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DEGENERATE PRINCIPAL SERIES
FOR EVEN-ORTHOGONAL GROUPS

DUBRAVKA BAN AND CHRIS JANTZEN

ABSTRACT. Let F be a p-adic field of characteristic 0 and G = O(2n, F') (resp.
SO(2n, F)). A maximal parabolic subgroup of G has the form P = MU, with
Levi factor M =2 GL(k,F) x O(2(n— k), F') (resp. M = GL(k,F) x SO(2(n —
k), F)). We consider a one-dimensional representation of M of the form x o
dety, ® triv(, ), with x a one-dimensional representation of F*; this may be
extended trivially to get a representation of P. We consider representations
of the form Indg(x o dety ® triv(,_gy) ® 1. (Our results also work when
G = O(2n, I') and the inducing representation is (xodet) ®det(,_1))®1, using
det(y, ) to denote the nontrivial character of O(2(n— k), F).) More generally,
we allow Zelevinsky segment representations for the inducing representations.

In this paper, we study the reducibility of such representations. We de-
termine the reducibility points, give Langlands data and Jacquet modules for
each of the irreducible composition factors, and describe how they are ar-
ranged into composition series. For O(2n, F'), we use Jacquet module methods
to obtain our results; the results for SO(2n, F') are obtained via an analysis of
restrictions to SO(2n, F).

1. INTRODUCTION

Let F' be a p-adic field with charF = 0.

The basic purpose of this paper is to study degenerate principal series for
O(2n, F) and SO(2n, F) (though we work in a more general setting, what might be
called generalized degenerate principal series). This paper completes the analysis
of reducibility for degenerate principal series for classical p-adic groups; the corre-
sponding results for SL(n, F') (cf. [B=Z] and [Tad1]), Sp(2n, F) and SO(2n + 1, F)
(cf. [Jan3]) are already known. We remark that while a fair amount of work on
degenerate principal series for Sp(2n, F), SO(2n + 1, F') had been done prior to
[Jan3] (cf. [Gus|, [K-R], [Janl], [Jan2], [Tad4]), relatively little has been done for
SO(2n, F) or O(2n, F') (though [Jan2| contains some results for SO(2n, F)). There
are also results on degenerate principal series available for other p-adic groups (e.g.,
see [Mul, [K-S], [ChL]). For real and complex groups, there is significantly more avail-
able on degenerate principal series; we refer the reader to [H-L] for a discussion of
these cases.

In [Jan3] (generalized) degenerate principal series for SO(2n + 1, F), Sp(2n, F)
are analyzed. Structural similarities between the two families of groups allow them
to be treated together. A careful study of Jacquet modules—made possible by the
results from [Tad3]—allowed us to determine the number of irreducible subquotients
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and give their Langlands data. This, in turn, made it possible to reconstruct the
composition series.

These structural similarities are shared by O(2n, F') (but not SO(2n, F')). Thus,
we first focus on (generalized) degenerate principal series for O(2n, F'). Now, there
were two obstacles to including O(2n, F') in [Jan3|: (1) the Jacquet module results
in [Tad3] did not apply to O(2n, F'), and (2) the Langlands classification required
the underlying algebraic group to be connected. Since then, the Jacquet module
structures of [Tad3| have been extended to O(2n, F') (cf. [Banl]); the Langlands
classification was extended (to quasi-split groups with abelian component group) in
[B-J1]. (We also need multiplicity one for the Langlands classification; for O(2n, F),
this follows from [B-J2] or the argument for Lemma 3.4 in [Jand].) Thus, generalized
degenerate principal series for O(2n, F') may be handled in exactly the same manner
as in [Jan3].

We do our analysis for SO(2n, F) by using [(G=K] to study restrictions of represen-
tations from O(2n, F) to SO(2n, F'). (This approach to the study of representations
of non-connected groups has been used by [Gal?], [G=H], e.g., though they use infor-
mation for the connected component to obtain information for the non-connected
group.) The key tools for doing our analysis are Proposition 4.5 in [B=IT] and the
results of section 2 [G=K]. If « is an irreducible representation of O(2n, F'), these
allow us to obtain the Langlands data for the component(s) of 7[go(2n,r) from the
Langlands data for .

Let us now discuss the contents in greater detail. In the next section, we in-
troduce notation and review some results which will be needed in the rest of the
paper.

We begin by discussing the generalized degenerate principal series for O(2n, F)
considered in this paper. As in [B-Z|, we let v = |det| for general linear groups and
use X to denote parabolic induction (cf. section 2 for a more detailed explanation).
If pp is an irreducible, unitary, supercuspidal representation of GL(rg, F'), then

—k+1 —k k—1

Vo2 pg XU 2 +1P0><"'><V z po

has a unique irreducible subrepresentation which we denote by ((pg, k). We note
that if pg = 1px, we have ((po, k) = trivgr e, r). As in [Tad2], we use x to denote
parabolic induction for classical groups (cf. section 2 for a more detailed explana-
tion). Let p be an irreducible, unitary, supercuspidal representation of GL(r, F)
and o an irreducible, supercuspidal representation of O(2m,F) (or Sp(2m, F),
SO(2m + 1,F), SO(2m, F)). (We note that such a ¢ is necessarily unitarizable.)
We say (p, o) satisfies (CO0) if (1) p x o is reducible and (2) v*p x o is irreducible
for all x € R\ {0}. If (p, o) satisfies (C0), then

V_“'lp X 1/_“'2/) X e X 1/_1/) XpXo

has two irreducible subrepresentations which we denote (i(p,¢;0) and (a(p, ¢;0).
We note that if p = 1px and 0 = 1g(,r) (With O(0, F) the trivial group), then
Ci(p, €, 0) = trivp e, ry and G2(p, ¢;0) = deto(ar, F)-

In the third section, we discuss the generalized degenerate principal series
veL(po, k) % Ci(p,4;0), a € R, for O(2n, F'). The case py = p is covered by Propo-
sition 3.2 (for k = 1, ¢ > 1), Proposition 3.3 (for £ = 0, k > 2), and Theorem 3.4
(for k > 2, £ > 1). The case py ¥ p is covered by Theorem 3.5 and Remark 3.6.
In particular, we determine for which values of « reducibility occurs. When there
is reducibility, we identify the irreducible subquotients (by giving their Langlands
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data), describe their composition series structure, and give information on their
Jacquet modules.

At this point, several remarks are in order. First, the arguments needed to
obtain the results in section 3 are essentially the same as those used in [Jan3|. For
this reason, we are rather brief in our discussion; we are content to summarize
the results, with suitable references to [Jan3|, and thereby avoid repeating long
arguments which contain nothing new. Second, the roles of (1 (p, ¢; o) and (a2(p, ¢; o)
are interchangeable; either can serve as the (1(p, £; o) in the results. Thus, section 3
may also be used to deal with degenerate principal series where the one-dimensional
representation of the orthogonal group is det rather than triv. Finally, the results
of section 3 apply equally well to Sp(2n,F) and SO(2n + 1, F). However, for
these groups, the results do not say anything about degenerate principal series.
The difference lies in the conditions on (p,o): For degenerate principal series we
want p = 1px and o trivial (for the rank 0 classical group, i.e., the trivial group).
For O(2n, F'), this means (p, o) satisfies (C0); for Sp(2n, F'), SO(2n + 1, F'), this
requires that (p, o) satisfies (C1/2), (C1), respectively (cf. [Jan3] for a more detailed
discussion regarding Sp(2n, F), SO(2n + 1, F)).

Our analysis of generalized degenerate principal series for SO(2n, F') is done
by combining the results for O(2n, F') (section 3) with results on the restriction of
representations from O(2n, F') to SO(2n, F') (section 4). We note that our results on
restriction from O(2n, F) to SO(2n, F') are built in part on the results of section 2
|G-K]| and Proposition 4.5 [B=I1]. In particular, in combination these may be used
to tell, from the Langlands data of an irreducible representation 7 of O(2n, F),
whether its restriction to SO(2n, F) is reducible and determine the Langlands data
of the components of the restriction.

Included in section 4 is a discussion of cuspidal reducibility. We recall what this
means for Sp(2n, F), SO(2n+1, F). Suppose p is an irreducible, unitary, supercus-
pidal representation of GL(r, F') and ¢ an irreducible supercuspidal representation
of Sp(2m, F) or SO(2m+ 1, F). If p 2 p (p the contragredient of p), then v%p x o
is irreducible for all z € R; if p = p, there exists a unique a(p,o) > 0 such that
v%®p x o is reducible (cf. [Sil2], [Sil3]). Characterizations of the cuspidal reducibility
a(p,o) (based on certain conjectures) are given in [Mce|, [Zh]. (Also noteworthy
are the results of [Shi], [Sh2] in the generic case and the examples from [M-R] and
[Re].) Using our study of restriction/induction between SO(2n, F) and O(2n, F),
the results of [Mod], [Zh] may be extended to O(2n, F') (cf. Corollary 4.4), noting
that [Mce|, [Zh] also deal with cuspidal reducbility for SO(2n, F'). This is obtained
from Proposition 4.3, which relates the cuspidal reducibility for (p,o) to that of
(p,00), where gq is a component of the restriction of o to SO(2m, F).

In section 5, we deal with generalized degenerate principal series for SO(2n, F).
Here, we have two situations to consider. Suppose (p,o) (o an irreducible, su-
percuspidal representation of O(2m, F')) satisfies (C0). Let oo be a component of
the restriction of o to SO(2m, F'). Then, either (1) (p,00) satisfies (CO), or (2)
V¥ p X o is irreducible for all z € R (cf. Proposition 4.3 for a precise characteriza-
tion). In the first case (i.e., (p,00) (CO)), the generalized degenerate principal series
v*L(po) % C1(p, 4;00) (for SO(2n, F)) behave like the generalized degenerate prin-
cipal series v*((po) % C1(p, £;0) (for O(2n, F)). In fact, the results are sufficiently
similar such that we include their statements in section 3, although the proofs are
in section 5. In the second case (i.e., v¥p x ¢ irreducible for all © € R), the results
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are not as similar. In this case, the results on generalized degenerate principal
series for py 2 p are given in Proposition 5.1 (for ¥ = 1, £ > 1), Proposition 5.2
(for £ =0, k > 2), and Theorem 5.3 (for & > 2, £ > 1). The results for py % p are
covered by Theorem 5.5 and Remark 5.6. Jacquet module information is included
in Propositions 5.1 and 5.2. For Theorems 5.3 and 5.5, a brief discussion of how
to calculate Jacquet modules is given in Remark 5.4. We note that this is the case
which includes the actual degenerate principal series for SO(2n, F').

We close this introduction with a sort of user’s guide, to help easily find the
appropriate results on degenerate principal series. For O(2n, F'), the results on
degenerate principal series of the form Ind(|detgr,r)|” ® trivoeer)) (z € R)
may be found by taking p = 1px and 0 = lg(o,r) (O(0, F) is the trivial group) in
Proposition 3.2 (for k = 1), Proposition 3.3 (for £ = 0), or Theorem 3.4 (when k > 2
and £ > 1). The results for degenerate principal series of the form Ind(|det gk, m)|*-
(X o detgrk,r)) @ trivoe,ry) (x a unitary character of F*) may be found by
taking po = X, p = lpx, 0 = lp(o,r) in Theorem 3.5 (if x is of order two) or
Remark 3.6 (if order x > 2). To deal with degenerate principal series of the form
Ind(|detgr(r,m)|” - (x 0 detgr(r,Fy) ® detoae,ry), use the same results, but with the
roles of (1(p,¢;0) and (2(p, £; o) reversed.

For SO(2n,F), the results on degenerate principal series of the form
Ind(|detgr(r,m)|* @ trivsoee,r)) (¢ € R) may be found by taking p = 1px and
o = 1go(0,r) (SO(0, F) is the trivial group) in Proposition 5.1 (for k& = 1), Proposi-
tion 5.2 (for £ = 0), or Theorem 5.3 (when & > 2 and ¢ > 1). The results for degen-
erate principal series of the form Ind(|det gk, r) " - (XodetG Lk, F)) Dtrivsoce, r)) (X
a unitary character of F'*) may be found by taking po = x, p = 1px, 0 = 1s0(0,r)
in Theorem 5.5 (if x is of order two) or Remark 5.6 (if order x > 2).

Acknowledgment. We would like to close by thanking the referees for valuable
comments and corrections.

2. PRELIMINARIES

In this section, we introduce notation and state the Langlands classification
for SO(2n, F) and O(2n, F'). An explanation how such a form of the Langlands
classification follows from the general results in [B-J1] can be found in the Appendix.

Let F be a p-adic field with charF = 0. We make use of results from [Goll],
[Gol2] in this paper, hence we need this assumption.

In most of this paper, we work with the components (irreducible subquotients)
of a representation rather than with the actual composition series. Suppose that
w1, o are smooth finite length representations. We write m; = mo if m; and 75 have
the same components with the same multiplicities. We write m; = 79 if m; and m
are actually equivalent.

The special orthogonal group SO(2n, F'), n > 1, is the group

SO(2n,F) ={X € SL2n,F)| "XX = I, }.

Here " X denotes the matrix of X transposed with respect to the second diagonal.
For n =1, we get

SO(Z,F):{[ o0 HAeFX}gFX.
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SO(0, F) is defined to be the trivial group. The orthogonal group O(2n, F), n > 1,
is the group
O2n,F)={X e GL2n,F) | "XX = I1,}.
We have
O(2n,F)=5S02n,F) x {1, s},

where
I

= O

€ 0(2n, F)

O =

I

and it acts on SO(2n, F') by conjugation. We take O(0, F') to be the trivial group.

