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PARAMETRIZATION OF THE IMAGE OF NORMALIZED
INTERTWINING OPERATORS

CHRIS JANTZEN AND HENRY H. KiMm

In studying residual automorphic representations, we need
to parametrize the image of normalized local intertwining op-
erators. This has been done by Moeglin in the case of the
residual spectrum attached to the trivial character of the torus
for split classical groups. In this paper, we extend her result to
non-trivial characters of the torus. To do this, we use Roche’s
Hecke algebra isomorphisms and Barbasch-Moy’s graded al-
gebra isomorphisms to reduce to the case of the trivial char-
acter. Along the way, we need to show that Roche’s Hecke al-
gebra isomorphisms are compatible with induction in stages,
construct a generalized Iwahori-Matsumoto involution, and
show that the images of intertwining operators behave well
with respect to the Hecke algebra and graded algebra isomor-
phisms. We note that this also gives a parameterization of the
square-integrable and tempered representations supported on
the Borel subgroup.

0. Introduction.

Let G = G(n) be a split classical group Sp(2n,F), SO(2n + 1,F), or
O(2n, F) over a p-adic field F' with odd residual characteristic (this con-
dition comes from [R]) and T be a maximal torus. Throughout this paper,
we will drop F' in the notation. Let x be a unitary character of T and
p = (a1,b1,... ,as,bs,as+1) be a chain (as41 is only for the cases Sp(2n, F')
and SO(2n + 1, F'); see Definition 3.1). Then p gives rise to a character

N ai—1 a1 —3 7b1—1 as—1 as—3
p — 2 5 2 gy 2 gee ey 2 5 2 gee ey
Cbs—1 asy1—1 asp1 —3 1>

2 2 7 2
If we ignore the ordering, p gives rise to a unipotent orbit O in the dual
group G* = SO(2n+1,C), Sp(2n,C), or O(2n,C). To p, we attach a Weyl
group element wy. In this paper we parametrize the image of the local nor-
malized intertwining operator R(wy, Ap, X)I(Ap, X). We need this result in
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the calculation of the residual spectrum [Ki3|. In addition to the applica-
tion to the residual spectrum, our result has independent interest in that it
parametrizes the square integrable representations which have support on
Borel subgroups, via the generalized Iwahori-Matsumoto involution; actu-
ally it parametrizes tempered representations which have support on Borel
subgroups (see Remark 3.2.4).

In a remarkable paper [M1], Moeglin solved the problem in the case when
X is trivial and p satisfies a certain condition, that is, p € P(O) (see Sec-
tion 2). She showed that R(wy, Ap)I()\p) is semi-simple and its summands are
parametrized by certain characters n of A(O), where A(O) is a finite abelian
group generated by the order two elements o(ay),o(b1),...,0(as),o(bs),
o(as4+1) (we take only distinct ones). If O is a distinguished unipotent orbit
(i.e., a;’s, bj’s are all distinct), then the characters are those which satisfy
n(o(a;)) = n(o(b;)), i = 1,...,s and n(o(as+1)) = 1. We denote by A(p)
the set of such characters. Let Unip(p) be the set of direct summands of
R(wp, A\p)I(Ap). To a unipotent orbit O, she considered a certain set of or-
dered partitions P(O) so that each chain p’ € P(O) gives rise to a certain
character A, which is a conjugate of A,. Let Unip(O) be the union of all
Unip(p) as p runs through P(O). She showed that Unip(O) is the set of irre-
ducible constituents of the principal series I(),) whose Iwahori-Matsumoto
involution is tempered. Then Unip(O) is parametrized by Springer (O),
which is the union of A(p) as p runs through P(O); recall that the Springer
correspondence is an injective map from the characters of W, the Weyl
group, into the set of (O,n), where O is a unipotent orbit of G* and 7 is a
character of A(O). Then Springer (O) is the set of characters of A(O) which
are in the image of the Springer correspondence. Thus Mceglin showed that
Unip(O) is the set of the local components of the residual spectrum attached
to the trivial character of the maximal torus.

The basic approach of this paper is to reduce the problem to the trivial
character case. However, there are a number of non-trivial obstacles, which
we now describe.

First, the basic mechanism we use to reduce from the ramified case to the
unramified case is the Hecke algebra isomorphisms of Roche [R]. The first
basic problem we must deal with is that the representations we are interested
in are not, in general, induced off the Borel, but rather are degenerate
principal series. So, in order to implement our approach, we must establish
that these isomorphisms behave well with respect to induction in stages.
Since such results may be of broader use, we do this in the generality of
[R], not just for the particular classical groups we deal with in the rest
of this paper. In addition, we need to generalize the Iwahori-Matsumoto
involution. (While this has been done in general in [Aul], [Au2], [Sc-St],
these results are done in the Grothendieck group setting; we need to know
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that composition series are respected as well.) Such a generalized Iwahori-
Matsumoto involution can easily be defined using Roche’s isomorphism. But
in order to verify some of the properties we need, we have to establish how
it behaves with respect to induction in stages. Again, this comes down to
showing that Roche’s isomorphisms respect induction in stages. These issues
are addressed in Section 1.

Second, we need to deal with non-trivial unramified quadratic characters.
Moeglin depended on Barbasch-Moy’s results [B-Mo1| which use Kazhdan-
Lusztig’s parametrization of unramified representations and the Iwahori-
Matsumoto involution. However, the technique cannot be extended to non-
trivial unramified quadratic characters. In a subsequent work, Barbasch-
Moy [B-Mo2]| extended their results to non-trivial unramified quadratic
characters, using graded Hecke algebras. We use their graded Hecke algebra
isomorphisms to reduce to the trivial character case. See Section 3.1. Unfor-
tunately, Barbasch-Moy’s results [B-Mo2] are stated for connected groups
and we need them for the disconnected group O(2n). We have stated this as
Assumption 3.1.1. We have no doubt that it is true. However, we were not
able to verify it. Therefore, our results are complete only for odd orthogonal
groups.

Third, we need to remove a restriction on p (see Remark 3.2) for an arbi-
trary chain when x is trivial. Note that an arbitrary chain does not belong
to P(O) in general. But it always comes from the global consideration when
X = X(f1yeeoy b1y ey flly ooy iy 1, ..., 1), where p;’s are non-trivial qua-

——

~~
T1 Tk 0

dratic grossencharacters such that p;, = 1. (See Remark 3.3.) Moeglin’s
argument by induction shows that R(wp, Ay, 1)I()y) is still semi-simple in
the general case and we denote the set of direct summands still by Unip(p).
However, Moeglin’s argument does not work in this case, since the normal-
ized local intertwining operators could vanish. For this, we use the global
method. By considering the iterated residue of the pseudo-Eisenstein se-
ries as in Meeglin [M1], we can show that Unip(p) is contained in Unip(O),
where O is the unipotent orbit obtained by ignoring the ordering in p. Re-
call that Unip(O) is the union of Unip(p) as p runs through P(O) and this
shows that by considering arbitrary chains, we do not get a new component.

Fourth, we need to show that Hecke algebra isomorphisms of [R] and
the graded Hecke algebra isomorphisms of [B-Mo2] commute with the in-
tertwining operators. That reduces us to the case of the trivial character.

More precisely, let p = (a1,b1,... ,as,bs,as+1) and x = x(p1, -5 p1,-- -,
—_——
T1
Wky vy flky Lyeooy 1)y rog oo+ 1 =n, rp > -+ > 1k, p;’s are distinct qua-
———— ——
Tk )

dratic characters. Here k < 3. (Recall that we are dealing with a p-adic field
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with odd residual characteristic and hence there are only three non-trivial
distinct quadratic characters.) Set o = 1. Let G' = G| x -+ x G}, x Gy,
where, for i =1,... )k,

) O(2r;), if G = Sp(2n),0(2n)
! SO(2r; +1), if G=S50(2n+1).

Here we note that G’ is an endoscopic group of G. Then by the Hecke algebra
isomorphisms of [R] and the graded algebra isomorphisms of [B-Mo2], we
get an equivalence of categories

R(G,7(M\ps X)) = R(G', 7' (N, 1)),

where 7(Ay, ) is the infinitesimal character associated to subquotients of
I(Np, x) and R(G, 7(\p, x)) is the category of smooth finite-length represen-
tations of G having infinitesimal character 7(Ap, x). We note that A\, may
be viewed as a character of the maximal split torus of G’ in the obvious way:
If we write Ap = Ap, X -+ X Ap, X Ap, (corresponding to the decomposition
r1+ -+ 1 + 19 = n above), then \p, may be viewed as a character of
the maximal split torus of G;. We show in Section 3.2 that under the cat-
egory equivalence, the image R(wyp, Ay, x)I(Ap, x) corresponds to the image
R(wpys Ap, DI (Ap,) @ - -+ @ R(wpy s Apys 1)1 (Ap,) @ R(wpg, Apy, 1)1 (Ap,). This
reduces us to the case when x = 1. Thus, by matching of the images of
intertwining operators, we see that R(wy, Ap, X)I(Ap, X) is semi-simple. Let
Unip(p, x) be the set of the direct summands. Then under the category
equivalence, Unip(p, x) is contained in the set Unip(O;) X - - - x Unip(Oy) X
Unip(Oyg), where O; are certain unipotent orbits obtained by ignoring the
ordering in p. In particular, the generalized Iwahori-Matsumoto involution
of the elements in Unip(p, x) is tempered.

We let x = 1 and parametrize Unip(p). To each (a;,b;), we can attach
a Weyl group element o4, 5,). Then o, p,) defines a normalized opera-
tor R(0(q,p,)). It defines a homomorphism from the group {id,o(q, )}
into the group of the intertwining operators of R(wy, Ap)I(Ap). This means
the following: For X € Unip(p), let R(o(g,p,))X = n&(a(ai,bi))X. Then
n% defines a character of A(O) such that n% (o(a;)) = n%(o(b;)). Since
Unip(p) C Unip(O), 1% € Springer (O). Therefore we have:

Theorem 0.1 (Theorem 3.4.2). Unip(p) is parametrized by
C(p) = {n € Springer (0) : n(a(a;)) = (o (b)),
i=1,...,s, n(o(ast1)) =1}

Note that if p satisfies the condition (3.1) (that is, in Moeglin’s situation),
then C(p) = A(p) ([M1, Proposition 1.3.3]). In order to apply this theo-
rem to the residual spectrum calculation, let O1, 02 be two distinguished
unipotent orbits in G, G5, resp. (If G = Sp(2n), then G} = O(2r1,C)
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and G5 = SO(2ro + 1,C). If G = SO(2n + 1), then G7 = Sp(2r1,C) and
G35 = Sp(2r9,C). If G = O(2n), then G} = O(2r1,C) and G5 = O(2ry,C).)
Then we get a unipotent orbit Qﬂ G* Ef\combining 07 and Oy. Further
we have canonical embedding A(O;) C A(O). For p; € P(0;), i = 1,2, we
get a chain p; X pg by shuffling the segments in p; and po so that it satis-
fies (3.1), and thus we get Unip(p; X p2). Let Unip(O1,O2) be the union
of Unip(py X p2) as p; runs through P(O;) for i = 1,2. It is a subset of
Unip(O). Then we have:

Theorem 0.2 (Theorem 3.4.3). Unip(O1, O3) is parametrized by
C (01, 02) = {n € Springer (O) : n|4(0,) € Springer (O1),
nla0,) € Springer (O2)}.

This can be easily generalized to an arbitrary character. Let us state
the result on the local components of the residual spectrum attached to an

arbitrary character in order to apply it to [Ki3]. Let x = x (g1, -+, b1, -+ -,
1
ks vy flly Ly 1)y T4+ 1 =mn, 11 > -+ > 1 > 2, pg’s are distinet
—_—— ——
Tk 0

non-trivial quadratic grossencharacters. Let O; be a distinguished unipotent
orbit in G for ¢ =0,1,... ,k, where, for i =1,... ,k,

‘ Sp(2r;,C), if G=80(2n+1),
SO(2ro+1,C), if G = Sp(2n)

Gy = 4 Sp(2rg,C), it G=5012n+1)
O(2r9,C), if G = 0(2n).

. {0(277,@), if G = Sp(2n), 0(2n)

Let p; € P(O;) fori =0,... ,kand p = p1 X---Xpgxpg. Then we can shuffle
the segments in p so that it satisfies the condition (3.1). We still call it p.
For a non-archimedean place v, let Unip(Oy,... , O, Op, xv) be the set of
union of Unip(p1,... , Pk, Po, Xv) as p; runs through P(O;) for i =0,... k.

Theorem 0.3 (Theorem 3.4.10). 1,5, = Unip(Oy,...,0, O, xv) IS
parametrized by

C(01,...,0k,0q,xv) = [Springer (O1) X - - - x Springer (O ) x Springer (Op)],

where [ ] is defined as follows: If p1y, = poy # piv for i =0,3,... ,k, then
we replace Springer (O1) x Springer (O2) by

C (01,02, p1y) = {n € Springer (O) : n|4(0,) € Springer (0;), fori=1,2},
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where O is the unipotent orbit of G5 obtained by combining O1, Oz, where

. _ JO2(r1+12),C), if G = Sp(2n),0(2n)
27 Sp(2(ry +12),C), if G = SO(2n +1).
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1. Hecke algebra isomorphisms and the generalized
Iwahori-Matsumoto involution.

In order to reduce from the case of ramified characters to the case of unram-
ified characters, we use the Hecke algebra isomorphisms of Roche [R]. We
also use these isomorphisms to construct a generalized Iwahori-Matsumoto
involution. (The duality results of Aubert and Schneider-Stuhler are in the
Grothendieck group setting; we need to deal with the composition series
here.) We begin this section by reviewing the Iwahori-Matsumoto involu-
tion and the Hecke algebra isomorphisms of Roche. We then show that these
isomorphisms behave well with respect to induction in stages. This will also
allow us to verify certain properties of the generalized Iwahori-Matsumoto
involution.

