THE LANGLANDS QUOTIENT THEOREM FOR FINITE CENTRAL
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ABSTRACT. In this paper, we prove the Langlands quotient theorem in the context of finite
central extensions of connected, reductive p-adic groups.

1. INTRODUCTION

In this paper, we prove the Langlands quotient theorem in the context of finite central

extensions of reductive p-adic groups (which includes the double cover Sp(2n, F') and the
metaplectic covers of GL(n, F')-cf. [Kul, [K-P]).

Suppose G is the F-points of a connected, reductive group defined over a nonarchimedean
local field F'. The Langlands classification (Langlands quotient theorem) gives a bijective
correspondence

Irr(G) «— Lang(QG)

between irreducible, admissible representations of G and triples of Langlands data (see
[Sil],[B-WJ,[K]). The Langlands classification was originally done in the context of con-
nected real groups (see [Ln]). The proof for real groups given in [B-W] covers any real G
in Harish-Chandra’s class, so applies to metaplectic covers. In this paper, we prove the
Langlands classification for metaplectic covers of p-adic groups.

More precisely, let G be the group of F-points of a connected, reductive group defined over
a nonarchimedean local field F' of characteristic zero. Let (G, p) be a finite central extension
of GG as defined in section 2. In particular, we have a short exact sequence

1—C—G-25aG—1,

where C' is a finite subgroup of the center of G and p is a covering of topological groups.
Let P = MU be a parabolic subgroup of G. We call P = p~'(P) a parabolic subgroup of
G. We have
P=MU,

where M = p~'(M) and U is the canonical lifting of U to G (section 2.3, [M-W]). Let
X (M) be the group of F-rational characters of M and aj, = X(M)r ®z R. Given v € a},,
we denote by exp v the corresponding unramified character of M. We also have an associated
unramified character of M, denoted by expr. This comes from Lemma 2.3, which gives an
isomorphism between the group of unramified characters of M and the group of unramified
characters of M.

D.B. supported in part by NSF grant DMS-0601005 and by a Research Fellowship of the Alexander von
Humboldt Foundation; C.J. supported in part by NSA grant H98230-10-1-0162.
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We define (ap)5 = {z € a}, | (z,a) > 0, Vo € II(P, Apr) }. (For details, see section 2.3.)
Our main result is the following theorem:

THEOREM 1.1 (The Langlands quotient theorem). Let P = MU be a standard parabolic

*

subgroup of G, v € (arr)’ and T the equivalence class of an irreducible tempered representa-
tion of M. Then the induced representation i 7 (expv®T) has a unique irreducible quotient,

which we denote by J (}3 v, T). Conversely, if w is an irreducible admissible representation
of G, then there exists a unique (P,v,T) as above such that m = J(P,v, 7).

Our approach follows a philosophy begun in [B-J]. The basic idea is that in light of
the Bernstein-Zelevinsky geometric lemma and the Casselman criterion for temperedness, it
should be possible to prove the Langlands classification using what are essentially combina-
torial arguments on the exponents which occur. The exponents may be viewed as elements of
a*, where a is the Lie algebra of the maximal split torus A which is the Levi factor of a fixed
minimal parabolic subgroup. As the positive-valued unramified characters of A and those
for the corresponding subgroup A C G may be both identified with a*, these combinatorial
arguments apply to both G and G. In essence, we are reproving the Langlands classification
in a manner which not only covers connected reductive groups, but also their finite central
extensions. We note that the case where G = GL(n, F') and G is a double cover of G is
discussed in [H-M], where the Langlands classification for G is derived as a consequence of
the Langlands classification for GL(n, F').

The main technical result in this paper is the Casselman criterion for square-integrability
(Theorem 3.4). The proof is based on Casselman’s original work for reductive groups ([Cal),
using a number of structure results; some are easy to adapt, while others require subtler
arguments.

We assume F has characteristic zero. If U is the unipotent radical of a parabolic subgroup
of G, then (regardless of characteristic) U has a canonical lifting to G. In zero characteristic,
however, this lifting is unique. This fact is used in several places (proofs of Lemma 2.7,
Proposition 2.11 and Lemma 2.13).