In the group SO(2n, F), fix the minimal parabolic subgroup Py consisting of all
upper triangular matrices in SO(2n, F') and the maximal split torus Ay consisting
of all diagonal matrices in SO(2n, F).

Let M? be the standard Levi subgroup of GY = SO(2n,F). We denote by
igo po the functor of parabolic induction and by rj0 go the Jacquet functor (cf.
[B-Z]). Let G = O(2n, F). We use the notation ig go and rgo ¢ for induction and
restriction of representations.

Suppose that p1, ..., pr are representations of GL(n1, F),...,GL(nk, F) and 79
a representation of SO(2m, F'). Let G° = SO(2n, F), where n = ny + - - +ny +m.
Let

MY = {diag(gl, ey ks h,Tgk_l7 TgrY) | gi € GL(ny, F), h € SO(Zm,F)}.

Then MY is a standard Levi subgroup of G° (cf. Appendix or [Ban2]). Following
IB-Z], [Tad2], set

pl><...xpk>q7’0:igo’MO(p1®"'®pk®T0)'

If m = 0 and ng > 1, then sM%s is another standard Levi subgroup of G°. Let 1,
denote the trivial representation of SO(0, F'). We write p1 ® -+ - ® pr—1 ® s(pr ® 19)
for the corresponding representation of sM%s. According to [Ban2],

s(p1 X - X pr X 1g) = p1 X -+ X pp—1 X s(pr % 1)
=G0 smos(P1 @ - ® pr—1 @ s(pr ® 1p)).

As in [B=7], we set v = |det| for general linear groups. Let p be an irreducible
representation of GL(n, F'). We say that p is essentially square-integrable (resp.,
essentially tempered) if there exists e(p) € R such that v~%() p is square-integrable
(resp., tempered).

Now, we discuss the Langlands classification for SO(2n, F)(cf. Appendix). Let
pi, © = 1,..., k, be irreducible essentially square-integrable representations of
GL(n;, F) and 79 an irreducible tempered representation of SO(2m, F'). Suppose
that m > 1 and e(p1) < --- < e(pg) < 0. Then the representation p; X - -+ X p. X 7o
has a unique irreducible subrepresentation which we denote by L(p1, ..., pk; 7o)
(We note that this formulation—using weak inequalities with essentially square-
integrable representations in lieu of strict inequalities with essentially tempered
representations—follows easily from the fact that an irreducible tempered repre-
sentation of GL(n, F) has the form d; x --- x §; with ¢; irreducible and square-
integrable.) If m = 0, then

SL(pla' e 7Pk§10) 9:0 L(pla' e 7pk;10)'
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We have sL(p1,...,pk;10) = L(s(p1® - ®...pr®1p)). Both p1 ®---®@pr®1p and
s(p1®- - -®@pr®1p) appear in (2) and (3) of Proposition 6.3, i.e., constitute Langlands
data. Further, any Langlands datum in (2) or (3) of Proposition 6.3 may be written
as either p1®- - Q@ pr®1p or s(p1®- - -Rpr®1p) with p1, ..., px as above. To simplify
notation, etc., we write sL(p1,...,px; 1o) rather than L(s(p1 ® -+ ® pr ® 1p)) in
these cases.

At times, it will be convenient not to have to worry about listing p1, ..., px in
increasing order. So, if p1,. .., pr satisfy e(p;) < 0, then there is some permutation
Pors-- -5 Po, Which satisfies e(po,) < -+ < e(ps,) < 0. Then, by L(pi,...,pr;70)
we mean L(py,, .-y Poy; T0)-

Suppose that p1,..., px are representations of GL(ny, F),...,GL(ny, F) and 7
a representation of O(2m, F). Let G = O(2n, F'), where n = ny + - - - +ny +m. Let

M = {diag(gl, cees Ok h,Tgk_l, oY) | gi € GL(n, F), h € O(Zm,F)} .
Then M is a standard Levi subgroup of G (cf. Appendix or [B=IT]). Set

pPLX X ppXT =ipc(p1® @ pp®T).

In the case m = 0, we denote the trivial representation of O(0, F') by 1.

Now, we give the Langlands classification for O(2n, F) (cf. Appendix). Let
pi, © = 1,...,k, be an irreducible essentially square-integrable representation of
GL(n;, F) and 7 an irreducible tempered representation of O(2m, F'). Suppose
that e(p1) < --- < e(pr) < 0. Then the representation p; X --- X pi x 7 has a
unique irreducible subrepresentation which we denote by L(p1, ..., pg; 7).

Let p be an irreducible unitary supercuspidal representation of GL(n,F) and
k € Z, k > 0. Then the representation

— k41

7k+1+1 k—1
vV 2 p)(y 2 px...xy2p

has a unique irreducible subrepresentation which we denote by ((p, k) and a unique
irreducible quotient which we denote by d§(p, k) (cf. [Zell).

Suppose that o is an irreducible supercuspidal representation of SO(2m, F') (re-
spectively, O(2m, F')) satisfying

(C0) p x o is reducible and v®p x o is irreducible for all @ € R with « # 0.

Then p x o is the direct sum of two irreducible tempered representations. We write
pxo=Ti(p;0) & Tr(p;0).
Let ¢ =1,2 and ¢ > 1. By Jacquet module considerations, the representation
vy x v 2 v Ti(ps o)

has a unique irreducible subrepresentation which we denote by (;(p,?;0) and a
unique irreducible quotient which we denote by &([vp, v/~ p]; T;(p; o)) (it is square-
integrable for £ > 0). For convenience, we also use the segment notation of Zelevin-
sky: let

B+m +1 B+m

WP p, P p) = 1P p, P
Then, e.g., we have Gi(p, ;) = L(I=p, v p] Ti(ps 0)).
Let p be an irreducible supercuspidal representation of GL(m, F'), m odd. Sup-
pose that p = p. Then p x 1p is an irreducible tempered representation of
SO(2m, F). By Jacquet module considerations, the representation

p.

VJJFlp X V74+2p - px pxl
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has a unique irreducible subrepresentation which we denote by ((p,¢;1p) and a
unique irreducible quotient which we denote by §([vp,v*~1p]; p x 1o) (it is square-
integrable for ¢ > 0). Similarly, if o¢ is an irreducible admissible representation of
SO(2n, F') such that sog 2 0p, then px oy is an irreducible tempered representation
of SO(2(m +n), F). By Jacquet module considerations, the representation

1/7”1/) X 1/7”2/) X - --Vﬁlp X p X og

has a unique irreducible subrepresentation which we denote by ((p,#;00) and a
unique irreducible quotient which we denote by &([vp, v~ 1p]; p x 00) (it is square-
integrable for ¢ > 0).

We introduce an additional piece of notation for Jacquet modules. Let G =
SO(2n, F) (respectively, G = O(2n, F)) and 7 a representation of G. We write

S(m)ﬂ' = ’I“M7g(7'r),

where M is the standard Levi subgroup of G isomorphic to GL(m, F') x SO(2(n —
m), F) (respectively, GL(m, F') x O(2(n —m), F)).

3. DEGENERATE PRINCIPAL SERIES FOR O(2n, F')

In this section, we determine the reducibility for (generalized) degenerate prin-
cipal series for O(2n, F'). Suppose (p,0) satisfy (C0) (for O(2(m + ), F)). We
analyze the reducibility of ((po, k) X (1(p,¢;0) below. If pg & p, the results are
given in Proposition 3.2 (for & = 1), Proposition 3.3 (for £ = 0), and Theorem
34 (for k > 2, ¢ > 1). If pg % p, the results are given in Theorem 3.5. We note
that the results consist of determining the reducibility points, the Langlands data
of the irreducible subquotients which appear, the composition series structure, and
certain information on Jacquet modules. As the arguments required are essentially
the same as in [Jan3|, we omit the (rather lengthy) details.

The results also apply to SO(2n + 1, F), Sp(2n, F'), and SO(2n, F') when (p, o)
satisfies (CO) (where o is an irreducible supercuspidal representation of the cor-
responding group). For SO(2n + 1, F), Sp(2n, F'), the proofs are the same as for
O(2n, F); for SO(2n, F), the proofs are given in section 5. To allow this sort of
generality in the results, we use G(n, F') to denote any of these groups.

We start with a preliminary result. While there are strong reasons to believe
that ¢;(p, ¢; o) is unitary, to the best of our knowledge this remains unknown. The
following lemma serves as a substitute for the unitarity of (;(p,¢;0). (A similar
result should have been included in [Jan3].)

Lemma 3.1. Suppose p, po are irreducible unitary supercuspidal representations of
GL(m, F), GL(mg, F) and o an irreducible supercuspidal representation of G(r, F).
Further, assume that (p,o) satisfies (C0). Then, if m = ((po, k) % Ci(p, 4;0) is re-
ducible, it decomposes as the direct sum of two irreducible, inequivalent representa-
tions.

Proof. Let ~ denote the duality of [Aub) (also, cf. [S-S]); for O(2n, F') see [Janf]).
Then, & = d(po, k) x 6;(p,¢;0). By [Goll], [Gol2], e.g., we know that if this re-
duces, it is the direct sum of two inequivalent, irreducible subrepresentations. By
Théoreme 1.7 and Corollaire 3.9 [Aubl, 7 must have two inequivalent, irreducible
subquotients. It remains to show that m decomposes as a direct sum.

Suppose 7 is reducible. Let m; and 7y denote the irreducible subquotients. We
claim that to show that m = m @ 72, it is enough to show that sy, (7;) contains
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C(po, k)®Ci(p, £;0). One can see from [Tad3] (also, cf. pp. 74 and 75, [Jan2]) that the
two copies of ((po, k)®Ci(p, £; 0) in 8(jm,) () are the only irreducible subquotients of
5(kmo) (7) having unitary central character (all the rest have central character with
the exponent having negative real part). Thus, if 8(m,)(7) has ((po, k) @ (i(p, £; 0)
as an irreducible subquotient, it follows from central character considerations and
Frobenius reciprocity that m; is a subrepresentation of ((po,k) % (i(p,¢;0). The
claim follows. Finally, to see that s(j,)(7;) contains ((po, k) ® (i(p, £; o), we again
look to the dual side, where we have @ = 71 @& 72. By Frobenius reciprocity,
5(kmo) (i) contains 0(po, k) @ 0;(p, £; o). By Théoreme 1.7, [Aub], we can conclude
S(kmo) (i) contains ((po, k) ® (i(p,£;0), as needed. O

Proposition 3.2. Let p be an irreducible unitary supercuspidal representation of
GL(m, F) and o an irreducible supercuspidal representation of G(r, F') with (p,0)
satisfying (C0). Let m = v*p x (1(p, £;0) with « € R, £ > 1. Then, 7 is reducible
if and only if a € {£1,£L}. Suppose 7 is reducible. By contragredience, we may
assume that o < 0.

(1) a=-1,0=1
T = m + 7o + w3 with
m =L ' Ti(p;0)), m =d(vp;Ti(p;0)), w5 =L(v~35(p,2);0).

In this case, 71 is the unique irreducible subrepresentation, my is the unique
irreducible quotient, and w3 is a subquotient. We have

Semym = v ' p@Ti(p; o),
s(mym2 = vp @ Ti(p; o),

5(myTs = p @ L(v™'p;0).

(2) a=-1,£>1
T = + mo with

m = L(v vl v s Ti(p; o), w2 = L([v™ " p, v pl; 6(vp; Ta(ps 0))).
In this case, w1 is the unique irreducible subrepresentation and o is the
unique irreducible quotient. We have
(a) £ =2

ST =20 p @ L gy Ti(p; o)) + v p @ L(v™25(p, 2): 0),
semym2 = v p @ 8(vp; Ti(p; o)) +vp @ L(v™" p; Ti(p; 0)).
(b) £> 2.
semym = v~ M p@ L[y 2p,v™ pl,v ™" p; T(p; 0))
+vtp@ L p, v ol Ti(p; 0),
simym2 = v o @ L2 p, v pli 6(vp; Ta(p; 0)))
+vp@ L([v™"p, v pl; Tu(p; 0)).

(3) a=—L,¢>1.
T = + T with

m =L p, vl Ti(ps @), o = Lv=%6(p,2), [v=F2p, v p); T (p; 0)).
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In this case, w1 is the unique irreducible subrepresentation and o is the
unique irreducible quotient. We have

semm = v p@ L([v="*" p,v™ p; Ti(p; 0))
seym2 = v p@ L™ p, v 2p,v7 ] Tu(p; 0))
+vp@ L™ p, v pls Ti(p; 0)).
Proof. For O(2n, F) (and SO(2n+1, F'), Sp(2n, F')), this is proved as in Proposition
3.1, [Jan3] (also, cf. [Tad4]). O

Proposition 3.3. Let p be an irreducible unitary supercuspidal representation of
GL(m, F) and o an irreducible supercuspidal representation of G(r, F) with (p,0)
satisfying (C0). Let m = v*((p, k) xo witha € R, k > 2. Then 7 is reducible if and

only if a € {#, #, ey %} Suppose 7 is reducible. By contragredience, we
may assume that a < 0. Write o = # +jwith0<j< k—gl
(1) j="*5
T = + T with

— k41

=kl _
mo= L™= p,v ol v pv Tl Tilps 0)
fori=1,2. In this case, 7 = w1 ® m2. We have

— k41 k41 —k+3

smymi =202 p@L(v=2 pv ol vz pvT ] Ti(p; o))
v p@ Ly 316(p,2), v 5420(p,2), ..., v 20(p,2); 0)

fori=1,2.