For this section, we work in a more general setting. Let G denote the
F-rational points of a split connected reductive group defined over F. In
order to apply Roche’s results, we also assume the residue characteristic of
F satisfies the conditions in [R]. For our applications to Sp(2n), SO(2n +
1), this requires odd residue characteristic. (We note that [Go], or more
generally [Mr], gives similar Hecke algebra isomorphisms which could be
used to extend the results of this section to cover characters of level 0 without
the constraints on the residue characteristic.) Fix a set of positive roots ®*
and a subset of simple roots II. Let

B = Borel subgroup of G
I = Iwahori subgroup of G
K = O — points in G (a maximal compact subgroup)
W = Weyl group of G
W = affine Weyl group of G
¢(-) = length function on W

T = maximal split torus in B
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0(-) = modular function on B.

We may view W C W by identifying W with N(O)/A(O), where N =
Normg(T'). We use Bg, I, etc., if there is more than one group around and
confusion is possible. Set

H(G) = C=(G).

It is an algebra under convolution. If (7w, G,V) is a smooth representation,
we define 7 on H(G) by

r(h)o = /G h(g)m(g)vdg

for all h € H(G),ve V.
We begin by reviewing the Iwahori-Matsumoto involution. First, let us
normalize Haar measure so that |I| = 1. Set 1; = chary. Let

H(G, 1) =11 - H(G) - 11 = {f € H(G)|f(irgi2) = f(9)
for all i1,i0 € I,g € G}.

The Iwahori-Matsumoto involution is an involution of H(G, 17). In order to
describe the Iwahori-Matsumoto involution, we must first discuss the struc-
ture of H(G,1;7). The following description is due to Bernstein-Zelevinsky
(cf. [Lu2]); the classical description is due to Iwahori-Matsumoto [I-M]. As
a vector space, H(G,17) = H(K,1;) ® ©. Now, H(K,1;) has {Ty}, 7 as
a basis, where T, denotes the characteristic function of Iwl. Further, the
multiplication is governed by

T2 = (¢ — 1)Ts + q for s simple
Twlng = Tw1w2 if E(wl) + E(UJQ) = E(wlwg).

© is an abelian subalgebra of H(G, 1) with basis {6;|t € T/T N K}. For t €
T, choose ti,to € T~ = {t € T||a(t)] < 1 for all simple roots a} such that
t = tit;*. Then, 0; = 5%(t)Tt1Ttgl. The multiplication between H(K,1r)
and © is governed by the following: If s = s,, a a simple root,

0 — 05 S
015 = TsOss + (q - 1)#
— Va(w=1)
where & denotes the coroot associated to «. The Iwahori-Matsumoto invo-
lution j : H(G,1;) — H(G, 1) is defined by
J Ty — (_Q)g(w)(Tw—l)_l
j 0 — 07"

for T,, € H(K, 1[), 0, € ©.
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We now discuss Roche’s results [R]. The applications to the representa-
tion theory of G will be discussed later; for now we focus on the results deal-
ing with the structure of Hecke algebras. Fix a character y : TN K — C*.
To the character y, he associates an open compact subgroup J and a char-
acter p : J — C* with p|pnx = x. The pair (J, p) is a type in the sense of
[Bu-K]. Let e, be defined by

1 -1 .

e (g), ifged
ep(g) = {Jl .

0, if not.

Then, e% =e,. Let
H(G,p) =e, -H(G) e,
={f € H(G)|f(j1g72) = p~ " (j1j2) f(g) for all j1,j2 € J,g € G}.

Roche constructs a split connected reductive group H and a finite abelian
group C, which acts on H, such that

H(G,p) 2 H(H,11)&C[C,].
The notation ® is used to indicate that multiplication is governed by
(Tw, ® 1) - (T, @ c2) = T, It (ws) ® €1C2

for wi,ws € H, c1,co € Cy (cf. Section 8 [R]). He also constructs a dis-
connected group H, with H the connected component of the identity in H,
which has H(H, 1;)&C[Cy] = H(H,1y,,). The following example will be of
interest in §3.2.

Example 1.1. Suppose G = SO(2(ro +1r1)+ 1, F) or Sp(2(ro + 1), F), F
of odd residual characteristic. Let u denote a ramified quadratic character
of F** and set x = x(g,...,,1,...,1). (More precisely, it is x|7(o) that is
—— ——
&l o
needed in Roche’s construction.) Then J, = I, and we have the following:
(1) If G = SO(2(ro + 1) + 1), then H(G,py) = H(H,1), with H =
50(27‘1 + 1) X 50(27”0 + 1) = H{ X Hé ) B
(2) If G = Sp(2(ro + 1)), then H(G, py) = H(H,1), with H = O(2r1) X
Sp(2rg) = H x Hy.
Further, if A is an unramified character of T', write A = \; X Ag (with A; the
character of (F'*)™ consisting of the first r; terms of A and \g the character
of (F*)" consisting of the last 79 terms). Then, under the above Hecke alge-

bra isomorphisms, Ind§(\x) is identified with (Indgf(Al)) ® (Indgg(Ao)).

Remark 1.1. Because of the technical difficulties involved in dealing with
disconnected groups, we will not pursue O(2n) in detail in this paper. How-
ever, in order that we may at least indicate what is expected in that case,
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we briefly discuss how to extend Roche’s isomorphisms to get the analogue
for O(2n) of the example above.

Let us continue to assume F' of odd residual characteristic. Let G =
O(2n), G = SO(2n), and X -+ x px1 x --- x 1, where ro + 71 = n. Let

n'g

1 To
H = O(2r1) x O(2rg) and H = S(O(2r1) x O(2r¢)). By Roche’s results,
there is a support-preserving isomorphism of Hecke algebras

T H(G, p) — H(H.1).

We will use ¥ to construct a support-preserving isomorphism of Hecke al-
gebras

U :H(G, p) — H(H,1).

To this end, let ig : H(G, p) — H(G, p) and ig : H(H) — H(H, 1) denote
the obvious embeddings. If we let ¢,, denote the nth sign change (an element
of O(2n)\ SO(2n)) and C = (1, ¢,,), then we have H(G, p) = H(G, p)@C[C].
Similarly, if we let H = SO(2r1) x SO(2r¢) and C' = (1,¢py, Cny CryCn),
C" = (1, ¢pycn), then H(H, 1) = H(H,1)&C[C"], H(H, 1) = H(H,1)&C[C"].
We may then define ¥ by

U:h@lr—igoWoii'(h)®1
h® e, — igoVoig (h)®e., .

The definition of ¥ ensures that it is a support-preserving linear isomor-
phism. We need to check that it also respects multiplication. For this, it is
enough to show that ¢, (if o Woig'(Ty)) =i o ¥oig' (Tt (w))- Since W is

a support-preserving isomorphism, we may write ¥(T,,) = a,,T.,. Then,
cnligoWo ial (Ty)) = awTén(w)

and

iH o E e} Zc_;l (Tcn (w)) = a‘Cn (w)TC/n (w)*

Therefore, it is enough to show that a, = a., (). For this, it is enough to
show that a, = a, () for w € Wy ={w € Wglw-x = x} and w = y €
Y = Hom(Gp,,T). Now, since ¢, - II = II and ¢, - II, = II, (cf. [R, p.
393]), we have {(c,(w)) = £(w) and £y (c,(w)) = £y (w) for w € W, where
¢y =l denotes length taken with respect to II,. Since 2 q_%e(w)
q_%ex(“’)Tl’U, this tells us that a, = ag, () for w € W,. This also tells us
that 6 o ¢, = 6 and 0z o ¢, = 8. Therefore, ¢*@W) = ¢¥en¥) for y € Y+ =
{y € Y|(y,a) >0 for all « € T} (cf. [Ca, Lemma 1.5.1]), and similarly
for ¢, = ¢y. Since ¥ : 5%(y)Ty — 51%(y)Té (cf. proof of Lemma 9.3 [R]),
it follows that a, = a,,(,) for y € Y™, as needed.

Ty —

)
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The following results describe what happens when x is replaced by x .

They will be needed below.

Lemma 1.1. In Roche’s construction, if (J, p) is the type associated to x,

then the type associated to x~ ' is (J,p~1).

Proof. Write (Jy, py), (Jy-1,py~1) for the types associated to X, X1, re-
spectively. The functions fy and f,-1 from Definition 3.3 [R] must be the
same. Therefore, J, = Jy and J,-1 = fo_l must be the same. It is then

immediate from the definitions that p,—1 = (py)~' (cf. [R, Proposition
3.6]). O

Corollary 1.2. H(G, p) = H(G,p~ ') via a support-preserving isomorphism.
(The isomorphism may also be taken to be x-preserving; cf. Section 6 [R].)

Proof. Observe that in the notation of [R], we have &, = &, 1, &, oy =
@, -1, (cf. [R, Definition 6.1]) and Wy = W, -1 (cf. [R, Theorem 4.14]).
Thus, Cy = C, -1, and therefore IT, oy = II, -1 ,¢ (cf. [R, Section 6]). It then
follows that S = 5’2,1 and 2, = Q-1 (also [R, Section 6]). The corollary
is now an immediate consequence of [R, Theorem 6.3]. [l

We now define an involution j on H(H,1;)®C[C,]. For h € H(H,1;),
j(h) is defined as above. For C[C)], fix a character ¢ : C,, — C* with
0? = 1. Then, for ¢ € Cy, set j(e.) = o(c)e.. This extends to an involution
of C[Cy] (trivial if o = 1). We extend j to H(H, 1;)®C[C,] bilinearly.

Proposition 1.3. j is an involution of H(H,17)&C[C)].

Proof. We need to check that j respects multiplication. For hy,ho € H(H, 17)
and ci, c3 € Uy, we have

J(h1 ®ee,) - j(he ®ec,) = a(crc)[i(h1)e1(i(h2)) @ ecyes)
and
J((h @ ec,) - (h2 ®ee,)) = a(cicz)[j(h1)j(c1(h2)) @ ecye,)-

Thus, it suffices to show j(c(h)) = c(j(h)) for h € H(H, 1), ¢ € Cy. Since
the action of Cy on H preserves the set of simple roots of H, hence éy and
Ly, we see that

j(C(Tw)) = (_Q)ZH(w) (Tc(u)*l))_1 = C(j(Tw))
for all w € Wg. Also, since c(6;) = Oc(t), we get
J(c(0y)) = 9(?(3) = c(j(04)),
as needed. O
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We now consider how these restrict to Levi subgroups of standard parabol-
ics. First, if M is a standard Levi of G, we have support-preserving isomor-
phisms

\IIG : H(Gv P) - H(Ha 11>®C[CX] = H(f{’ 1IH)
Wy H(M, pM) I H(L> 1IL)®(C[DX] = H(i’v 1IL)

constructed by Roche. In general, these are not unique. Similarly, let jgr,
resp. jr, denote the Iwahori-Matsumoto involutions for H(H, 1;)Q@C[C,/],
resp. H(L,1;)®C[D,] constructed above. We note the following:

Lemma 1.4. We have D, C C, and may take L to be a standard Levi
subgroup of H.

Proof. First, we check that D, C C,. In fact, we claim that D, = CXOWM.
Recall that

Dy = {w e Wary | w- o, =0}

Now, it is immediate from the definitions that WMX = Wy N Wx and
@AJ’/LX = oy N <I>;. Therefore, if w € C, N Wy, we have w € Wy,
Further, w - ®f = & (since w € Cy) and w - ®py = Pps (since w € Wyy),
implying w - @ij = <I>]T/[7X. Thus, C,, "Wy C Dy. On the other hand,
suppose d € D,. It is automatic that d € W . To show d € Cy N W,
it remains to check that d - ®f = ®f. From the definition of D,, we have
d - (I)X/I,x = o}, M- Suppose a € oF \ iR M- Since @ij = &y N OF, this
forces € @\ @1, As Wy (@*\@L) ®T\®},, wehave d-a € &7\ P},
Thus, d-a € (@T\®},)NP, C @Y, as needed. This tells us D, C C,NW .
Thus, D, = C, N W s, as claimed.

Now, we identify L as a standard Levi subgroup of H. First, we claim that
if 11z, denotes the simple roots in ®,; ,, then I, = 11, N®yy . Certainly,
if o € II, N ®psy, then a € IIp7, (minimal with respect to <I>; implies
minimal w1th respect to <I>Jr Mx = =® N <I>+) In the other direction, suppose
a € Iy, but a € II, N @y, . Since I, C Ppyy, this requires o ¢ II,.
Therefore, we can erte a =B+ with 8,7y € <I>+ Write o = Zalaz,
B => bja;, v=> ¢, where a; runs over the simple roots II of G. Then,
a; = b; + ¢; for all i. Further, a;,b;,¢; > 0 (since «a, 3,y € <I>;<F C ®1). Now,
a € &y implies a; = 0 for o; & Ilj;. Therefore, b; = ¢; = 0 for a; & 11y
Thus, 8,7 € ®y. In particular, 8,7 € ®f N @y = CIJL’X. However, the
decomposition o = 3+ vy with 3,v € <I>+ contradicts the simplicity of «
in <I>+ Mox: Thus, s, = IL, NPy, as clalmed We now let L be the Levi
factor of the standard parabohc subgroup of H associated to the subset of
simple roots II5s, C II, = Ilg. Then, L has the right root data to appear
in the isomorphism H (M, par) = H(L, 17, )QC[D,]. O
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The next step is to identify H(M, pps) as a subalgebra of H(G, p). Let

P = MU be the standard parabolic subgroup with Levi factor M; U the
unipotent radical opposite U. Set

Jo=JNU, Jy=JnM, J,=JnU,
which gives J = JpJprJy. Let
Iy = {w e Wy| wlw™ C Jy, wtJpw C Jg}.
We set
Ty = Tt N Wy

If we let H* (M, pps) denote the space of functions in H (M, pps) with support
contained in J MIAJC[ XJ M, then there is a support-preserving embedding (of
C-algebras with 1)

H+(M7 PM) — H(G7 p)
([Bu-K, Corollary 6.12]). This may be extended uniquely to an embedding

([Bu-K, Theorem 7.2], noting that the existence of ¢ as in the hypotheses
of Theorem 7.2 [Bu-K] follows immediately from the~ support-preserving
isomorphism of Roche and the fact that elements of H(H,1y,,) supported on
a single double-coset are invertible). We fix such embeddings H(M, ppr) —
H(Gv p) and H(L7 1IL) - H(H7LIH)

Now, we note that Wy, = Wy - Y, where Y = Hom(G,,,T') (which
may be viewed as a set of representatives for T/T(O)). If we let

Yﬁ,x - IJ—\F/I,X ny,

we have the following:

Lemma 1.5.
+ +
IM7X - WM7X ) YM’X.
Proof. First, we check that WMKYJ\J/;,X C I]J\F/LX. By definition, Yl\jﬂx C IJ\+/LX‘
Thus, we need only check that W, C I]J\jl - Recall that Roche defines
fo(a) = [ca/2], for a € @,
X [(ca+1)/2], forae®,’

where ¢, = cond(x o &) (where cond(\) is defined to be the lowest positive
integer such that 1+ p™ C ker()\)). Then,

Jp= H Ua,fx(a)7 Jy = H an,fx(a)v
a€D\®}, acdt\&},
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Jvu = H Ua,fx(a) ’ A(O) ’ H Ua,fx(a)

acdy, ae@f\'/_[

Here, if o € &,

1 pF 1 0
Uak = ¢a <0 p1>’ U_ak = Pa <pk: 1)7

with ¢o : SLy — G as usual. Now, suppose w € Wy and o € ®F. Then,

1 phi@
w- Ua,fx(a) = ¢w~a <0 1 )

suitably interpreted if w-a < 0. To show that wJ,w™" C J, for w € WM,X7
it is (more than) enough to show that if & € @+ \ @}/, then (1) w -« €
ot and (2) fy(w-a) = fy(a). Of course, (1) follows immediately from
w- (®F\ @F,) = @\ @}, (which holds for any w € Wyy). (2) follows from
w-x =x: (wt-x)od = xod implies cy.q = cq, so that fy(w-a) = fy(a),
as needed. The same argument may be used to show w~!Jyw C J;. Thus,
we get Wiy, C I]’\}’X, as needed. In fact, this shows more: for w € Wy,

we have wJ,w™! = J, and [1ng = Jy.
The containment IJJ\F/I,X C Whary - Y]\J/ZX is now easy. Take
x e I]t[,x C WM7X = WM»( Y
and write z = wy, w € WM,X7 y € Y. Then, it suffices to show that
Y € YA‘;X. Calculate:
(wy) Ju(wy) ™" C Ju = yJuy™ ' Cw Jyw = Jy

since w € WM,X C I]J\FLX. Similarly, y~'Jpy C Jy. Thus, y € Y]\J/ZX, as
needed. ([l

Now, we can prove the following:

Proposition 1.6. (1) We may take Yy = Valyarp,,) to get a support-
preserving isomorphism

W s H(M, par) — H(L, 11, )RC[Dy].
(2) If we let jg, resp. jr, denote the Iwahori-Matsumoto involutions for
H(H,17)@C[Cy], resp. H(L,1;,)RC[Dy], then
Jr = JHl(L1,, )écDy-

Proof. We first say a few words about what it means for ¥ to be support-
preserving. By construction, Y is associated to both G' and H; we use
Yq, Yy when we wish to distinguish the context. Note that W, =Y x W,.

Also, since @y = ®,, we can identify W(l){ and Wi. This gives rise to
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an identification of W, = Wi x O with W?{ x C. Thus, we have an
identification
Yo Wy =Y xW, «—Y x (Wy xCy)=Wg xC,.

Then, V¢ : H(G, p) — H(H,1;)®C[C)] is support-preserving means that
if T € H(G, p) is supported on JwJ, then ¥;(T) is supported on I gg(w)Iy.
Now, to make matters precise, let ¢y : H(M, prr) — H(G, p) and t; :
H(L,17,) < H(H, 1y, ) denote the fixed embeddings. To verify (1), we need
to show that }
Vet (H(M, par))) =t (H(L,11,)).
To this end, we first show that

Vet (M (M, par))) © t7 (KT (L, 11,)).

Since the restriction of ty; to HT (M, pas) is support-preserving, and simi-
larly for ¢;, it is enough to show that

Ya(Iy,) CI; =Wr-Dy- Y/

By Lemma 1.5 and the fact that ¢G(WM,x) = Wy, - Dy, we are reduced to
checking that wg(Y]\J/;’X) C YL+. Now, if y € Y and a € @, then yU, 1y ' =
Ua,k+a(y)- Therefore, y € YZ\Z,X if and only if a(y) > 0 for all a € &\ @}D
(noting that the corresponding condition for negative roots also reduces to
this). On the other hand, y € Y]f if and only if a(y) > 0 for all a €
o7\ @f = of \ (IJX/LX C &\ @}, so we see that ﬂJG(Y]\J/E,X) C Y/, as
needed.
We now proceed to show that
\IIG(tM(H(M7 PM))) = tZ(H(Lv IIL))'

First, choose ¢ and ¢,, as in Proposition 7.1 [Bu-K]. Let yy € YJ\Z,X
be a representative for (. Then, (¢n,)~! = ¢_p, € H(M, prr). We note
that H* (M, pyr) and ¢_; are sufficient to generate H(M, ppr). We already
have W (ta (HT (M, par))) C tz(H*(L,11,)). Since yo € IJT/I,X? we have
e(tm(r)) € tz(HT(L,17,)). Further, since tM |t (vyp) and Vi are
support-preserving, Vg (tar(¢1)) is supported on the double-coset Iyolp.
Therefore, W (tar(61)) = t7(¢}), where ¢} € H(L,1r,) is supported on the
double-coset Iyolr. As a consequence, ¢} is invertible and W (¢ M(gbfl)) =
t; (¢, 71). Since H* (M, par) and ¢7 ' are enough to generate H(M, par), we
have Wq(ty (H(M, par))) C t;(H(L,17,)). On the other hand, we know
that We(tar(H(M, par))) contains the functions {t; (Tw)| w € Ya(Wiry) =
WDy}, {t;(T)| y € YJ\;,X}’ and ¢ (T,.'). As these are enough to generate

th(H(ZNL, 17,)), we see that
Vet (H(M, pur))) = t;(H(L, 11,)),
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as needed.

We now know that til o W oty is an isomorphism from H(M, par)
to H(E, 17,). We must show that it is support-preserving. To this end,
observe that since ( € Z(M), we have a(yg) = 0 for all o € ®p;. Therefore,
viewing yo as an element of Yy, we have a(yg) = 0 for all @ € 1, = @y,
In particular, yoUmkyD_l = Usktaly) = Uq for all o € @, allows us to
conclude that Ipyy = yolr,. Therefore, in H(f), 17,), we have that Ty, T, is
supported on Iryowly, for any w € WrD,. In particular, T%l is supported
on Ipy, 111, Thus, we have that tzl o Wg oty is support-preserving on
H*T (M, pprr) and cZ)fl = ¢_1. By writing x € Wy, as y, "w, with w €
WAJE,X ([Bu-K, Lemma 6.14]), one can then check that til oWqgoty(Ty,)is
supported on Iy, " ¢a(w)Ir, as needed.

It is now straightforward to check the second claim. This follows imme-
diately from the following observations:

(1) Since L is a standard Levi of H, the Iwahori-Matsumoto involution

on H(H,1r) restricts to give the Iwahori-Matsumoto involution on

H(L,11,).
(2) Since D, C Cy, we may choose o|p, for the character of order < 2 of
D,.
This finishes the proof of the proposition. ([l

Suppose H1, Ho are Hecke algebras and ¢ : H1 — Hs is an isomorphism.
Suppose 7 is a representation of H; with space V. Let ¢(m) denote the
corresponding representation of Ha (i.e., Ho acting on V by 7w o ¢~1). We
define induction as in [Bu-K]: If £; C H; is a subalgebra and 7 is a
representation of £q, then InleT has space Homg, (H1,V;) (where H; is
an Li-module by left multiplication). The action is right translation. We
claim that ¢ respects induction. In particular, if Lo = ¢(L1), we have the
following:

Lemma 1.7.
¢(Indjf1r) = Ind2¢(7).

Proof. Let X € Homg, (H1,V;). Then, it is straightforward to check that
X o ¢! € Homg, (Hz, Vi(ry) (noting that as a vector space, Vi) = Vr; it
is written as Vj(;) to indicate the representation). In particular, £ : X —
X o0 ¢~ is a bijective linear map from Homg, (H1, V) to Homp, (Ha, Vi(r)-

We claim that & : Homg, (H1, V;) — Homg, (Hz, Vy(7)) gives the desired
equivalence. In particular, if Ry (resp. Rg) denotes right translation on
Homyg, (H1, V) (vesp. Homyg,(Ha, Vy(r))), this requires

ER (¢ H(h2))X = Ra(ho)EX
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for all X € Homg, (H1,V;), he € Ha. Now, it is easy to check that
[ER1(¢7 " (h2)) X](hh) = X (¢  (hhha)) = [Ra(ha)EX](h).
The desired equivalence follows. O

We now discuss the implications for the representation theory of G. First,
if (7,G,V) is a representation of G, let (7, H(G,p), V?) denote the corre-
sponding Hecke algebra representation, where V? = m(e,)V (the action is
inherited from H(G) acting on V). Now, fix a character y extending x to
T. Let Ry(G) denote the category of smooth representations having the
property that every irreducible subquotient of 7w has supercuspidal support
contained in {A(w - x)|w € W, X\ an unramified character of T'}. As men-
tioned earlier, (J,x) is a type. This means, among other things, that the
map (7, G, V) — (m,H(G, p),VP) gives an equivalence of categories be-
tween R, (G) and the category of H(G, p) modules. This extends the results
of Borel [Bo] and Casselman [Ca] on unramified principal series.

We now discuss the Iwahori-Matsumoto involution on representations.
Let

Ve : H(G, p) — H(H, 1I)®C[CX]
\IIG,X_I : H(G, p_l) —_ H(H, 1[)®C[CX—1]
denote the isomorphisms above. Since Cy, = C, -1 (which follows easily from

the definition; cf. [R, Section 8]), the Hecke algebras on the right-hand side
are identical. Therefore, we have an isomorphism

05 Wghr 05 0 Vay : H(G,p) — H(G,p7").

If (,V,) is a representation of H(G, p), we let ¢;(7) denote the representa-
tion of H(G, p~!) associated to v by the Hecke algebra isomorphism above.
Now, if M is a standard Levi of G, let

Ecy : Ry(G) — H(G, p) — mod
Eny : Ry(M) — H(M, ppr) — mod

denote the functors giving the equivalence of categories. If 7 € Ry (G), we
define the Iwahori-Matsumoto involution of 7 by

j(m) = Eé’lel o ¢j o Eg(m).
Similarly, if 7 € R, (M), then j(r) = E]T/[g(1 0 ¢j o Epy(T) (noting that
Pjar = ¢j|H(L,1L)®C[DX] from above).

Theorem 1.8.
j(Ind%7) 2 IndZ(j(7)).
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Proof. First, by Corollary 8.4 of [Bu-K],

~ 1o H(G,
Eg . (Ind$r) & Indﬁg Mf’[}M)(EM,X(T)).

Therefore,

j(IndEr) = E5' 0 ¢j 0 Eg,,(Indgr)

~ H(G,

- EG,l)(1 © b (IndHEM,[;))M)(EM,X(T)))
~ H(G,p~ L

- EG,IX*1 (IndHEMf;Ml))gbj (EMO((T))) )

by Lemma 1.7 above. By definition, j(r) = E;/[lx_l o ¢j o Eny(7), or

Enry-1(j (1)) = ¢j(Emx(7)). Thus,
‘ -~ Gt .
j(Ind%r) = Eg (Ind:EM,/;;j)) EM7X1J(T)>
= Indg(j(7)),
again, by Corollary 8.4 of [Bu-K]. O

We close by discussing a special case. First, let G = GL(k) and u a
unitary character of F*. Consider the character

—k

+1 k-1
T Hue-@|- v T

—k+1
T T u] et

of T'. By definition,

—k+1 g

. k=l VY. 13 G _
J) = P e |

Since (odety)|det |* is the unique irreducible subrepresentation of Indr,
we see that j((u o dety)|dety |*) must be the unique irreducible subrepre-
sentation of Ind%(j(7)), i.e.,

3((u o dety,)|dety|*) = (™! o dety)|dety| ™ @ Sty.
With this in hand, we may easily obtain the following:

Corollary 1.9. Let G = SO(2n + 1) (resp., G = Sp(2n)), P = MU a
standard parabolic subgroup with M = GL(k)x SO(2(n—k)+1) (resp., M =
GL(k) x Sp(2(n—k))), p a unitary character of F*, and 7w a representation
of SO(2(n — k) + 1) (resp., Sp(2(n — k))). Then,

J(IdB((p o dety,)|dety,|* @ m)) = Ind (" o dety)|dety| " Sty @ j(7)).
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2. The trivial character case; summary of Moeglin’s result.

We recall Moeglin’s results [M1]. All theorems in this section are due to
Moeeglin. Let G(n) = Sp(2n),SO(2n + 1),0(2n). Then the dual group is
G*(n) = O(2n + 1,C), Sp(2n,C),0(2n,C). Given a unipotent orbit O €
O(2n+1,C), Sp(2n,C), or O(2n,C), Mceglin formed a set P(O) of ordered
partitions as follows:

p=(p1,---,Pr;q1,-..,qs) € P(O) if and only if:

(1) (p1,p1s--- sDrsDrs @1y --- ,qs) 18 O if we ignore the ordering.
(2) g; are distinct and odd integers in the case of Oz,11(C) and O2,(C),
even integers in the case of Spa,(C).

(3) For all 1 < j < [#£}], g2j—1 > ¢o; and there does not exist 1 < k <

[%] such that gaj—1 > gar—1 > g2 > Q-

(4) If there exists a 1 < k < s such that g2;_1 > qr > ¢2j, then k < 2j — 1.

We set gs1+1 = 0 if s is odd. We can put an equivalence relation on P(O) as

follows: For p = (p1,...,pr;q1,---,qs), 0 = (0h, ..., pl5d4, ..., 4.) € P(O),

p ~ p’ if and only if for all 1 < i < [5E1] there exists 1 < j < [#3!] such

that go;—1 = g5;_1,q2i = qp;. We note that {p1,...,p-} = {p},...,p,} as
sets.

Remark 2.1. For a distinguished unipotent orbit, we have r = 0. In that
case, we write p = (;q1,-.. ,¢s).

Example 2.1. For a unipotent orbit of the form (5,3,1) in Og(C), there
are two non-equivalent elements in P(O), namely, (;5,3,1) and (;3,1,5).