The paper is organized as follows: In the next section, we review some structure theory
for finite central extensions. In section 3, we discuss some representation theory for these
groups—parabolic induction, Jacquet modules, the Casselman criterion for temperedness, etc.
Finally, in section 4 we give the Langlands quotient theorem and its proof. More precisely,
we present the Langlands classification in its subrepresentation form in Theorem 4.1, with
the quotient form in Remark 4.2.

In closing the introduction, we would like to thank Goran Mui¢, who suggested this project.
We would also like to thank Bill Casselman, David Vogan, and the referees for their valuable
comments. D.B. thanks Werner Miiller and Mathematical Institute of the University of
Bonn for their hospitality during her three month research stay, where a part of this work
was done. In an earlier version of this paper, we had an assumption that G is split; we are
grateful to Gordan Savin for his advice on how to remove the assumption.
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2. STRUCTURE RESULTS

In this section, we review background material and introduce notation needed in the
remainder of the paper.

Let F' be a nonarchimedean local field of characteristic zero whose residue field has ¢
elements. We denote by O the ring of integers of F' and by p the prime ideal of F. Let G
be the group of F-points of a connected reductive group defined over F'.

DEFINITION 2.1. We call (C?', p) a finite central extension of G if the following hold:
(1) p: G — G is a surjective homomorphism of topological groups.
(2) C = ker(p) is a finite subgroup of Z(G), where Z(H) denotes the center of H.
(3) p is a topological covering (as described in [M-W]). In particular, there is an open
neighborhood O of the identity in G and a homeomorphism j : p~(O) — O x C
such that prioj = p on p~1(O).

We introduce some terminology for finite central extensions. If (G, p) is a finite central
extension of G, a section of p is a continuous map p : G — G such that pou = idg. A lifting
of a subgroup H of G is a continuous homomorphism s : H — G such that pos =idy.
Obviously, if G lifts to G (in other words, if the sequence 1 — C — G5 a—1
splits), then G = G x C.

Notation Convention. Let H be a subgroup of G. Throughout the paper, the preimage
of H in G will be denoted by H and a lifting of H (if it exists) will be denoted by H. Hence,
H=p'(H)and H=H.

2.1. Compact subgroups.

LEMMA 2.2. Let (é, p) be a finite central extension of G. Then there exists a compact open
subgroup of G which lifts to G.

Proof. Let O be an open neighborhood of 1 as in Definition 2.1. Define O = j71(O x {1}).
There exists an open sqbset U C O such that UU C O. Let K be a compact open subgroup
of G such that K C p(U). Denote by p a homeomorphism p : O — O such that po pu = idp.

For ki, ks € K, we have
p(kike) = p(p(p(k))p(p(ka)))
= pp(p(ka)p(kz))
= M(k‘l)ﬂ(k‘z)>

SO pt|x is a homomorphism. O

At this point, we have the usual sort of basis of compact neighborhoods of the identity in
G. In partlcular let K be a compact open subgroup of G which lifts to G, with a lifting
sk : K — K c G. Let K; be a basis of compact open subgroups in G which lie in K.
Then sk (K;) gives a basis of compact open subgroups in G. This makes G an [-group in the
terminology of [B-Z].

If K4 is a maximal compact open subgroup of GG, then Kooz = 0 (K naz) is a maximal
compact open subgroup of G.
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2.2. Unramified characters. Let us call a character of G unramified if it is trivial on
0G = p~1(°G), where °G = N, ker|x|, the intersection over all rational characters y of G.

LEMMA 2.3. We have an isomorphism between the group Xun(G) of unramified characters
of G and the group X, (G) of unramified characters of G. It is implemented by the following
(well-defined) maps:

(1) If x is a character of G, we define the corresponding character x of G by

x(9) = x(u(9)),
where i is any section of G (i.e., p: G — G with po pu = id). )
(2) If x is a character of G, we define the corresponding character X of G by
X(9) = x(p(9)).
Proof. The observations that the maps x — x and x — x are well-defined, send unramified
characters to unramified characters, and are inverses of each other are all straightforward

calculations (or obvious). In particular, the map x — x does not depend on the choice of a
section p. [

NOTE 2.4. The unramified characters (resp., positive-valued unramified characters) of G
correspond to elements of the dual of the real Lie algebra 3¢ (resp., 3*), where Z is the
center of G. Thus, the preceding lemma allows us to associate unramified characters (resp.,
positive-valued unramified characters) of G to elements of 3c (resp., 3%) as well.