C k1

(2) 0<j <4
T = T + 7o + w3 with

m = L™ " p, vl v p, v ol Ti(p; 0))
fori=1,2 and
5 = L F 7,077 2p) 0777 26(p,2), 07712 8(p,2), .. v 28(p, 2); 0).

In this case, w3 is the unique irreducible quotient and 7™ @ 7o is a subrep-
resentation.
(a) j=0="32 (k=2),

S(m)Ti = v o @ Ti(p;0)
fori=1,2.
Smy™3 = p® L(v ™ p; o).
(b) =0, k> 2,
semymi = v "o L(v " p, v pli Ti(p; 0))
fori=1,2.

semms = v @ L= 2p,v=2p|,v=58(p, 2); 0)
+p@ L([v ¥ p, v pls o).
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(c) j= %, k>4 (k even),
S(myTi = V’fp ® L([fgfm v=pl, [V*f“p, vl Ti(p; o))
+v it p @ L(lv 2 p,v ), v 2 2 p, v ol Ti(ps 0)
fori=1,2.

—k+3

2 6(p,2),.. .,Vﬁéé(p, 2);0).

ST =v 2t p@ L 2 p,v
(d) 0<j <52,
SemyTi = v T p @ Lt p vl v p, v pls Ty (p; 0))
+vip@ Ll * 9 p, v~ 1], [v=IH p, vt pls T (p; o))
fori=1,2.
Smyms =V T p @ L[ M2 v 17I756(p,2), .. v 26(p, 2); 0)
+rvIp@ L(v=ktitlp v=i=1p], vit38(p,2),. .., V_%(S(p, 2);0).
Proof. For O(2n, F'), this is essentially the same as Proposition 3.11, [Jan3]. (For
SO(2n + 1, F), Sp(2n, F), this is Proposition 3.11, [Jan3].) O

Theorem 3.4. Let p be an irreducible unitary supercuspidal representation of
GL(m, F) and o an irreducible supercuspidal representation of G(r, F) with (p,0)
satisfying (CO). Let m1 = v*((p,k) x (1(p,4;0). Suppose k > 2 and £ > 1 (the
cases k =1 and £ = 0 are covered by Propositions 3.2 and 3.3 above). Then, m is
reducible if and only if

ae {E(C+5L), L+ 5L 1), £+ =L}

U{{=hL, =k 1 B {0 if k = 20— 1)),

(We note that these sets need not be disjoint.) Let S1 denote the first set and Sy the
second. Suppose T is reducible. By contragredience, we may restrict our attention
to the case a < 0.

(1) (0% ¢ SQ,
In this case, we have ™ = w1 + 7o, where
k—1 k—1
m o= L= p, vl v v pli T(p; o)),

k—1
mo = L(v*~ " pv 1,

vE8(p,2) v R (0,2), R G (0, 2), R 20,07 ) Ta (1),

w1 1s the unique irreducible subrepresentation and mwo is the unique irre-
ducible quotient.

(2) a= =51
One component of w is the following:
m = L([v ", v o), v v )i Ta(ps 0).
The other components are described below.
(a) £=1(sok>(—1).
In this case, there are two additional components:
mo = L([v"p,v=2p}; 6(vp; T1(p; 0))),
and )
73 = L([v""p,v2p],v"28(p,2); 0).
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1 is the unique irreducible subrepresentation, wo is the unique irre-
ducible quotient, and w3 is a subquotient.
(b) k>¢—-1>0.
In this case, there are three additional components:
mo = L([v =" p,v2pl, v F o, v i 6(vps Ta (3 0))),
5 = L([v ™" p, v v 26(p,2), v 5 6(p, 2), ..., v 28(p, 2); 8(vps T (p; ),
_ e sl 43 _1
my = L(v " p, v v 26(p, 2), 05 6(p, 2), . v 26(p, 2);50).
w1 s the unique irreducible subrepresentation, ws is the unique irre-
ducible quotient, and wo @ 7y s a subquotient.
(c) L—1=k.
In this case, there is one additional component:
me = L([v™"p,v=2p], v p, v pl; 8(vp; T1 (p; ).
w1 18 the unique irreducible subrepresentation and mwo is the unique
irreducible quotient.
(d) £—1>k.
In this case, there is one additional component:
mo = L([v="" o, v =2, v 0, v pl; (v Th (3 0))).
w1 18 the unique irreducible subrepresentation and mwo is the unique
irreducible quotient.
(3) a €S,
Write a = _2+1 + 4, with 0 < 5 < % One component of w is m1,
where my is defined as follows:

m = L[ 9 o, vl [ p, vl [ o, v pls p ) T (s ).
The remaining components are described below, on a case by case basis.
(a) k—j—1>7>¢—1.
We have two additional components:
my = L(v= "t p, v 1], [y p, vt ),
v 26(p,2), v 26(p,2), ... ,v " 26(p, 2); Ta(p; ),
w3 = L[yt p, v I =2 p] [y p )
vTIT56(p,2), v 38(p, 2), ..., v 26(p, 2); Ta(p; 0)).
s is the unique irreducible quotient and m ® 73 is a subrepresentation.
by k—j—1=j>¢-1.
We have one additional component:
=kEL -1

m=L(v ™7 pv ol vE pv i),
v=55(p,2), v 56(p,2), ..., v 30(p, 2); Ta(p; ).
In this case, m = w1 @ mo.
(c)k—j—1>j=0—-1.
We have one additional component:
my = L([v= ¥t p, v 1] [ p, v ),
v=H58(p,2), v 56(p,2), ..., v 28(p, 2); Ta(p; 0)).-
w1 is the unique irreducible subrepresentation and mwo is the unique
irreducible quotient.
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d k—j—-1>4—-1>j.
We have three additional components:
my = L[ FH 4 p =2 p) [y~ p, 7972,
vI738(p,2),v It 38(p,2), . v 20(p, 2);:6(vps Ta(p3 0)),
my = L[ M9t p vt 1] w=t35(p,2), v 28(p, 2), ... ,v I~ 35(p, 2),
vI716(p,3),v778(p,3), - v 0(p,3);0(vp; T (p; 0))).
ma = L([v= ¥ p, =] [ p, v p),
v=458(p,2), v 56(p,2), ..., v 28(p, 2); Ta(p; 0)).-
w1 s the unique irreducible subrepresentation, ws is the unique irre-
ducible quotient, and wo @ 74 is a subquotient.
(e) k—j—1=0—-1>j.
We have one additional component:
my = L= p, v F 2] [y p 2],
vEH36(p, 2), R 5 6(p,2), . v 20(p, 2); (v Th (3 0)).
w1 18 the unique irreducible subrepresentation and mwo is the unique
irreducible quotient.
) -1>k—j—-1>3j.
(i) Ifj =0, the representation mo below is the only other component.
In this case, w1 is the unique irreducible subrepresentation and
o 1S the unique irreducible quotient.
(ii) If j > 0, there are two additional components:
T = L([v™ "9t p,v=2p), v~ p, v 72 ),
vIT25(p,2), v 28(p,2), ..., v 28(p,2); (vp; Ti(p; 0))),
w3 = L([v="p, v F ] v p, v 2 ),
vRRIYE6(p, 2), v EG(p,2), .. v 30(p, 2);0(vps Ta(ps 0))).
In this case, wo is the unique irreducible quotient and wy P s is
a subrepresentation.
(g l-1>k—j—-1=3.
We have one additional component:

=

My = L(lv=" v pl v 5 pv2p),

v=38(p,2), v 5418(p,2), ..., 28(p, 2);6(vp; Ta(p; 0)))
In this case, m = w1 @ mo.
We note that the case k —j —1=j =€ — 1 is a point of irreducibility.

Proof. For O(2n, F) (and SO(2n+1, F'), Sp(2n, F')), the proof that the reducibility
points are as stated is essentially the same argument used in Theorem 4.1, [Jan3].
We will not repeat the arguments here, just restrict ourselves to a comment on the
most difficult case: the irreducibility of ¢(p,2¢ —1) x (1(p, ¢; o). The analogous case
in [Jan3| is covered by Lemma 4.3, [Jan3]. A more efficient argument is given in
section 6, [Jan5|. For ((p,2¢ — 1) x (1(p, ¢;0), the [Jand| argument only works for
¢ > 2. Thus, the most efficient way to deal with this case seems to be to use [Goll],
|Gol2] for ¢ = 1, a Jacquet module argument similar (but simpler) than that of
Lemma 4.3, [Jan3] for £ = 2, then the [Jan5| argument for ¢ > 2.

The proof that the 7 has the irreducible subquotients indicated is similar to the
proof of Theorem 6.1, [Jan3]. It is an inductive argument, with the induction on
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k + ¢ (the parabolic rank of the supercuspidal support). As it is a rather lengthy
argument, and there are no new ideas involved, we do not go through the details.
Instead, we just restrict ourselves to a few remarks.

As in [Jan3|, the induction focuses on s(,,)m. For cases (2) and (3) (noting that

case (2) is essentially j = —1), we observe that = = V_’c;rl”C(p, k) x (1(p, ¢;0) has
Sy = v Iy @ T (p k — 1) % (1(p, b 0)

+rip@ v HC(p,k — 1) % Gi(p, 6 0)

—k+1

+rHp v T (p, k) % G(p, £ - 1;0).

We let
7= Ry @ I (p k — 1) % G(p, £ 0),

™ =vip® V%k"‘jc(p’k; —1) % Gi(p, 4 0),

" = v @uTE T (p, k) % Cu(p, £ — 150).

For 7/, we have k' = k—1, j' = j, ¢’ = £ (in the obvious notation) so that &' —j'—1 =
k—j—2,4 =4, —1=/¢—1. Similarly, for 7/ we have ¥/ — 7" — 1=k — j — 1,
" =§—1,0"-1={—Tandfor 7" k" —j" -1 =k—j—1, " = j, £"—1=1£—2.
Further, by inductive hypothesis, we know that 7/, 7"/, 7" decompose according to
the theorem.

The proof of the theorem is broken into subcases based on how 7/, 7", 7/
decompose (with respect to the theorem). The particular case of the theorem
governing the decomposition of 7/ is given in the second column in the table below,

and is easily determined from k' — j' — 1, j/, ' — 1. One note: if j = £ in order

to avoid having o/ > 0, we replace 7/ = I/_T-Hp ® V%((p,k — 1) % ¢(p, 4;0) with
y%/ﬂ@zﬁ%C(p,k— )xl(p,l;o)=7"(sothen k' —j'—=1=k"—35"-1, j = j",
¢/ —1=1¢"-1). The third and fourth columns have the corresponding information
for 7/ and 7'”, respectively. The final column indicates which components of 7/,
7", 7" are contained in s,,)m; for each component m; of m. Note that this is part
of the induction; we assume the table gives the Jacquet modules for lower values of
k + £ and verifies it for the k& + ¢ under consideration.

We note that the notation in the tables is the obvious notation; e.g., if 7/ de-
composes according to case 3a, then 7 is the second component in part 3a of the
statement of the theorem.

The proof that the composition series have the indicated structure is similar to
the proof of Theorem 7.1, [Jan3]. Again, since there are no new ideas involved, we
omit the details.