Remark 2.2. The conditions (3), (4) in P(O) are such that the condition in
[M1, Cor 0.10.2] is satisfied, and hence implies non-vanishing of normalized
intertwining operators. We use this in Proposition 2.5. In that case, x =

q12—1’ q12_3, . ,q2;1 and X is a sub-module of
43—494 M
Indps I x| |[7F x--- x| 1 ,

45rs +4q,s
where M = GL(q2) x GL(Z%) x - x GL <W>

For p = (p1,...,pri@1s--- ,qs), weset, for 2 <i<r, pl=p1+ - +pi1
and p| = 0 and for 1 <4 < [$H1],

2
. +

Tidzzpj+ Z q21—1 Q2l,
j=1 1<i<i 2

,

f_ . G21-1 + q2

T=dm+ 2 =5
7j=1 1<i<i
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We recall the definition of A\, and wp: Ay = (Ap1,... , Ap,n), Where

i+ 1
)\p7p;+t:;ﬂ—t,f0r1§i§rand1§t§p,~,
qor—1+1 s+1 @2k, + G2k
Mrpr =y — —hfor 1<k < [2] and 1 <1< 22
wp is an element of the Weyl group given by:
wy(p; +t)=pi —t+1Lfor 1 <i<rand1l<t<p;
1 _
wp(t) = —t,for 1 <k < [8;] andTg<t§T,‘j+w,

wy <T,§+Q2’”2_q2k+t) =7/ —t+1,

s+1

forlgk:g[ }andlgtgqgk.
Remark 2.3. All )\, are conjugates and wg = 1. Let Ao be the conjugate
of Ay which is in the closure of the positive Weyl chamber.

We also define g, for 1 < i < rand oy, for 1 < k < [3] and let Stab(Ap, T p)
be the subgroup of Stab(),) generated by these elements:

op, () = 4,if § & [p; + 1, pi1],
op, (0 + 1) = =Py —t+1),if t € [1,p4],

i) =it ¢ T+ B 1,

Ok (TI?"‘ w _|_t> — _(T]éf 4+ 1),ift c [17(]%]-
Let A(O) be a finite abelian group generated by the order two elements
o(p1),---,0(pr),0(q1),... ,0(qs). (We take only the distinct ones.) Let
A(p) = A(O)/K,, where K, is generated by o(qai—1)0(ge;) ! forall 1 <i <
[2£1]. We set o(gs1) = 1 if 5 is odd.

Lemma 2.1. (1) |[A(p)| = 2[5,

2) A(p) is isomorphic to the quotient of Stab (A\p, T p) by the subgroup
generated by o(p;)o(p;)~t for p; = p; and a(pi)ak_l_for Di = Qo1
or p; = qa. The homomorphism Stab (Ap,T p) — A(p) is given by
o(pi) — o) Ky fori=1,...,r and o — 0(qop—1)K,.

Let Springer (O) is the set of characters of A(O) which is in the image of
the Springer correspondence. We recall that the Springer correspondence is
a one to one map from the set of characters of W, the Weyl group of G*
into the set of pairs (O,n), where O is a unipotent orbit in G* and 7 is a
character of A(O). Then:
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— —

Theorem 2.2. Springer (O) =~ Uycp0yA(p), where A(p) is the character
group of A(p).

2.1. Local theory. Let I()\,) = Ind% exp((Ap, Hp())) (normalized induc-
tion). The normalized intertwining operator R(wy, A) is not holomorphic at
Ap in general. Mceglin defined R(wy, Ap) as composition of several operators.
(See [M1] or Section 3) Then we have:

Theorem 2.3. (1) R(wp, A\p)I(Np) is a direct sum of |A(p)| irreducible
representations with multiplicity 1. Let Unip(p) be the set of the ir-
reducible direct summands and Unip(O) = Upepo)Unip(p). Then the
Twahori-Matsumoto involution of elements in Unip(O) is tempered.

(2) Unip(O) is exactly the set of irreducible representations of G(n) whose
infinitesimal character is Ao and whose ITwahori-Matsumoto involution
is tempered.

(3) If r =0, i.e., O is a distinguished unipotent orbit, then the Iwahori-
Matsumoto involution of elements in Unip(O) is square integrable.

Moeglin proves Theorem 2.3 by induction: Let p = (p1,... ,0r;q1, .-+ ,qs)-
Suppose r # 0. Set p' = (p2,...,priq1,--. ,qs). We have

R(U}p, )\p)_[()\p) = IndGL(pl)XG(n—pl) 1 x R(wp/, )\p/)]()\p/).
We denote by 5 the Iwahori-Matsumoto involution. Then
jR(wP’ )‘P)I(AP) = IndGL(p1)><G(n—Pl)St(pl) X jR(wp’a AP’)I(AP')v

where St(p1) is the Steinberg representation of GL(p1). By induction,
JR(wyr, \pr) I (Xyr) is a semi-simple tempered representation of length |A(p’)|.
Let X’ € Unip(p’).

Proposition 2.4. The induced representation
dgp)xGn—py)StP1) X 5 X',

i.e., Indgrp)xGn—p)l X X' is irreducible if and only if p1 = p; or gy for
somej=2,...,rork=1,...,s. If it is reducible, then it is a sum of two
irreducible representations.

For x small, the normalized intertwining operator associated to oy, is

p1—1 _pp-1
IndGr (1) xGL)xGnpn)| | T 75X o x [ |72 T X!
-l g p-1 /
— Indgr)x..xar)xGm-p)| |~ 2 X -ox || 2 N
This operator is a product of the operator
ot _p—1
IndGr (1) s xGLO)xGnpn)| | T 75X x| |72 T X!

— IndGL(p1)><G(n—p1)| det |:C X X,,
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and the operator, Rx/(op,,x):
Inderpy)xam-pnldet [ x X' — Indgrp)xGn—pyl det |77 x X"

Proposition 2.5. Rx/(0y,,z) is holomorphic at x = 0. Let Rx/(op,,0) =
Rx:(0p,). Then Rx/(0p,)? = id and Rx/(op,) is the identity if and only if
IndGr(p)xGnpy) 1 X X' is irreducible. Let R(op,) be the sum of Rx:(op,)
as X' runs through Unip(p’). Then it defines an intertwining operator for

R(wy, Ap)I(Ap)-
In a similar way, we can define R(oy,).

Suppose r = 0. From [M1, 676] or Section 3, we know that

q1—492

Tg)]det]_ 1 XR(wp,)\p23)I()\p23).

R(wp7 )‘P)I()‘P) - Ind@[&%)xg(n_

We use induction: Let Y € Unip(p>3) and consider

91 —92

(nng)|det’ T xY.

Wy = IndGL( Q1J2FQQ )XG

91 —92

Let Wy = IndGL(qlqu)XG(nfTQd)‘ det |~ x Y. Then we have

. q1 + g2 a1—392 .

Proposition 2.6. jW5 is reducible and its subrepresentations are tempered.

Consider the following commutative diagram:

q1—1

_3 1 —>WY
. ><~--><|\%><1><Y

x| [
| l
7% =Ind —
y = GL(1)x..-xGL(1)xGL(ql)xG(n—@)| | W
_q1-3 g+l Y
X[ 777 x-oex | [T x1xY -
where Rj is the normalized intertwining operator. Its image is

R(wy, Ap)I(Ap) N Zy-. By Proposition 2.4, Ind
simple with length 2.

(g2) G (n— ql;ﬂm)l x Y is semi-

Proposition 2.7. The image of Ry is semi-simple with length < 2.

—1 -3
Proof. Let X be a subrepresentation of Z3.. Let £ = | ]_q12 X | ]_q12 X
+1
- X | |7QQT. Consider the subrepresentation of the Jacquet module of X

with respect to M = GL(1) x --- x GL(1) xG(n—%5%) such that the #5%

41—92
2
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copies of GL(1) acts, after semi-simplification, according to &, i.e., the space
of generalized weight {. We denote the space by Jacg X. Then we have

Jacg X C Jace Zy =& x Ind,, 1xY.

(q2)xG(n—1592)
Therefore our assertion follows. O

Let IndGL(q2)XG(n_ql.gq2)1 x Y = X; + Xo. Then by [M1, Cor. 0.10.2],
the normalized intertwining operators

q1—1 a1—3 g2+1

g1y wexaryxamonzeyl 77 X T2 [T x X,
_ a1t _a1-3 g9+l
— Indgp ) warmyxamonzmeyl 772 X772 x 7727 x X

are non-vanishing. Therefore:

Proposition 2.8. The image of R is a sum of two irreducible representa-
tions.

Proposition 2.9. Let Ry (o1,x) be the operator:

Ind _q1;q2)|det|z xY —1Ind,,

GLa2) <G agor) | det| 7Y

(@2)xG(n—

Ry (o1,x) is holomorphic at x = 0 and let Ry(01,0) = Ry(o1). Then

Ry (01)? = id and Ry (01) is not the identity since IndGL(qQ)XG(n_ q1+q2)1 xY
2

is reducible. Let R(o1) be the sum of Ry (o1) as Y runs through Unip(p>2).
Then it defines an intertwining operator for R(wy, Ap)I(Ap).

In the same way, we can define R(oy). For each o € Stab(\,, T p), we
define R(o) in a canonical way ([M1, 686]): If 0 = oy, - 0p.01-- -0,
then R(o) = R(0p,) -+ R(0p,)R(01) - - - R(0}). We note that R(owy, Ap) =
R(o)R(wy, Ap) for o € Stab(Ay, T p).

Theorem 2.10.

(1) 0 — R(0o) is a homomorphism of the group Stab (X\,,T p) into the
group of the intertwining operators of R(wp, A\p)I(Ap).

(2) For X € Unip(p), let R(0)X =’ (c)X. Then 1y defines a character
of Stab (Ap, T p).

(3) If pi = pj, then ni(o(p)) = nx(o(py)). If pi = qor—1 or pi = qor,
then 0% (o(pi)) = 0’ (ox). Recall in Proposition 2.4 that these happen
precisely when Indgr,p,)xG(m)l X X' is irreducible for an appropriate
m. Therefore by Lemma 2.1, 772( defines a character of A(p).

(4) By Proposition 2.5 and 2.9, passing to quotient, X —— ngc gives rise
to an isomorphism Unip(p) ~ A(p) which is extended canonically to

Unip(O) ~ Springer (O),
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_—

by X — nx in the sense that |Unip(p) N Unip(p’)| = |A(p) N A(p)]
and for X € Unip(p) N Unip(p’), 0% = 7]’;;.

(5) If p ~ p/, then Unip(p) ~ ff(?) = A(p’) ~ Unip(p’). In other words,
up to isomorphism, Unip(p) depends only on the equivalence class of
p.
Especially, if p = (5 ¢q1,... ,qs) € P(O), O a distinguished unipotent orbit,
then we have:

Corollary 2.11. (1) A(p) is isomorphic to Stab(Xp, T p).
(2) 0 — R(0) is an isomorphism of the group Stab (X\,,T p) onto the
group of the intertwining operators of R(wp, Ap)I(Ap).

— —

We think of € A(p) as an element of A(O) such that n|g, = 1.

2.2. Global Theory. Let O be a unipotent orbit and p = (p1,...,pr;
q1,92,---,qs) € P(O). Let S, be the set of positive roots defined as follows:

(ej —ejur,  for X0y pi < j < X pis
€j — €41, for Tid<j§TZ-f—1and
eTidquQrgQi_l + et where 1 < i < [5],
€j — €41, for Tﬁlil <j<n
2e,, if G :2Sp(2n), s is odd and g5 > 1;
€n, if G =S50(2n+1), s is odd.

We note that S, C {a > 0Jwpa < 0, (A\p,a¥) =1} and S, has exactly n —r
elements. We will take the iterated residue of the Eisenstein series along the
n singular hyperplanes (\y, ") =1 for o € Sy,.

Definition 2.2.1. For p = (p1,-.. ,pr;q1,92,--- ,qs) € P(O), we define
M, = GL(p1) x --- x GL(p,) x G(n — T{),

+
M, = GL(p1) x --- x GL(p;) x GL (ql2@> X

Qops+1y_1 + Qops+1
o (BT

q [5451]_1+q2[5+1

If s is odd, we put the convention that —  — Lis qsz_l if G = Sp(2n),
and £ if G = SO(2n +1).

Definition 2.2.2. Let V(p) (resp. V’(p)) be the set of elements of the
form A\, + 7, where 7 is a character of M,(A) (resp. M,(A)). Note that if
r =0, V(p) = {\p}. We note that V'(p) is the intersection of the singular
hyperplanes (A, ") = 1, where a € {e; — ¢4 for Zle pi <j< Zfill Dis

Td<j<T/—1,i=1,...,[5]and T/ < j <n}.

\]
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We denote the element in V'(p) as

)\p(évl, “ee ,"ET,ZJ, . e ,Z[s-gl])

=X+ (T1, e T Ty T, 2, IIRRREY FESI IR ,Z[ﬁ]).

P1 pr a1+92
2

Definition 2.2.3. For 1 < k < [#£}], we define

Vk/(p):{)‘P(xla y Ly ZLy oo vy [S+1])€V(p)
such that z; =0 for all i > k}.

In particular, V{j(p) = V(p) and V[’SH} =V'(p).
2

Definition 2.2.4. We define W (7,p) to be the set of the Weyl group ele-
ments which send the positive roots of M), to the positive roots of My.

Let
d(p,\) = [T () =1).

a€Sy
Let Unip be the submodule of @), R, (wy, Ap)Iy(Ap) which is the sum of irre-
ducible subrepresentations of type ®! X,,, where X, € Unip(p) for all v and
there does not exist p’ > p and X, € Unip(p’) for all v.
Let projp) be the G(A)-projection ®;,Ry,(wp, Ap)Iy(Ap) +— Unip. For
¢ € PW, the set of Paley-Wiener type functions, let

(6, A) = > r(w, =N\ R(wyw™ ", wA)g(wh).
weWw
Then we have:
(1) r(wy, A)d(p, ) is holomorphic at A = A\, and its value is non-zero.
(2) The poles of l,(¢, A) in a neighborhood of A, are contained in the local
intertwining operators.