2.3. Parabolic subgroups. Fix a maximal split torus A in G. We denote by W = W (G, A)
the Weyl group of G with respect to A. Let & = ®(G, A) be the set of roots. Fix a minimal
parabolic subgroup B containing A. The choice of B determines the set of simple roots II
and the set of positive roots ®+ C ®. If & € d+, we write a > 0.

Let P = MU C G be a standard parabolic subgroup of G. We denote by II; C II
the corresponding set of simple roots. Let Aj; be the split component of the center of M,
X (M) the group of F-rational characters of M. If I1); = O, we also use Ag to denote A;.
Hence, Ap = A and A = Ag.

The following discussion follows [A], Section 5. The restriction homomorphism X (M)p —
X (An)r is injective and has a finite cokernel. Therefore, we have a canonical linear isomor-
phism
If L is a standard Levi subgroup such that L < M, then

Ay CAL C L C M.

The restriction X (M)r — X(L)F is injective and it induces a linear injection &, : a%, — a’.

The restriction X (Az)r — X(An)p is surjective and it induces a linear surjection 7’@ :

a; — ai,. Let (a})* denote the kernel of the restriction r¥,. Then

az, = vy (ay) @ (az')’
(see Section 5 of [A] for details). In the case of the dual Lie algebra a* = a¥ corresponding
to the maximal split torus A of G, we write simply

iy sy —at and Ty cat —oay,.
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Note that we have ry; o vpr = id.
There is a homomorphism (cf. [H-C]) Hy : M — ay = Hom(X (M), R) such that ¢0ofu0m) =
|x(m)| for all m € M, xy € X(M)p. Given v € a},, let us write

for the corresponding character of M. As in Note 2.4, there is then an associated unramified
character of M; for clarity, we denote this character exp v.

Let II(P, Apyr) = {rm(a) | a € IT\ 11/} denote the set of simple roots for the pair (P, Ayy).
Choose a W-invariant inner product (-,-) : a* x a* — R. As in [Sil], identifying a}, with the
subspace t(a},) C a*, we set

(an)} =A{z € ay | (z,) >0, Va e II(P, An)},

+ay, ={rxc€ay |x= Z CaCl, Co > 0},

QGH(P,A]\/[)
+ay, ={rcay |z= Z CaCV, Co > 0},
QGH(P,A]\/[)
and (ap)* = —(an)?h.
Let P = MU be a parabolic subgroup of G. We call
P=p7'(P)

a parabolic subgroup of G. Let M = p (M) and U the canonical lifting of U to G described
in the first appendix to [M-W]. Then

P=MU
serves as the Levi factorization. Set Ay, = p~'(Axy).
LEMMA 2.5. With notation as above, aMa! C ]\7[, for all a € Ay
Proof. Let a € Ay, i€ M, a = p(a), m = p(m). Then
plama) = ama™!

so ama~' € p~'(M) = M. O

=m e M,

LEMMA 2.6 (Bruhat decomposition).
With notation as abowve,

G =[] Buw)B,
weW
where w € W has representative w € G (noting that the double-cosets are independent of the

section p and the choice of representatives w). More generally, if P = MU and Q = LV
are two standard parabolic subgroups of G, then

G= [ Quw)P,
weW ML

where WML ={w e Wlw - C ®F w1, C T} (see [B-Z]).
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Proof. We do the minimal parabolic case; the general case is similar.
First we check that G = Uyew Bu(w)B. For § € G, write p(§) = bywby. Then § =
(b1wbs)cg = p(b1)p(w)p(b2)c, where ¢ € C' depends on cj and the cocycle. Since C' C B, we
see that pu(b1), ju(bs)c € B, giving the desired decomposmon To see that the double-cosets
are distinct, suppose byju()by = b p(w')b, with w # w'. Applying p, we get

p(b1)wp(bs) = p(bs)w'p(bh) € (BwB) N (Bw'B) = 0,
a contradiction. The lemma follows. O