Table 1. Let m = v*((p, k) x C1(p, ¢; o) be as in the statement of Theorem 3.4.
The components of m are denoted by 7y, 72, . . . ; the corresponding Jacquet modules
are S(m;m)T1, S(m)T2,.... An explicit description of 71,2, ... is given in Theorem
3.4. The representations 7/, 7", 7" are the induced representations arising in
S(m)T (S(my™ = 7" + 7" + 7"""), possibly reducible. They are described in the proof
of Theorem 3.4 and decompose as indicated in the table; the final column indicates
which components of 7/, 7", 7" are contained in s(,,)7; for each component m; of
.
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Case (for ) for 7/ for 7" for 7" |components
L@k=2a=—-(+13) 3.1 irr v S(m)T1 = Tq
S(m)T2 = Té +7" 7"
B) k=2, a=—(-3) |ir 31 1 smym =7 + 7 + 717"
S(m)T2 = ™ + 75
(ry) E>2 a=—-{+ %) 1 irr irr S(m)T1 = T
S(m)T2 = Té +7" 7"
0) k>2,a=—((+=LL)lir 1 1 Semym =1 + 711 + 711"
S(m)T2 =T + 75"
() k>2, —(L+ %) <a, (|1 1 1 Smym =711 + 711 + 7"
a < —(0+ =k S(mym2 =75 + 75 + 73"
2a.
(@) l=1,k=2 3.1 irr irr S(m)T1 = Tq
Sz =74+ 7"
S(m)T3 = T+ 7"
B)L=1,k>2 2a  irr irr S(m)T1 = T1
S(m)T2 = Té + 7"
StmyTs = 74+ 7"
2b.
(@) 0=2k=2 31 31 2a S(mym =71 + 71"
S(m)T2 = Té + T{l
S(m)Ts =73 + 75
S(m)T4 = Té”
(5) 0=2k>2 2b 1 2a S(m)T1 = T{ + 7—{"
S(m)T2 = Té + T{l
S(m)T3 = T3 + 75 + 75
S(m)T4 = 5+ TZ’/)H
() €52k =1 2 1 B |smm =+
S(m)T2 = Té + T{/ + Tél,
S(m)T3 = Té/ + T?,)N
S(m)Ta = T4
(0) 0>2,k>1 2b 1 2b  |smym =711 + 71"
S(m)T2 = Té + T{/ + Tél,
S(m)ﬂ'g = Té + Té/ + Té"
S(m)T4 = 7—41 + Téil,
2c.
() k=2,=3 3.1 irr 2b Smym =11 + 11" + 74"
Semym2 = Ty + 7" + 13" + 715"
B)E>2,0=k+1 2d  irr 2b Semym1 =11 + 1" + 11"
S(m)T2 = Té +7 4 7_2///7_é//
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2d.
() k=2,0=14 3.1 irr 2c S(m)ﬂ'lzT{—FT{”
S(m)T2 = Té + 7"+ Té/,
B)k=2,0>4 31 irr 2d | seyym =71 + 71"
S(m)T2 = Té + 7"+ Téﬂ
(M k>20=k+2 2d irr 2c | sepym =71 + 71"
S(m)T2 = Té 4 ! + 7_2///
(0) k>2,0>k+2 2d irr 2d | sgym =71 + 1]
S(m)ﬂ'g = Té + 7'” + Té/,
3a.
() l=1,j=1,k=4 3b 3¢ 32| smmm =1 +T1 +7
S(m,)ﬂ—Q = Té + Té”
S(m)T3 = Té/ + Té/l
) €=1,j=1k>4 3a 3c 3.2 | sgymm =1+ +11"
()™ = T+ 74"
S(m)T3 = Té + Tél + Téll
(Me=1jj>1k=2j+2|3b 3a 32|sem=m+71 +17"
S(m,)7r2 = Té + Tél + Téll
S(m)T3 = T3 + 73"
(6)¢=1,j>1,k>2j+2 | 3a 3a 32|semm=1+71 +71{
Suym2 = 74+ 75+ 78"
S(m)T3 = Té + TZ’,)/ + 7_?/)//
(e)0>1,j=0k=2j+2 |3b 3c 3a |sumym=1{+71 +71{
S(m)T2 = Ty + 73"
S(m)T3 = Ty + 73"
() >1,j=0k>2j+2 |3a 3c 3a |smmm=1+71 +71
S(m,)ﬂ—Q = Té + Té”
S(m)T3 = Té + Tél + Téll
M >1,j>0k=2j+2|3b 3a 3a |sem=1+71+717"
SmyT2 = 75 + 74 + 75"
S(m)yT3 = 7§ + 73"
0)¢>1,j>0k>2j+2 | 3a 3a 3a |semm =1+ +717
S(m,)7r2 = Té + Tél + Té”
S(m,)ﬂ—?) = T?/> + Tél + ngll
3b. (n.b. 7 =7")
(@) l=1,j=1k=3 3¢ 3¢ 32| semm =71+ +71 +711"
S(m)T2 = Té/ + Té/l
(B)£=1,j>1,k=2j+1|3a 3a 32|seym=1+75+7 +711"
S(m)T2 = Té + TQN + Tg/,l + Té//
(MEe>1,j=0k=2j+1|3c 3c 3b |semm=1+7+7 +717"
S(m)T2 = Té, + Té,/
(0)¢>1,j>0k=2j+1|3a 3a 3b |semm=1+71+7 +1

S(m)T2 = Té + 7_2// + Tél + Té”
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3c.
(@) j=0,4=1,k=2 irr 3.1 3.2|semym =7 +71 +717"
S(myT2 = Ty + 74 + 79" + 73"
B)j=0,=1k>2 3c 2a 3.2 |suym =1 +71 +71"
S(m)T2 = Té + Té’ + Té,
+ 7_é// + Té//
(v)j>0l=7+1k=2j+2|irr 3d 3a |spym =7 +71 +75 +77"
S(m)ﬂ-Q — Té/ + Téil + Té” + Té//
(0)j>0L=7+1,k>2j+2|3c 3d 3a |semm =71 +7 +7 +7"
S(m)T2 = Ty + 75 + 74
+ 7_2/// + T?I)N
3d.
(@) j=0,=2k=3 e 2b 3c |smym =1 +7 +T17"
S(m)T2 = Ty + T3
S(m)T3 = T3
S(m)T4 = 7'41/ + 7
(8)j=0,=2k>3 3d 2b 3¢ |suym =11+ 71 + 77"
S(m)T2 = Ty + T3
S(m)T3 = T3 + 73
S(m)Ta = T4 + 74 + 13"
() i=04>2k=0+1 3e 2b 3d |suym =11 +71 +77"
S(m)T2 = Ty + 14 + 13"
S(m)T3 = Tél + Té”
S(myTa = 74 + 74"
(0) j=0,>2k>0+1 3d 2b 3d |smym =1 + 71 + 77"
S(myT2 = Ty + 75 + 75
S(m)T3 = T3 + 75 + 75
Semyma = Ty + 74 + 7
(€)j>0L=j+2,k=2j4+3 ||3e 3d 3c |spym =71 +7 +717"
S(m)T2 = Ty + T3
S(m)T3 = T3
S(m)T4 = 7'41/ + Té"
(Q)i>0L=37+2,k>2j4+3|3d 3d 3c |spym =71 +7 +717"
S(m)T2 = Ty + T3
S(m)T3 = T3 + T3
S(m)Ta = T4 + 74 + 13"
) j>0,>j+2, 3e 3d 3d |suym =1 +71 +7"
k=(+7+1 S(m)T2 = Ty + 14 + 13"
S(m)T3 = Tél + Té”
S(myTa = 74 + 14"
0)j>0,0>j+2, 3d 3d 3d |smym =11 + 71 + 717"
k>0+j7+1 S(m)T2 = Ty + 14 + 13"
S(m)T3 = T4 + 78 + 713"
S(m)yTa = T4 + 714 + 11"
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Je.
() j=0,0=2,k=2 irr 3.1 3¢ |seym =71 +71 +71" +7
S(m)T2 = Té,
B)j=0,>2k=1¢( (i) 2¢  3d |spym =74+ +1" +71)
S(myT2 = To + 15 + 13" + 718’
(7)i>0,f=j+2, 32 3¢ 3¢ |spym =7+ +1" +71
k::@—f—j S(m)ﬂ'Q—Té-i-Té/
(0) j>0,0>j+2, 3f(ii) 3e  3d |spym =7+ +1" + 1)
k={(+3j S(m)T2 = Ty + T3 + 75
+Té// + 7_é//
3f(1).
() j=0,k=2,0=3 irr 3.1 3e |seym =71 +71+717"
S(m)T2 = Té/ + Té”
B)j=0,k=2,0>3 irr 3.1 3f(i) |semym =7 +714 + 711"
S(m)T2 = Ty + 73
(7)j=0,k>2L=k+1|3f(i) 2d 3e |semm =71 +7 +7"
S(m)T2 =Ty + 75 + 7"
(0)j=0,k>2,0>k+1|3f(1) 2d 3f(i) |semym =711 +7 +7"
S(m)T2 =Ty + 75 + 73"
3T0H).
() j=1,k=4,4=4 3g  3f(i) 3e |semm=1 47+
S(m)T2 = Ty + 73
S(m)T3 = Th
B)j=1k=4,>4 3g  3f(i) 3f(ii) |spmym =1 + 7 + 7"
S(m)T2 = Ty + 73
S(m)T3 = Ty + 73"
V) j=Lk>4l=k 3f(ii) 3f(i) 3e |sgmm =71 +71 +717"
S(m)T2 = Ty + 79 + 75"
S(m)T3 = Té
0)j=1k>40>k | 3i) 36G) 3£(ii)|snym =1, + 7/ + 70"
S(m)T2 = Ty + 19 + 13"
S(m)T3 = Té + 7—?,,/,
(6) j>1,k=2j+2, 3g  3f(i) 3e |spymi=T1 47 + 70"
€:j+3 8(7,,,)71'2:’7'5,-1—’7'5”
S(m)T3 = Té + 7'3,)/
Q) ji>Lk=25+2, 3g  3f(i) 3f(ii) |spmym =11 + 70 +77”
£ > ] +3 S(m)T2 = Té, + Té,/
S(m)T3 = Ty + 73 + 73"
(mj>1,k>2j+2, 3f(ii) 3f(ii) 3e S(m)TM1 = 4+
l=k—j+1 S(m)T2 = Ty + 79 + 13"
S(m)T3 = ’7'?/, + Tél
0)j>1k>2j+2, 3f(ii) 3f(ii) 3(ii) S(m)T1 = 4+
L>k—j+1 S(m)T2 = Ty + 79 + 13"

S(m)Tg = 7—?’) + Tél 4 7_é//




DEGENERATE PRINCIPAL SERIES FOR EVEN-ORTHOGONAL GROUPS 457

3g. (n.b. 7 =7")

(@) j=1,k=3,0=3 | 3f(3) 3f(i) irr|seym =7 +m+1 +7"
S(m)T2 = Tél
(B)j=1k=3,£>3 |31 3fQ) 3g|spym=m+71+1 +17"
S(m)T2 = Tél + Té”
(v)j>1Lk=254+1, | 3f(Gi) 3f(ii) irr|seym =7 +m+71 +7"

l=j+2 S(myTe = T3 + 73 + 74
(0) j>1,k=2541, || 3f(ii) 3f(i) 3g|smmm =7 +7m+7 +77"
>j+2 SmyT2 = T3 + 79 + 73 + 75"

O

Before proceeding to the next result, we pause to make a couple of observations
about the preceding theorem.

For case 3, we write a = # +7,0<5< k—gl As noted in the proof, we may
also write case 2 this way, using j = —1. Now, s(,,)7 is the sum of three terms (see
proof) which are tensor products whose first factors are v~ (=71 p =7 p ==
resp. The relations among the exponents k —j—1, j, £— 1 govern the decomposition
of 2 and 3 into cases. The reader may observe the similarity between neighboring
cases; e.g., one observes that taking ¢ — 1 = j in case 3(d), suitably interpreted,
gives the irreducible subquotients for 3(c). To make this comparison, Zelevinsky
segments (resp., sequences of generalized Steinbergs) of length —1 should be treated
as missing; segments (resp., sequences of generalized Steinbergs) of length < —1
should have the entire representation treated as missing.

We also make an observation regarding the generalized Steinbergs which appear
in the Langlands data. First, we note that any term appearing in the minimal
Jacquet module sy, 7 (i.e., the Jacquet module with respect to the smallest stan-
dard parabolic subgroup having nonzero Jacquet module) has the form

Vi @uTpR - Uttt p Qo

with v p@v™2p® - - - @ v™*+¢p a shuffle (i.e., a permutation preserving the relative
orders; cf. section 4 [K=R]) of v ¥l p v = it2p g ... v, viporvitlpe
@u T and v p v *2p®- - - ® p. Therefore, one can have at most three
consecutive x;, T;y1, ;2 which are decreasing. This is why we do not get §(p,n)
for n > 3. Similar but subtler considerations may be used to constrain the possible
tempered representations of orthogonal groups which appear.

We now turn to what might be considered a generalized version of ramified de-
generate principal series. Here, we need a bit of additional notation. Suppose p % po
are representations of GL(m, F') and GL(mqg, F'), with both (p, o) and (po, o) satis-
fying (C0). Again, let pxo = Ti(p;0)+Ta(p;0) and pox o = Ti(po; o) +T2(po; o).
By [Golll, [Gol2], pxT;(po; o) and po x T (p; o) have a common component. Denote
this common component by T; ;(po, p; o).

Theorem 3.5. Suppose that p, py are irreducible unitary supercuspidal representa-
tions of GL(m, F), GL(my, F) and o an irreducible supercuspidal representation of
G(r, F) such that both (p, o) and (po, o) satisfy (CO). Let m = v*((po, k)X C(1(p, ¢; 0)
with « € R, k > 1. Then w is reducible if and only if a € {#, #, ceey %}
Suppose w is reducible. By contragredience, we may assume that o < 0. Write

o= =Et 4§ with0 < j < E2L
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|
(1) j="%
T = + 7o with

— k41

mi=L([v o, v ol v po,v o), [v 2 po.v poli Tia(po, pi o)

— k1
fori=1,2. In this case, m = w1 P 7a.
C_ k=1
(2) 0<j <5
T = m + 7o + w3 with

mi= L[~ p, v o], v oo, v pol, [ po, v pol; Tia (po, 3 0)
fori=1,2 and
3 3 L L s s
7T3:L([V €+1P;V 1/)];[1/ k+j+10071/ ! 2/)0]7” I 25(/)0;2)71/ J+26(p072)5
1
sV 28(po, 2); Th(p; 0)).

In this case, w3 is the unique irreducible quotient and m @ w3 is a subrep-
resentation.

Proof. For O(2n, F) (and SO(2n + 1, F), Sp(2n, F')), the arguments from section
5, [Jan3] may be used to identify the irreducible subquotients and their Jacquet
modules. Alternatively, and more directly, they may be obtained from the results
of [Jan6]. The arguments from section 7, [Jan3] may be used to determine the
composition series. O

Remark 3.6. Let p and o be as in the preceding theorem. Suppose pg is an irre-
ducible unitary supercuspidal representation of GL(mg, F') with py % gp. Then,
v*L(po, k) % C1(p, ¢; o) is irreducible for all « € R. (This also follows from [Jan6] or
an argument like that in [Jan3].)

