¢; > ¢;4q is similar, but with 0 = 6([v=+17, 7], [v=% T, v4+i7]; W X0
J(O))%. The argument is also similar if ¢; = ¢;11, but in this case, 6
is the generic component of &([v=%7, v 7)) x 61 ([v=%T, v¥+17]; Yoo @),
This no longer has 6 essentially square-integrable, but one still has
0 — S([vcir,vo7)) x §([v=diT, vhri7];0@),, by essential unitarity.
Thus we have eliminated the possibility d; > ¢;11 > 0.

It now remains to eliminate the possibility d; > ¢;+; with ¢;41 < 0.
By Lemma 4.18, the only such possibilities are ¢;;; = —3 in the (C1/2)
case and ¢,y = —1 in the (C1) case. In either case, we must have
¢; > cir1. We first argue that we cannot have ¢; = ¢;1. For the (C1)
case, this is done in the proof of (3) in Lemma 4.18. In the (C1/2)
case, we have

T Ay X Ay X 5([V27' v4i7]) % 5([V%T, v417]) % oo,

By the definition in Proposition 4.13, the irreducible generic subquo-
tient of §([v2T, v%7])x0([v2T, le+17'])>4xga(0 is 6 ([T, vh+i7); X000y, -
Therefore,

T Ay X Ay x O([v™%T, vdi+iT]; xoo© ))%

— Ay x Ay x 6([v=%T, vhr17]) 3 X0

by Lemma 4.19, contradicting the minimality of z; 4+ --- + z,,. Thus,
ci > c¢iy1. Now, observe that d; < d;y; implies §([v=%T,v%7]) x
§([v=c+17, vdi+17]) reducible, also contradicting the conditions in (4.10).
Thus we must have d; = d;;,. However, were this the case we would
have (letting o = % or 1, as appropriate)

W;)A1><A2><|9

for 9 the irreducible generic subquotient of 6 ([v=¢7, v%i7]) x5 ([T, v¥iT]) %
xoo®. Then @ is also the generic component of the (essentially unitary)
representatlon S([v=dir,v 7‘]) x 8([ver, v%7]); xoo®). Thus,

T Ay X Ay X 8([v™ %, v%7)) % 6([vor, voiT]); xoo?),

contradicting the minimality of x; + - - - 4+ z,, and finishing this case.
We have now shown that 7w embeds in an induced representation of
the form in Proposition 4.13; that 7 is the corresponding representation
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from Proposition 4.13 is immediate from genericity. It remains to show
the uniqueness of the data claimed.

The argument for the uniqueness of the data follows the approach
of [Jan18, Lemma 2.1.1] (based on [Jan0Ob, Lemma 3.1]), essentially
the observation that the supercuspidal support determines the seg-
ment ends. Suppose there were two such sets of data for 7 and fix
7 € P. Suppose one set has corresponding segments [p~%(7) pb1(7)]

- [rme @ wP(] and the other [y~ phiM] - [p@® 4] As
in Lemma 4.19, let m,(x) be the number of times v**7 appears in a
term in the minimal Jacquet module of 7. It is not difficult, based on
the conditions a;(7) < by(7) < -+ < ax(7) < bx(7) and similarly for
ai(7), b;(T)-that the largest value of x having m,(x) = 1 is & = by (1) =
by(7). The largest x having m,(z) = 2 is x = ax(7) = a)(7); if no such

x exists, a(1) = a,(1) = { O_?ofo(r(](l\(lj)a)’ (and k = ¢ = 1). Iterating
this argument gives the uniqueness of the segments claimed. O

REMARK 4.21. Observe that if (1,0 satisfies (CN), then
§([r, v7]; 0Dy, =2 8([7, v1]; co D)y,
so one may not have uniqueness of ().

LEMMA 4.22. Suppose a < b < ¢ < d with

0 = 6([v=r, V7], [v°r, vi7]; XOO'(O))w

a

as in Proposition 4.13 (so (DS1)-(DS4) satisfied). Then,
0 — 0([v1,°7)) x 6([v°r, v?7]) X xoo©.

Proof. As in (4.10), write
0 — 0([v =" 7, 7)) X - x S([v %, ¥ 7]) X X (c - @)

with o([v="'1,v¥%'7]) X -+ X §([v~ "1, v¥7]) irreducible (and (—z; +
o+ y)+ -+ (=5 + - + ys) minimal). Further, by Lemma 4.18,
we have z; > —a for (Ca) or z; > 0 for (CN).

We next show that s = 2. Asin Lemma 4.19, let m(t) be the number
of times v*'7 appears in 117 ® - @ V"7 @ yow(d - 0@) < 7y e(6). In
the (C0) and (CN) cases, we have m(0) = 2, from which we see that
s = 2. In the (C1) case, we have m(0) = 2 if a # —1 (resp., m(0) = 1
if @ = —1). This means we have z; > 0 for at least two ¢ when a # —1
(resp., at least one ¢ when a = —1); by Lemma 4.18, we must then have
x; > 0 for these i. Noting that m(1) =4 when a # —1 (resp., m(1) =3
when a = —1), these then account for all 4 (resp., all 3) copies of v*!r
in the supercuspidal support. As any additional o([v~" 7, % 7]) would
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increase that value, we see that we also have s = 2 here. Finally, in
the (C1/2) case, ﬁrst suppose a # —1. In this case, m(3) = 4. There
are then three possibilities: (1) s = 2 and x; > 0 for both i, (2) s=3
with 23 > 0 and 71 = 79 = —%, or (3) s=4and z; = —% for all 7. To
eliminate (2), observe that

0 < 6(lvar, 7)) x 0([wer, v¥27)) x ([T, v¥37]) % Y (c - o)

= ([T, v¥37]) X 5([1/%7, viT)) X 5([1/%7', v#27]) x4 xh(c - @)
| (Lemma 4.10 and definition in Proposition 4.13)

0 < (vt vo7)) x S([v =, v w'xh (¢ - 0 @)y,
J (Lemma 4.19)

0 < 5([v==sr,v7]) x 0([v7Vir, v 7)) x wxh(c” - o@)

which contradicts the minimality of 1 + - -+ + z,. We may eliminate
(3) similarly, leaving s = 2 as the only possibility. The argument when
a = —% is similar but somewhat easier as there are fewer cases to
consider; we omit the details.

Next, observe that x1,xs,y1,y2 must be a,b,c,d in some order by
supercuspidal support considerations (as the values of m change at
the segment ends; see [Jan0Ob, Lemma 3.1] for a more general ver-
sion of this observation). To satisfy §([v="'7,v¥'7]) x o([v ="', v¥'7])
irreducible and the Casselman criterion, there are only two possibili-
ties: O([v="17, V¥ 7]) ®5([ o2 7)) = §([vor, V7)) @ o([v~°r, vi7))
or §([v=er,v°7]) @ §([v=r, v T]) To see that the latter does not hold,
suppose it did. In the (Cl) case, one then has

0 < 5([v=or,ver]) x 8([v=°r, viT]) x X100

— 6([vr,ver)) x §([v=or, 7)) x 6([v=r, vi7]) x 10

I

§([vr,ver]) x 8([v=br, vi7]) x 8([v=or, 7]) * x10©

— d([vr,ver]) x §(]r, l/dT]) X 5([1/‘b7‘, vir)) x o([var, 7]) 10
|} (Lemma 4.10)

§([vr, ver]) x §([r, vir]) = §([v=or, vb7]; wlxla(o))d,
I (Lemma 4.19)

{

a

— ([T, ver)) x (1, vi7)) x 8([vT, vo71)) X §([vT, V7)) X (T X wax10@)

=~ §([vr, 1)) x 0([vT, V7)) x 8([vT, vor]) % O([7, v97]) X (T X wax10®)

I (Lemma 4.10)

< §([vT, 7)) X §([vr, vP7]) x Ty ([v=°T, v?

T]§T X W3X1U(0))
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dT]; T X ngla(o)) is the generic component of

where Ty ([v=°T, v
S([vr, ver)) x 0([r, vir])) % (1 x wsx10@).

By supercuspidal support considerations, this is also the generic com-
ponent of 7 x &([v=7, vi7]; w3x10®),, . By essential unitarity,

Ty([vor, V7] 7 ) wax10©) = 7 x d([v=er, v wax10 @)y,
Thus,

0 < (v, vo7]) x 6([vr, vP7]) x 7 x §([v=er, vir]; wax10 @)y
I (Lemma 4.19)
— ([, vo7]) x 0([vT, vP7]) x T x §([v°T, v97]) X} w10

a

=~ §([v=er, vir]) x §([vr, vor]) x 6([vT, °7]) X T X wyx10©)
I (Lemma 4.10)
— 0([v=er, vi7]) % 01 ([v=or, vb7); x00 )
| (Lemma 4.19)
0 — &([ver,vir]) x 6([v=or, vb7]) % X0,

implying the needed embedding. The (CO0), (C1/2), and (CN) cases
are argued similarly. 0

We close this section by discussing essentially square-integrable rep-
resentations for the similitude cases. Let 0(°? be an irreducible, generic,
essentially square-integrable representation and write o(¢? = yo® for
some character x; without loss of generality, we may assume y = | - |*,
s € R. Now,

o® =6(A1, .. AL x00 D)y,

for some A’,... A} xoo® as above. By Lemma 3.3 and Proposi-

tion 4.13, if 0 is a representation of G,,,(F') (and recalling ng # 1 for
G SOy, and GSping,),

X0 5 X(B(A]) x -+ x §(AL) % x00 @)

(B(A) x -+ x 3(A}) % xxo0®
lf Gn = Gszn, GSOQn, GSO;n—i—% GU2n+1, GUQn,
XO(AL) X - X x8(A}) % xxo0®
it G,, = GSpingpi1, GSping, with ng > 0,
XO(A]) x -+ x x8(AL) % x2xoo )
it G,, = GSpingyi1, GSping, with ng =0,
XO(AL) X - X x8(A}) % xxo0®
if G,, = GSpins, ., (any ng).

I
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Letting 0(A;) be 6(A%) or xd(A]) as needed, and ¢(¢¥ be xxoo® or
Y*x00® as appropriate, we write

(4.11) o =§(A, .., Ay, o)y,

a

For groups other than G'Sping, 11, GSping,, and GSpinj, ,, we still
have Ay, ..., Ay satisfying (DS1)—(DS4). For GSping, 1, GSpina,,
and GSpin, ,, we note that o is trivial. Writing x = | - |* with
s € R as above, we have w0 = | - |°w,© unless ng = 0 (where o(®
is a representation of G,,) and the general spin group is split. This
implies the conditions (DS1)—(DS4) are shifted up by the exponent
of 6(®¥. When ny = 0 and the group is split, the shift is half the ex-
ponent. This then gives the following conditions on essentially square-
integrable representations of general groups ¢ ([v %7, v°7]) which occur
in the classification of generic essential square-integrable representa-
tions, with 3 = 3(0®?) as in Definition 3.6:

0

(EDS1): If (7;0©) satisfies (C1), then a € B+ (NU {—1}).
(EDS2): If (7;0) satisfies (C0), then a € B + Zxo.
(EDS3): If (1;0©) satisfies (C1/2), then a € 3 — 1 + Zs,.
(EDS4): If (7;0) satisfies (CN), then a € 8 + Zxo.
4.4. Tempered generic representations. Let ¢ be a 1),-square-
integrable generic representation of Gy, (F') and Sy, ..., . (repetition
possible) irreducible unitary supercuspidal representations of Hy, (F'),
, Hp (F), resp. For i = 1,...,¢, let §(V)) = o([v=%B;, v pi]),
2e; € Z>o be a sequence of (unitary) square-integrable representations
(of Hiy2e,41)(F), 1 =1,...,¢c, resp.). Then the unique 1),-generic com-
ponent o

(4.12) o < §(Th) x - x (V) x g?

is a tempered representation of G, (F'), where n = ko+2Y ;_,(2e;+1)k;.

It follows from a result of Harish-Chandra (see [Wal03, Proposition
4.1]) that all irreducible tempered generic representations of G are ob-
tained this way, and the inducing data are unique up to conjugation.
In particular, the data {§(¥))}¢_, and ¢(® are determined up to re-
placements of the form

(V7)) « 6(W;)

for SOq41, Span, Uant1, Usy. The replacement §(W,) < 5(@;) also re-
quires o) ¢ etk 53 for SOy, and SO3, y; 0@ ¢ wsno® for
GSpan, GUspy1, and GUsy; 0@ 5 wse )(0(26”’1) i.0®) for GSO,, and
GSOs, 5. For general spin groups, the replacement is

5(\112) S We(2) 5(@;)
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(see (3.5)); for GSping, and GSpins,  ,, we also have 0 ¢ c(2eitDki.
c?. Note that in the cases of SOy, SO3, o, GSpay, GSOs,, GSO3, .,
GUant1, GUay, GSping,, and GSpins, ,,, the effects on o@ accumu-
late. Also note that the replacements indicated need not be nontrivial.