(3) r(w,—N) is identically zero on V'(p) if w ¢ W(T,p). So the restriction
of ly(¢, A) to V'(p) is given by

(@A) = > rlw,=N)Rwpw " wA)g(wh).

weW (1,p)

(4) lp(gb, A () can be defined inductively by restricting it to V;(p) from
=[] -1tok=0.
(5) lp(gb, Ay (p) is holomorphic at A, and ly(¢, Ap) € @5 Ry (wp, Ap) Lu(Ap).
This depends only on ¢ and the equivalence class of p. Let lj;)(¢, Ap) =
Projip) (¢, Ap)-
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(6) Let (,) be the inner product in L?(G(F)\G(A)). Then

<9¢/9¢—hm Z Z p//\

OCG* ) peP(O

(U (¢>', N U (&, M) v oy (r(wp, Nd(p, X)) v s,

€V (p),Re A=Ay, ||[Im A||2<T

where O runs through the unipotent orbits in G*(n) and p runs through
the set of representatives in each equivalence classes in P(O).

(7) For ¢ € PW, suppose lj(#, \p) generates an irreducible representa-
tion. Then for all v finite places, let X, be the local representation of
G, generated by I (¢, Ap). Then X, € Unip(p) and [],7x, = 1.

(8) Conversely, suppose p = (p1,...,0r;q1,---,9s) € P(O) such that
pi # p; for i,j € [1,r] and 7 = ®,X, is an irreducible automor-
phic representation which satisfies the following: (a) X, € Unip(p)
for all v, (b) X, is spherical almost everywhere and at archimedean
places, and (c) [[,7x, = 1. Then there exists ¢ € PW such that the
representation generated by l[p](tb, Ap) is isomorphic to 7.

(9) In fact, for an appropriate ¢ € PW,

(b X)) = > R R(wp, A)d(Ap)-

rEStab (Ap,1p)

3. Arbitrary character case.

By conjugation, we can assume X = X ({1, -« b1y -« s flky -y flky Lyenvy 1),
——

1 TL o
ro+--4+TE=mn,71 > =T, 4;’s are distinct local quadrgtic characters.
Here k < 3 (Recall that we are dealing with a p-adic field with odd residual
characteristic and hence there are only three non-trivial distinct quadratic
characters.) Set pg = 1. We use the following notation throughout this
section:

(1) If G = Sp(2n), G' = G} x --- x G}, x Gf), where G, = O(2r;) for

i=1,...,k G = Sp(2rg). Also we denote Gf = O(2r;,C) for i =
k, Gt =0(2r + 1,C).

(2) IG=8S0(2n+1),G = G’ - % G}, x Gy, where G, = SO(2r; + 1)
fori=1,... ,k G = 50(27“0 + 1). Also we denote Gf = Sp(2r;,C)
fori=1,... ,k, G§ = Sp(2ry,C).

3) If G = 0@2n), G = G| x---x G x G, where G = O(2r;) for
i=1,...,k G = O(2rg). Also we denote Gf = O(2r;,C) for i =

k, G = O(2r0, C).

We need to first generalize Moeglin’s results to an arbitrary chain.
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Definition 3.1. By a segment attached to (a,b), we mean a descending
sequence of characters

Aapy =1 M x| P2xox | M

where \; = —t,n= “TH’. We sometimes write it as A(qp) = (A1,- .. An).

We put the convention that a > b > 0 (a,b are odd in the case of Sp(2n)
and O(2n), even in the case of SO(2n + 1)). To (a), a > 3, we attach a
segment

a+1
2

1 a—3
x| [

Aa) = | 3 xoox | |L.

|
We write it as A\, = (aT_l, %3, ...,1). By a chain we mean an ordered
union of segments. We put a convention that the segment attached to (a)
appears at the end. It can appear only in the case of Sp(2n) and SO(2n+1).
A chain is denoted by p = (a1,b1,a2,be, ... ,as,bs,as+1), where (a;,b;) is a

segment and Ay = Ay b1) """ ANay,bs) Nass1) With an obvious meaning.

Remark 3.1. We note that A ) is the intersection of the n singular hy-
perplanes e; —es =1,e9 —ez3 =1, ... ,en_1—€p =1, €as + €, = 1.
2

Remark 3.2. Suppose we ignore the ordering in p. Then it corresponds to
a unipotent orbit O in G*(n). When O is a distinguished orbit, Mceglin’s
case is that a;, b; are all distinct and satisfy two additional conditions:

(1) there does not exist 1 < k < s such that a; > ax > b; > by.

(2) if there exists aj or by such that a; > ai > bj or aj > by > b;, then

k<j.

Let p = (a1,b1,...,as,bs,as11). If {a;,b;} N {air1,bi41} # 0, then we
could permute (a;,b;) and (a;+1,b;41) by [M1, Proposition 0.9.1]. But if
{a;,b;} N{aj+1,bi+1} = 0, then we cannot permute {a;,b;} and {a;11,b;4+1}
in general. From now on we assume that in a chain p,

(3.1)
if {ai, b} N{a;,b;} =0 for i < j, it does not happen that a; > a; > b; > b;,

in order to use [M1, Cor. 0.10.2] on non-vanishing of normalized intertwining
operators. We note that the condition (3.1) is just a rephrasing of the
condition (2) in Remark 3.2.

Remark 3.3. Let O be a unipotent orbit obtained by ignoring the ordering
in a chain p = (ay,b1,... ,as,bs,as+1). Suppose either O is not distinguished
or p does not satisfy condition (1) in Remark 3.2. Then p can be written as
p=9p1 X Pr X po, where p; € P(O;) and O; is a distinguished unipotent

orbit in G} for i = 0,1,... , k. It means that it comes from global considera-
tion when x = X(f1, -« s f1y vy fhigy ooy iy 1, . ..y 1), where ;i =1,... &
—~ ——
1 Tk 0
are non-trivial quadratic grossencharacters such that p;,, = 1fori=1,... , k

for a given non-archimedean place v.
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For a segment (a,b), we define the Weyl group elements W(a,b)s O(ab) a8
follows (see [M1, p. 660]):

—b
/w((z,b) (t) = _tv 9
—b b
w(a,b)<t+a2 >=a; F1—t, if1<t<b,
a—"b
U(a,b) (t) = t, s

—-b b
O’(a7b)(t+a2 ):_<a—2|— —i—l—t), if1<t<hb.

We note that
(1) O(ap)W(ab) = Wap)O(ap) s the longest element wp of the Weyl group
of Spop, n = “T*'b, i.e., wg = cica - - - Cp, where ¢;’s are sign changes.
(2) TanAap) = ANap)-
(3) Uo(apWiap) = U wiap)) + (o)
(4) fqg=1, 0(41) = cn and w(g1) = €1 Cp_1-

For a segment attached to ( ) we define w,) = cica - - - Caz1 and o,y = 1.

A(a) is the intersection of the “5= L singular hyperplanes e;—es = 1, eg—eg = 1,
. ea 3 — ea 1 = ].
For a chaln p = (a1,b1,... a6, b5,a541), we define w, as w, =
Wiay,b1) " Was,bs)W(asy,) With an obvious meaning and Stab(Ay, 1 p) as the
group generated by T (as,by) fori=1,...,s
In order to apply induction, we define p>; = (a;, b;, ... ,as,bs, as41). Let,
for 1 <i<s, T = 2 ! m ndTif:Z;czlw.
Definition 3.2. For a chaln p = (a1,b1,...,as,bs,as41), we define a Levi

subgroup M, = GL(%) X e X GL(%) x GL([**]) and degenerate
principal series

s+1+1]

I(Ap.x) = Indygy X @ | det \LZ“ x |det |5 | det [2!

a1—bq as+1+1]

f(—Ap,X):IndMé X ® | det x |det |~ 57" |det|77

where Y is the character of Mé induced by y.

If we set wj, to be the longest Weyl group element of Mj, then I(Xp, x) is
the image of the normalized intertwining operator R(wy, Ap, X)-

The normalized intertwining operator R(wy, A, X) is not holomorphic at
Ap- In order to define R(wy, Ay, X), we need:

Proposition 3.1. For each segment (a;,b;), R(W(a, b;)s Mar,by) """ Mas,bi)s X)
defines a holomorphic intertwining operator from

IndGL(l)x---xGL(l)xG(nlevf)X(alabl)A(al,bl) T X(ai,bi))‘(ai,bi) x I_(*)‘Pziﬂ ' X,
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mto

IndGL(l)x~--><GL(1)xG(n—Tif)X(al7b1)>\(a1,bl) a 'X(ai—1,bi—1))‘(ai—1,bi—1)

X w(ai,bi)X(ai,bi))‘(ai,bi) X j(_)‘PZi+17X)-

Its image is included in

Ind

GL(1)x...xGL(l)xG(n_Tigl)X(al,bl))‘(al,bl)
X(aiflybifl)A(aifhbi—l) x j(_)‘Pzwx)'
Proof. The argument is like that in [M1, 0.13]; the introduction of quadratic

characters does not create any new complications. O

We define the normalized intertwining operator R(wy, Ap, x) as the com-
position of the above operators. Then

R(wpa)\an) C j(_)‘PaX)
R(wp, A, x) C Ind

aj—by
1

(et )xG(n—Tlf)’u1| det |~
X R(wpzzv )‘ng ’ X)I(Apzz ) X)

Here x in R(wp-,, Apsys X)L (Aps,, X) should be interpreted appropriately.

Lemma 3.2. The normalized intertwining operator R(wy, Ay, x) does not
vanish identically.

Proof. Let Ao be the conjugate of A\, which is in the closure of the positive
Weyl chamber. Let w; be a Weyl group element such that Ay = wiAo.
Consider the following commutative diagram.

_ R(wo,A 7wil ) _
[0 wi'y) —2=2=— I(=do,wr'x)
J{R(wl,/\o,wflx) TR(wfl,—)\p,X)
I(Aps x) M I(=Ap, X)-

Here R(wo, Ao, wl_lx) is the intertwining operator on IndIG; Ao®IndY wl_lx,
where P = M N is the parabolic subgroup such that Ao is in the positive
Weyl chamber with respect to P. Then it is non-vanishing. Note that all the
normalized intertwining operators are holomorphic. Therefore, R(wy, Ap, X)
is non-vanishing. O

We first reduce to the case y = 1.
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3.1. Review of the results of Barbasch-Moy [B-Mo2]. We now con-
sider the case when y is unramified. The following discussion is based on
[B-Moz2].

Let G = SO2n+1), 0 = | | px---x| |*1 x| [Pt x---x| >0, a character
of T C G (no +n1 = n), where u is the non-trivial unramified quadratic
character and ay,... ,an,,b1,... by, € R. Let H = H| x Hy, with H| =
SO(2n1+1), Hy = SO(2no+1). Set 6/ = 0} x 6 with 6] = | |** x--- x| |91,
0 = | [®* x --- x| |’ characters of T} C H}, Ty C H}. If 7 (vesp. 7/, 1,
7)) denotes the infinitesimal character associated to subquotients of Ind% ¢
(resp. Tnd%, ¢/, Ind™1 6], Tnd20 6}), then the results of [B-Mo2] tell us
that there is an equivélence of czgtegories

R(G,7) ~R(H',7') = R(H} x Hy, 71 X 79),

where R(G, 7) denotes the category of smooth finite-length representations
of G with infinitesimal character 7.

Suppose G = Sp(2n). Then the same discussion as above applies, except
that in this case H] = O(2n;) and H} = Sp(2ny).

Ultimately, we are going to apply the results of [B-Mo2] to those of [R] to
deal with representations of Sp(2n) and SO(2n+1). Therefore, we also need
to discuss [B-Mo2]| for O(2n) (cf. Example 1.1). Unfortunately, the results
of [B-Mo2]| do not apply to disconnected groups, nor does there appear
to be any obvious way to extend the results of [B-Mo2] from SO(2n) to
O(2n). Thus, we are forced to assume the results of [B-Mo2]| hold for O(2n)
as well (cf. Assumption 3.1.1 below). The above discussion then applies to
G = O(2n) as well. In this case, H] = O(2n1) and Hy = O(2ny).

Assumption 3.1.1. The results in Sections 1-6 of [B-Mo2] hold for O(2n).

Next, we note that this equivalence respects induction, in a suitable sense.
Let G be one of the groups above (SO(2n+1), Sp(2n), O(2n)) and M a stan-
dard Levi subgroup of G. Let M’, H' be the groups corresponding to M, G
under [B-Mo2]. Let 7a7, 7}, be infinitesimal characters for M, M’ which
correspond under [B-Mo2], 7,7’ the infinitesimal characters for G, H' ob-
tained by induction. Then by [B-Mo2, Theorem 6.2], the following diagram

comimutes:
R(G,7) —— TR(H',T")

T@-Ind T@—Ind

R(M, ) —— R(M',7h;0)
where ®-Ind denotes induction defined via tensor product at the Hecke
algebra level.

Example 3.1.1. Let a1,... ,a; € R and
7 = IndB(|dety,, | o dety,, x - - -
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X |dety,; |* o dety,; X [dety, o |“+! X -+ X |dety,, |*F)
7' = Indf (|dety,, [*1 X -+ X |dety, |4 X |dety,,, [+ X -+ % [dety, [**),

where P, P’ are standard parabolics of G, H' whose Levi factors both have
the form GL(my) x --- x GL(my,). Observe that by [Jal, Proposition 2.1.2]
(which may be extended to cover O(2n); we may choose wg = cica-- - cp,
and similarly for smaller rank orthogonal groups appearing in standard Levi
subgroups), we have

72 @ — IndG(|det,,, |~ o det,,, x

X |dety,; |~ o dety,, X |dety,, [ X - X |dety,, |TF)
7' =~ @ — Ind (|detp,, |7 x - --

X |dety,; |~ X [dety,;, [T X - x [dety,, [ 7).

Since the inducing representation for m is the unique irreducible subrepre-
sentation of

—mq+1 mq—1
taff, ( (1175 o )

—mtl omiTl
) (1t = x| [

( |o¢;+1+ J+1+ N % ‘ |o<j+1+mj+21_1> N

and similarly for 7/, we see that the inducing representations correspond
under R(M, mpr) >~ R(M’,7),;,). By the discussion above, this means that 7
and 7’ correspond under R(G,7) ~ R(H', 7).