4. RESTRICTIONS OF REPRESENTATIONS

Our analysis of generalized degenerate principal series for SO(2n, F') is based
on our results for O(2n, F) and the connection between induced representations
for SO(2n, F) and those for O(2n, F'). To establish the connection between gen-
eralized degenerate principal series for G° = SO(2n,F) and G = O(2n, F), we
study the restriction from G to G° in general (Lemmas 4.1 and 4.2), for Langlands
data (Lemma 4.6) and for representations T;(p; o) and (;(p, ¢;0). Proposition 4.3
and Corollary 4.4 discuss cuspidal reducibility. In Lemma 4.5, we describe the
connection between composition series for representations of G and GP.

Recall that for n > 1,

O(2n,F)=5S02n,F) x {1, s},

where s is defined in section 2. We denote by § the nontrivial character of O(2n, F')
defined by

s(9) =1,
5(gs) = —1,
for every g € SO(2n, F).

Lemma 4.1. Let G = O(2n, F), G° = SO(2n, F), with n > 0.
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(1) For any admissible representation mo of G° and any admissible representa-
tion ™ of G (mwo, ™ not necessarily irreducible), we have
rgo.¢ 0 ig,qo(mo) = mo B s, ig,qo(smo) =ig,qo(mo),
iG,qo 0 Tgo () = T @ 3, rao q(8T) = rgo ¢(m).
(2) Let o be an irreducible admissible representation of G. Suppose that o is
an irreducible subquotient of rgo (o). Then,
09 = sog if and only if o 2 So.
(a) If o9 & soy, then
ig,co(00) = o @ 3o,
Tgo7c;(0') = 09.

(b) If g 2 sog, then

ig.qo(00) = o,

reo.q(0) = o9 @ sop.

Proof. 1. The first statement follows from [B-Z], Theorem 5.2, noting that since
both G° and sG° are open in G, either can start the filtration, hence both my and
smy appear as subrepresentations.

An isomorphism i¢g go 0 rgo (m) = ™ @ §m can be constructed in the following
way: Let V denote the space of m. For v € V, define ¢, : G =V and ¢, : G = V
by

ou(x) = 7(z)v, Uy () = sm(z)v.
Then ¢ : V — ig.qo(V) given by p(v) = ¢, and ¢ : V. — ig go(V) defined by
¥(v) = 1, are intertwining operators and ¢ @ v is an isomorphism between 7 @ §m
and iG,GO 9 Tgojg(ﬂ').

The proof that ig go(smy) = ig go(mo) is direct, using the intertwining operator
¢ between ig go(mo) and ig go(smo) given by

o(f)(g) = f(s9),

where f € ig go(m), g € G.
The last statement follows from [B-Z], Proposition 1.9.
2. This follows from the results in section 2, [G-K] (cf. Lemma 2.1, [B-I1]). O

Lemma 4.2. Let o be an admissible representation of O(2m, F), m > 0, and og
an admissible representation of SO(2m, F). Let p be an admissible representation

of GL(n, F). Set G = O(2(m +n), F), G° = SO(2(m +n), F).
(1)
S$(pxo)=pxso, s(p x 00) = p X s0p.
(2) Suppose that o is irreducible and oy is an irreducible subquotient of

TSO(2m,F),0(2m,F) (o).
(a) If o9 = sog, then

ig,go(p X 00) =pxo+35(pxo),

rgo.a(p X o) =pxog.
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(b) If oo 2 sog, then
ig,go(p»09) =pxo,
rgo.a(p X o) =pxog+pxsog.
Proof. 1. The first statement follows from [B-Z], Proposition 1.9, the second from
[Ban2], Corollary 4.1.

2. Let MY (respectively, M) be the standard Levi subgroup of G (respectively,
@) isomorphic to GL(n, F) x SO(2m, F) (respectively, GL(n, F) x O(2m, F)).

(a) Suppose op = sog. Then p x 0p = s(p % o). According to Lemma 4.1,

i0(2m,F),50(2m,F)(00) = 0 + 50. We have

pRo+3(pxo)=icu(p®o)+icu(p® o)

=ig,m(p® (0 +50)) = ig,mo(p® 00) =ig,co(p  00).
By Lemma 4.2,
rgo.g oig,go(p X og) = p X oo+ s(pxog) =2pxog.

On the other hand,

rGo,G 0iG,co(p X 00) =Tgo,c(p @ o) + 160,6(5(p % 0)) = 2rgo.c(p % 0).

It follows that rgo ¢(p @ o) = p % 0g.
(b) Suppose that og 2 sop. According to Lemma 4.1, io2m,r),s0(2m,F)(00) = 0.
It follows that

pxo=igu(p®c)=igno(p®oo)=iggo(pxao)

Further,
TGo.G 0lg,go(p X 0g) = p X oo+ p X 500
and
rgo.q oig,go(p X 0g) =rgo.c(p X o).
It follows that rgo ¢(p @ o) = p x 09 + p X 500. O

The following proposition relates the reducibility of v*p x o and that of ¥%p x gg
(for z € R). This proposition tells us the conditions under which (p, o) satisfy
(CO) implies (p,0¢) satisfy (CO) (noting the relevence of the latter to generalized
degenerate principal series for SO(2n, F') discussed in section 3). In addition, as a
corollary, we deduce that cuspidal reducibility for O(2n, F') has a characterization
like that for SO(2n + 1, F), Sp(2n, F), and SO(2n, F).

Proposition 4.3. Suppose p is an irreducible unitary supercuspidal representation
of GL(m, F') and o an irreducible supercuspidal representation of O(2r, F'). Suppose
oo is an irreducible subquotient of rso(ar, F),0(2r,7)(0)-
(1) >0 and s - 09 = 09.
For all x € R, we have v®p X o is reducible if and only if v*p X oq is
reducible.
(2) r=0o0rog¥s-op.
Here, there are two possibilities:
(a) m odd with p = p.
In this case, v¥p X 0 is irreducible for all x € R. However, vp x o
is @rreducible for all x € R\ {0} and reducible for x = 0.
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(b) m even or p % p.
For all x € R, we have v"p X o is reducible if and only if v"p % oq is
reducible.

Proof. Let M be the standard Levi subgroup of G isomorphic to GL(m, F) X
O(2r,F). For (1), we show that v*p x o is irreducible if and only if v*p X oy
is irreducible. For (2), we show two things: (i) ¥*p x ¢ irreducible implies v*p % o
irreducible, and (i) ¥®p x o¢ irreducible implies v*p x o irreducible unless m is
odd, z = 0, and p = p, in which case v*p x o reduces.

We start with (1), so we may assume r > 0 and o¢ = sop. By Lemma 4.2,

reo.a(Vpx o) =v"pxo.

Therefore, if v*p X 0 is irreducible, then v*p x ¢ is irreducible. On the other hand,
suppose that ¥®p x ¢ is irreducible. We have
rucVp o) =vpRo+rv p®o.
Since o % §0, Lemma 4.2(1) implies
ruc(8(Vpxo)) = p®Sc+ v p® So.

It follows that v*p x o 2 5(v"p x 0). By Lemma 4.1, v"p x 09 = rgo (V¥ p % 0) is
irreducible.

We now address (2) for r > 0, so we may assume r > 0 and 0¢ 2 sog. By Lemma
4.2,

ig,co(V'p X og) =1v"p xo.

Therefore, if v*p x o is irreducible, then v*p x gy is irreducible. On the other hand,
suppose that v¥®p x g is irreducible. We have

ra0,co(Vip X og) =vip o+ p® s oy.
By Lemma 4.2(1),

Tar0.qo(s(V"p 3 a0)) = v p @ sog +v U p® s o

0-
Thus, v%p x 09 # s(v¥p X 0g) unless m is odd, x = 0, and p = p. By Lemma
4.1, v"p X 0 =ig go(V¥p X 0g) is irreducible. If m is odd, = 0, and p = p, then
Theorem 6.11 of [Goll] tells us that p x gg is irreducible and Theorem 3.3 of [Gol2]
implies that p x ¢ has two components.

Finally, we address (2) for » = 0. Then o9 = 1g, 0 = 1, both trivial representa-
tions of the trivial group.

First, since M = M?, we have

ic,M(Vp®1) Zig gooigo yo(v'p® 1)
Therefore, if iq a(v*p ® 1) is irreducible, then so is igo p0 (V7 p ® 1¢).

On the other hand, suppose igo po(v*p ® 1g) is irreducible. Suppose x # 0;

without loss of generality, x < 0. Then, igo a0 (¥*p ® 19) = L(v"p ® 1g). Since
s L(v"p) = L(s- (" p @ 1)) 3 L7p @ o),

we see that ig go 0 igo po(V¥p ® 1g) is irreducible, as needed. When z = 0, Theo-
rems 3.1 and 3.3 of [Gol2] tell us that igo p0(p® 1o) and ig,a(p® 1) have the same
number of components (implying the irreducibility of ig a(p ® 1)) unless p is a
self-contragredient representation of GL,,(F) with m odd, in which ig m(p ® 1)
has twice as many components as igo po(p ® 1g) (implying the reducibility of
ic,m(p® 1)), as needed. O
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It is worth noting that the results may be interpreted as follows: If v%p x o is
irreducible, then v*px oy is irreducible. On the other hand, if v*px oy is irreducible,
then v®px o is irreducible unless v* p®o is unitary (so x = 0) and the pair (P, pQo)
is ramified (in the sense of Harish-Chandra, cf. [Sil2]) but (P°, p®0y) is unramified.

Corollary 4.4. Assume the conjectures needed for [Mce| or |Zh]. With notation
as above, we have the following:
(1) If p % p, then v*p X o is irreducible for all © € R.
(2) If p = p, then there is a unique o > 0 with o € 17 such that v"p x o is
reducible and v®px o is irreducible for all v € R\{zxa}. (The specific value

of a may be determined by the preceding theorem and the results of [Mcel,
[Zn].)

In section 3, we claimed that when (p, o) and (p, 0g) both satisfy (C0), the com-
position series for the generalized degenerate principal series v*((p, k) % C1(p, 4;0)
and those of v*{(p, k) x (1(p, ¢; 00) have the same form. Lemmas 4.5 and 4.6 are
used (in section 5) to show that this is indeed the case.

Lemma 4.5. Let o be an irreducible admissible representation of O(2m, F'), m > 0,
and oy an irreducible subquotient of 750 2m,F),0(2m,r) (7). Let p be an admissible
representation of GL(n, F). Set G = O(2(m +n), F) and G® = SO(2(m +n), F).
(1) Suppose that og = sog and that my = smg for every irreducible subquotient
mo of p X og. Then p X o and p X o9 have the same number of irreducible
subquotients. Assume, in addition, that for any two irreducible subquotients
mand 7™ of px o, st Z7'. Then
0OCmC---Cmp=pXo
is a composition series for p X o if and only if
0Crgog(m) C - Crgog(m) =pxoo

is a composition series for p X gy.

~ ~

(2) Suppose that 0 = S0 and that m = §m for every irreducible subquotient
m of pxo. Then p x o and p X oo have the same number of irreducible
subquotients. Assume, in addition, that for any two irreducible subquotients
o and ), of p x og, smg Z 7. Then

0OCr{C--Cmy=pxog
is a composition series for p X og if and only if
0 Ciggo(m) C - Ciggo(m) =pxo
is a composition series for p X .
Proof. 1. According to Lemma 4.2, 7go ¢(p ¥ 0) = p X 0¢. Let
pro=m+ -+ T,

where 71, ..., are irreducible. For i = 1,...,k, let 7¥ be an irreducible subquo-
tient of rgo g(m;). Then 7{ is an irreducible component of 7o g(p % o) = p x 0.
Since 7 = s7?, we have (Lemma 4.1)

rgo,q(mi) = -
It follows that

P><100ZTGO,G(PNU)ZTGO,G(W1+---+M)ZW?—F---—HTQ.
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We deal with composition series inductively. In order to do this, we have to
work in slightly greater generality. To this end, suppose that 7 is an admissible
representation of G such that 7 = 7 and 7’ = 87’ for every irreducible subquotient
7' of w. Further, assume the following: (1) if 7/, 7" are irreducible subquotients
of m, then «’ % 37", and (2) if m; is an irreducible subquotient of m, then 7{ is
an irreducible subquotient of 70 = rgo ¢(m). We note that these assumptions hold
when m = p X 0. Now, let m; be an irreducible subquotient of 7. We prove that
7 is a subrepresentation of 7 if and only if 70 is a subrepresentation of my. The
statement then follows by the induction on the number of irreducible subquotients.

Suppose that m; is a subrepresentation of 7. Then we have the exact sequence
0—m — 7 —7/m — 0.
The functor rgo ¢ is exact ([B=7], Proposition 1.9), so we have the exact sequence
0 — rgo,g(m) — rgo,g(T) — rgog(m/m) — 0;
ie.,
0 — 70 — mp — mp/TY — 0,

so 7 is a subrepresentation of .

Conversely, assume 7 < my. Then the exact sequence

0— 1) — 7 — /7 — 0
implies
0 — ig,go(n)) — ig,co(mo) — ig,go(mo /7)) — 0,
so, by Lemma 4.2, we have
0 — 7} ® 81 — 7D ST — ig.go(mo/}) — 0.