We close this section by discussing essentially tempered representa-
tions in the similitude cases. If 0(*) is an irreducible (generic) essen-
tially tempered representation, we may write oY = v°¢® for some ir-
reducible (generic) tempered represetation ¢® and some ¢ = ¢(c(*)) €
R. Letting 8 = B(c')) as in Definition 3.6 and Note 3.8, it follows
from Lemma 3.3 that

o = 1fe® ey 12 (6(W)) x -+ x (V) 0(2))
> )W) x -+ x VIS(TL) % oY),
where

o€ _ 20 if G, = GSpinepy1, GSping, with kg = 0,
| 0@ otherwise,

Letting

(4.13) 8(W;) = v75())
fort=1,..., ¢, we may then write

(4.14) ol §(Ty) x - x §(T,) x oY,

4.5. Generic representations. We consider the representations §(;),
..., 0(Xf), where

(4.15) Yy = [, v g,

Yo = [vTBE&, v BT2E,)

Y= [T UEpvT U]

and &,&,,- -, & are irreducible unitary and supercuspidal, with pos-
sible repetitions, ¢; € R, w; € Z>(. Let o) be a generic essentially
tempered representation of G, (F) as in (4.14), 8 = B(c*)) (see Defi-
nition 3.6 and Note 3.8), and suppose

Wy
C_Iﬁé?—ﬁ

for all 7.
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We are interested in the induced representation §(3;) x - - - x (X
o(“D. In the Grothendieck group, we have §(3;) x §(3;) = 0(%;) x §(
and

)

(4.16)
( (S(EZ) D! O'(et) if Gn = 502n+1, Spgn, U2n+1, Ugn,
5(55) % ¢ - o) if Gy = SOy, SO, 1,
5(22‘)>40'(et) _ wo(vet)(S(Ei) X O'(Et) if Gn = GSpi’/I,QTH_l,

5(21) D! w(s(zi)U(et) if Gn = GSP(QTL, F), GU2n+1, GUgn,
6(2;) X wa(zy) (™ - o) if G, = GSOy,, GSO}, .,
[ W, () x - o if G, = GSping,, GSpins, .o
(where §(3;) is a representation of H,, (F')). Therefore, replacing §(%;),

o®) by their counterparts on the right-hand side of (4.16) and com-
muting as needed, we may—and do—assume that the exponents of

0(21),0(Sa), -+, 0(Zy), 0
are in the order needed for Langlands data (see (3.4)):

w w
(4.17) Yz g

Recall that (Standard Module Conjecture — see [HO13]) the Langlands
quotient

L(3(21) @ --- @ 8(%f) © o)
is generic if and only if (1) x -+ x §(Xf) x ¢(*) is irreducible. In
the remainder of this section, we determine the conditions under which
this happens.

First, we have Theorem 4.23 below. The proof is essentially the same
as in [Jan96b] (see [Jan96b, Theorem 3.3 and Remark 3.4]), which in
turn is based on that in [Tad94]. To allow for a more uniform argument,
we make the following notational conventions: for §(X) a representation
of H,,(F), let
(4.18)

Wl — { Ws(x) for Gn = G5p2n, GSO2n, GSO;n+2, GU2n+1, GUQn,
¥ 7] 1 otherwise,
W Woten for ‘Gn = GSpingn41, GSping,, GSpins, o,
o(et) 1 otherwise;
o — { c™ for G, = SO2p, SO3, o, GSO2y,, GSO3,, 5, GSping,, GSpins,,
> 7 ) 1 otherwise.

With these conventions, we have the following consequence of (4.16):
(4.19) §(%:) x oD = ! ) 6(%;) x W (ex, - o)

for all the families of groups under consideration.
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THEOREM 4.23. With notation as above (including (4.17)), the repre-
sentation o of G defined by

0= 0(%1) X 6(Xg) x -+ x §(Xf) X o

is 1rreducible if and only if {Ej}j;l and oD satisfy the following prop-
erties (notation as in (4.18)):

(G1) 6(5;) x 6(%;) and 6(%;) x w’.,6(3;) are irreducible for all 1 <
1FIS

(G2) 5(X%;) x o' s irreducible for all 1 < i < f.

Proof. For the first part of (G1), if §(%;) x §(2;) is reducible for some
i # j, then o is clearly reducible. Also, for (G2), if §(3;) x o is
reducible, then o is reducible. For the second part of (G1), (4.19) tells
us that

0= 0(X1) % X (D)1) X,y 8 (25) X6 (D41) X - -Xé(Zf)Nw/Ej(Czi-O’(et))

in the Grothendieck group. It now follows that the reducibility of
6(%;) X ! (.y6(3;) for i # j implies the reducibility of o, as needed.
Thus conditions (G1) and (G2) are necessary for the irreducibility of
.

To see that (G1) and (G2) are sufficient, let 7 = L(0(X;) ® -+ ®
§(Xf)®0). Then, 7 = Lsub(w;(et)(S(il)@w;(et)5(22)@9- . -®w;(et)5(2f)®
WE, W, -+ w (Cs,0x, - sy o)) (e.g., [Jan98, Lemma 1.1]). Now,
using (G1) and (G2), and noting that §(%;) x §(%;) (resp., §(%;) x o))

is irreducible if and only if W/ ., 0(2;) x W’ .,)0(2;) (resp., w;(et)é(ii) X
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We,,, - ws (O -0y -o(*M)) is irreducible (see Lemma 3.3 and Re-

mark 3.9), we get

71' ;) w;(et)d(il) >< w;(et)é(EQ) X A X w;_(et)é(if)
MWy, Wi, - wis (O Cxy O o)

1%

MW, W, - W (O 0y - Oy o)

I

W (e 6(S2) X - X W 6(Sf) X 0(%4)
MW, o wy (e, Oxy olet))

5(21) X w;_(et)é(EQ) >< ctt >< w;(et)(s(if)
MWy, W (e Oy o)

124

. (continuing with 6(2;), 6(X3), ... in succession)

I

§(X1) x 6(Xg) X -+ X 5(8y) x oled).

This induced representation is the standard module admitting 7 as
its Langlands quotient. As 7 appears with multiplicity one in the
the standard module and is both a subrepresentation and the unique
irreducible quotient, we must have irreducibility, as needed. Thus (G1)
and (G2) are also sufficient. O

We now take up the question of when 6(X) x o®¥) is irreducible. As
above, to uniformize the presentation, we retain the notational conven-
tions of Note 3.8, (4.13), (4.14) and (4.18). We note that for a char-
acter x of F*, the corresponding character x o &, of GSping,.1(F),
GSping, (F), or GSpins, ,(F') (see discussion preceding Lemma 3.3)
satisfies

x? for G,, = GSping,1 or GSping, if n > 0,
Wyoe, = § X for Gy, = GSping,41 or GSping, if n =0,
x? for G, = GSpinj, .,
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(e.g., for n > 0, one calculates xo(e;+- - -+e,+2e9)(d(1,...,1,ap))see
§3). In particular, if £ = e(c(?), 8 = B(c(¢?), and o®¥ a representa-
tion of G, (F),
(4.20)
Wye0) = ol
vEw, o if Gry = GSpingn,+1, GSping,, with ng > 0
= Vwyo if G, = GSpingy,+1, GSping,, with ng = 0,
V*w, if Gy, = GSpini, o
= 1/25000(0).

THEOREM 4.24. For ¥ = [, v71¢] and o) as above (satisfying
(4.17)), 6(X) x ¢V is irreducible if and only if the following hold:

(G3) 0(X)xd(;) and w;(eg)é(i)xé(\lfj) are irreducible for all1 < j < ¢
(where W is given in (4.14) and W' ., in (4.18)), and

(G4) 5(2) x oY is irreducible.

Proof. Let §; = 6(;).
First, suppose (G3) and (G4) hold. We must show 6(X) x o) is
irreducible. Let (see (4.18) for notation)

7 =L0(Z) ® ') = Loup(Wln)0(X); w (cx - o)),
noting w’ ;) = w’ ., by Table 2 and (4.14). Then,

T w1 0(8) X 81 X - X 6 X wh(es - oY)
(using (G3))
S5 X - X Op X Wyen)0(X) X wh(cx - 0l?)
(using (G4))
2§ X e X O X 0(X) 1 o)
(using (G3))
> §(X) X 6y X -+ X 6 X 0(D,

Therefore, m < §(X) x T for some irreducible T' < §; X - - - X &}, x 7(¢?),
We claim T = oY, To see this, observe that

§H () < 0 (6() % T) = i (W d(S) (e T))

By properties of the Langlands classification ([BJO0S]), whd () x wh(cs -
T) is the only term in p*(6(3) x T') of its central character. By unique-
ness of the Langlands subrepresentation data for 7, we must then have
T = o'*Y). However, we now have m appearing as both a subrepresen-
tation and the Langlands quotient in §(X) x o). This contradicts
multiplicity one in the Langlands classification unless 0(X) x o(¢? is
irreducible, as needed.
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Now, suppose (at least) one of (G3) or (G4) fails. We must show
§(X) x o® is reducible.

First, suppose (G3) fails with some §(X) x 9; reducible (the slightly
harder case); without loss of generality, say d(X) x 6;. Note that this
implies 6(2) x 41 is reducible. Write o(¢ < §, x T. Now, suppose
5(X) x ol were irreducible (hence generic) so m = §(X) x o). We
consider 7 = §(X) x 5. By contragredience, we have

T2 (X)) 1@ §(X) x 5(0y) x T
|} (Lemma 4.10)
or

7 Lo(6(2) @ 6(F,)) % T

Noting that 7 is generic (with respect to 9,00 in the unitary or general
unitary case, we must have the former. On the other hand, we claim
that properties of the Langlands classification imply it must be the
latter. In particular, we claim that p*(§(X N W) x (X UW¥,) x T)
contains no terms of the form 6(X)®.... To this end, we make things
more explicit: noting that ¥ = [p= 85, v1783,] (see (4.13)), we have

¥ = [p7WHE €] and Uy = [P 3 v TR
Reducibility requires #; = £ and —w+q < —f—e; < q+1 < —f+e;+1.
Then,

YN, = v v and XU T, = [peteg pitag),
If p*(T) = 3, ki ® 0, then by the p* structures discussed in §3, we
must have
(4.21)
O([p g, vIE]) < 6([™E viE]) x O([wpr €, W HEE) x 8([v2E, vPreg))
X O([wr”2E, Wi TIE]) X Ry
First, observe that since e; — 8 > ¢, we must have x5 = e; — 5 + 1.
Using (4.20), we have
e(wp) =28

for general spin groups. It then follows from (4.17) that e(w;r97"¢) =
qg—w—208 > q, also giving y» = w — ¢ + 1. Further, 5(w}yel+5£) =
e1 — B > q, giving y; = e; + [+ 1. Thus we are reduced to
(4.22) S([v™w e, vE]) < S([v™ €, V€] X Ky

We now argue thatvy_“”qg cannot appear in the right-hand side of
(4.22). First, v~*19¢ cannot appear in 0([v"1&, v9¢]) since x1 > —e; —
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B > —w + q. It also cannot appear in x; as we would have
—w4+q+x —1
2

contradicting the Casselman criterion for the essential temperedness of
T and finishing the argument for the case where the first possibility in
(G3) fails.

Now suppose it is w’ .50 (¥) x &; which is reducible. In this case, we
use

T W 0(8) M wh(esn - oY) = Wl (8) 3 wi(es - (0 x T))
= w;(62)5(2) X (51 X W/E(CE . T)

w
e(ki) = < ) +q <=5,

(see Lemma 3.3, noting wf, trivial for the GSpin cases) and argue as
above.

The proof for (G4) is similar. Here, since (G3) has been addressed
above, we are free to assume (G3) holds but (G4) fails. Then,

Fe (D) X 81 X e x O 5D 2 x e x by x (D) x5,

Write 6(2) x 52 = L(5(2) @ 5¢?)) + >_; @Q;. Note that by the Stan-
dard Module Conjecture, L(5(%) ® ¢¢?) is not generic. Again, by
Lemma 4.10,

T Oy X oo X O X 6(8) 4 5(e?
4
T Oy X o X 0 X L(6(X) ® 6(¢%)
or
7?‘-)51)("‘)((5]{)4@2'

for some i. As above, genericity implies it must be the second, but
properties of the Langlands classification require it be the first. We
again have 7 appearing with multiplicity two in d; x- - - X, xd(2) x5,
giving a contradiction and finishing the proof. U

We now take up the question of when 6(X) x ¢(*? is irreducible.
Write

o =G§(A, ... Ay a0y,

as in (4.11). Again, to uniformize the presentation, we retain the no-
tational conventions (4.18). We also point out that it follows from
Lemma 3.3 that for similitude groups,

(4.23) A % 0l s irreducible < v\ x 09 is irreducible,

with 8 = B(c®?) as in Definition 3.6.
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THEOREM 4.25. For ¥ as above, () x 0°?) is irreducible if and only
if the following hold:

(G5) 0(X2) x 6(A;) and w;(eo)(S(‘Z) X 0(4;) are irreducible for all i =
1,...,k, and

(G6) either (a) 5(X) x o is irreducible, or (b) ¢ = —1+3 (so (€,0)
satisfies (C'1)) and there is some i having 6(4A;) = §([v1TPE, vVPithE])
with b; > —q + w.