Let P be the standard parabolic subgroup of G corresponding to the set of simple roots
© C II. For € € (0,1], define

Agle) ={a € Ao | |a(a)] <€, for all « € I\ ©}.
We write Ag for Ag(1). Define Ag = p~H(Ag). Fora € 11, @ € Ay, we define a(a) = (aop)(a).
Since @ € Ag <= p(a) € Ag, we have
Ag ={a € Ao ||a(a)] <1, for all « € T\ O},

If P = MU is any parabolic subgroup, then P = ¢g~'P'g, for some ¢ € G and some
standard parabolic subgroup P'. Let © C II be the set of simple roots corresponding to P'.
Define Ay;(e) = g7t Ag(€)g and Ay, () = p~'(Ay;(€)). The following lemma is analogous to
Proposition 1.4.3 of [Cal:

LEMMA 2.7. Let P = MU be a parabolic subgroup of G. If Ni, N, are two open compact
subgroups of U, then there exists € > 0 such that a € Ay 1 (€) implies aN»a—' C Nj.

Proof. Let Ny = ,o(Nl), Ny = ,o(Ng) and let NV be a compact open subgroup of U such that
N, C Nt where ¢ = |C|. According to Proposition 1.4.3 of [Cal, there exists € > 0 such that
aNa™' C Ny, for all a € Ay,(e). Let a € Ay, (e) and a = p(a). Define s, : N — U by

sa(v) = a 'sy(aza™)a,

where sy is the unique lifting sy : U — U ([M-W], Appendix I). Then s, is a homomorphism
and p o s, = idy. In addition, for z € N, we have s,(x) = sy(z). Therefore, s,(N3) = No.
It follows that

&Ng&_l = sU(aNga_l) g SU(Nl) = Nl.

Define Ap = p~1(Ag(O)).
LEMMA 2.8. With notation as above,
p H(Ag \ Ag(O)An) = Ag \ Ao An.
Proof. This follows from the fact that for any two subsets X and Y of GG, we have
pHXY) = pH(X)pTH(Y),
pHXN\Y) = 5 (X)) \ p ().
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2.4. Iwahori factorization; Cartan decomposition.

LEMMA 2.9 (The Cartan decomposition). Suppose that the center of G is anisotropic. Then
there exists a mazimal compact subgroup f(mm C G such that
(a) G = KmamP for any parabolic subgroup P.
(b) A@ C Kmm
(c) G KmMA Kmm, with the map a — Kaw@ K am establishing a bijection between
Kpax \ G/Kmam and /I@_/AO

Proof. We apply Lemma 1.4.5 of [Ca]. Let K., be a maximal compact open subgroup of
G such that properties (a), (b), (c) hold for G. Let Kpmaw = p~ ' (Kpmaz). Then (a) and
(b) for G follow directly from the corresponding properties for G. Also, G = Kmaw Ay Kmax
implies G = f(mamflaf(mm. It remains to prove the bijection. Suppose a; = 12:1&212‘2, where
a1, a0 € Ay, 12:1, ko € K,ppp. Let @ = diay . Then (c) for G implies p(a) € Ap(O). Therefore,
i€ p(A(0)) = Ao. O

PROPOSITION 2.10. Let G be arbitrary. Let D' be a subgroup of G such that ['/Ap is compact,
Ag(O) €T and G =TA;T. Define I' = p~'(I') and Ap = p~'(An). Then

(i) f/fln is compact.

(ii) A@ Cr.

(iii) G = DA, T

Proof. It is clear that (ii) and (iii) hold. The map on p.17 [La], which shows I'/ Ay 2 I'/Ayy,
is a homeomorphism, thus giving (i) O

We define Iwahori factorizations as in section 1.4 [Cal. Let K be a compact open subgroup
of G. We say that K has an Iwahori factorization with respect to P if the following hold:

(i) the product map is an 1somorphlsm of (U~ N K) x (MNK)x (UNK) with K.
(i) for every a € Ay, aUxa ' C Uy, a 'Uxa C Ug.