Therefore, 7 is a subrepresentation of @ @ §w. By the assumption, 71 is not a
component of §m. We conclude that 7y is a subrepresentation of 7.
The proof of (2) is similar to that of (1). O

Lemma 4.6. Let p;, i = 1,...,k be an irreducible essentially square-integrable rep-
resentation of GL(n;, F') and o an irreducible tempered representation of O(2m, F),
m > 0. If m >0, let oo be an irreducible subquotient of 750 2m,F),02m,7) (). If
m=0,letog=1p. Setn=mn1+---+nx+m, G=02n,F), GO =S502n,F).
Suppose that e(p1) < --- < e(pr) < 0. Then
T=p1® - Qpp®c and To=p1 V- Qpr Q0o

are Langlands data for G and G° and

sL(19) = L(s7o),

SL(T) = L(37).
Moreover, L(T) is a component of ig,go(L(70))-
Proof. Let M (respectively, M) denote the standard Levi subgroup corresponding
to 1o (respectively, 7).

The first equality follows from [B-J1], Proposition 4.5. According to Lemma 4.2,
iG’M(éT) =~ §Z'G7M(T).

Now, L(§7) is the unique irreducible subrepresentation of i a(§7) and $L(7) is the
unique irreducible subrepresentation of §ig a(7). It follows that $L(7) = L(87).
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To prove that L(7) is a component of i go(L(70)), suppose that og = so¢. Then
To = sT0, T 2 8T, ipmo(70) = 7 @ 57. We have

o~

1Gq,Go © GO, Mo (TO) ’L'G7M(T (&) §T) = iG,M(T) &) ’L'G7M(§T).

This representation has two irreducible subrepresentations, L(7) and L(57). L(7o)
is the unique irreducible subrepresentation of igo ps0(79). Since sL(1g) = L(s7o) =
L(79), ic,go(L(70)) is the direct sum of two irreducible representations. They are
subrepresentations of i go 0 igo po(70). It follows that

iG,co(L(10)) = L(7) ® SL(7) = L(7) & L(57).
In the case o9 & sog, the proof is similar. O
Lemma 4.7. Let p be an irreducible supercuspidal unitary representation of
GL(n,F) and o an irreducible supercuspidal representation of O(2m, F), m > 0.

If m >0, let o9 be an irreducible subquotient of Tso(2m,F),0¢2m,F)(0). If m
let g = 1g. Set G = O(2(m +n), F), G° = SO(2(m +n), F).

(1) Suppose that p X o is reducible. Let
px oo = Ti(p;00) @ T2(p; 00)

be the decomposition of p X ag into the direct sum of two inequivalent irre-
ducible subrepresentations. Then there exists a decomposition

pxo=Ti(p;o) & Tr(p;o)

into the direct sum of two inequivalent irreducible subrepresentations such
that, for i = 1,2, T;(p;00) (resp., Gi(p,¥;00)) is an irreducible subgquotient

of rgo.c(Ti(p; o)) (resp., Tso@m+2en,7),02m+2en,7)(Gi(p; 4;0)) ).
(a) If m > 0 and oo = sog, then

s(Ti(p; 00)) = Ti(p; 00),
s(Gi(p, 45 00)) = Gi(p, £ 00).
(b) If m =0 orm >0, 09 & soo, then n is even and
s(T;(p; 00)) 2 Ti(p; 00),
s(Gi(p, 45 00)) Z Ci(p, €;00).

(2) Suppose that n is odd and p = p. If m > 0, suppose that oy 2 soyg.
(a) p > og is an irreducible tempered representation and
p X oo s(poag).

(b) px o is reducible and it is the direct sum of two inequivalent tempered
representations

px o =Ti(p;0) ®Ta(p;0),
reo.q(Th(p;0)) = rgo,a(Ta(p;0)) = p X oo,
rqo,c(C(p, 4;0)) = rgo,c(C(p, 45 0)) = ((p, £; 00).



DEGENERATE PRINCIPAL SERIES FOR EVEN-ORTHOGONAL GROUPS 465

5. DEGENERATE PRINCIPAL SERIES FOR SO(2n, F)

In this section, we deal with generalized degenerate principal series for SO(2n, F').
Let p,po be irreducible unitary supercuspidal representations of GL(m, F),
GL(mo, F). Let o¢ (resp., o) be an irreducible supercuspidal representation of
SO(2r, F') (resp. O(2r, F)) such that o is a component of rgo(r,r),02rF) ()
(We are allowing the possibility that » = 0 here.) Further, suppose that (p, o) sat-
isfies (CO0) (which implies p 2 p). There are two possibilities (cf. Proposition 4.3):
(1) (p, 00) also satisfies (C0), and (2) v*p X o is irreducible for all z € R (which can
happen only if m is odd and either r = 0 or o9 % sop). In the first case, the results
for v*((po, k) @ C1(p, ¢;00) are given in section 3. The proofs in section 3 are for
O(2n, F); the proofs for SO(2n, F') are handled in this section. In the second case,
the results for v*((po, k) % {(p, £; 0¢) are different than those in section 3; both the
statements and proofs are given in this section. In both cases, the proofs are built
from the results on v*((po, k) % ((p, ¢; o) and our study of rgo ¢, ig go from section
4.

We start by dealing with the first case, where (p,0¢) also satisfies (C0). We
prove Theorem 3.4. Set

T = VO(C(pv k) X CI(P;&UO),
™= VO(C(/L k) X Cl(pa€7 U)'
First, consider the case r # 0.

The irreducible subquotients in Theorem 3.4 are described as Langlands subrep-
resentations. Let

{L(r) [T €T}
be the set of all irreducible subquotients appearing in the statement of Theorem
3.4. For 7 € T, denote by 79 the representation obtained by replacing o by og
(noting that since (p, 0g) also satisfies (C0), we have T;(p, 09) and §(vp; T;(p, 00))
defined). We have two possibilities: og & sog or og 2 s0g.

1. Suppose that o¢ = sog. Then (1(p, £;00) = sCi(p,¥;00) (Lemma 4.7) and
mo = smo (Lemma 4.2). By inspecting all 7 € T, we conclude that sty = 7y and

SL(T()) = L(ST()) = L(’To).
Also, for 7,7 € T we have
L(r) & §L(T/).

Therefore, we are in the situation described by Lemma 4.5, (1). According to
Lemma 4.6,

L(7o) = reo,a(L(7))-

We conclude that 7 and 7y have the same number of irreducible components and
the same composition series structure.
Note that

7“GO,G(W) = To
and

10,60 (o) = T'pr0,Go 0 1o, (T) = a0 ar © T, (7).
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Therefore, Jacquet modules of my can be found by taking restrictions of Jacquet
modules of w. Let 7/, 7", 7" be as in the proof of Theorem 3.4; i.e.,

7= Ry @ L (p k — 1) % G(p, £ 0),
™ =vip® V%k"‘jc(p’k; —1) % Gi(p, 4 0),

— k41

" =v T pev 2 H(p,k) % Gip, L — 150).

T

Let
o= v Iy @ v T (p,k — 1) % G(p, £ 00),

T = v Ip@vEIC(p,k — 1) % Ci(p, 6 00),
T = v @ v (p, k) % Gup, £ — 1;00).
Then, from oy 2 sog and Lemmas 4.2 and 4.7, we can conclude
T(/) = TMO,M(’TI),
70 =rao (7)),
70 = o m(7")
and
Sm)(m0) =19+ 70 + 10"

2. Suppose that o = S0, ie, 09 2 sop. Condition (CO) implies that this is
possible only for m even. Then (1(p, ¢;0) = 5(1(p, ¢;0), m = 7 and T = §7, for all
7 € T. Theorem 3.4 for SO(2n, F) follows from Lemma 4.5, (2) and Theorem 3.4
for O(2n, F). According to Lemma 4.2,

reo,q(m) = mo + smo.
We have
TMoyg(Tr) = Tpo0,Go (770) + srp0 Go (7‘r0).
To find Jacquet modules of 7y, we select half of the components of restrictions of
Jacquet modules of w. More precisely, we take the components containing o (not
500).

Now, consider the case r = 0. Note that to have (p, 1o) satisfy (C0), we must have
m even. By Lemma 4.6, s(1(p, ;1) 2 CGi(p,¥¢;1p). We apply the same reasoning
as in the case o9 Z soy.

Propositions 3.2, 3.3 and Theorem 3.5 can be proved in a similar way. However,
for Proposition 3.3, the case » = 0, m even has to be considered separately. We
now give the proof of Proposition 3.3 for r = 0, m even. Let

o = VQC(/); k) X 1o,
m=v*(p, k) x 1.
Then
T =ig,go(mo).
If 7 is irreducible, then mg is irreducible.
Suppose that 7 is reducible. Recall that (Lemma 4.7)

Ti(p; 1o) 2 sTi(p; 1o),
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SO

Ti(p; 1) = 8T;(p; 1)
and therefore

Ti(p; 1) 2 8T2(p; 1).
According to Lemma 4.1 or Lemma 4.7,

Ti(p; 1) = io2m,F),s0¢2m,F) (Ti(p; 1o)).

By inspecting all the cases in Proposition 3.3, we see that there is one-to-one cor-
respondence between components of my and irreducible components of 7.

Let p be an irreducible unitary supercuspidal representation of GL(m, F'), m
odd. Suppose p = p. Let gy be an irreducible supercuspidal representation of
SO(2n, F), n > 0. If n > 0, suppose that o9 2 s0yg.

Then, p % 0p is irreducible, but p x o is reducible (cf. Proposition 4.3).

Proposition 5.1. Let p be an irreducible unitary supercuspidal representation of
GL(m, F), m odd. Suppose p = p. Let o be an irreducible supercuspidal representa-
tion of SO(2n, F), n > 0. Ifn > 0, suppose that og & sog. Let 1o = v*px{(p, {;00)
with « € R, £ > 1. Then, g is reducible if and only if o € {£1,+L}. Suppose g
is reducible. By contragredience, we may assume a < 0.
1) a=-1,¢=1
7o = 70 + 79 + 7Y + 7§ with
70 =L p;pxag), m)=0dvpipxoy), 74=Lw 28(p,2);00), 7= sml.

In this case, 70 is the unique irreducible subrepresentation, 3 is the unique
irreducible quotient, and 75 @ w1 is a subquotient. We have

S(my™ = v~ ® p X 0y,
S(m)ﬂg =vp® p XN oo,

Semy™s = p @ L(v~!p; 00).

©2) a=-1,0>1
To = 71'? + 7r8 with
™ = L[y~ p, v~ pl, v pyp 2 og), w3 = L([v=Fp, v pl; 6(vp; p % 09)).

In this case, 70 is the unique irreducible subrepresentation and 73 is the
unique irreducible quotient. We have
(a) =2,

Sy =201 p @ L(v ™ ps p x 00) + v p @ L(v~26(p, 2); 00)
+vlp®s- L~ 26(p,2); 00)
S(m)wg =v o (vp;p xag) Frp®@ Ly p;p x op).
(b) £>2,
semym = v T p@ L[y 2,0 pl, v pr pxioo) +rv T p@ LI p, v pl; proo)

semymy = v T p@ (v 2,07 0l 6(vps px00)) +vp@ L([v ™ p, v pls p o).
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B)a=—L,¢>1
7o = T + w9 with
_ _ a1 _ _
0 = L(v~p,v " plipx00), 7 =L 26(p,2), v 2p, v pl; p x 00).
In this case, 70 is the unique irreducible subrepresentation and 73 is the
unique irreducible quotient. We have
Sy = v p@ L[y p, v pls p 2 0),
s(m)ﬂg = v Y@ L™ p, v 2p, v p]; p 3 00)
+vip@ L(lv™ p,v " pli p x 00).

Proof. First, we verify that 7 is reducible if and only if « € {£1,+¢}. Let

=0 x (i(p, L;0),

T=v"®Gl(p,l;0),

70 = v*p ® ((p, £;00).
We show that 7 is irreducible if and only if g is irreducible. The result then follows
from Proposition 3.2. Notice that 79 & s7p and therefore my = smg. By Lemmas
4.1 and 4.2,

in,po(T0) = T + 37,
ig.co(mo) =iq,m (T + 87) = 7+ 57,
Tgo7c;(7'r) = To.
Therefore, if my is irreducible, then 7 is irreducible. Conversely, suppose that 7
is irreducible. We can prove by Jacquet module considerations that §m 2 w. Ac-
cording to Lemma 4.1, my = rgo () is irreducible. Thus, we have the reducibility
points claimed.
Now, suppose that 7 is reducible. We verify (1).
First, Proposition 3.2 tells us that 7 decomposes as ™ = 7w + w2 + w3 where
_ 1
m =L~ p;Ti(p;o)), m =d(vp;Ti(p;0)), m = Ly~ 24(p,2);0).
Then
To = rgo.q(T) = rgo.q(m + T2 + m3) = 70 + 7o + 79 + smY,

where

7l =L lpipxoo), w3 =0(vp;pxon), 7 =L(v 2d(p,2);00).

Note that 79 2 s, 79 = snd, 79 2 s7).
Let N° be the standard Levi subgroup of G° = SO(4m + 2n, F) isomorphic to
GL(m,F) x SO(2m + 2n, F'). Then
S(m)ﬂ(f = TNO,GO('“—(I)) =1No,go oTgo (M) =7TNno N 0 TN,G(T1) = TNo N (S(m)T1)-
Similarly, s(m)wg = ryo, N (8(mym2). For 79, we have
S(m)T3 + 8 S(myT3 = Tvo,go (75 + 575)

=TNO N © TN,G(W3)
= TNO,N(S(m)m)

=p@ L(v~'p;00) + p @ sL(v™" p;00).
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Let MY be the standard Levi subgroup of G° = SO(4m + 2n, F) isomorphic to
GL(m,F) x GL(m, F) x SO(2m + 2n, F). From the Langlands data, we see that

rno,go(m3) > Vﬁ%‘s(ﬂa 2) ® oo
N3

rao,co(ms) > p@vlp @ op.
It follows that
semy™s = p @ L(v™"p; 00).