Proof. We first address («<). That is, we assume (G5) and (G6) both
hold and show §(X) x (2 is irreducible. We assume it is (G6)(a) which
holds, and comment on the changes needed for (G6)(b) afterwards.
Let 7 < §(X) x 0*? be an irreducible subrepresentation. Then,
(4.24)
T = 6(8) x 6([rur, v 7)) x - x S([vT% T, 7)) X ol
(using (G5))
= (v, vhim)) x - x O([v™ % T, V7)) X 5(E) X o0
(using (G6)(a))
& §([v 7y, v ]) x - x §([vm %7y, vPET]) X w;(eo)é(i) X Wi (ex
(using (Gb))

= w;(eo)é(i) x O([v= 7, vhim]) x oo X S([v %, v 7)) } W (es

e0)

In particular, 7 has a term of the form w’ ., 0(X) ® ¢ in its Jacquet
module. Note that §(X) x (2 = w;(eo)cS(i) X wh (s 0 @) (as W .,y =
W’ oy — see Table 2). From properties of the Langlands classification
([BJ08]), the only term of the form w;(eo)(S(‘Z) ®6 in the Jacquet module
of W .0)0(X) ¥ wh(cs - 0(D) s W’ ) 8(8) ® wh(cs - 0D). Thus 0 =
wh(cx - o)), Now,

T w;(eo)cS(i) X wh(ex - o(e2)
(2
T L6(E) ® 0l?)

as L(6(%) ® ¢(*?) is the Langlands subrepresentation of w;(eo)é(i) X
wh(cs - o). Thus, 7 appears as both irreducible subrepresentation
(from above) and unique irreducible quotient in §(X) x ¢(¢?)| contra-
dicting multiplicity one in the Langlands classification unless we have
irreducibility.

We now discuss the changes needed if it is (G6)(b) which holds. Since
S([v=im,vbin]) x 6([v=%7;,vbi7)]) is irreducible for all i # j—hence
may be commuted while preserving equivalences—we may without loss
of generality assume 7, = £ with a;, = —1 + 8. Then, to produce the

o)

o€y,
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inversion of () of (4.24), first observe that!

o §(rmm, v )) x - x ([T %y, VR ])

xO(['PE vE]) 1 o(0)
(3 (Lemma 4. 10)
o — §([vnr, vhrr]) x X 0 ([ 1Tk_1,ybk*17'k_1]) x 6
[

for some irreducible 6 < §([v' =8¢, vP€]) x o€, By genericity,

= 0([v' 1€, VPl o0 >
Then,

T 5( ) X O([v=" 7, l/blTl]) X oo X ([ %1y, V1T ])

([ 7PE, vl o)y,
(using (G5))

= (v m, ublﬁ]) X oo X ([ %1 _g, vy )
X (8(2) 3 o([v' =€, vl 0(0)y, )
= (v m, ublﬁ]) X oo X ([ %1 _g, vy )

X (], (o 0(3) X whes - 6([V'PE, Vre]; Ny,
by irreducibility (Lemma 4.8 and Lemma 3.3), noting that we have
5([1/1 Beatheliole0), = W’ (o) from Table 3. The rest of the argument
proceeds the same way.
We now turn to (=). First, suppose it is (G5) which fails and it is
d(X) x §(A;) which reduces; without loss of generality, we take i = 1.
Now, observe that by Lemma 4.10,

ol s §(A]) X 5(Ag, ..., Ag; 00,

a

Thus,
§(2) % 0l = §(2) x 6(A1) ¥ 6(Ag, ..., Ag; o)y

the argument now proceeds as in the proof of Theorem 4.24; in partic-
ular, the proof that reducibility of §(X) x 6(;) implies the reducbility
of §(X) x ¢(“®. The case where W (ey0(2) 3 0(4) is reducible is simi-
lar. U

REMARK 4.26. We remark that the results in Theorems 4.24 and 4.25

do not hold if oY and 0*? are not assumed to be the generic subquo-

tients of (4.14) and the induced representation in Proposition /.13. To

show this, consider the case of classical groups and suppose (p, o) satis-

fies (C1/2). Looking at [MT02, Example 14.1.4] and using the notation

there, we note that there are 4 square-integrable subrepresentations of
—2kq+1 2kg—1 —2k3+1 2ky—1

My 2 pv 2 p))xd(v 2 pv 2 p|)xo,

IThis represents a minor correction to the proof of [JL14, Theorem 3.11].
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corresponding to €1, €4, €13, €16. By [Hanl0], the square-integrable generic

representation is the one corresponding to 1. Suppose kz = ko + 1.
2k3z+1

By [Janl8, Lemma 3.2 (1)], v~ 2 p x § is reducible if and only if
e(p, 2ks) = e(p, 2ks), i.e., if e = 1 or ey (but not g4 or e13). One can
construct a similar exzample for tempered representations using [Janl8,
Theorem 4.7].

It remains to address the question of when §(X) x o9 is reducible
(see [Tad98a, Theorem 9.1] and [JL14, Theorem 3.13] for the split clas-
sical groups). Recall that Lemma 3.7 implies 8 = B(c(*)) = (c("),
so w, q satisfy the following (from (4.17)):

w
— —q > D.
5 4 B

THEOREM 4.27. Write 0(¢0 = 15960 gnd set
— { Wy if Gp = GSpingni1, GSPing,, GSpins,, .,

D .
a(® 1 if not,

as in (4.18). For ¥ as above (in particular, requiring § —q > ), we
have 6(%) x a0 jrreducible if and only if the following hold:
(G7) W:,(o)g /'7\_/_/ 67 or

—a + Zsg if (&,00) satisfies (Ca) for o € {0,1,1},
(G8) g+ ¢ { Zso if (&,00) satisfies (CN).

Proof. First, suppose (G7) holds. Let

7 = L(B([v 6, ) © o)

= Luua(B((lo 7V o) © (e 0 )),
where w{, and ¢y are as in (4.18). Then,
(4.25)
T (w0 v I W ) M (en o)

S W VIPE X W VITRITIE ) AR
L ) |
(A);_(()) I/q+265 X w;(O) V‘]+26—1£ X +0e X w;(o) Vq—w+25+1£
Xy—q+w€ X W/Zw,//qﬂui(cfCZ . 0.(60)) V
= V_q—‘rwé- X W;_(()) Vq+26£ X w;(O) yq+25—1£

/ —w42B4+1 ¢, ,— 1,0 0
X oo X wa(o) Vq w428+ 57/ Q+w§ N wEqufwé(CfCE . 0’(6 ))

I

(iterating)
S pmIHWE x pTIrTLE T I X pTIE w o),

By Lemma 4.10, 7 < X x ¢(®® for some irreducible A < p=9+v¢ x
ym T oy T T Ex e A subquotient other than 6([v9€, v™7T%¢])
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would produce (by Frobenius reciprocity) a term of the form v"{® <
w*(m) with  # —g+w, which is not possible. Thus A = §([v~9€, v=97¢])
and

T §([v79E, v TTE]) 3 o0

We now have 7 appearing as both a subrepresentation and the Lang-
lands quotient in &([v2%, v 7%¢]) x 0. As 7 must appear with
multiplicity one, we see that §([v™9¢, v=97%¢]) x o) is irreducible.

Now, suppose it is (G8) which holds; by the argument above, we may
also assume (G7) does not, i.e., that w;(o)g =2 Ifg+pB#£0, % mod 1,
the same argument as above works. The case where ¢ + 8 € %Z but
¢+ #Z amodl (resp., g+ Z mod 1 in the (CN) case) is covered by
Lemmas 4.16 and 3.3. If ¢+ 8 = a mod 1 (or 0 in the (CN) case), the
same basic argument as above also works, but the commuting/inverting
argument in (4.25) is less obvious. To see that v9+20=F¢ x Wi cro®?),
0 < k < w is irreducible, note that by Lemma 3.3,

VIT287k e 5wy epor @O =2 VP (VIHPRE s wh o).
Then, by (G8),we have
+p<—a=q+B-k<—a

implying the needed irreducibility. To see that v9t28=F¢ x p=atte 0 <

k < ¢ < w is irreducible, observe that since ¢ > k£ > 0, we have

—a < % Then,

kE+0—1
2

implying the needed irreducibility.

In the other direction, suppose both (G7) and (G8) fail. Except
when —g + 8 = 0 in the (C1) case, the conditions (EDS1)-(EDS4)
are satisfied. Then §(3; 0(?)),, is an essentially square-integrable sub-
quotient of §(X) x o®® (Proposition 4.13 and the discussion at the
end of §4.3). On the other hand, the conditions on ¢, w are those re-
quired in the Langlands classification; consequently, L(X ® ¢(¢?)) is the
unique irreducible quotient of §(X) x ¢{¢?). Reducibility is then clear.
When ¢+ f = 0 in the (C1) case, we note that the generalized Stein-
berg representation 0([vA+1¢ vt vE]; 0() is generic (Corollary 4.6),
so there is a generic subquotient (necessarily a subrepresentation) of
VPE X §([VPH1e, vPHE]; 0“9, which is essentially tempered but not es-
sentially square-integrable. By genericity and supercuspidal support
considerations, this generic essentially tempered representation must
also be a subquotient of §([v~%, v=7T%¢]) x ). This is cleary dis-
tinct from the Langlands quotient and reducibility follows. O

g+ B < =>qg+26<—qg+/0-—1,
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REMARK 4.28. We used the generic property to keep the proof above
relatively short, but based on known examples (e.g., [Tad98b], [KLM20],
[BJO3]), we expect the same reducibility points when o'**) is not generic.
The above result does not deal with the case ¢+ 3 = 5 (nor can it be
obtained from (4.19)). Again, based on known examples, we expect
reducibility if and only if ¢ = o mod 1 (resp., never in the (CN) case).

NoOTE 4.29. Condition (G8) in Theorem 1.2 is restatement of (G8)
above. In particular, note that by (4.23), the condition (p,0®) (Ca)
corresponds to v*p x 0O having reducibility at x = B + a. It then
suffices to show that for (Ca), ¢+ B & —a + Zso < ta & {—q —
B,—q+1—=p,...,—q+w— B} (noting —a=—q and b = —q + w).

We check this in the most complicated case, namely the (C1) case.
We first note that if ¢+ 8 & Z, both clearly hold. Thus we restrict our
attention to the case where q + 3 € 7.

(=:) Wehave g+ B¢ 1+ Zzg & q+f < -1 1< —q—B. Then
—1 < —q— B as well, so neither +1 € [—q¢ — B, —q+ w — f].

(<): Suppose both £1 ¢ [—q — B,—q — B + w]. Observe that since

—1¢[—q—B,—q— B+w] as well), or equivalently, ¢+ 5 ¢ —1+ Z>y.

5. FUNCTORIALITY FOR QUASI-SPLIT CLASSICAL GROUPS

Let G, = SOan41, Span, SOy, SO3, o, Usni1, Usy, quasi-split classi-
cal groups of rank n. From now on to the end of this paper, we focus on
these groups. We follow [CPSS11] to recall the Langlands functoriality
for GG,, as follows.

(1) When G,, = SOg,41, the L-group is £G,, = Sp2,(C) x Wr with
connected component “GY = Sp,,,(C), and we have the natural
embedding

i: G = Spon(C) x We < GLgyn(C) x Wi = LG Ly,.

(2) When G,, = Spay, the L-group is LG, = SO3,,1(C) x W
with connected component “G? = SOy, 1(C), and we have the
natural embedding

7 LGn = 502n+1(c) X WF — GL2n+1(C) X WF = LGL2n+1.

(3) When G,, = SO,,, the split special even orthogonal group, the
L-group is *G,, = S0,,(C) x W with connected component
LGY = 50,,(C), and we have the natural embedding

i: LG, = 504,(C) x Wp < GLyy(C) x Wp = *GLy,.
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(4) When G, = SO;, . ,, the quasi-split non-split special even or-
thogonal group, the L-group is G, = SOs,,5(C) x Wp with
connected component “G% = SO,, 5(C). Here the Weil group
acts through the quotient Wrp/Wg = Gal(E/F) which gives
the Galois structure of SO3, _,, write the quadratic extension
as E = F(y/e). More explicitly, let h € Oq,4o be any ele-
ment of negative determinant, then for the non-trivial element
o € Gal(E/F), it acts on G by o(g) = h~'gh. Choose an
L-homomorphism

€ : WF — 02n+2(C) X WF — GL2n+2(C) X WF,
which induces the isomorphism
WF/WE — GCLZ(E/F) = 02n+2(C)/SOQn+2(C),

i.e., ¢ factors through Wr/Wg = Gal(FE/F) and sends the non-
trivial element o to h x 0. Write € as {(w) = ¢'(w) x w with
&' (w) € Og,12(C). Then we have the following embedding

1: SOQn+Q(C) X WF — GL2n+2(C) X WF,

given by i(g x 1) = g x 1,i(1 x w) = &(w) = '(w) x w, where
g € S09,.5(C) and w € Wg.
(5) When G, = Uspq1r = U(Jj,4,), the odd quasi-split unitary
1
-1

group, where Jj, | = . , the L-group

-1
1
is LG, = GLg,11(C) x Wr with connected component 'GY =
GLs,11(C). Here the Weil group acts through the quotient
Wg/Wg = Gal(E/F) which gives the Galois structure of Uy, 1,
write the quadratic extension as E = F(y/e). More explic-
itly, the non-trivial element o € Gal(E/F) acts on *GY by
o(g) = Jokitg ™ Jb, 1. The standard representation of LG, is
C? 1 x C?" 1) where the action of *G? is by (g x 1)(vy, v2) =
(gv1,0(g)ve), and the Weil group acts through the quotient
Wg/Wg = Gal(E/F) with the action of the non-trivial Ga-
lois element by (1 X 0)(v1,v2) = (vg,v1). Then we have the
following embedding

i: "G, > (GL2y41(C) X GLop11(C)) x Wp = "(Resg/pGLapi1),
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by i(g x w) = (g X 0(g)) X w, where on the right hand side, W
acts on G Loy, 11(C) X G Loy, 11 (C) through the quotient Wr /Wy =
Gal(E/F) with o(g1 X ¢g2) = g2 X 1.