3.2. Matching of images of intertwining operators under Hecke al-

(1 e

gebra isomorphisms. Let x = X (f1, -« -y fl1y -« flhey - -« fks 1, ..., 1), where
—_——— ;\,_/ ———
1 70
ro+ - -4+rg =mn, ry > -+ > rg, and the p;’s are distinct local qua-
dratic characters. Let G’ = G| x --- x G}, x G. Combining the Hecke

algebra isomorphisms of Roche and the graded algebra isomorphisms of
Barbasch-Moy, we get an equivalence of categories, which gives rise to a cor-
respondence between subquotients of the induced representation 1 G()\, X)
and subquotients of the induced representation I (\,1) (cf. Example 1.1
and previous section). Note that if we write A = A\; X --- X A\ X g
with Ay = | [* x --- x| |*, a1,...,a, € R, etc. we have I¢(\,1) =
TG (A\,1) % -+ x IS (M, 1) x IG(X\g,1). The correspondence preserves
temperedness, square-integrability, etc. The correspondence behaves well
with respect to intertwining operators:
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Proposition 3.2.1. The above correspondence behaves well with respect to
intertwining operators, i.e., R(wy, Ap, X)I (A, X) corresponds to

R(wpn)‘Pl)IG/l (Apl) Koo X R(wpk’ )‘Pk)IG;“ (Apk) x R(wpm)‘Po)IG&()‘Po),
where wy = Wy, X -+ X Wy, X Wpy and Ap = Ap; X =+ X Ag X Apg.

We prove this in this section. The arguments used in this section are
based largely on [Cal, [CaZ2], [Re2] (with their presentation also influenced
by [Rel]).

Since we are assuming F' has odd residual characteristic here, we have
that F' admits three non-trivial quadratic characters. Let p, resp. pin,, de-
note a ramified, resp. unramified, non-trivial quadratic character (so that
Ly [y s by are the three non-trivial quadratic characters). If we fix a uni-
formizer w, we may assume p is the ramified quadratic character satisfying
p(w) = 1. For convenience, assume x (cf. Section 1) has the form

X=pX---Xpuxlx.---x1.

ni no

(As in Example 1.1, it is actually x|p(o) that is needed in Roche’s construc-
tion.) Then we have J, = I = Iwahori subgroup and

H(G, p) ~H(H,1z,).

Here p = p, as in Section 1. It will be convenient to write H' (resp.,
I',B') for H (vesp., Iy, By). Recall the decomposition H' = H} x H}, from
Example 1.1.

Now, H(G,p) has linear basis {1 }wew,, where T, is supported on
Iwl. If we identify W, with representatives in G chosen as in the proof
of Lemma 9.3 [R] (which in turn is based on [Mr]), we can normalize Ty,
so that it is 1 at w. Also, observe that Wx = W’, which may be identified
with W (H{) x W(H{}). We let wy denote the longest element of W, and
note that wg € WX.

If 7 = Ind% (\x) with \ unramified, then VX has as basis {f,}
where

wEWX’
5z (A X)X (i), if g = (tu)wi € Bwl
fuw(g) = .
0, if not.
Similarly, if 7’ = Indg,, A, then VTr[,l has basis {f,,},,c777, where
c o e, it ¢ = (td)wi' € Bl
fulg) = .
0, if not.

If we let T,

w

the following:

w € W', denote the characteristic function of I'wI’, we have
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Lemma 3.2.2. Let s € W' be the reflection associated to the x-simple root
a € Il,. Forw e W', we have
ST f = { s if wa > 0,

S

/
T = et + @=Df ifwa<o.
Further, for c € Cy,

7 (Te) fry = fryem1-

Proof. Since it is well-known how to do such calculations (and straightfor-
ward), we omit the details. O
Corollary 3.2.3. Let H(K,p) C H(G,p) denote the subalgebra consisting
of functions supported on K. Then, f,, generates VX under the action of
H(K, p).

Proof. Observe that the corresponding result for 7’ is straightforward: From
the preceding lemma, f,, = @'(T/_,)f{. Therefore, f| = w’(T;O_l_l) Too-
Thus, f,, = w’(Tl’U,l)ﬁ’(Tq;al_l)f{UO. To extend this to cover m, observe
that f,|k = Ty, and fu|k = Tw. Therefore, for wi,wy € W, if T}, *
TZUl_l = > cuT,,, then ©'(T}, ) fl,, = > cwfiy, and similarly for m. Suppose

Ty = awTy. IET .+ T, = > cuTy,, one can then conclude that
1
T(Towy ) firs = D Coolupy Qupy @iy fro- The corollary follows. O

If B =TU is the Levi factorization of B, we use 7y to denote the (un-
normalized) Jacquet module of 7 with respect to U. It has

space: (Vi) = Vz/Vz(U),
where V(U) = span{n(u)v —v| u € U, v € V},
action: wy(t)(v+ Vi (U)) = n(t)v + V(U).
We have the following:

Lemma 3.2.4. The restriction of the quotient map V; — (V)u to vile

. . . . I T
gives rise to an isomorphism Vi'* =~ (V3) /X as vector spaces.

Proof. The proof is essentially the same as that done by Casselman for
unramified principal series, so we just give a sketch here.

First, one checks that if v € VWU;TO’X, then v —7(e,)v € Vx(U) (note that

e, = T1). Consequently, (Vi = (VﬂUl_TO’X)U. Next, we choose a finite-

dimensional subspace X C V;f®X which maps onto (Vi °X)y. If we take a
compact subgroup U, C U~ which acts trivially on X and ¢ € T such that

71U C Uy, we get w()X C Vi °U1 X, Therefore, (VilX)y = my () Xy C
(Vg ot Ny = (V7r[ v, giving surjectivity. Injectivity then follows from a

comparison of dimensions. O
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Lemma 3.2.5. Fort € T, n(T}) fu, = 5_%(t)(wo)\)(t)(wox)(t)fwo. (This
result also holds when G = O(2n) and wg = c1c2 - - ¢y.)

Proof. Recall that we have a B-stable filtration Vi = {J,,cyi(Vr)w, where

(Vi)w = {f € Va

supp f C U BacB},

r>w

(where > denotes the Bruhat order). This gives rise to a T-filtration (V;)y =
Uwew (Va)w)u. By Lemma 6.3.5 [Ca] (also, see the proof of Lemma 2.12
[B-Z]), T acts on ((Vz)w,)u by the character 5%w0()\x). Since Bwol C

BwyB, we see that f,, is a basis for |7ARd (Vi)wy- Thus, by Lemma 3.2.4,
Juwo + Vz(U) is a basis for ((Vy)w,)v. In particular,

1
7(t) (fuwo + Va(U)) = 02 () (wo) (£) (wox) (£) fuwy + Va(U).

Next, the same basic argument used in [CaZ2, Proposition 2.5] tells us that

|TtI| = 7 (T}) fuw, and 7(t) fu, have the same image in (Vi)y. Since |ItI| =

6~1(t) ([Ca, Lemma 1.5.1]), we see that

T(T1) fuwo + Va(U) = 5_1(t)77(t)fwo + Va(U)

_1
= 072 (1) (wo) (8) (wox) () fuwo + Va(U).
Finally, if one writes 7(7%) fu, = > wew, Cw fw, taking Jacquet modules gives
T(T3) fuo+Ve(U) = ZwEWX cw fw+Vz(U). It is now immediate from the pre-
ceding lemma and the equality above that ¢, = 573 () (woN) () (wox) (t) fuwe
and ¢, = 0 for w # wy. -

For G = O(2n), let A, x be as above and wy = ci¢2 - - - ¢, Let G = SO(2n)
and wy € W(G) ~of maximal length. The preceding argument then tells us
that for 7 = Ind%Ax, 7(T}) fa, = 5*%(t)(wg)\)(t)(wox)(t)fwo when t € T
If wy = wp (n even), the O(2n) result is immediate. If wy = woc, (n odd),

it follows easily from the fact that (e, ) fa, = fuw, and d o ¢, = 4. O
For ), x as above, let 7 = Ind§(\y) and 7/ = Ind, (). TEA = | [*1 x - - - x
| F”l x‘ |y1><...><‘ |yn0,weset A= | |$1><...><| ‘33"1 and \g = | |y1><...><‘ |yn0

H,
A
By M

and 7['6 = Indgé)\o. We define a map I : VﬂI’X — VWI,/ as follows: Let
0

M : fuwy — fly,- (Note that under the identification Wy, = W = W (H]) x
W (H}), wo corresponds to w1 -wp o, with wg; € W (H}) consisting of all sign
changes. Under the identification 7’ ~ 7} @, we have f;, +—— f'l/UO,l ®fq’uo’0.)
Then by Corollary 3.2.3, we can extend 91 to get a linear isomorphism
satisfying 7'(W(h))(Of) = M(n(h)f) for all h € H(K,p), | € ViIX. We
claim that the equivalence of categories R, (G) ~ R1(H') comes from the
map M. More precisely, we have the following:

(so that A = A; x Ag). We note that 7’ ~ 7] ® 7, where 7} = Ind
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Proposition 3.2.6. The pair (H(G,p),7) is equivalent to (H(H',1),x")
under (¥, 9M). In particular,

' (€(h)(f) = M(m(h) f)
for all h € H(G,p), f € VAR

Proof. By definition, 7/(¥(h))(OMf) = M(xw(h)f) holds for h € H(K,p).
Take y € Y. Then ¥ : (5%(y)Ty — (5’%(y)Té (cf. proof of Lemma 9.3 [R]).
We note that by definition, T}, = T} (). Since the extension of x from T'(O)
to T satisfies x(y(w)) = 1 for all y € Y, it follows from Lemma 3.2.5 that
7 (U(Ty)) (M fuy) = M(7(Ty) fuy,) for y € Y. Therefore, 7' (U(T,))(Mf) =
M(w(T,)f) for all y € Y, f € VX, The proposition follows. O

We now give a technical lemma which we will need below. In the lemma,
we use g to denote length for W(G), 15 for length for W (H).

Lemma 3.2.7. Let G, x be as above, M the Levi factor of a standard par-

abolic subgroup of G. Then, there exists a set W?M C Wy, such that the
following all hold:

—TM
1) W isa senta
(2) Forx e Wy(M), we W, ", we have lg(zw

(3) Forz € Wy (M), we W;‘CM, we have | g (xw

() + lg(w).
@) +ig(w).

Proof. For explicitness, let G = Sp(2n). Write y = p X -+ X px 1 x -+ x 1

is a set of representatives for W (M)\W .
)=l

no

ni
and M ~ GL(my) X -+ x GL(my) x Sp(2mg), with ng +ny = mg + my +

-+ 4+ my = n. Observe that H = H x Cy with Cy, = {1,¢,,}, where ¢,,

denotes the nith sign change. Let L be the subgroup of H corresponding
to M (cf. Lemma 1.4). We define

WTL(H) ={w e W(H)|lwa >0 for all « € ®}}
W (H) = {w e W(H)|w'a >0 for all a € } }.

. . — —TL
It is known that if x € W(L), w € W~ "(H), then 5 (zw) = l5(z) + 5(w);

since I 5(cp,) = 0, this result clearly extends to w € wt (H). We consider
two cases.

Casel: ng <mq—+---+my.
In this case, L = L is connected. Set WzM = WTL(ET). Since W (M) =
W (L), property (3) is immediate. The first property follows easily from

the fact that WTL(H ) is a set of representatives for W(L)\W(H) and
W HE) =W EH) U (H) e,



INTERTWINING OPERATORS 401

Finally, for the second property, one can directly check that there is a
standard Levi M’ of G such that @LX = CDJLr = @X/l, (ifng=my+---+m;
for some i, M’ = M; otherwise, M’ < M). Then W, (M) = W(M') and

WzM = WTL( H ) C WTMI. The result follows.

Case 2: nqy >mq+---+my.
In this case, L = L x Cy is disconnected. Set WZ;M —wMn W, =
{w e Wylwa > 0 for all a € ®},}. As a first step, we check that

WTL(I:I ) = WZ;M U cmWZ;M It follows easily from the definitions that
WZ;M U cngM C WTL(fI ). For the reverse containment, observe that

w € WTL(fI) has w € W,. Further, w*1<I>X/LX = w e} c of = oF.
Now, the only simple root in Il;; which is not in CI)X/[,X is

N €n; — €n+1, fni<n
ny — .
! 2¢e,, if n1 =n.

There are two possibilities: w™ta,, > 0 or wla,, < 0. If wla,, > 0,
then w~!II); C &%, implying w € WTM, as needed. If wla,, < 0, we
claim uflcmozn1 > 0. (This is clear for ny = n. Suppose ny < n. Observe
that w € W, implies we,, = *e; with j < ny and we,,+1 = £e; with
k > ni. Further, since w € WTL, w(2en,+1) > 0, so wep,+1 = €. The
claim follows.) Also ¢, (Iyr — {an,}) C cm(I)]\Jr/LX C (I)X/f,x (noting that

cny € W(L) = W, (M)). Thus, w™lc,, My € ®F, implying ¢, w € w

as needed. Therefore, WTL(IEI )= W?M U cmW§M
Since |W§M| = |[W(H)|/[W(L)|, the first property is equivalent to
W(E)WiM = W(H). We calculate:
= = =TM = —=TM
W(L)W, "~ = (W(L)UW (L)cn, )W,
= ™ ™
=W(L)(W, " Uepy, W, )
= W(L)W *(f)

That W (L)W' "(H) = W(H) follows easily from W (L)W ' ~(H) = W (H).

The second property follows immediately from W, (M) C W(M) and
=TM _ —TM
Wt cwt

To check the third property, write * = xgcz, w = cpwy with ¢z, ¢y € Cy
and zg,wy € W(H). Then since lz(c,,) = 0, we have l5(z) = lz(zn),
lg(w) = lg(wn). Set xfy = (cpcw) 'zm(czew). Then lg(zy) = lg(z).
Since xy € W(L) and wy € WTL(H), we have lg(z%y) + lgz(wy) =
lg(@qwn) = lg(cpcwr’gwr) = Lz (zw). The result follows.
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The case of G = SO(2n + 1) is much easier; since H = H is connected,
the argument is just that of Case 1 above. (]

Lemma 3.2.8. Suppose M is a standard Levi for G, L the correspondmg

subgroup of H. If v — IndBM)\X has space yimoem Vlfglq/f’”/\ , let V), y:
I "
IndLBL)\

I . Ip Ip B I
to V,}). Then the image of VIndgMu C V' under M is VInd,’?ﬂu’ cV..

be its image under My (with v/ denoting the restriction of IndéL)\

Remark 3.2.1. Certainly, the restriction of ©’ to MV, ’:I)G .
Py

is equivalent

to Ind _v'. But for our purposes, it is necessary to know that the subspaces
actually match up.