Proposition 3.2 and the exactness of the functor 7¢o ¢ tell us that 7 is a sub-
representation, 79 a quotient, and 7 @ 7] a subquotient of 7y. To see that 7 is
the unique irreducible subrepresentation, suppose that 7 is a subrepresentation of
mo- Applying ig go to the exact sequence

0 — 7y — g — Mo/ 7Y — 0,

we obtain
0 — ig.go(nd) — 7@ §m — ig.qgo(mo/my) — 0.

It follows that ig go(n?) is a subrepresentation of m & . Since m; — ig go(nY), we
have m; — 7 @ §w. Therefore, m; = 71 or m; = §m1. By checking all irreducible sub-
quotients of 7, we obtain 7; & 1. It follows that 7 is the unique subrepresentation
of m. The proof that 7 is the unique quotient of my is similar.

(2) and (3) are done analogously. In these cases, the composition series for mg
follow from Lemma 4.5. (]

Proposition 5.2. Let p be an irreducible unitary supercuspidal representation
of GL(m,F), m odd. Suppose p = p. Let og be an irreducible supercuspidal
representation of SO(2n,F), n > 0. Ifn > 0, suppose that o9 Z sog. Let
mo = v*((p, k) X o9 with « € R, k > 2. Then my is reducible if and only if

a € {’k;l, 7’“2*3, ceey %} \ {0}. Suppose mg is reducible. By contragredience, we
may assume that o < 0. Write o = = 2“ +7 with0 <3< % Then mo = 70 + 78
with

m = L(w ™ p, vl v p, v pls p 1 00)
and
79 = ST L(w I p, v I3 5(p,2), 0TI 6(p, 2), . v TR 8(p, 2); 00).

In this case, 7 is the unique irreducible subrepresentation and 79 the unique irre-
ducible quotient.

(1) j=0="52 (k=2),
S(m)™ =V p@ (p X 00),
Sy = p @ sL(v™" p; 09).
2) j=0,k>2
sy = v p@ L[y 2p,v 1 pl; p 2 a),

semm = v p @ sL(vF2p,u2p], 172 5(p, 2); 0)
+p @ sL([v ¥ p, v pl; o).
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(3) j =152, k>4 (k even),

ST =V~ 2p®L([V 2+1p vlpl [ E pw
vt @ sL([v 2 p,v ) v 52 p, v gl p 4 o)

—k+3

[
S(m)ﬂ'g:V_5+1p®53+1[/(u_5p,y 2 (5(p,2),...,1/_%5(/),2);00).

(4) 0<j <552,
Samym = v I p @ LM 20,07 ], [v ™ p,v ™ pli p 2 00)
+r I p@sL(lv M p ] [T p, v pls p 3 o),
Smyms = v T p @ SN[ g T2 p) T2 6(p,2), v 2 0(p, 2)500)
+vIp@ s L[t p =71, 1/_]""%(5(/)7 2),..., V_%(S(p, 2);00).
Proof. Let m = v*((p,k) x 0. Then m = ig go(m). We consider the cases from
Proposition 3.3.
(i) If j = 2L (ie,, @ = 0), then m = 11 + 72 with

— k4 —k+4+1
mi=L(v "2 pv v e pv ol Ti(pi 7))
for i = 1,2. We have
o + 879 = TGO,G e} iG,GO(T(O) = Tgo G( )
—k+ —k+1 _
:rGO,G(Trl +7T2)_2L([ B pa 1p]7[V 2 pv 1p];p>40-0)'
It follows that
—k41 _ —k41 _
7TO:L([V 2 p,v 1/)])[1/ 2 p,v 1p];p>40-0)
is irreducible.
(i) Let 0 < j < % By Proposition 3.3, m = my + m + 73 with

m = L " p, v ), v p, v ol Tilp; 0))
for i =1,2 and
w3 = L([v = F T+ p v=072 ], V*jféé(p, 2), I/*jJr%&(p, 2),..., 1/*%5(;), 2);0).
We have
o + 8mo = rgo,G ©ig,qo(m0) = rgo,g(T) = rgo,g(T1 + M2 + 73)
= 2L([v " o, ] [V p, v pli p 2 00)
+ L, I 20], 0T 26(p, 2), 077 26(p, 2), ..., v 2 0(p, 2); 00)
+ sL([v kit =372, V_j_%é(p, 2), V_j+%(5(p, 2),...,V %5(/), 2);00).
It follows that my = 79 + 79 with
m = L(w™ " vl v p, v pls p 1 00)
and
78 = s L M p T 2] T 36(p,2), 05 6(p,2), .., v 2(p, 2); 00),
where € = 0 or 1. Consider the standard Levi subgroup of G©,
Q° = GL(m,F) x --- x GL(m, F) xSO(2n, F).
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Let
b= @ 2y (v p @ i)
@ pevip e v e(perp) @ a.
By Frobenius reciprocity,
rao.co (L™ F 4 o v=372p) y=I736(p,2), 0743 8(p,2), ..., 28(p, 2); 00)) > 1)
and
T's(Q0),G0 (SL([V_k+j+1p7V_j_2p]7 l/_j_%(S(p, 2)7 V_j+%5(p7 2);
VT 30(p,2)500)) > st

We apply Corollary 5.3 and Lemma 6.2 of [Ban3| to compute rgo go(m). We
observe that, for j odd, the multiplicity of ¥ in rgo go(mo) is 1 and the multiplicity of
51 in 74(goy,go(mo) is 0. It follows that € = 0. Similarly, for j even, the multiplicity
¥ in rgo go(mo) is 0 and the multiplicity of sv in 7o) go(mo) is 1. It follows that
e=1.

Now,
5(m)T0+8-8(m)To = TN0,go (To+5T0) = TN0,G(T) = N0, N (8(m) T1+8(m) T2 +5()T3)-
Consider the case (a) from the Proposition 3.3. Then

S(m)To + 5+ 8(myTo = 20" p @ (p X 00) + p & L(v™ ' p;00) + p® sL(v™" p; 00).
It follows that

SmyTo =V 'p@ (p x00) + p @ L(v™ p;a0)
and
Sy = v p@ (p 2 00),
S(m)T™s = p® sL(v™" p; 00),

where e = 0 or 1.

To determine €, observe that in general,

8(my(m) = Z/O(+7k2+1p® vet3c(p k—1) x o+ V_O‘+7k2+lﬁ® Z/O(_%C(p, kE—1)xo.

. . . . g mhEL
Since m is odd, an odd number of sign changes are required to produce v=%* 2 p.

Therefore,

s(my(m0) = v TE p@VtE((p, k—1) Moo+ T @ s(V 2 C(p, k—1) M 00).
When j =0= %52 (k =2), we get « = —2 and
$m)(m0) =V p®@(pxoo)+p@s(vpxog)

=v'p® (px0a9) +p@sL(v" p;o0).

Thus, we see that ¢ = 1.
For the remaining cases, the proofs are similar. U

Theorem 5.3. Let p be an irreducible unitary supercuspidal representation of
GL(m,F), m odd. Suppose p = p. Let og be an irreducible supercuspidal rep-
resentation of SO(2n,F), n > 0. Ifn > 0, suppose that o9 % sog. Let mg =
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v*l(p, k) x C(p,L;00). Suppose k > 2 and £ > 1 (the cases k =1 and £ = 0 are
covered by Propositions 5.1 and 5.2 above). Then, my is reducible if and only if

ae {E(l+EL), L0+ E5L 1), £+ =)}

U{{=52, =L 1, BRI\ {0 if k=20 - 1}}.
(We note that these sets need not be disjoint.) Let Sy denote the first set, and
So the second. Suppose my is reducible. By contragredience, we may restrict our
attention to the case a < 0.

(1) (0% Q SQ,

In this case, we have my = 79 + 79, where
k=1 h=1 _ _
m = L(v* 7 p,vt 2 pl, v p, v plip 2 ),
7§ = L(v> == p, v,
v 56(p,2), 07 20(p,2), ..., vt E(p,2), [T 20, vl p 1 o).

7 is the unique irreducible subrepresentation and 79 is the unique irre-
ducible quotient.
) a— .
One component of mg is the following:

w0 = L([v " p, v pl, v o, v pls p % ).
The other components are described below.
(a) £=1(sok>(—1).
In this case, there are three additional components:
= L([v™"p,v2p; 6(vp; p x 00)),

™
7Tg L([V_kp7 1/_2/)], V_%(S(p, 2);00)

and
S
79 is the unique irreducible subrepresentation, m39 is the unique irre-
ducible quotient, and 7§ © 7] is a subquotient.
(b) k>£—-1>0.
In this case, there are four additional components:

my = L([v~"p,v=2p], v o, pl: 6(vps p X 00),
7§ =L~ p, v ol v 26(p,2), 05 6(p,2), ... .12 8(p, 2);8(vpi p ¥ 00))
9 = L([v=Fp, vl v 25(p,2), 02 6(p, 2), ... ,vT28(p, 2); 00)
0 0

Ty = STy.

79 is the unique irreducible subrepresentation, w3 is the unique irre-
ducible quotient, and 78 & 7 ® 70 is a subquotient.
(c) t—1=k.
In this case, there is one additional component:
my = L([v™"p,v=2p], v p, v pl; 6(vp; p x 00).
70 is the unique irreducible subrepresentation and w8 is the unique
irreducible quotient.
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(d) £—1>k.
In this case, there is one additional component:

my = L™ p,v™2p], v F p, v pl; 6(vp; p 3 00).
0

70 is the unique irreducible subrepresentation and w3 is the unique
irreducible quotient.

(3) a€Ss.
Write o = # 4+, with 0 < j < % One component of T is 7,
where 7 is defined as follows:

w0 = L[ " v ] v p, v ), v o, v pls p X p o).

The remaining components are described below, on a case by case basis.
(a) k—j—1>j>/¢—-1
We have two additional components:

) = L[+ p, vl I pw 1],

v E6(p,2), v 56(p,2), ... ,vT20(p, 2); p % 00),
" = L4 g, v 2 ],
vI720(p,2),v77%20(p,2), ..., v 20(p, 2); p X 00).
7 is the unique irreducible quotient and w9 @Y is a subrepresentation.
by k—j—1=j>¢-1.
We have one additional component:
—k+1

—k+1 _ i
m =Ll p vl v ™ Tl
v 268(p,2),v7%26(p,2),...,v726(p, 2); p X 00).
In this case, 1y = ) O 7.
(c)k—j—1>j5=0-1.
We have one additional component:
w3 = L= "+ p, =gl w7 tp),
v 26(p,2), v 35(p, 2), ..., v 28(p, 2); p ¥ 00).
0

7 is the unique irreducible subrepresentation and w9 is the unique
irreducible quotient.

d k—j—1>0—-1>j
We have three additional components:
g = L= o w2l [ p, v 2]
vI720(p,2),v 7 20(p,2), ..., v 20(p, 2); (vp; p X 00)),
78 = L([v "t p vt 1p) v 35(p,2), 0742 6(p, 2), ..., v I 38(p, 2),
vI715(p,3),v776(p,3), .., v (p, 3); 6 (vp; p X 00)).
= L= ol i p, vl
v26(p,2),v726(p,2), ..., 20(p,2); p X 00).
70 is the unique irreducible subrepresentation, m$ is the unique irre-
ducible quotient, and 79 © 7} is a subquotient.
(e) k—j—1=L—-1>7.
We have one additional component:
R A N T )
vRE6(0,2), v R 26(p, 2), . v 70(p,2):6(vp; p 4 00)).
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70 is the unique irreducible subrepresentation and w3 is the unique
irreducible quotient.
) —1>k—j5—1>3j.
(i) Ifj = 0, the representation 79 below is the only other component.
In this case, ) is the unique irreducible subrepresentation and
7Y is the unique irreducible quotient.
(ii) If j > 0, there are two additional components:

g = L= g w2l [ p, v 2]
vI726(p,2),v79%26(p,2),...,v"28(p, 2); 6(vp; p X 00)),
) = L[~ p, v M) [y p, v 2],
vk HIt35(p,2), v RT3 6(p,2), ... v 28(p, 2); 6(vpy p X 00)).

In this case, 73 is the unique irreducible quotient and 79 & 7§ is
a subrepresentation.
g l—1>k—j—1=3.
We have one additional component:

. —k-3 k41 _
m =L p,v s pl T2 p v,

v=E8(p,2), v 5 H8(p,2), ..., 20(p,2); 6(vpi p X 00)).

In this case, 1o = 7§ O 7.
We note that the case k —j —1=j =€ — 1 is a point of irreducibility.

Proof. Let
™= VaC(pa k) X gl(pv Z; U)'
As in the proof of Proposition 5.1, we obtain

Ty = Tgo’G(Tr).
The irreducible subquotients and composition series structure of 7w are described in
Theorem 3.4. We argue as above to obtain the corresponding results for 7. O

Remark 5.4. Let g, m be as in the proof of Theorem 5.3. The proof of Theorem
3.4 describes Jacquet modules of components of 7. We may apply restriction to
obtain Jacquet modules of irreducible components of g, as follows: Let m; be a
component of . If rgo g(m;) = n¥ is irreducible, then

S(m) (1)) = 160, (S(m) (7))

If rgo (m;) is reducible, then rgo ¢(m;) = 7 + s - 72 and

(1) 760, (8(m) (5)) = S(m) (7)) + 8 = () (7).