(6) When G,, = Uy, = U(J5,), the even quasi-split unitary group,
where J), = (—J J") and J, as in the case of U, 1, the
L-group is 'G,, = GL,,(C) x Wr with connected component
L@Y = GLy,(C). Here the Weil group acts through the quotient
Wg/Wg = Gal(E/F) which gives the Galois structure of Uy,
again, write the quadratic extension as E = F(y/¢). More
explicitly, the non-trivial element o € Gal(E/F) acts on *G°
by o(g) = Jyttg~1J5, . Similar to the case of G, = Up,i1, we
have the following embedding

7 LGn — (GLQn(C> X GLQn((C)) X WF = L(ReSE/FGL2n>’

by i(g x w) = (g X 0(g)) X w, where on the right hand side, W
acts on G Lo, (C) x GLs,(C) through the quotient Wr/Wg =
Gal(E/F) with o(g1 X ¢2) = g2 X ¢1.

Recall from the introduction that N = 2n for G,, = SOs,, 11, Us,,, SOap,
N =2n+2 for G, = 505, .5, N =2n + 1 for G,, = Spap, Usp11. Also
recall that Hy = GLy when G,, = SOz 1, Spon, SO2,, 505, 5, and
let Hy = Resp/pG Ly when G,, = Uy, Us,. We recall Table 1 which
summarizes the cases of funtoriality we will consider from G,, to Hy:

Gn 1 LGn — LHN Hy
SOQn+1 Spgn((C) X WF — GLgn((C) X WF GLgn
Span | SO2m41 X Wp — GL2n+1(C) x Wg GLop11

(C)
SOgn SOQn(C> X WF — GLQn(C> X WF GLgn
SO§n+2 SOQTL+2(C> x Wg — GL2n+2(C) x Wg GL2n+2
U2n+1 GLgn_H (C) X WF — GL;,?_H(C) X WF R6SE/FGL2n+1
Us, GLQn(C> X Wgp — GL;T?((C) X Wg RQSE/FGLQn

6. SURJECTIVITY OF LOCAL LANGLANDS FUNCTORIAL LIFTING
MAPS

In this section, first we carry out the image of the local Langlands
functorial lifting from 19 (G,,) (generic supercuspidal representations)
to Hy following [CKPSS04] and [CPSS11], then using the descent
method as in [JS03], we prove that the rest of local Langlands func-
torial lifting given by Cogdell, Piatetski-Shapiro, Shahidi [CPSS11] is
also surjective. In each case, we write down the corresponding local
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Langlands parameters. To the complete, we provide a uniform proof
for G,,, following [JS03, Liull, JL14].
First, we define

A? it G,, = SO9p+1,

(6.1) R Sym2 %f Gp, = Spon, or SO, or SO;, 5,
Asai it G, = Ugpa1,
Asai ® 0 if G, = Usy;

and,
Sym2 if Gn = 502n+1,

(6.2) R = AT if Gn = Span; o1 SO, 01 5031,
Asai ®¢§ if G, = Ugpaq,
Asai if G,, = Us,.

For symplectic or orthogonal groups, Sym? and A? denote the sym-
metric and exterior second powers of the standard representation of
GL,,(C), respectively. For unitary groups, Asai denotes the Asai rep-
resentation of the L-group of Resp p(GL,) and § is the character
associated to the quadratic extension E/F via the class field theory.
Recall that given 7 an irreducible unitary supercuspidal representation
of Hk, T = 7~', if Hk = GLk, T = 7~'L, if Hk = ResE/FGLk, where the in-
volution ¢ is the nontrivial element in the Galois group Galg,/r. Given
7 an irreducible unitary supercuspidal representation of Hj, such that
7 = 7, we have the following identities:

L(s,7 x1") = L(s, 7, R)L(s,7,R™),
where 7* = 7, if Hy, = GLy; 7" = 7', it H}, = Resp/pGLy.

REMARK 6.1. Assume 0% is an irreducible generic supercuspidal rep-
resentation of G, T is an irreducible unitary supercuspidal represen-
tation of Hy. If L(c'® x 7,5) has a pole at s = 0 (case (C1)), then
L(7, R, s) has a pole at s = 0.

Let ®(G,) be the set of local Langlands parameters for G,, (for a
definition and discussion of the local Langlands reciprocity conjecture,
see [Liull, Introduction] and the references therein). These are ‘G-
conjugacy classes of admissible homomorphisms

Wr x SLy(C) — LG,

where Wr x SLy(C) is the Weil-Deligne group.
Note that when G,, = 50O,,, 503, ,,, we have the embedding

LGn — LGLN.
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Given a local Langlands parameter ¢ € ®(GLy), ¢ : Wr x SLy(C) —
LG Ly, assume that it factors through *G, and ¢ % c¢ within *G,,
where c¢ is the c-conjugate of ¢, here c¢ is the fixed outer automorphism
(see §3). Then ¢ gives two elements in ®(G,,) (see [Art13, Chapter 1]),
which are denoted by ¢ and c¢. To identify ¢ and c¢ in this situation,
let ®(G,,) be the set of c-conjugacy classes of ¢ € ®(G,,). Write ¢ = co.
Note that for any ¢ € ®(G,,), if ¢ 2 ¢¢, then they automatically have
the same twisted local factors since they come from the same local
Langlands parameter ¢ € ®(GLy). Define the twisted local factors

of ¢ to be those of ¢. From now on, we use the notation 5(Gn), and
when Gn = SOgn+1,Sp2n, U2n+1, UQn, (I)(Gn) = (I)(Gn), (b = qb When
convenience, write G = G,,.

6.1. Supercuspidal generic representations. Let I1*9(G,,) be the
set of all equivalence classes of irreducible generic supercuspidal repre-
sentations of G,. Let I1% )(H ~) be the set of all equivalence classes of
irreducible tempered representations of Hy(F') of the following form:

(63) Ty X Tg X =+ X Ty,

with central character y being trivial when restricting to F™* except
when G, = 503, ,, in which case it is the quadratic character 7.
associated to the square class € defining G,,. Here for each 1 < i < r,
7; is an irreducible unitary supercuspidal representation of H,, (F’) such
that 7 = 7, L(7;, R, s) has a pole at s = 0, and for ¢ # j, 7; 2 7;.

Cogdell, Kim, Piatetski-Shapiro, Shahidi [CKPSS04, CPSS11], and
Kim, Krishnamurthy [KK04, KKO05], constructed the following local
Langlands functorial lifting map:

THEOREM 6.2 (Cogdell, Kim, Piatetski-Shapiro, Shahidi, Krishna-

murthy). There is a map | from T169(G,,) to TISY (Hy) and it preserves
the local factors:
L(oc x 1,5) = L(l(0) x 7,5),
e(o x1,8,9) =€e(l(o) x 1,8,1),
for any o € TI®9(G,,) and any irreducible generic representation T of
Hi(F) (k any positive integer).

The following theorem, which is one of the main ingredients of the
results in this section, shows that the map [ in Theorem 6.2 is surjec-
tive. Arthur [Art13] and Mok [Mok15] proved this result using the trace
formula method and the global descent result of Ginzburg, Rallis and
Soudry [GRS11]. Jiang and Soudry [JS12] (for G,, = SOsp41, Span, SOay,
S0O3, .5), Soudry and Tanay [ST15] (for G,, = Us,), constructed the lo-
cal descent map from irreducible supercuspidal representations of Hy
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to irreducible supercuspidal representations of G,. The generaliza-
tion of the descent map from irreducible supercuspidal representations
of Hy to representations of the form in (6.3) is straightforward for
G, = SOs11,Span, SOy, 805, ., but for G, = Us,, further work
may be needed.

THEOREM 6.3 (Arthur, Jiang-Soudry, Mok, Soudry-Tanay). For G,, =
SOsn+41, Span, SO2y, SO, o, Uspi1,Usn, The map I in Theorem 6.2 is
surjective.

REMARK 6.4. Foro € IC9(G,,), assume 7y X Ty X - - X T, € H,(fg)(HN)
is the lifting of . Then it is clear that L(o X 7;,8) has a pole at s = 0,
1 <i <r. Therefore, by Remark 6.1, each pair (1;,0) must be of (C1).

We have the following proposition about lifting images of ¢ and co
when o % co € T1¢9(G,,).

PROPOSITION 6.5. If 0 2 co € NE9(G,), then I(0) = I(co) €
159 (Hy). In particular,
L(oc x1,8) = L(co x 1,5),
e(o X 7,8,1) = €(co X T,8,1),
for any irreducible generic representation T of Hy(F'), where k is any

positive integer.

Proof. The proof is similar to that of [JL.14, Proposition 4.4] which is
omitted here. O

Next, we figure out the corresponding parameters of irreducible su-
percuspidal generic representations of G, (F'). We need to recall the
following result.

THEOREM 6.6 ([Henl0O, CST17, Sha20]). The local Langlands reci-
procity map r for Hi(F') has the following property:

7((?7 R7 S’ ¢) = fy(r(qb)’ R7 87 w)’
for any local Langlands parameter ¢ € ®(Hy).

Asin [JS03] and [Liull], using the above result, we have the following
proposition.

PROPOSITION 6.7. Assume T is an irreducible supercuspidal represen-
tation of Hy(F) having local Langlands parameter ¢ (which is an irre-
ducible admissible k-dimensional complex representation of Wg) such
that 7 = 7. Then L(1, R, s) has a pole at s = 0 if and only if L(¢, R, s)
has a pole at s = 0.
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Proof. By definition
L(t,R,1—5)

v(7, R, s,1) = €(7, R, s,) - L R.s)

If the local L-function L(7, R, s) has a pole at s = 0, then the gamma
function (7, R, s, %) has a pole at s = 1. Hence by Theorem 6.6, the
gamma function (¢, R, s,1) also has a pole at s = 1. Since we also
have

1 1 L(¢7 R7 I— S)
) R7 S, = €\9, R7 S, T T A N
V(o V) =e(¢ ) L0 R.5)
the L-function L(¢, R, s) has a pole at s = 0. Similarly we can prove
the other direction. This completes the proof. U

Given a local L-parameter ¢ of G, for convenience, if L(¢, R, s) has
a pole at s = 0, then we say ¢ is of type R; if L(¢, R™,s) has a pole at
s = 0, then we say ¢ is of type R™.

Let ®(9(G,,) be the subset of ®(G,,) consisting of all parameters of

type
¢ = @ Gi

with the properties that:

(1) ¢;’s are irreducible self-dual (resp. self-conjugate-dual in the case
of unitary groups, see [GGP12, Section 3|) representations of Wg, and
6% 6 if i #

(2) for each i, L(¢;, R, s) has a pole at s = 0.

Note that for any ¢ € ®(G,), det(¢) is trivial except when G, =
S03, 40, in which case it is the quadratic character 7. associated to the
square class € defining G,,. N
Let ®9(G,,) be the image of ®©9(G,,) in ®(G,). As a consequence
of Theorem 6.3 and Proposition 6.7, we have the following result for
irreducible generic supercuspidal representations of G

THEOREM 6.8. There is a surjective map ¢ from I169(G,,) to the set
®69(G,,) and it preserves the local factors:

L(oc x 7,5) = L(t(c) @ (1), 5),
(o x 1,8,1¢) =e(lo) @r (1), s, ),

for any o € IG9(G,,) and any irreducible generic representations T of
Hy. (F), with all k, € Zwy. Here, r=(7) is the irreducible admissible
representation of of Wg X SLs(C) of dimension k, which corresponds
to T under the local Langlands reciprocity map for Hy_ .
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REMARK 6.9. Note that as mentioned at the beginning of this section,
for any ¢ € &5(6’”), its twisted local factors are defined to be those of ¢
(a representative of ¢).

Also note that by Proposition 6.5 and Theorem 6.8, if 0 % co €
1169 (G,,), then they have the same lifting image and the same twisted
local factors.

6.2. Square-integrable generic representations. First, we recall
the classification of square-integrable generic representations of G,,(F")
given in §4.3.

Let P’ be a finite set of irreducible supercuspidal self-dual (or self-
conjugate-dual in the case of unitary groups) representations 7 of Hy,_(F').
Assume that for each 7 € P’, there is a sequence of segments

(6.4) Di(1) = [o™ %D %M 7] i = 1,2, e,
satisfying

(6.5) 2a;(7) € Z and 2b;(7) € Z>,

and

(6.6) a1 (1) < by (1) < az(1) < ba(7) < -+ < (1) < b (7).

Let ¢(© be an irreducible supercuspidal generic representation of G,/ (F).
Assume that

(DS1) if (7,0®) satisfies (C1), then —1 < a;(7) € Z ~ {0}, for
I1<i< e

(DS2) if (7,0®) satisfies (CO), then a;(7) € Zs, for 1 < i < e;;

(DS3) if (7,0®) satisfies (C3), then a;(1) € —3 4 Zsq, for 1 <i < e
(DS4) if (7,0©) satisfies (CN), then a;(7) € Zs, for 1 <i <e,.
Then the unique generic constituent of

(6'7) (XTEP’ X§;1 5(Dz(7'))) X O'(O)

is square-integrable. Assume that the (6.7) is a representation of
G, (F). Then every square-integrable generic representation of G,,(F")
can be obtained this way for a unique set consisting of a finite set
P’ segments {D;(7)|1 < i < e,,7 € P'} and a unique generic super-
cuspidal representation o), satisfying conditions (6.5), (6.6), (DS1) -
(DS4).