Proof of Lemma 3.2.8. First we need to identify the subspaces for Ind% PV

and IndP /. Suppose {fM}ic1 .k {erWX bi fMY,1 ) is a basis

for VIM’pM C Vljgj(fM/\ Let f; = erWX(M) b fa E V:hP. Then a basis for
I,p I P

Vg A CVF

{W(Tw—l)fi}i:L..T,k - Z b?pfa;w s

—TM = .
A O R
we

X

with Wz;M as in the preceding lemma. The proof of this is essentially the

same as that of [Jal, Lemma 2.1.4] (noting that WTM is a set of representa-

tives for W(M)\W(G)) Similarly, if {f’ bi=1,. {Zzew A Q’Ei}izlw g
is a basis for VVI,,L C VI N , then Ind 1/ has basis
n BL

{ﬂ- f }l 1,. = Z C;:f;w
weW it 2€W (L) =1,
wEWTL

Here we are taking Wit = WiM. (By the preceding lemma, WzM has the
properties we need; we change notation only for appearance’s sake.)
We now check how subspaces match up. First observe that 9t : f,, —
' (W(Ty1)W(T 1)) fiy,- Therefore, if O : T, — ay,Ty,, we sce that M f,, =
0

m(w) fl,, where m(w) = awna;il. Similarly, using Proposition 1.6, we get
0

M fM = mpg(w) f£15 with may(w) = ay- a;ll (wo,ar the longest element
0,M
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of Wy (M)). TIf {fM},_1. x as above is a basis for VMM then VII’p

ndg A
has basis {erW (M) b;fmw} i=1... k- Therefore, DJTVI”)G has basis (using
X Y Ind3 A
w6~WX
— = —TM —TL
Wy(M)=W(L), W, =W"7)
) DRUEICICHRISTC
*(E) zzl,...,lf
wEWTL

On the other hand, VVI,/L has basis

Therefore, V!’ i
Ind

has basis
P; v’

weW

Finally, by Lemma 3.2.7, for v € W, (M) and w € WzM, we have T))—1,-1 =

Ty1Tp—rand T/, _, = T, ,\T!_,. From this, one sees that a,-1,-1 =
a —1
“o,M
a —1
o

ay-1a,-1. Therefore, m(zw) = <aw1 )mM(x) The conclusion fol-

lows.

Let R(wy, Ap, x) denote the normalized standard intertwining operator
defined earlier. Since wy, € Wy, we may identify wy, € W' with Wy, + Wy, €
W (H{) x W(H]) (p1, po are ordered partitions for Hj, Hj). If we use

H' = H{ x Hj to identify the degenerate principal series I/ (Ap,1) with
T (Ap1s 1) ® I (Ao, 1), we have

R/(wm Aps 1) = Rll(wpu)‘ma D® R6(wp0’ Apos 1),
for the corresponding intertwining operators.
Proposition 3.2.9. R(wy, Ay, X) is a non-zero multiple of
m'o Rll(wmv Appn 1) ® R6(wp0’ Apos 1) 0 M.

Proof. We argue as in [Re2]. Let v = (z1,...,25),y = (y1,...,Ye+1) and
set

—b —
App +2 = \det|a14 T L ]det\as4bs+xs
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—d —d
Apo +y = | det | T x o x [ det | TV x [ det | Ta Y

and Ay + (z,9) = (Ap, +2) X (A\p, +¥). Since (A, + (2, y), x) and j}fi()\pl +
x,1), 1:}{6 (Apo + v, 1) are irreducible representations for (x,y) # (0,0) near
zero, Schur’s lemma for p-adic groups tells us

(*) R(wpa A}J + (.f,y), X)
= C(x7 y)mil © Rll (wpl’ )\Pl + T, 1) ® R6(wpo7 )‘Po =+ Y, 1) oM

for such (z,y) (c(x,y) scalar). Now, observe that 9 is independent of
(x,y). By Proposition 3.1, Lemma 3.2 and [M1], R(wp, A\, + (z,¥), x) and
ML o R (wpy, Apy +2, 1) ® Ry (wpy, Apy +¥, 1) oM are both holomorphic and
non-zero at (x,y) = (0,0). By analytic continuation, (x) holds at (x,y) =
(0,0). Further, we see that ¢(z,y) must be holomorphic and non-vanishing
at (x,y) = (0,0). The proposition follows. O

The results above begin the process of separating the effects of the four
characters of order< 2, essentially allowing us to deal with 1, u,, separately
from g, pupiny (With g, g, associated to 1, iy, for Hy). To finish this pro-
cess, we need to separate the effects of 1 and . for both symplectic and
orthogonal groups. To do this, we use an argument similar to that above,
only with [B-Mo2] playing the role that [R] played above. We give the
argument for the symplectic case; the orthogonal case is similar.

Let x = (fnrs -« s finrs Ly ooy D) and A = | [FL x| [Fra x| Y2 X x| |[Ymo

—_—— ——
ny ()
with Z1,...,Zn, Y15+« ,Un, € R. Again, set H' = Hj x H). Let 7 =
Ind§ (Ay) and 7' = Indff/ (A) = (Ind! A1) @ (Indp? Xo) = 7| ® 7§ (with
A =] xox| |1 and Ao = | [¥* x -+ x| [Ym0). Welet 7,7/, 7{, 7} denote
the infinitesimal characters of 7, 7/, 7}, 7(), resp.

We define a map M, : V! — VWI,/ (unlike the situation above, M, is
not independent of A). Let M, : fu, — fi,,- If ¢,¢' denote the quo-
tient maps ¢ : H(G) — H,(G), ¢ : H(H") — H(H') (cf. [B-Mo2,
p. 619]), then we certainly have fu,, f,,, generating |78 VWI,', under the ac-
tion of m(q(H(K))), n'(¢'(H(K"))). Thus, as above, we may extend 91, to
get a linear isomorphism satisfying 7/(¥,(h))(9,f) = M (7(h)f) for all
h € q(H(K)), f € VI. Here ¥ : H,(G) — H,(H’) is the isomorphism
of quotient algebras obtained by composing the isomorphisms in [B-Mo2].
With notation as above, we have the following:

Lemma 3.2.10. 9t has the following properties:
(1) (W, (), £) = M, (x(h)f) for all h € H(G), f € VL.

(2) M, is real analytic in T1,... ,Tny, Yis--- s Yng-
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Proof. The proof of (1) is similar to Proposition 3.2.6 above. For h €
q(H(K)), it holds by definition. For ¢,t' corresponding to the same element
of Y, we have that ¥, : 5%(t)q(Tt) — X(t)éé(t’)q'(Tt/) (a consequence of
[B-Mo2, (4.4)] and the construction of W,). With this observation, the rest
of (1) follows as in the proof of Proposition 3.2.6.

For (2), if w € W, = W(H'), we have

() = 7 (W la(T)))

It is sufficient to show ¥, (¢(T),)) is analytic, which follows from [B-Mo2,
Theorem 4.3]. O

Let R(wy, Ap, x) be the normalized standard intertwining operator defined
earlier. As before, we can write wy, = wp, wy, € W (H]) x W(H}), and p; is
an ordered partition for H]. We decompose A, = Ap; X Ay, as above. Let
R'(wp, A\p, 1) = R'(wp,, A\p;,1) @ R (wpy, Ay, 1) be the corresponding inter-
twining operator for H'.

Proposition 3.2.11. R(wp, Ap, x) = Mo R (wp,, Ap;, 1) @ R (wpy, Ay, 1) ©
m-t.

Proof. We again argue as in [Re2]. With notation as in the proof of Propo-
sition 3.2.9, we again have that if (z,y) # 0 near 0,

(**) R(wpv)\p + (xuy)7X)

= fmr(x,y) o R,(wma )\Pl +, 1) ® R/(wlﬂm )‘Po Ty, 1) © i):)’t;(}fﬁvy)’

where 7(x,y) is the infinitesimal character associated to Ind% (A, + (z,y))x.
In this case, there is no need to introduce a scalar ¢(z, y)-the action of (xx)
on K-fixed vectors tells us we actually have equality. By Proposition 3.1 and
the preceding lemma, both sides of (xx) are analytic in (x,y). Therefore by
analytic continuation, (#x*) holds at (0,0), as needed. O

Remark 3.2.2. Hecke algebras are not available for archimedean places.
Also Roche’s results are not available for the place v, v|2.

Remark 3.2.3. Above, we have used the results of Barbasch-Moy and
Roche to identify Ind% Ay with Ind} A @ Tnd 52 Ay @ TndS? A3 @ Ind? Ao,
1 2 3 0
where X = (fy .oy [y fhbnry - - oy ofbnrs oy -« + s Py 1y oo, 1) and A = Ap X
SN—— S——

T1 T2 T3 T0

A2 X Az X Ag. The same isomorphisms allow us to identify Indg;1 A1 with
1
Indgi A1x1, where x1 = (g, ..., p) and G; = G(r1) and similarly for G, G5.
71

Thus, we may also identify Indg Ax with Indg; Alx1 ® Indgs Aoxe ®

Indgg’ A3x3 ® Indgé’ Ao (with Gp = G{). This correspondence is done in
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general in [Ja3]. However, there are two basic obstacles to using [Ja3] here.
The first is that, as with [Aul], [Au2], [Sc-St], the results in [Ja3] are
done in the Grothendleck group setting, hence do not deal with composition

series. The second is that we deal with Ind )\1, etc., by using Moeeglin’s

results. To work with Indgi A1x1, etc., we Would have to establish the
corresponding results ourselves.

To reduce our problem to that covered by Maeglin’s results, we will also
need the following proposition. (We continue to use j for the Iwahori-
Matsumoto involution.)

Proposition 3.2.12. Suppose m and ©' = w} x 7y X 7w X ®, are corre-
sponding irreducible representations. Then, j(m) is tempered (resp., square-
integrable) if and only if j(m),j(7y), j(mh), j(m,) are all tempered (resp.,
square-integrable).

Proof. Note that j(7') is tempered (resp., square-integrable) if and only if
J(m), j(mh), 4(my), () are all tempered (resp., square-integrable).

Let us write 6 € Jac(nw) if 6 appears in the normalized Jacquet module
of m (with respect to the Borel subgroup) with multiplicity at least one.
Observe that by the abelianness of T" and Frobenius reciprocity, we have
0 € Jac(n) if and only if 7 < Ind§0. Therefore, by Theorem 1.8 and
Frobenius reciprocity, we see that 6 € Jac(r) if and only if 6=t € Jac(j()).
Similarly, 0; € Jac(n!) if and only if 6; ' € Jac(j(n!)).

For notational convenience, let ) = 11 x -+ x p. Let p1 = p, 12 = fifnrs

k
13 = fnr, po = 1, as above. We claim that )\mg”) X )\gugg) X )\3%(;3) X

A u(() ") ¢ Jac(m) if and only if \; € Jac(n}) for ¢ = 0,1,2,3. First, let
0 =G(rs+rp) and

n JO@2(r1 +12)), if G = Sp(2n),0(2n)
L7 s0@20m + 1)+ 1), if G=S0(2n+1).

Suppose that 7 corresponds to 7] x 7] under Roche’s isomorphism. We

then argue as follows: ()\m(rl) X A ug )) X (A3 u(r“) X )\o,u(m)) € Jac(m) if
and only if 7 — IndG(()\l,u(h) X A ug )) (Agu( 3) % )\o,u(m))) if and only if

e IndB,,()\l X Aoy and 7l < IndB,,()\gu(TB) x Xo) (cf. [R, Theorem

9.5]) if and only if A x Aap't?) € Jac(r! 1) and Asprs) x Ao € Jac(n 0)- We use
the same basic argument in conjunction with the results of Barbasch—Moy,
making a few minor modifications to cover induction via tensor product

We argue as follows for 7{: A; x )\g,ug;) c Jac( ) if and only if 7
IndB,,()\l X /\g,u( 2)) if and only if 7] — ®- IndB,,()\1 XAy ,u(m)) if and only
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if 7] — (E@—Indg1 At and 7 ®—Indg%)\2_1 (cf. [B-Mo2, Theorem 6.2]) if
1 2

and only if A; € Jac(n]) and A2 € Jac(my). The argument for 7 is similar.

This verifies our claim.

Next we claim that any 6 € Jac(w) has the form sh()\lugh),)\guém),
Al AoplT) for some Ay, Mg, A, Ao with \; € Jac(x)), i = 0,1,2,3. Here,
sh denotes a shuffle, used in the usual sense (e.g., see [Ja3, Definition 3.1]).
This claim follows immediately from the discussion above and [Ja3, Lemma
5.4].

Since 0 € Jac(m) if and only if §=! € Jac(j(r)), the inequalities required
by the Casselman criteria for j(m) to be tempered (resp., square-integrable)
have the same form as those in [M1, Remarque 1.3.5] (7, 7), 5, 7, are al-
ready covered by [M1, Remarque 1.3.5]). Further, observe that A1, A2, A3, Ao
each satisfy the inequalities of [M1, Remarque 1.3.5] if and only if
sh(A\q ngl)’ )\2#%”’2), AgugTS), )\o,u((]ro)) satisfies the inequalities of [M1, Remar-
que 1.3.5] for every shuffle sh. The proof of this is straightforward; essentially
identical to that of [Ja3, Corollary 8.3]. Thus, j(m) is tempered (resp.,
square-integrable) if and only if j(7), (7)), j(74), (7)) are all tempered
(resp., square-integrable), as needed. O

Remark 3.2.4. We may also use the above result to classify the square-
integrable (resp., tempered) representations of Sp(2n, F'), SO(2n+1, F) sup-
ported on the Borel subgroup (at least for F' having odd residual character-
istic). By [Ta3, Theorem 6.2], such a square-integrable (resp., tempered)
representation has cuspidal support contained in {| |aﬂ}aeR,u2:1' Now,
to classify such representations, it suffices to classify the representations
with cuspidal support in {| [*4}qer 421 such that j(7) is square-integrable
(resp., tempered). By the preceding proposition, it suffices to classify the
corresponding representations 7}, h, w4, m, of G, G5, G5, G. This is done
in [M1].