The components of 5, (7)) can be computed from (1) up to s. We can determine
whether s appears in a component of S(m)(’f(?) by observing that if 7o ¢(m;) is

reducible, then 79 % s7?. Such components appear only in cases 2(a) and (b) (in

particular, 73, 77 for 2(a) and 79, 72 for 2(b)). In either case, exactly one of 7, sm?

appears as a component of Vﬁké[%((p,k: + ¢) X 0g, hence has Jacquet module

described in Proposition 5.2.

Suppose p % po are representations of GL(m, F) and GL(mg, F)). We continue
to assume p = p with m odd and either og % sog or oy = 1g. In order to build on
Theorem 3.5, we want (pg, o) to satisfy (C0). We can characterize this in terms of
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po and o by requiring that either (pg, og) satisfies (C0) or pg = o with mg odd (by
Proposition 4.3). Then, by [Golll], pg X p % 0¢ is the direct sum of two irreducible
subrepresentations. Write

po X px og = T1(po, p; o0) + T2(po, p; 00).

Theorem 5.5. Suppose p % po are irreducible unitary supercuspidal representa-
tions of GL(m, F) and GL(myg, F). Assume that p = p and m odd. Let o be an
irreducible supercuspidal representation of SO(2n, F), n > 0. Ifn > 0, suppose that
o9 2 sog. We also assume that either (po,00) satisfies (CO) or po = po with myg
odd. Let mo = v*((po, k) ¥ {(p, 4;00) with o € R, k > 1. Then mg is reducible if and

only if a € {#, #, ceey %} Suppose g is reducible. By contragredience,
we may assume that a < 0. Write o = = 2+1 + 7 with0 <3< %
(1) j="3+

7o = 7Y + 7Y with
- - —k+1 - —k+1 _
m = L™ o, v ol v po, v ol v T2 po, v pols Tilpo, p; 00)
fori=1,2. In this case, mo = 79 ® 3.
|
7o = 70 + 79 + 7Y with

w0 = L[ p, v ], v po, v o), [ po, vt pol; Ti(po, p3 00))

fori=1,2 and
) = L(v="p, v o], v F T o, v 2 pg], 0772 8(po, 2),

V_j+%5(p05 2)7 SRR V_%é(p()a 2)7/) X UO)-

In this case, 73 is the unique irreducible quotient and 79 @© 73 is a subrep-
resentation.

Proof. Let m = v*{(po, k) % (1(p,¥¢;0). The irreducible subquotients and compo-
sition series structure of m are described in Theorem 3.4. We argue as above to
obtain the corresponding results for my. The Jacquet modules may be determined
as in (the first part of) Remark 5.4. O

Remark 5.6. Let p and o be as in the preceding corollary. Suppose pg is an irre-
ducible unitary supercuspidal representation of GL(mg, F') with pg % po. Then,
v*L(po, k) x C1(p, £;0) is irreducible for all o € R.

6. APPENDIX

Let G be the group of F-points of a quasi-split reductive algebraic group de-
fined over F. Let G° denote the connected component of the identity in G. For
convenience, suppose that

G=G"xC,
with C' a finite abelian group (that G is the semidirect product of G® and C'is not
required, but it is easier to formulate in that case). We now describe how to get
from the general formulation of the Langlands classification ([B-W|, [Silll], [B-J1J)
to the explicit description for even-orthogonal groups given in section 2 (patterned
after [Tad2|, [Jan2]).

We recall that we call an irreducible representation of G tempered if its restriction
to GY is tempered (cf. Definition 2.5, [B-J1]).
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Let IT be the set of simple roots for GO. For & C II, we let Py = MaUs be the
standard parabolic subgroup of G° determined by ®. Fix an order on II. Then,
there is a lexicographic order on subsets of II. We define

Xco ={® CII|® is maximal among {c- ®}.cc}.

Let C(®) ={ceC|c-® =d}. Wecall P= MUg, where Mgy < M < Mg x C(P)
and ® € X¢, a standard parabolic subgroup of G.

Set P° = Py. Let A be the split component of Mg, a the real Lie algebra of A,
and a* its dual. Let II(PY, A) C a* denote the set of simple roots corresponding to
the pair (P, A). We set

o ={zr €a*|(z,a) <0, Va e I(P", A)},
a*(C)={ze€a’|z=c z, Vce C(P)},

where (-, -) is a C(®)-invariant inner product on a* x a* and > is the lexicographic
order inherited from the order on II (cf. section 3, [B-J1I] for details).

Definition 6.1. A set of Langlands data for G is a triple (P, z,7) with the
following properties:

(1) P = MU is a standard parabolic subgroup of G.

(2) z €a(C).

(3) M = Mg x C(®,z), where C(®,2) = {c € C(®)|c -z =x}.

(4) 7 € Irr(M) is tempered.

Theorem 6.2 (The Langlands classification). There is a bijective correspondence
Lang(G) «— Irr(G),

where Lang(G) denotes the set of all triples of Langlands data. Furthermore, if
(P,x,7) < 7 under this correspondence, then m is the unique irreducible subrepre-
sentation of ig,m(expxr & T).

We now consider the group SO(2n, F'). The maximal split torus Ay of SO(2n, F)
is
= {diag(as,...,an,a,", ... carl) a; € F*} = (F)"
Let a denote the usual isomorphism of (F*)™ into Ag, defined by

alay,...,an) = diag(ay,...,an,a; ', ... a;t).

The group X (Ay)r of F-rational characters of Ay has a basis {e(l), e ,e%}, where
eV is defined by

e?(a(al, ey Q) = a.

Thus, af = {z1€} + -+ z,€} | z; € R}. The roots of SO(2n, F) form a root
system of type D,,. The set of simple roots is II = {a1,...,a,}, where a; =
e —e? |, for1<i<n-—1,and a,, = e _; +¢2. For our order on II, we take
Q; > aj ifi <j.

Let @ C II. We now describe the standard parabolic subgroup Py = MgUsg.
Write ® in the form ® = I\ {e,, ..., @i, }, where i1 < iz < ... < ix. We have two

cases.
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A) Ifa,1€Poray_1 ¢ P, a, ¢ D, then
Mg = {diag(g, s Gl BTG Y T ) | i € GL(ng, F), h € SO(2(n — m),F)},
where ny = i1,n1 + no =is,...,n1 + - - - + ng = i, = m. We have
Mg =2 GL(n1, F) x GL(n2, F) X --- x GL(ng, F) x SO(2(n —m), F).
B) If 1 ¢ @, vy, € P, then
Mg = sMgrs,
where ¢ = s(®),
Mg = {diag(gy, ...k, 79, "> 791 ") | 9 € GL(n;, F)} .

Now, we will describe the set a* which appears in the definition of Langlands
data. We have four cases.

A) Suppose that a,,—1 € @ or a1 ¢ P, v, € . Then
A={alar,...,a1,..., 0k, ... a5, 1,...,1) | a; € F*}.
——— —_———— ——
ni Nk n—m

The basis for X (A)r is {e1,...,exr}, where

ejralar,...,a1,..., 0k, ... a5, 1,...,1) — a;.
—— —_———— ——
ni Nk n—m
We have a* = {z1e1 +--- + zrep | z; € R}. Theset II(P, A) = {f1,..., 0k}
C a* corresponds to IT\ ® = {a;,,..., ;. } C af. For1 < j <k —1,

63‘ =€j—1 — €j.
Al) If oy € ®, v, € D, then B = e (v, = am =€), — €2 ;). Take
r=x1€1 + -+ xreg € a*. Then

$1—$2<0,

rea &
Tp—1 — X <0,

zr < 0.
This implies z; < --+ <z < 0, so
al = {xie1 + - +apex |11 < < <0}
A2) fap,_1 €, o, ¢ ®, then B = 2 (ay, = ap =€l + V), and
a* ={z1e1+- +apep | v < <z <0}
A3) Hfan1 ¢ a,d® thenny =1 0y =er1 +ex and
ai:{x161+"'+xkek|m1<"'<xk_1 <—|$k|}-

B) Suppose that a,—1 ¢ @, ay, € D. Then

A:{a(al,...,al,...,ak,...,ak,alzl)|ai EFX},
—— —_———
ni nkfl
and we have B = 2ey, (i, = a;, = €0_; —el),

a’::{xlel—l—---—l—xkek|$1<"'<xk<0}'
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For x = x1e1 + - -+ + xex € a*, we have
expr=v"' @ - QU Q1.
This means that the value of expx on m = diag(ga, ..., g, h,Tg,;l7 oo Torh) s
expx(m) = |det g1]** ... |det gi|**.

Proposition 6.3 (The Langlands classification for SO(2n, F)). (i) Let p;, i =
1,...,k, be an irreducible essentially tempered representation of GL(n;, F) and 1o
an irreducible tempered representation of SO(2m, F).

(1) Suppose that m > 1 and e(p1) < --- < e(px) < 0. Then the representation
p1L X -+ X pp X To has a unique irreducible subrepresentation L(py ® -+ ®
Pk @ T0).

(2) Suppose that m = 0, ng > 1 and e(p1) < --- < e(pr) < 0. Then the
representation p1X- - X ppX1lg (resp. p1X---Xpp_1xs(prxlo)) has a unique
irreducible subrepresentation L(p1 @+ Q@ pr®1g) (resp. L(p1®- - Qpr—1®
s(pr®10))). Further, L(p1®---®pp@1o) £ L(p1®- - @ pr—1®@s(pr @ 10)).

(3) Suppose that m = 0, ni, = 1 and e(p1) < - < e(pr—1) < —le(pr)] <
0. Then the representation py X --- X pr X 1o has a unique irreducible
subrepresentation L(py ® -+ ® pi ® 1p).

(ii) Let oo be an irreducible admissible representation of SO(2n, F). Then there
exists a unique datum as in (i) such that o9 = L(-).

One remark is in order. We note that SO(2, F') & F*. Thus, a unitary character
of F* may be viewed as a tempered representation of SO(2, F'). This allows us to
have the < 0 in part 3; if e(pg) = 0, it is covered by part 1.

Now, we follow Theorem 6.2 to obtain the Langlands classification for O(2n, F).
First, we have to determine the set X¢. Since oy, 1 < a, in the order on II, we
easily see that

PeXe o (ap1€P or an_1¢Pa,¢d).

Al) If ap—y € @, oy, € P, then C(P) = {1,s}. For every z € a*, we have
s-x=uw,s0a* (C)=a* and C(®,z) = {1, s}.

A2) If ap_y € @, oy ¢ @, then C(P) = {1}. It follows that a* (C') = a* and
C(®,z) = {1}, for every z € a* (C).

A3) If ap—1 ¢ @, a, ¢ @, then C(®) = {1,s}. Take x € a*. Then z =
x1e1 + -+ + xpeg, where 11 < -+ < 2p_1 < —|xk|. The action of s on «x is
given by

S-xr=x1€1 + "+ Tk_1€k—1 — TkCE-
The condition z = s -z implies (z, ax—1) > (x, ag). This gives zp_1 — xp >
Tp_1 + Tk, so i < 0. It follows that
a*,(C) = {x1€1+"'+(£k€k | << T SO}

If 2, <0, then C(®,x) = {1}. If x5, = 0, then C(®,z) = {1, s}.
Proposition 6.4 (The Langlands classification for O(2n, F)). (i) Let p;, i =
1,...,k, be an irreducible essentially tempered representation of GL(n;, F') and T
an irreducible tempered representation of O(2m, F). Suppose that e(p1) < -+ <

e(pr) < 0. Then the representation p1 X -+ X pr, X T has a unique irreducible
subrepresentation L(py @ -+ @ pr @ T).
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(i1) Let o be an irreducible admissible representation of O(2n, F). Then there
exists a unique datum as in (i) such that o = L(-).

Remark 6.5. (1) In section 2, a minor variation on Propositions 6.3 and 6.4 is

[Aub]

[Ban1]
[Ban2]
[Ban3]
[B-J1]
[B-J2]
[B-Z]
[B-W]
[Ch]
[G-K]
[Gol1]
[Gol2]

[G-H]

[Gus]

(H-1]

used: Instead of having p1, ..., pi essentially tempered with e(p1) < -+ <
e(pr) < 0 (resp., €(p1) < --- < €(pr—1) < —l|e(px)| < 0 for Proposition
6.3 (3), we take p1, ..., px essentially square-integrable with e(p;) < --- <
€(pr) < 0 (resp., €(p1) < -+ < €e(pr—1) < —|e(px)| < 0). This is justified
by the following: If d1,...,d,, are irreducible, square-integrable represen-
tations of GL(n1, F),...GL(ny,, F), then 61 X -+ X d,, is an irreducible,
tempered representation. Further, any irreducible, tempered representation
of GL(n, F) can be written this way.

We also need multiplicity one in the Langlands classification, i.e., that
the Langlands subrepresentation appears with multiplicity one in the cor-
responding induced representation. We refer the reader to [B-W]| in the
connected case and [B-J2] in the non-connected case. (We remark that for
O(2n, F'), multiplicity one may also be shown directly using the arguments
of Lemma 3.4, [Jand].)
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