Recall that we say (7,0”) satisfies (Ca), where o € {0, 4,1}, if
v*7 % 00 reduces, and v*P7 x ¢(©) is irreducible for all |3| # a. We
say (7,00)) satisfies (CN) if 7 = 7, k, is odd, and co® 2 ¢(©. By
[Sha90a, Sha92, ACS16], we know that our (7,0®) must satisfy one of
(Ca) or (CN), and the followings hold:
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(1 (1,0©) satisfies (C1) if and only if L(c(® x 7,s) has a pole at

( (7,0@) satisfies (C0) or (CN) if and only if L(7, R, s) has a pole
at s =0, but L(c® x 7, 5) is holomorphic at s = 0;

(3) (7‘, o) satisfies (C1) if and only if L(r, R™,s) has a pole at
s=0.

Therefore, for convenience, we rephrase conditions (DS1) — (DS4) as
follows:
(DS1") (C1), if L(c® x 7,5) has a pole at s = 0, then —1 < a;(7) €
7~ {0}, for 1 <i<ey;
(DS2') (C0) or (CN), if L(7, R, s) has a pole at s = 0, but L(c(® x 7, 5)
is holomorphic at s = 0, then a;(7) € Z>o, for 1 <i < e,;
(DS3) (C3), if L(, R~ s) has a pole at s = 0, then a;(T) € —3 + Zx,
forl1 <i<e,.

Let 1% )(H ~) be the set of all equivalence classes of irreducible tem-
pered representations of Hy(F') of the following form:

(6.8) o([v™™ 7, v™m]) X ([v ™21, V™2 1)) X - - - X O ([ ™ T, VT,

with central character x being trivial when restricting to F* except
when G, = SO3, ,,, in which case it is the quadratic character 7. associ-
ated to the square class e defining G,,. Here the segments [v~="™"i7;, v 7;]
are pairwise distinct, 7; =& 7;, and satisfy the following properties for
each 1
(1) if L(7;, R, s) has a pole at s = 0, then m; € 1 + Z>o;
(2) if L(7;, R, s) has a pole at s = 0, then m; € Z>.

Then we have the following theorem which is analogous to [JS04,
Theorem 2.1], [Liull, Theorem 4.8], and [JL14, Theorem 4.8].

)
0;
)

THEOREM 6.10. There is a surjective map | (which extends the one
in Theorem 6.3) from I1199)(G,,) to Hf:dg)(HN) and it preserves the local
factors:

(6.9) Lo x7m,s)=L(l(0) X 7, s),

(6.10) e(oxm s,9)=¢(l(o) x7,s,1),

for any o € 119 (G,,) and any irreducible generic representation @ of
any Hy(F), k € Z~o.

Proof. This map has already been given by Cogdell, Kim, Piatetski-
Shapiro, and Shahidi (see [CKPSS04] and [CPSS11]), so it suffices to
prove the surjectivity. That is, given a p € I1(%) (Hy(F)), to construct
a o, € I1%)(G,) such that p =1(0,) and (6.9), (6.10) hold.
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We follow the idea as in [JS04]. Let I1¢**)(H},) be the set of equiv-
alence classes of irreducible supercuspidal representations 7 of Hy(F)

(k € Z~o) such that 7 = 7. Given p € fodg)(HN), let
P(p) == {r e I®*(H,)|L(p x 7,5) has a pole in R, k € Zy}.

Then P(p) is finite. For 7 € P(p), we list the real poles of L(p x 7,s)
as follows

(6.11) g (T) < -+ < —ma(T) < —ma(7) < 0.

Put d, = 0 if L(p x 7, s) is holomorphic for 7 irreducible supercuspidal
(1 = 7 or not). We consider the following subset of P(p):

A(p) = {7 € P(p)|L(mi, R, s) has a pole at s=0, and d is odd},
B(p) = {1 € P(p)|L(7, R, s) has a pole at s=0, and d; is even},
C(p) ={r € P(p)|L(m;, R, s) has a pole at s=0}.

Here R and R~ in the L-functions are defined in (6.1) and (6.2). Then
P(p) = A(p) U B(p) U C(p).

Further, if 7 € A(p) U B(p), then {m;(7)}%, C Zy; if 7 € C(p), then
{mi(T)}z, C § +Zso.

Observe that for 7 € A(p), d, is odd and the central character w,
is quadratic on F*; for 7 € B(p), d, is even and the central character
w, is quadratic on F*; for 7 € C(p), L(1, R™,s) has a pole at s = 0
which implies that the central character w, is trivial on F*. Hence, the
following character is trivial on F™*:

I o IT o I

TEA(p) T€B(p) TeC(p

Therefore, the representation X.ca(,)7 is a representation of Hoy(F)
with central character yo, which is trivial when restricting to F™* ex-
cept when G, = SOj, . ,, in which case it is 7,, k is an integer,
2k =5 . A(p) k., where k. is so defined that 7 is a representation of
Hy (F). Since for 7 € A(p), L(1, R, s) has a pole at s=0, by Theorem
6.3, there exists an irreducible supercuspidal generic representation o®)
(not necessarily unique up to equivalence) of G (F'), such that

(6.12) o) = X eapmT
on H.(F).
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Let
Ao(p) = {7 € A(p)|d; = 1 and my(7) = 0},
(6.13) Ai(p) = {7 € A(p)|d, > 3 and my(1) = 0},
Az(p) = {7 € A(p)lma(7) = 1}.
Then they form a partition of A(p). For 7 € Ai(p), let
(6.14) A1) = 0([pr 2D pmaini(r]) =12, .., d72— 1;

for 7 € As(p), let
(6.15)  Ao(7) = 6([vr, v™ 1)), Ay(1) = 6([v~ ™2 p, 2 (D)),

For 7 € B(p), let
d,

(6.16) Ai(r) = §([pma 1O ym2Mr)) =12, ... -

Similarly, for 7 € C(p), if d, is odd, let
(6.17)  Ap(7) = 5([V%T, v Ay (1) = ([ me (D, pmeia (7))

i:1,2,...,d7_1.
2
Finally, for 7 € C(p), if d. is even, let
(6.18) Ay(r) = §([p e O ymar]) = 1,2, %.

We now define

{1,2,...,‘172_1}, in case (6.14);

J.=1¢ {0,1,2,..., %=1 in cases (6.15), (6.17);

2
{1,2,..., &}, in cases (6.16), (6.18).

and let o, be the unique irreducible generic constituent of

(6.19) (Xrep(p)ao(e) Xjet, (7)) x 0,

where possibly ¢® = 1 ® ¢. Observe that o, is a representation of
G,(F). It is now easy to see that the sequence of segments in (6.14)-
(6.18), together with 0@ satisfy (DS1')-(DS3'), hence o, is square-
integrable.

Next we will show that formula (6.9) and (6.10) hold for the pair
(0p, p). First, we show that

(6.20) Y(op, X 7, 8,9) = y(p X 7,5,1),
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for all irreducible generic representations m of Hy(F') with all k € Z~,.
By the multiplicativity of twisted gamma functions ([Sha90b)), it is
enough to show (6.20) for supercuspidal representation m, see also
[CKPSS04, Lemma 7.2].

Since o, is a constituent of (6.19), using Theorem 6.3 and the fact
that [(0©) = X,ca(,)T, we have

Y(o, X 7, 8,1)

=1 I T xms,0y(A(n) xm,s,¢)

TeP(p)~Ao(p) 1€
cy(0® x 7, 5,1)
=1 JI I xms,9)r(A(n) xms,)

TEP(p)NAo(p) j€J+

. H Y(T X 7, 8,1).

TEA(p)

(6.21)

We split the product (6.21) into the following five terms

1): Thcagp 2(T x 7, 8,9),
(2)i: HTEA VT X708, 0) T e, V(A7) X 7,8, )7 (A (7)Y X, 8, 9)),

1,2,
3)s: HTGB(p) [Tjes, 7(A5(7) X m,8,9)7(A;(7)" X 7, 5,9),
Joi reoi er 71(B85(7) x w8, 0)7(8y(7) X 0, 5,9)).

Next, we consider y(p X 7, s,1). By the assumption on p, (6.11) and
the multiplicativity of gamma functions ([Sha90b]), we have

Y(p x 7, 8,9)

= TTotol ™ )

- HHv v ) 7).

TEP(p) 1=

(6.22)

It suffice to show that the product in (6.22) consists of exactly the
factors which appear in the five products above.

Note that each term in the product (1) appears in (6.22) since for
T € Ag(p), we have d, =1 and my(7) = 0.

For the induced representation

Aj(1) x Ay(7)",
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by the multiplicativity of twisted gamma functions, we have

Y((A5(r) x Aj(7)7) x m,8,90) = Y(A;(7) X 7,8, P)y(Ay(7)" x 7,5, 0)

for j > 1.
We consider two cases. In the first case the representation A;(7)
appears in (6.14), (6.15), (6.17), where

Aj(T) X A_j( ) 5[ —mg; (T 7- pm2i+1(7) ] % 5[ m2j+1(T)7-’ Umzj(T)T].

By [Zel80], we know that if D;(7) is a segment, then the unique generic
constituent of the representation §(D;(7)) x §(D;(7)Y) is

S(D;(T) N Dy(1)Y) x §(Dy(7) U Dy(1)Y).
So the unique generic constituent of the representation A;(7) x A; (7)Y
is
5([V—m2j(7')7_’ M2j (T)T]) % 5([V—m2j+1(T)T’ Vm2j+1(f)7-])'
By multiplicativity of gamma functions,
(6.23)
Y((Aj(7) x Aj(7)Y) x 7, 5,1))
=y (6([r™a D ™2 7)) % w5, )y (8 (™2 D e (7)) x5 ah).

In the second case the representation A;(7) appears in (6.16) and
(6.18), similarly, we have

(6.24)
(A (1) x Aj(1)7) x 7,8, 9)
= 7(5([1/_”"”23’1(7)7', Vm2j*1(7)7']) X T, 8, w)fy(é([y_mQj(T)T, Vm2j(T)T]) X T, 8,1).

By (6.23),
(6.25)

[T 2 xmsw) [T v(A5(r) x 7, s,90)9(A(7)" x 7, 5,9)
T€A1(p) €I~

= ]I WTXWSIDHW 70" O7]) X 7,5, 0)
T€A1 )

= 11 ny v O O]y X s, ).
T€A(p) k=1

So, the product of type (2); appears in (6.22).
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Similarly, by (6.24), the product of type (3)p appears in (6.22), and
also the following part of (4)c appears in (6.22)

IT T 2500 x 7, s, 0)7(25(r)" x 7, 5,9)

TeC(p) j€J-
dr even

= ]] HV 7,V 1]) X s, 1h).

TeC(p) i=
d, even

(6.26)

The product (2)s can be treated as in (6.25), except that we still
have to consider that j =0 and 7 € A2( ) in (6.15), where

Ao(T) X Ao(7)Y x 7 = S[ur, v™ 7] x [v~™ 7 v~ 7] x 7.
By [Zel80], the unique generic constituent of this representation is
S~ g M),
So,

7(7— X T, S, ¢)7(A0(T> X T, S, w>7(A0(T)V7 S, w>
= (6™ ™) X 7 s, ).

By (6.23) and (6.27), for j > 1

(6.27)

(6.28)
HywastW ) X 7,8, V)Y(A;(1)Y X 7, 8,9)
TEA2(p) JEJ -

dr
H (O™ 7 ™ ] x W,S,@D)Hv(é[v_mi(ﬂﬂ ™7 X 7, 5,1))
i=2

T€A2(p)
H Hv —mi(m) ml(T)T] X T, 8,).
€A (p) i=1

Therefore, the product (2), appears in (6.22).

The product of type (4)¢ with d, odd can be treated similarly to the
last case and to (6.28). We only have to consider j = 0 and 7 € C(p)
n (6.17), where

No(7) X Do(7)" = 5[0%7, ™ 1] x §pm™ 7 v_%T].
By [Zel80], the unique generic constituent of this representation is

5[21_’”1(7)7', vml(T)T].
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As in (6.26) and (6.28),
IT TIQ500) x 7s,0)7(A(r)" x 7, 5,%)

T€C(p) JE€EJF

dr odd
(6.29) d-
= H (™™ ™M) X s, ).
r€C(p) i=1
dr odd

Multiplying (6.26) and (6.29), we see that (3)¢ appears in (6.22). Since

P(p) = A(p) U B(p) U C(p),

the identity (6.20) is now proved.
Since both o, and p are tempered, by [Sha90a], see also [CKPSS04],
[CS98] and [JS04], we know that (6.9) and (6.10) follow from (6.20). O

REMARK 6.11. Note that if p® = 1(c®)), then the Ay(p?) = {r €
P'(c@)|(1,0©) satisfies (C1)}, see Proposition 4.13 for the definition
of P'(c®).

Next we generalize Theorem 6.8 to I1(99)(G,,). Let ®@(G,,) be the
subset of ®(G,,) consisting of all the local Langlands parameters of type

¢ =P ¢ ® Sam,+1,

where the ¢;’s are irreducible self-dual (resp. self-conjugate-dual in
the case of unitary groups) representations of Wy of dimension k,,, the
Som,+1’s are irreducible representations of S Ly (C) of dimension 2m;+1,
and they satisfy the following:

(1) for each i, ¢; ® Sy, 41 is irreducible and L(¢; & Sam, 11, R, s) has
a pole at s = 0;

(2) ¢i ® Som,+1 and ¢; @ Sop, 41 are not equivalent if i # j;

(3) the image ¢(Wp x SLy(C)) is not contained in any proper Levi
subgroup of 'G,,.