3.3. The definition of Unip(p, x). We prove:

Proposition 3.3.1.

(1) R(wp, Ap, X)L (Ap, x) is semi-simple and the generalized Iwahori-Matsu-
moto involution of its direct summands is tempered. Let Unip(p, x) be
the set of direct summands of R(wy, Ap, X)I(Ap, X)-

(2) Under the Hecke algebra isomorphism, Unip(p, x) corresponds to a sub-
set of Unip(Oq) X - -+ x Unip(O) x Unip(Oyp).

Proof. By Proposition 3.2.1, it is enough to prove for x = 1. For simplicity,
we denote Unip(p,1) = Unip(p). Let O be the unipotent orbit obtained
from p by ignoring the ordering: We will prove Unip(p) C Unip(O), where
O is a unipotent orbit obtained from p by ignoring the ordering.

If p= (a1, b1,...,asbs,ass1) satisfies the two conditions in Remark 3.2,
then we are in Moeeglin’s situation. So it is clear by Moeglin’s result.
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Otherwise, by Remark 3.3, such chain can be written as p = p1 X - - - X pg X
po, where p; € P(0O;) and O; is a distinguished unipotent orbit in G for i =

0,1,... k. Let p;,¢ = 1,...,k be non-trivial quadratic grossencharacters
such that p;,, =1 for ¢ =1,... ,k for a given non-archimedean place v. Let
X:X(Mlv"'vﬂla"' >/Lk’7"'7:uka1a"'71)‘

~ ——

T1 Tk 70

Consider the pseudo-Eisenstein series attached to x from [Ki3]:

¢7A X H Z wz, 27 Z)R(wpwk_l"wo_l,w()"'wk)\,x)
=0 w,eW;
Z r(dwy - - - wpwo, =\, @p)R(d™, dwy - - - wpwo, dx)d(dwy - - - wrwo),
deD

where ®;’s are given by:

Py ={eite;, 1<i<j<nr},
(1)2 - {erl-‘y—i + e’l’1+j7 1 S 1 <] S T2}7

P = {67"1+~~~+Tk—1+i ter 4oty 1S0<) S Tk}v
Do = {er +trpt+i £ Eriptrtis
1<i< j < 1o, 26T1+"'+Tk+i7 i = 17 s 7T0}7

op =" — o

We note that the above is for G = Sp(2n). If G = SO(2n + 1), we need
to add, to ®;, er4oqr; 144, J = 1,...,7m, for ¢ = 1,... k and in P,
2€y, +..cqrp+i should be e, 4. +rk+z If G = O(2n), then @y does not have
the roots 2, 4..qprpti, @ =1,.

Also D is the set of dlstlngulshed coset representatives for § = A —
{67"1 — €ri+1€ri+ry T Critratly s Gty T 67"1+~~-+7’k+1} CA= {61 -
€,...,en—1 — ep} and W; is the Weyl group of G for i = 0,1,... k.
Let A = )\1 + -+ )\k + AO, where )\Z = Qpy4-Ar 1 +1Cr 4 fr; 141 + -+
Qpry+4odr; €ry o fry for i = 1, v ,k and )\0 = Qpy+4eodrp+1Cr 4o frp+1 + -+
Q€ -

Now we substitute x = 1 and we show that I, (¢, Ap, x = 1) is well-defined.
Meeglin showed that r(w;, —\;, ®;) is identically zero on V'(p;) if w; ¢ W (1
,pi). Since the local intertwining operators R(wy, \y) are well-defined by
Proposition 3.1, the only thing we need to show is that r(dwy - - - wrwg, — A,
®p) is holomorphic at A, for w; € W(T,p;) even if x = 1. Recall that for
non-trivial x, x o « is non-trivial for o € ®p and so it is holomorphic.



INTERTWINING OPERATORS 409

For this, we need to show that if for w; € W(1,p;), wi(er,4-tr,_,+i) <0
for some ¢ = 1,... 7, then wi(€r 4. t4r,_14i) = —€ri4-tgr+1—i- Then the
poles and zeros in r(dwy - - - wpwo, —A, @p) cancel each other. We show it
for w1 € W(1,p1). The remaining cases are similar. Suppose wi(e;) = —e;
for 1 <i,7 <. Recall the definition of W(T,p1). It is the set of the Weyl
group elements of G| which send {e; —e;j,1 < i < j < 1} to itself. Then

consider wi (e, —e;) = wi(ep) +€5. So wy(ep) = —eq, where ¢ > j. Consider
wi(e; —ep) = —ej +wi(ep). Then w(ep) = —eq, where ¢ < j. Therefore we
can see that wi(ep) = —ep +1—p-

Since ly(¢, \p, x = 1) is well-defined, by Moeglin’s inner product for-
mula (Section 2.2), it belongs to the residual spectrum L?(G(F)\G(A))r.1)-
Its local components are precisely the image of intertwining operator
R(wp, Ap, xo = 1)I(Ag, X0 = 1). Even though Proposition 2.8 is no longer
true since the normalized intertwining operators could vanish, we can show
that the image of intertwining operator R(wp, Ay, xo = 1)I(Ap, x0v = 1) is
semi-simple in the same way as in Proposition 2.7. Then by Moeglin [M1,
p. 734], it is included in Unip(O), where O is the unipotent orbit obtained
by ignoring the ordering in p. O

3.4. Parametrization of Unip(p, x). Next we parametrize Unip(p, x).

3.4.1. The case y = 1. Because of Proposition 3.3.1, we can still define
R(0(q;,)) by Proposition 2.9 and the following still holds.

Proposition 3.4.1. o(q, 4,y = R(0(q,,)) is @ homomorphism of the group
{id, 0(q, )} into the group of the intertwining operators of R(wyp, Ap)I(Ap)-
This means the following: For X € Unip(p), let R(o(q,5,))X =
% (0 (a; b)) X - Then nf defines a character of A(O) such that 1 (o(a;)) =
1 (a(bi)-
Since Unip(p) C Unip(O), % € Springer (O). Therefore we have:
Theorem 3.4.2. Unip(p) is parametrized by

C(p) = {n € Springer (0) : n(o(as)) = n(o(bi)),
i=1,...,s,n(o(as+1)) = 1}.
Example 3.4.1. Let G = Sp(8) and p = (5,1,3). Then A\, = (2,1,0,1)
and wy, = cieacs. O = (5,3,1) and Springer (O) has 3 elements, namely,
1 € Springer (O) if and only if n(o(5)) = n(o(3)), n(c(1)) =1 or n(c(3)) =
n(co(1)), n(o(5)) = 1. Therefore, {n € Springer (O) : n(c(5)) = n(o(1)),
n(c(3)) = 1} has only the trivial character.

In order to apply the above theorem to the global situation, let O1, O2
be two distinguished unipotent orbits in G} and G%, resp. (If G = Sp(2n),
then G; = O(2r1,C) and G5 = O(2r2 + 1,C). If G = SO(2n + 1), then
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G7 = Sp(2r1,C) and G5 = Sp(2re,C). If G = O(2n), then G} = O(2r1,C)
and G5 = O(2rg,C).) Then we get a unipotent orbit O in G* by combining
01 and Oy. Further we have canonical embedding A(O;) C A(O).

For p; € P(O;), i = 1,2, we get a chain p; X py by shuffling the segments
in p; and po so that it satisfies (3.1), and thus we get Unip(p; x p2). Let
Unip(O1,02) be the union of Unip(p; X p2) as p; runs through P(O;) for
i =1,2. It is a subset of Unip(O). Then we have:

Theorem 3.4.3. Unip(O1,O3) is parametrized by

C(01,02) = {n € Springer (O) : n|4(0,) € Springer (O1),
1l a(0,) € Springer (O2)}.
This can be generalized easily. Let O; be distinguished unipotent orbits
in Gf for ¢ = 0,1,... ,k. Let O be the unipotent orbit of G*, obtained by

combining O;’s. Then we can define Unip(Oy, - - - , O, Op) and it is a subset
of Unip(O) and:

Theorem 3.4.4. Unip(Oq,---, O, Oy) is parametrized by

C(O1, ... ,0k,00) = {n € Springer (O) : n|a(0,) € Springer (0;),
fori=0,... k}.

Corollary 3.4.5. Let G = Sp(2n) and let Oy = (q1,... ,qs—1,1), s even, be
a distinguished unipotent orbit of O(2n,C) and Og = (1). Then Unip(O1, Op)
is parametrized by Springer (O'), where O' = (q1,... ,qs—1).

3.4.2. The case x = x(i,...,u), pu non-trivial quadratic. Let p =
(a1,b1,...,as,bs). In this case the above theorems for y = 1 case hold. We
need to use the generalized Iwahori-Matsumoto involution in Section 1. We
can define R(0(q, p,), ) in the similar way as in Proposition 2.9.

Let Unip(p, p) be the set of components of R(wy, Ap, X)I(Ap, X). Let O be
a unipotent orbit obtained from p by ignoring the ordering. Then:

Theorem 3.4.6. Unip(p, p) is parametrized by
C(p) = {n € Springer (0) : n(o(ai) = n(o(b)), i=1,... ,s}.

Let O; be distinguished unipotent orbits in G for ¢ =1,... , k. Let O be
the unipotent orbit of G*, obtained by combining O;’s. Then we can define
Unip(Ola T 7Ok7 :u) and:

Theorem 3.4.7. Unip(Oy,--- , O, u) is parametrized by

C(O1, ... ,0k, ) = {n € Springer (O) : n|4(0,) € Springer (0;),
fori=1,... k}.
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3.4.3. The general case.It is enough to consider the case, x =
X(ty ooy, 1,00, 1), where p is a non-trivial quadratic character. Let p;,
—— ——

T1 T
1=1,2, be Chaoins in G7, G3, resp, from which we get unipotent orbits Oy,
O2, by ignoring the ordering in p;’s. (If G = Sp(2n), then G7 = O(2r;,C)
and G5 = O(2rp + 1,C). If G = SO(2n + 1), then G} = Sp(2r1,C) and
G5 = Sp(2r9,C). If G = O(2n), then G = O(2r1,C) and G5 = O(2r,C).)
Let p = p1 X p2.
We obtain R(o;)’s and R(cj, 1t)’s. Let Unip(p, x) be the set of components
of R(wp, Mg, X)I(Ap, Xv). Then:

Theorem 3.4.8. Unip(p, x) is parametrized by C(p1) x C(p2).

Let x = X(f1ye ey ilyeenyfllyeens iy Lyenny 1)y o+ -+ 1 = n, v >
—_—— —_—— ——
1 Tk To
- > 11, ;'S are distinct non-trivial quadratic characters. Set ug = 1. Let
pi, © = 0,1,... ,k, be chains in G}, from which we get unipotent orbits
O1,...,0, Og, by ignoring the ordering in p;’s. Let p = p1 X -+ pg X po.
Then:

Theorem 3.4.9. Unip(p, x) is parametrized by C(p1) x - - - x C(px) X C(po).

In order to apply the above theorem to the global situation, let x =
X(ul,...,ul,...,Mk,...,uk,l,...,l), o+ -+ =mn,11 > " 2T >
——

1 Tk T0
2, w;’s are distinct non-trivial quadratic grossencharacters. Let O; be a
distinguished unipotent orbit in G} for i = 0,1,... ,k. Let p; € P(O;) for
1=0,...,kand p = p; X -+ X pr X pg. Then we can shuffle the segments
in p so that it satisfies the condition (3.1). We still call it p. For a non-
archimedean place v, let Unip(Oy, ..., Ok, Op, xy) be the set of union of
Unip(p1,- .- , Pk, Po, Xv) as p; runs through P(O;) for i =0, ... , k.

Theorem 3.4.10. Il,.s, = Unip(Oy, ..., Ok, Oq, xv) is parametrized by
(32) 0(017 v 7Ok7 007 XU) = [Springer (Ol) X
x Springer (Oy) x Springer (Oy)],

where [ ] is defined as follows: If p1y, = poy # piv for i =0,3,... ,k, then
we replace Springer (O1) x Springer (O2) by

C(01,02, p1y) = {n € Springer (O) : n|a(0,) € Springer (0;), fori=1,2},
where O is the unipotent orbit of G5 obtained by combining O1,O2, where

. _ O(2(r1 +12),C), if G=Sp(2n),0(2n)
27 8p(2(r1 +12),C), if G=S0(2n+1).
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Example 3.4.2. Let G = Sp(28) and x = x(p,..., i, 1,...,1), pis a
10 4
quadratic grossencharacter. Let O; = (9,7,3,1) be a unipotent orbit in
090(C) and Os = (5,3,1) a unipotent orbit in Og(C). Then for a non-
archimedean place v, if u,, # 1, then II,.s, is parametrized by Springer (O1) x
Springer (O3). It has 18 elements. Let u, = 1. Let O = (9,7,5,3,3,1,1).
Then A(O) is an abelian group generated by order 2 elements o(1),0(3),
0(5),0(7),0(9). Consequently
Springer (0) = {n € A(O) : n(c(9)) =n(a(7)),n(c(5)) =1
or n(a(7)) =n(o(5)),n(c(9)) = 1}.

Then C(0O1,02) = {n € Springer (O) : 1[40,y € Springer (0;),i = 1,2}.
C(01,02) has 5 elements.

o9 | 1]-1]1|1]-1
o) | 1]-1]-1|1]-1
o(5) (11 ]-1]1]1
o(3) 1] 1]-1|-1]-1
o) |1 1]1|-1]-1

Remark 3.4.1. Let Ao be the conjugate of A\, which is the closure of
the positive Weyl chamber as in Lemma 3.2. Then by inducing in stages,
I()\o,wl_lxv) = Ind% Ao ® IndY wl_lxv, where P = MN is the parabolic
subgroup such that Ao is in the positive Weyl chamber with respect to P.
Then we can consider the Knapp-Stein R-group of Indg[ wy e Ttis a
subset of (3.2). In fact, the Knapp-Stein R-group is spanned by the or-
der 2 elements ¢, 4...qr, for p;, # 1. Therefore, we can think of (3.2) as a
generalization of the Knapp-Stein R-group.
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