The local Langlands parameters in ®@(G,,) are called discrete. Let
®@(@,) be the image of ®@(G,) in ®(G,). The following theorem
is analogous to [JS04, Theorem 2.2], [Liull, Theorem 4.9], and [JL14,
Theorem 4.10].

THEOREM 6.12. There is a surjective map ¢ (which extends the one in

Theorem 6.8) from 11W9(G,,) to the set ®D(G,) and it preserves the
local factors:

(6.30) L(o x 7,5) = L(t(o) @ r~1(7), 5),
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(6.31) elo x1,8,9) =e(loc)@r (1), s,v),

for all o € T1'99(G,,) and all irreducible generic representations T of
any Hy (F), kr € Zwo. Here, r~1(7) is the irreducible admissible rep-
resentation of Wg x SLy(C) of dimension k. corresponding to T by the
local Langlands reciprocity map for Hy_.

Proof. Given o € 11'9)(G,,), by Theorem 6.10, (o) € 119 (Hy) and
has the form (6.8). Let ¢ = r~'(I(¢)), then ¢ € ®D(G,). Define
1(0) = ¢, the image of ¢ in ®(G,,). Therefore, we have constructed a
map ¢ from 119 (G,,) to 215(9)(6'”), which naturally extends the one in
Theorem 6.8. Since [ preserves local factors, so is ¢.

To show that ¢ is surjective, given any ¢ € ®9(G,,), let ¢ € @V (G,,)
be a representative, which has the following multiplicity one decompo-
sition

(6.32) ¢ = €P ¢i @ Som,41,2m; € Lo,

i=1
where each ¢; ® Sy, 11 is irreducible and L(¢; ® Som,+1, R, s) has
a pole at s = 0 for 1 < ¢ < r. So, ¢; is self-dual (resp. self-
conjugate-dual in the case of unitary groups), and it is (conjugate)-
orthogonal ((conjugate)-symplectic, respectively) if and only if So,,, +1
is orthogonal (symplectic, respectively), i.e. if and only if m; € Z.q
(m; € % + Z~, respectively). Hence, for 1 < i <r,
(D1) if L(R™(¢;), s) has a pole at s = 0, then m; € 1 + Z-o;
(D2) if L(R(¢;),s) has a pole at s = 0, then m; € Z~o.
In the case of unitary groups, for the definitions of conjugate-orthogonal,
conjugate-symplectic, see [GGP12; Section 3.

Let 7; = r(¢;) be the irreducible self-dual (resp. self-conjugate-dual
in the case of unitary groups) supercuspidal representation of Hy, o (F),
corresponding to ¢;. By Theorem 6.6, we have
(6.33)

L(R (¢;),s) has a pole at s =0 < L(7;, R, s) has a pole at s =0,

and
(6.34)

L(R(¢;),s) has a pole at s =0 < L(7;, R, s) has a pole at s = 0.
And
7(¢i @ Som,41) = 0[v™"r(¢), v™r(d:)] = O[T, v T

r(¢) = xI_ oo™, ™.

So 7(¢) has the form (6.8), and by (6.33), (6.34) and the conditions
(D1), (D2), the conditions (1) and (2) in the definition of I1199)( Hy)

(6.35)
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hold, i.e., r(¢) € ¥ (Hy(F)). Therefore, by Theorem 6.10, there
exists a square-integrable generic representation o of G, such that

l(c) =7r(¢), and
L(o xr(¢),s) = L(r(¢) x r(¢),s) = L6 ® ¢', 5)

e(o x1(¢'),5,9) = €(r(¢) x r(¢),5,9) = L(¢ © ¢', 5,)
for generic parameters ¢’ for Hp(F) with k € Z-o (i.e., r(¢’) is an
irreducible generic representations of Hy(F)). As a result, ((c) = ¢.
This completes the proof of the theorem. O

REMARK 6.13. Suppose o? € I1'%)(G,,) is the unique generic con-
stituent of (X.cpr X7, 6(Di(7))) x 0@ (possibly o = 1® c) and
o 2 co© . Then, by §4.3, 0@ 2% co® are both in 119(G,,), and
co® s the unique generic constituent of (X,epr X7, 8(D;(7))) x co@.
Note that if (1,09)) satisfies (CB), then so does (1,co®).

By Remark 6.9, Theorem 6.10 and Theorem 6.12, and by the mul-
tiplicativity of local factors (see [Sha90b], [JS12] and [CKPSS04]), in
the above situation, o® and co® have the same lifting image and the
same twisted local factors.

6.3. Tempered generic representations. Let Hgg)(H ~) be the set
of equivalence classes of tempered representations of Hy(F') of the
following form

(6.36) O([r " Ay, "N ]) X O([1"2 Mg, 2 Ng]) X - - x S([v " N p, M Ng]),

with central character y being trivial when restricting to F™* except
when G, = 503, ,, in which case it is the quadratic character 7.
associated to the square class e defining G,,. Here Aj, Ay,... Ay are
unitary supercuspidal representations, and 2h; € Zs(, such that for
1<i< f:

(1) if A\; 2 N, then §([v—"\;, v \;]) occurs in (6.36) as many times
as ([ N, V) = S([v~" N, v \y]) does;

(2)if L(\;, R~,s) hasapoleat s = 0, and h; € Zsq, then §([v="\;, vhi)])
occurs an even number of times in (6.36);

(3) if L(\;, R,s) has a pole at s = 0, and h; € %+ Z>p, then
§([v~hi N, M \]) occurs an even number of times in (6.36).

The following theorem is analogous to [JS04, Theorem 4.1}, [Liull,
Theorem 4.12], and [JL14, Theorem 4.12].

THEOREM 6.14. There is a surjective map | (which extends the one in
Theorem 6.10) from I1%9)(G,,) to Hgg)(HN) and it preserves the local
factors:

(6.37) Lo x7m,s)=L(l(0) X 7, s),
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(6.38) (o xm, s, ¢) =e(l(o) x 7, s,1),

for any o € IW9(G,) and any irreducible generic representation 7 of
any Hy(F), k € Z~o.

Proof. This map has already been given by Cogdell, Kim, Piatetski-
Shapiro, and Shahidi (see [CKPSS04] and [CPSS11]), so it suffices to
prove the surjectivity. That is, given a p € I (Hy(F)), to construct
a o, € 19 (G,) such that p = l(c,) and (6.37), (6.38) hold.

Define the following sets N, W, and R from the factors of the induced
representation in (6.36):

N consists of §([v=hi\;, vhi);]) s with 1 < i < f such that \; 2 i

W consists of 6 ([v=" \;, " \;])'s with 1 <4 < f such that L(\;, R™, s)
has a pole at s = 0, and h; € Z>q, or L(\;, R, s) has a pole at s = 0,
and hl S % + ZZO;

S consists of 6([v ="\, V" \])'s with 1 < i < f such that L(\;, R™, s)
has a pole at s =0, and h; € %+Zzo, or L(\;, R, s) has a pole at s = 0,
and hz c ZZO‘

Note that these sets are taken with multiplicities. Denote by pu;" the
multiplicity of §([v="\;, v")\;]) in (6.36).

By the above definition, for §([v=")\;, V" \;]) € W, pi’ = 2u; is even.
Let

{5([7/_}”1 )‘iv Vhil )\7;1])7 5([V_hi2 )‘iza Vhiz )‘iz])a ) 5([1/_}““ )‘iw Vhiu )\Zu])
be the set of all different elements in W. Let
Trlp) = oy (BN, 4 ]) X o X BN V).

Vo
Wi copies

By the above definition, if 6([v="\;, " \;]) € N, then ([~ )\, v \j]) =
S([v" X, V" X)) € N, and the multiplicities of §([v"\;, 2" \;]) and
S([v~M N, V" \]) are equal. Let {5([v"=1 \,,, 1\, ]), 6 ([v =1\, =1 0\, )),

([, v L)), 0([v e A, 0 AL, ]) ) be the set of different
elements in N.

Let

JN(p) = X;'} 1 (5([1/_th )\zja thj)‘zj']) X X 5([V_hzj)\zj> Vth)\Zj:IZ'

-

P
uzj’ copies

For S, we consider following two cases

Sy = {6([v MM, v N]) € S, |’ = 2u; + 1 is odd},
Sy = {6([v ™™ N, V" N\]) € S, |’ = 2p; is even}.
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Let
{0, v™mnl), - (™7, ™ 7))}
= Ay, VG D), ST A A ) )
be the set of all different elements of Si, and let
(e Y e R (2 N D YR ),

be the set of all different elements of S,. In these two cases, we define
(6.39)
Tsu(9) = X3y (S Ny 0 ) XX B V),

-

~
ey copies

Jsap) = X5 (O Aey A ]) o X 80N, VM9A)

Vv
it copies

Note that in (6.39), twice of the multiplicity of §([v~"* Az i Az;])
is decreased by 1. The reason for doing this is that we want to use
Theorem 6.10.

Then by assumption, the induced representation

641)  pP =) X ) (0 )

is in Hgdg)(Hnu), for some n”. Hence by Theorem 6.10, there exists
o ¢ 1199 (G,»), such that [(c?) = p@.

Let §([v=Pmy, vPrm]) -+ - 6([vPing, vPin,]) be the list of all factors
(with possible repetitions) which appear in Jy(p) x Jw(p) X Jg, (p) %
Js,(p). Define o, to be the unique generic constituent of

(6.42) S(vPy, P ) X -+« x 8([vPing, vPing]) x @,

Then by the discussion in §4.4, o, is in 1149 (G,,).
Next, we show that (6.37) and (6.38) hold. First we show that

/7(0-p X 7T7 87w> = fy(p X ﬂ-v Sv¢)'

Again, by the multiplicativity of twisted gamma functions ([Shad0b)),
it is enough to show this for supercuspidal representation 7, see also
[CKPSS04, Lemma 7.2].

By the multiplicativity of twisted gamma functions, and by Theo-
rems 6.3 and 6.10, for an irreducible supercuspidal representation 7 of
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Hi(F), we have
7(0’p Xm,Ss, w)

d
= [T i) 5,67 (Bl 07 x .5, )
Ty x 7 5,0)

f
= ([T A o)) % 7,5, 0)

= V(p X, S,’QD).

Since 0, and p are both tempered, we can get (6.37) and (6.38) in the
same way. This completes the proof. 0

REMARK 6.15. By Theorem 6.14, for each ¢® € I1¥)(G,) as in
(4.12),

(6.43)
P =1(0W) = 0™ Br, v Bi]) x - x ([ By v Be]) x U0
X 5([V_ecBCv VGCBCD X X 5([V_61617 Velﬁvl])a
which 1s irreducible and generic.

Next, we write down the parameters for representations in I1*)(G,,).
From (6.43), we can see that the local Langlands parameter of ¢ is

(bcr(z) ® @[¢ﬁz X S26i+1 D ¢ﬁi X S26i+1]7
i=1

where ¢y, is irreducible representation of W corresponding to (r(¢pg,))"
under the local Langlands reciprocity map r for general linear groups.

Let ®®(G,,) be the subset of ®(G,,) consisting of the local Langlands
parameters ¢ with the property that ¢(Wr) is bounded. The parame-
ters in @ (G,,) are called tempered. Then we have the following result
that the local Langlands parameters corresponding to representations
in 11%)(G,,) are exactly the tempered parameters. Let ®®(G,) be
the image of ®®(@G,,) in ®(G,,). The following theorem is analogous to
[JS04, Theorem 4.2], [Liull, Theorem 4.13], and [JL14, Theorem 4.14].

THEOREM 6.16. There is a surjective map ¢ (which extends the one in
Theorem 6.12) from T1%9)(G,,) to the set @V (G,,) and it preserves the
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local factors:
L(o x 7,5) = L(t(0) @ r7(1), 5),
e(o x 7,5,9) = e((o) @17(7),5,9),
for all o € I9(G,) and all irreducible generic representations T of
any Hy (F), k, € Zo. Here, r=(7) is the irreducible admissible rep-
resentation of Wr x SLy(C) of dimension k, corresponding to T by the
local Langlands reciprocity map for Hy,_.

Proof. Let o be an irreducible tempered generic representation of G,,(F').
Consider I(o) € 1% (Hy) given in Theorem 6.14. Then ¢ = r~'(I(c)) €
®D(G,). So l(o) = r(¢). Define ¢(o) = ¢, the image of ¢ in ®(G,,).
Therefore, we have constructed a map ¢ from 1@ (G,) to @ (G,),
which naturally extends the one in Theorem 6.12. Since [ preserves
local factors, so is «.

To show ¢ is surjective, given any g; € &D(g)(Gn), let ¢ € @V (G,,) be
a representative. Composing ¢ with the embedding

i:1G, — Hy,

we obtain a N-dimensional representation of Wr x SLy(C). Since the
image of ¢ preserves a non-degenerate bilinear form, so it can be de-
composed into the following form

b= JN'(¢) ® Jw'(¢) ® Js,' (¢) D Js," (¢) ® J2(0),
where each summand is as follows.
IN'(¢) is

(644> JN/(¢) = @ /"L/Zj (¢zj ® S2hzj+1 @ ngj ® Sthj_H),

J=1

with the properties that

(].) 2hz3 € ZZO;

(2) 12, € Z>0 are the multiplicities;

(4) ¢oyy Payy - -+, P, are pairwise non-equivalent irreducible bounded
representations of Wp.

Jw'(¢) is
(645) JW/(¢) = @ 2:U’ZJ (¢ZJ X S2h7;j+1>7

j=1
with the properties that
(].) 2hzj S ZZO;
(2) pi; € Zo are the half of the multiplicities;
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(3) iy, Pin, - -+, ¢y, are pairwise non-equivalent irreducible bounded
self-dual (resp. self-conjugate-dual in the case of unitary groups) rep-
resentations of Wp, such that ¢;; ® S2hij+1/ s are of type R™. That is
for each j, either ¢;; is of type R~ and h;; € Zx, or ¢;; is of type R
and hij S % + ZZO‘

JSz/(¢> is
(6.46) Js,'(¢) = @ 2111, (1, @ S2htj+1)?
j=1
with the properties that
(1) thj c ZZO;
(2) pt; € Zo are the half of the multiplicities;
(3) b1,y brys - -+, Pr., are pairwise non-equivalent irreducible bounded

self-dual (resp. self-conjugate-dual in the case of unitary groups) rep-
resentations of Wr, such that ¢;; ® Sghtj+1/ s are of type R. That is for
each j, either ¢;; is of type R~ and hy; € % + Zxo, or ¢y, is of type R
and htj € ZZO‘

Js, (¢) and Jy(¢) are

T

(647> J51/(¢) @ J2(¢) = @(2/"6553‘ + 1)(¢IJ ® S2hzj+1>7
j=1
(6.48) Jao(9) = @(%j ® San,,+1);
j=1

with the properties that

(].) 2h9€] S ZZO;
(2) pa; € Zso, 2414, + 1 are the multiplicities;
(3) Guy, Puy, - -+ 5 Pa, are pairwise non-equivalent irreducible bounded

self-dual (resp. self-conjugate-dual in the case of unitary groups) rep-
resentations of W, such that ¢, ® Sghxj+1/ s are of type R. We note
that some of the summations in (6.44), (6.45), (6.46) and (6.48), may
be empty.

Let o be the unique irreducible generic constituent of the following
induced representation of G,,(F)

In(o) X Jw (o) x Jg,(0) X Jg,(0) X AR
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where
In(o) = x5 8(v " (s,), v r(¢2,)]) 4,
() = X510 "or(ey,), v w(%)})*m
Tss(0) = X5y 0([v™"r(¢r, ), 1" (¢1,)]) "5,
Ts(0) = X581 (8a,), 07 (6, )]) 475,

and 0® € 11t )(G /) (for some n”) is the one given in Theorem 6.12,
such that y(0?) = Jy(¢). Then o is tempered and generic, and by the
proof of Theorem 6.14, we have that I(c) = r(¢) and

Lo x 7,8) = L(r '(I(0))) @ 77 1(7),5) = L(1(c) @ 7 (1), 5),
(o x7,5,9) =e(r 1 (I(0) @r7H(1),5,¢) = e(lo) @17(7),5,¢),

for all irreducible generic representations 7 of Hy (F'), with all k, €
Z~¢. Here r~1(7) is the irreducible admissible representation of Wr x
SLy(C) of dimension k,, corresponding to 7 by the local Langlands
reciprocity map for Hy . Therefore, ¢ = (o).

This completes the proof of the theorem. O

REMARK 6.17. By §3.3, if o) € H(tg)(Gn) is the unique generic con-
stituent of §([v= By, v 31]) X - ([ 605 V“ﬁ 1) x a® (possibly
o = 1 ® c) and 0® % co?, then o® 2 co® both are in H(tg)(Gn),
and co®) is the unique generic constituent of 5([ B, v B]) X

[V Be, v Be]) > co®).

By Remark 6.13, Theorem 6.14, Theorem 6.16, and the multiplica-
tivity of local factors (see [Sha90b], [JS12] and [CKPSS04]), in the
above situation, o and co® have the same lifting image and the same
twisted local factors.

6.4. Generic representations. First, we make the following defini-
tion which is based on Theorem 1.2 and the classification of generic
representations in §4. Note that 8 = 0 for the groups considered in
this section.

DEFINITION 6.18. Let Gy, = SOapi1, Span, SO2n, SO3, 5, Uspi1, Usy,
quasi-split classical groups of rank n. Let {;Y_, and 0@ be as in
§4.5. Then {Z } _, 18 called a G, -generic sequence of segments with
respect to o® if it satisfies the following conditions,
(1) the segment ¥; is not linked to either ¥; or ¥ for 1 <i # j < f.
(2) for1 <i < f, % and X; are not linked to any segment, which
corresponds to a representation in any of the families

5([1/“”“)7‘, l/bi(T)T]),i =1,2,---,e,,TE P,
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{0([v=B;, v B}]) Your, {6 (v B, v B))1B; # By 1 < j < e}

(3) one of the following three conditions holds,

(3a) & % &; or

(30) there exists T € X', such that 7 = &, ¢; = —1, and there is
some 1 < j <e,, with a;j(t) =—1 and 1 +w; < b;(7); or

(3¢) (&, @) is (Ca) (a = 0, %, 1), but o & {—qi, —q;+1, -+, —qi+
’UJZ'},' (52‘,0'(0)> 18 (CN), but q; ¢ ZZO'
See Definition 4.12 and Proposition 4.13 for the definitions of P' and
X'

Let 1Y (Hy) be the set of equivalence classes of irreducible represen-
tations m of Hy(F') which are Langlands quotients of representations

(6.49) §(21) x - x 8(Zp) x pB x 3(f) x -+ x §(%y),

with central character x being trivial when restricting to F* except
when G, = 503, .,, in which case it is the quadratic character 7.
associated to the square class ¢ defining G,,. Here {Zj};;l are of the
form (4.15), &,&, -+, & are irreducible unitary and supercuspidal,
with possible repetitions, ¢; € R, w; € Zsg, and p® € Hgfg)(HN*), such
that the following hold:

DS —a>%—q@>2>23—q >0
(2) The segment ; is not linked to either ¥; or ¥; for 1 < i # j < f;

(3) The representations 6(%;) x p® and 6(%;) x p® are irreducible
forall1 << f;

(4) Assume & = & and 2¢; € Z, such that if L(§;, R™, s) has a pole
at s = 0, then ¢; € 1 + Z, and if L(§;, R, s) has a pole at s = 0, then
¢; € Z. Then %; is not linked to ;. Moreover, if L(p® x &, s) has
a pole at s = 0 and ¢; € Z, then either (a) —¢; > 2 or (b) ¢; = —1,
& =1 € Ay(p?) and there is some 1 < j < e, such that a;(7) = —1
and 1+ w; < b;(7). See (6.41) for p® and see (6.13) for the definition
of Ay(p®@).

The following theorem is analogous to [JS04, Theorem 5.1], [Liull,
Theorem 4.15], and [JL14, Theorem 4.16].

THEOREM 6.19. There is a surjective map | (which extends the one

in Theorem 6.14) from 1I9(G,) to 1Y) (Hy) and it preserves the local
factors:

(6.50) L(oc x7,8) = L(l(o) x 7, ),

(6.51) eloxm, s,0) =€(l(o) X m,s,v),
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for any o € I9(G,,) and any irreducible generic representation T of
any Hy(F), k € Z~y.

Proof. This map has already been given by Cogdell, Kim, Piatetski-
Shapiro, and Shahidi (see [CKPSS04] and [CPSS11]), so it suffices to
prove the surjectivity. That is, given a p € Hgg)(H ~), to construct a
o, € 1W(G,) such that p = I(c,) and (6.50), (6.51) hold.

Define a representation o, of G as

o t
O'p.—7T1X7T2X"'X7Tf>40'()

where m; = §(%;) and ¢® is the irreducible tempered generic represen-
tation of G,,«(F) attached to p). Now, first we want to prove that o,
is a generic representation of G,,(F), so we have to verify the conditions
in the Definition 6.18.

(1) From the condition (2) in the definition of p € ¥ (Hy), we can
see that the segment ¥; is not linked to either ¥; or i)j forl1 <i#j5<
f, that is condition (1) in Definition 6.18.

(2) For 1 < i < f,if 3; is linked to some segment corresponding to
a representation in any of the families

{87, v D) Y A8 B3, v i) Y5or {8 (™% By, v Bi1) Y5y

which completely determine p®) as in (6.43) and §4.4, then by the
classification theory in [Zel80], we know that the representation 6(3;) x
p® and §(3%;) x p® must be reducible, this contradicts to condition (3)
in the definition of p € Hf:g)(HN). So condition (2) in Definition 6.18
holds.

(3) If & is not self-dual (resp. self-conjugate-dual in the case of
unitary groups), then condition (3a) in Definition 6.18 holds. Oth-
erwise, the condition (4) in the definition of p € I (Hy) holds.
So if L(p® x &;,5) has a pole at s = 0, then either —¢; > 2, i.
e. 1 & {—q¢,—q¢;+1,---,—q + w;}, that is condition (3C1), or
¢ = —1 and & € Ay(p®), that is condition (3b). If L(&, R, s) has
a pole at s = 0, but L(c® x &,s) has no pole at s = 0, then
¢ € Z, and ¥; is not linked to ;. The linkage condition means
+0 € {—q¢,—q; +1,--- ,—q; + w;} or ¢; ¢ Z>o, otherwise, ¥; must
link to ¥;. So, condition (3C0) or (3CN) holds. If L(&, R™,s) has a
pole at s = 0, then ¢; € % +Z, and ¥; is not linked to ¥;, which means
j:% Z{—q,—q+1,--,—q+w;}. Otherwise, 3; also must link to 3;.
So, condition (3C3) also holds.

So, all conditions in Definition 6.18 are satisfied, which means o,
is indeed generic. Next, we have to prove (6.50) and (6.51). By
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[CKPSS04, Lemma 7.2], for equalities of local factors, we only have
to consider twisting irreducible supercuspidal representations of Hy,
with all k£ € Z+.

First, we prove the compatibility of local gamma functions using the
multiplicity of local gamma functions ([Shad0b], [JPSS83]). First we
know that

f
(6.52) v(opxm,s,0) = [[[v(mixm, s, 0)y(7ixm, s,4)y (0" x, 5,4)

i=1
On the other hand, by Theorem 6.14, we know that
oW xm,s,4) = y(pY x m,5,10).

So from (6.52) we get that

(o, X m,8,¢)

f
H T X, 8, )y (7 X w,s,lp)]y(p(t) X T, 8,1)

K( 1) XX 6(Bp) x pW X 8(5g) x - x 3(50)) X 7, 8,1))
= @stw>

for p is the Langlands quotient of representation
5(21) x -+ x 8(Z5) x p x 3(8f) x --- x 5(Xy).
Hence,

(6.53) V(op X T, 8,9) =y(p x 7,5, 9).
Then, we want to prove the equality of local L-factors
L(o, xm,s) = L(p x m,s),

using the multiplicity of local L-factors ([Sha90b], [JPSS83]). First we
have that

f
(6.54)  L(o, xm,s) = [H L(m x 7, 8)L(7; x 7, 8)|L(c™® x 7, 5).

i=1
On the other hand, by Theorem 6.14, we know that

Lic® x 7,5) = L(p" x 7,s5).
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So from (6.54) we get that

L(o, x 7,s)
f
= [H L(m; x w0, 8)L(7%; x w0, 8)|L(p® x 7, s)
i=1

= L((6(21) X - x 6(55) x pD x §(Xf) x --- x 6(51)) x T, 8)
= L(p xm,s)
for p is the Langlands quotient of representation
5(X1) x - x 6(Zf) x pP x §(Xf) x -+ x 6(X).
Hence,
(6.55) L(o, x m,s) = L(p x 7, s),
this proves (6.50).
We can rewrite (6.53) as
L(c, x 71,1 —5)
L(o, x m,s)
Then combining with (6.55), we obtain that
€(o, x m, 8,9) =€(p xm,s,1).
This proves (6.51), hence completes the proof of the theorem. O

L(p x7,1—25)
Lipxms)

€(o, x m,5,1) =e(pxm, s,1)

At last, we assign the corresponding parameters for representations
in 119 (G,,). Let ®9)(G,,) be the subset of ®(G,,) consisting of elements
of the following form:

!
6= 0% & @D (|17 Fr7E) © Sun @ 175171 (E) @ Sy )
=1

where ¢(*) is a representative of 1(c®) for an irreducible tempered rep-
resentation o® of G,,-(F) (n* < n), and the sequence

{5 = [ 9g, v urig M,

is a G,-generic sequence of segments with respect to c® (see Defini-
tion 6.18). Here, ¢ is the reciprocity map given in Theorem 6.16 for
irreducible tempered generic representations in I1¢9)(G,,), r is the reci-
procity map for H,(F'), and |-|* is the character of Wr normalized as
in [Tat79] via local class field theory. Let ®@(G,) be the image of
®W(G,) in D(G,,).

The following theorem is analogous to the result in the last paragraph
of Section 5 of [JS04], [Liull, Theorem 4.17], and [JL14, Theorem 4.17].
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THEOREM 6.20. There is a surjective map ¢ (which extends the one

in Theorem 6.16) from 119)(G,) to ®9(G,,) and it preserves the local
factors:

L(o x 7,5) = L(t(o) @ r7(7), ),
e(o x 7,5,9) = e(u(o) @r7H(T), 5, 9),
for all o € TIY(G,,) and all irreducible generic representations T of any
Hy. (F), ky € Zwq. Here, (1) is the irreducible admissible represen-

tation of Wg x SLs(C) of dimension k. corresponding to T by the local
Langlands reciprocity map for Hy._.

Proof. Given any o € I1¥(G,), by the classification of generic rep-
resentations of G, (F) in §4.5, there exists an irreducible tampered
generic representation 0¥ of G,-(F) and a sequence of segments {3; =
(VT BE;, v LT gj]};;l which is a GG,,-generic sequence of segments with
respect to o) (see Definition 6.18), such that

o =06(X1) X 6(8g) X --- x 6(5;) x o).
Let ¢ be a representative of 1(c®) and let

6= o @@( [+ %7 (&) @ S,

(52) ® Swl+1)

which is exactly r~1(I(0)). Tt is easy to see that ¢ € ®9)(G,,). Define
t(o) = ¢, the image of ¢ in ®(G,,). Therefore, we have constructed a

map ¢ from I19)(G,) to ®9)(@G,), which naturally extends the one in
Theorem 6.16. Since [ preserves local factors, so is ¢.
To show that this map is surjective, take any ¢ € ®9(G,,) and let

= ¢® @@( |7 E) @ S @ [ F 7 (6) @ S )

be a representative, where ¢® is a tempered parameter of G,-. Let
N(t) be an irreducible tampered generic representation of G,,« lifting to
#®. Then the sequence of segments

{5 = [ 9g,v g

is a (I,-generic sequence of segments with respect to o®.
Let
o =0(31) x 6(3g) x --- x §(Xy) x o).
By the classification of irreducible generic representations in §4.5, we
can see that o is irreducible and generic. Hence o € I19(G,,) and
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we can also easily see that ((o) is actually equal to 5 Therefore, ¢ is
indeed surjective.
This completes the proof of the theorem. O

REMARK 6.21. Given any o € I19(G,,), let u(o) = ¢ € DO (G,) and
let ¢ is a representative of ¢. Recall the embedding i : *G,, — “Hy in
§5 (see also Table 1). Form Theorem 6.19 and Theorem 6.20, we can
see that the composition i o ¢ is actually the local Langlands parameter
corresponding to the lifing [(o) of 0.

A local Langlands parameter ¢ € ®(G,) is called generic if there
15 a generic representation in the corresponding local L-packet. From
Theorem 6.20, we can see that ®9(G,,) is actually the set of all generic
local Langlands parameters of G,,(F').

REMARK 6.22. By §4.5, if 09 € I9(G,,) is the irreducible generic
representation T X Ty X --+ X mp x o) (possibly o = 1® ¢) and
o® 2 co® then 09 % co'9, both are in 119(G,), and co'9 is the
irreducible generic representation m X Ty X +-- X Ty X co®.

By Remark 6.17, Theorem 6.19 and Theorem 6.20, and by the multi-
plicativity of local factors (see [Sha90b], [JS12] and [CKPSS04]), in the
above situation, 09 and co'9 have the same lifting image and the same
twisted local factors. We record this result as the following theorem.

THEOREM 6.23. For any o € I19(G,,), if 0 % co, then (o) = l(co),
and (o) = it(co). That is, they have the same lifting image and the
same twisted local factors.

7. REPRESENTATIONS ATTACHED TO PARAMETERS

In this section, as in [JS04], [Liull], and [JL14], we associate an ir-
reducible representation of G, (F') to each local Langlands parameter
¢ € ®(G,,). The key idea is to analyze the structures of local Lang-
lands parameters. The following proposition is analogous to [JS04,
Proposition 6.1], [Liull, Proposition 5.1], and [JL.14, Proposition 5.1].

PROPOSITION 7.1. Let ¢ € ®(G,) be a local Langlands parameter.
Then either ¢ € ®1(G,,), or

(7.1) ¢ =" @ o™,

where ¢ € ®W(G,.) (n* < n) and ¢™ is of the following form
f w, w; ~

(7.2) ¢(n) = <|'|_qi+72¢i ® Suwi+1 D |- TP ® Swl-+1> .

=1
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Here, f € Zso, w1, wa, ..., w5 € Z>0, Q1,G2,---,4f € R, such that ¢; is
an irreducible bounded representation of Wr for 1 <i < f,

Wy Wy wy
_ > 2 > > = — > 0.
5 Q1_2 q2 = =5 qf

|-| is the character of Wr normalized as in [Tat79] via local class field
theory, and ¢; is irreducible representation of Wy corresponding to
r(¢:)Y under the local Langlands reciprocity map r for general linear
groups.

Proof. Given a parameter ¢ € ®(G,,), assume V = CV be the corre-
sponding non-degenerate space of dimension N, with a form <, > which
is (conjugate)-orthogonal or (conjugate)-symplectic (see [GGP12, Sec-
tion 3]).

Let V4 be the direct sum of all irreducible subspaces, which are stable
under the action of Wg x SLy(C) and in which ¢(Wr) is bounded. Let
V5 be the direct sum of all irreducible subspaces, which are stable under
the action of Wgr x SLy(C) and in which ¢(Wr) is unbounded. Then

V=Viel.

First, let us show that both subspaces V; and V5 are non-degenerate
with respect to the restriction of the non-degenerate form <, >. Let
rad(V;) be the radical of (V;,<,> |y;), that is rad(V;) = {v € V;| <
v,w >=0,Vw € V;}. Then rad(V;) is stable under the action of Wr x
SLy(C), since ¢(g) preserves the form.

For any v; € rad(V}), assume that ¢; ® S,, 41 corresponds to an
arbitrary irreducible summand V5" of V5, where ¢; is an irreducible
unbounded representation of Wr. Write

¢ =|-["¢1,

where ¢1'(Wg) is bounded and 0 # ¢t € R. Then, for any vy € V5,
w € Wg,we have

<z, r(wh)(01) >=< gr(w)(ve), 01 >= |wl|" < (1 (w)®id)(vz), v1 > .
Since < vy, ¢1(v1) > is bounded, but |w|" < (¢ (w) ® id)(vq), vy > is
unbounded, so
< ¢2(M)(U2),U1 >= O,VUQ € ‘/2,.
Since v, is arbitrary, we have
< Vg,V >= O,V’UQ S Vy.
Since V5’ is arbitrary, we get

< Vg,V >= O,V’Ug e V.
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Since vy € rad(Vy), we have
<wv,v; >=0,YveV.

Since V' is non-degenerate, v; must be zero. So, rad(Vy) = 0, that is
V) is non-degenerate. Similarly, we can show that is V5 is also non-
degenerate.

Denote by ¢® the sub-representation of Wx x SLy(C) on V4, and
by ¢™ the sub-representation of Wg x SLy(C) on V5. Then following
similar arguments as in [Liull, Proposition 5.1], ¢ € ®®(G,,_,+) and
™ of the form as in (7.2). This completes the proof of the proposition.

O

Let II'(G,,) be the set of equivalence classes of irreducible represen-
tations o of G,,(F') which are Langlands quotients

L6 ® - @ v, @ V),

with central character y, being trivial when restricting to F™* except
when G, = S03,.,, in which case it is the quadratic character 7.
associated to the square class ¢ defining G,,. Here ¢ is an irreducible
tempered generic representation of G,-(F) (possibly ¢® = 1 ® c-for
the definition, see Remark 3.2), x; > x9 > --+ > x; > 0, and 0; is a
square-integrable representation of H,, (F'), for i = 1,2,..., k. Then,
we have the following result which is analogous to [JS04, Theorem 6.1],
[Liull, Theorem 5.2], and [JL14, Theorem 5.2]:

THEOREM 7.2. There is a surjective map ¢ (which extends the one in
Theorem 6.16) from I1'(G),) to the set ®(G,,) and it preserves the local
factors:

Lo x 7,8) = L(t(c) @ 77 (7), 5),

elo x1,5,9) =e(lc)@rHr),s,v),

for all o € 1I'(G,,) and all irreducible admissible representations T of
any Hy (F), k, € Zo. Here, r=1(7) is the irreducible admissible rep-
resentation of Wr x SLy(C) of dimension k, corresponding to T by the
local Langlands reciprocity map for Hy,_.

Proof. Given any o € II'(G,,) which is the Langlands quotient L(v"'0;®
@ V6, @ o®), where ¢® is an irreducible tempered generic repre-
sentation of G- (F) (possibly o) = 1®c), 11 > 29 > --- > 24 > 0, and
J; is a square-integrable representation of H,, (F'), fori=1,2,... k.
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Using the surjective map ¢ in Theorem 6.16, let ¢ = (o) €
&St(Gn) and let ¢ be a representative. Assume that ¢; is the corre-
sponding Langlands parameter for ; under the local Langlands raciproc-
ity map for H,,(F'), fori =1,2,... k. Then let

o =D

Define () = ¢, the image of ¢ in ®(G,,). Then using multiplicativity
of local factors, it is easy to see that the local factors are preserved.
In this way, we construct a map ¢ from II'(G,,) to the set ®(G,,) which
preserves local factors and naturally extends the one in Theorem 6.16.

To prove that this map ¢ is surjective, given any ¢ € ®(G,), let
¢ € (G,,) be a representative. By Proposition 7.1, it can be written
as

60 |9 D .

o=0"@o,

where ¢(*) € 2+ ) (n* < n) and ¢ is of the following form
|

(@

f . w;

6" = D ( T ®@ Sy O[T 2 ® Swm) :
=1

Here, f € Z~o, w1, ws, ..., wf € Z>o, q1,q2, - --,q5 € R, such that ¢; is
an irreducible bounded representation of W for 1 < < f, and

w1 Wao w
—_—— > == > > —L —q;>0.
5 q1 = 9 q2 = =7 qr
By Theorem 6.16, there exists o) € I1%9)(G,,.) such that
(7.3) Wo®) = o0 € D (G,..).

Using the local Langlands reciprocity map r for Hy(F'), define

(7.4 5 = [0~ (61), 0 (@), 1 <0 < f,

Let o be the Langlands quotient of the induced representation
5(X1) X 6(B2) x ...8(%5) x oW,

(possibly ) = 1 ® ¢). Then, it is easy to see that o € II'(G,,) and
(o) is equal to ¢. Therefore ¢ is surjective.
This completes the proof of the theorem. O

REMARK 7.3. When ¢ € ®9(G,,), let ¢ € ®9(G,) be a representa-
tive, which is a generic local Langlands parameter. Then, by definition,
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¢ s of the form

w.
2

Qi__ir_l(éi) ® Swi+1> ;

f
o o P <|'|_qi+717"_1(fi) ® Swi+1 @ |-
i=1

where ¢\ is a representative of 1(o\?) for an irreducible tempered rep-
resentation c® of G« (F) (n* < n) and the sequence of segments

{5 = [ 9g,v g

is a Gp-generic sequence of segments with respect to o®,
Then by the classification of generic representations in §4.5,

O(X1) X 9(Xg) x ...0(Xp) a®

15 1rreducible and generic. The o constructed in Theorem 7.2 is actually
equal to §(%1) x §(82) X ...8(Xf) x o, hence generic. From the
construction in Theorem 6.20, we can see that this o indeed matches
the one constructed in Theorem 6.20 for this generic local Langlands
parameter ¢. Hence, the map v constructed in Theorem 7.2 is a natural
extension of the one constructed in Theorem 6.20.

Therefore, we can conclude that ¢ € ®(G,,) is a generic local Lang-
lands parameter if and only if the representation o attached to ¢ in
Theorem 7.2 is generic.

REMARK 7.4. When G,, = SOs,, 5053, ., if 0 € II'(G,) is the Lang-
lands quotient of the induced representation

5(51) X 8(Xg) X -+ x 8(%f) x o,

possibly 0 = 1 ® ¢ and o) 2 co®, then 0 2 co and co is the
Langlands quotient of the induced representation

5(21) X 6(Xg) X --- x 8(%) x co®.

This matches the local Langlands classification for G,(F) — see [BJO3,
Proposition 6.3 and Section 2].

By Remark 6.17, Theorem 7.2, and the multiplicativity of local fac-
tors (see [Sha90b], [JS12] and [CKPSS04]), in the above situation, o
and co have the same twisted local factors.

APPENDIX A. F-ROOTS

In this appendix, we identify the simple F-roots and coroots for the
similitude groups. In all cases, we take X = {ej,eq,...,€,,60} and
X = {¢é1,8,,...,&n,¢} and indicate the simple roots and coroots. The
data for the corresponding classical groups are obtained by removing
ep and ég.
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i Gn = GSp2n
IT = {e1 —€2,€2 — €3,
II = {& — és,6, — €3,
e GG, = GSO,,
II={er —ez,e2—es,...,en1 —€n 1+ €n — o}
IT= {él — é27é2 - é37 .. -7én—1 — énvén—l + én}
o G, =GSO;3, .,
1?:{61—62,62—63,..
= {6 — &, 60 — ¢35, ..

60}

e, Cp_1 — €p, 26, —
”’7én—1_én7én}

— 60}

) én—l - éna Qén}

<y En—1 7 €En, Ep

o G\, = GSpingpia

II={er—exea—es,.... 601 —€n 0}
H:{él_é27é2_é37“‘7én—1_én72én_
e (G, = GSpingy,
II={er—esea—es,..
[I={¢ —é,é —é3,..

éo}

«y€Ep—1 — €p,Ep—1 + en}
i én—l - én> én—l + én - éO}

o G, = GSpins, .,

IT={e; —es,e5—e3,...
H:{él—ég,ég—ég,...

L4 Gn = GUZn—i—l

[M={e; —ey,69—e3,...
H:{él—ég,éQ—ég,...

L4 Gn = GU2n

H:{el—eg,eg—eg,...
H:{él—ég,ég—ég,...

y€p—1 — enaen}
aén—l - éna 2én - éO}

— 60}

) én—l - éna 2én}

y€n—1 — €n, €

y €n—1 — €En, 2€n - 60}
aén—l - énaén}
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