Here, U (respectively, U~) denotes the canonical lifting of U (respectively, U~) and M =
p~1(M). The following proposition is analogous to Proposition 1.4.4 of [Ca].

PROPOSITION 2.11. Let B be a minimal parabolic subgroup of G. There exists a collection
{f(n}nzngy which forms a neighborhood basis of identity such that
(a) Every K, is a normal subgroup of Kno ;
(b) If P is a parabolic subgroup containing B then K, has an Iwahori factorization with
respect to }3;
(c) If P = MU is a parabolic subgroup containing B then Mg, = MNK, has an Twahori
factorization with respect to M N B.

Proof. We have B = p~!(B), where B is a minimal parabolic subgroup of G. Let {K, }n>0
be the collection of compact subgroups of G from Proposition 1.4.4 of [Ca]. Let O be a
compact open subgroup of G which lifts to G. Fix a lifting so : O — G. There exists nq > 0
such that K, C O, for all n > n;. For n > ny, define K, = so(Ky).
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Let Uy denote the unipotent radical of B. Then U is conjugate to a subgroup of the
upper triangular unipotent group U(m, F') C GL(m, F'), for some m ([Bor], Proposition
1.10, Corollary 15.5 and Theorem 21.20). We can assume Uy C U(m, F') (the result in
general is obtained by conjugation). For n > 0, denote by V! the kernel of the reduction
U(m,0) — U(m,O/p"). Define V,, = V! N Uy. There exists ny such that V,,, C K,, N Uj.
Let p be the residual characteristic of F' and e the ramification degree. Let C' = kerp and
¢ =|C|. Write £ = p'ofy, where {; is relatively prime to p. Set nz = ny + tome. There exists
no such that K,, N Uy C V,,,. The collection {f(n}nzno satisfies (a).

For (b), let K = K, for some n > ng. Let P = MU be a parabolic subgroup of G
containing B and P = MU = p~1(P). We claim that K has an Iwahori factorization with
respect to P. Let sy, sy denote the liftings

sy:U—U, s(}:U_—>U_.
We first show
solknu = sulknus  Solknu- = Syl knu--
Let u € U. Then there exists a unique v € U such that u = v* (see Appendix I of [M-W]).

Let © € p~'(v). Then sy(u) = (9)° and this does not depend on the choice of ©.
If w e KNU, then we claim that v € K,,, NU. Let

u=1+z, v=1+y,

where z;; € p™, for all 7,5 =1,...,mand z;; = 0,y;;; = 0fore =1,... . m, 7 =1,...,¢.
Then

We have 1 + 2 = (1 +y)*, so

2) I:€y+(§>y2+---+(§)g/.

From (1) and (2), we obtain y; ;41 € p"3~"¢, for all 4. It follows that

(3) (Y )y ep™ ™ i=1,...,m j=1,...,i+1 j<m.
We prove by induction on s € {1,...,m — 1} that

(4) (M) ep™ e i=1,...,m, j=1,...i+s, j<m.

For s = 1, this is (3). Now, assume that (4) is true for s and prove it for s + 1.
Let k> 1. If 14+ s+ 1 < m, then

(yk)i,i—l—s—l—l = (y- yk_l)i,i—l—s—l—l = Zyi,r(yk_l)r,i—l—s—l—l-
r=1

For 7 = 1,...i, we have y;, = 0. Forr =i+ s+ 1,...,m, we have (y*!

Therefore,

)r,i—l—s—l—l = 0.

i+s
(yk)i,i+s+1 = Z yi,r(yk_l)r,i+s+l-

r=i+1
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The inductive assumption implies (y*);i1sp1 € p™77%. From (2), we obtain y;;is1 €
pra—toels+)  This proves (4) for all s € {1,...,m — 1}. It now follows that y;; € p"2, for all
1,7 =1,...,m, that is, v € K,,, NU. Therefore

so(u) = so(v') = (s0(v))" = su(u),
50 so|knu = sulknu. Similarly, so|krv- = sy|kav-- o
We have so(U N K) C sy(U) Nso(K) = UN K. On the other hand, p(U N K) C
p(U)Np(K)=UNK,so UNK Csp(UNK). It follows that UN K = so(UN K), i.e

(5) Uk =so(Ux) =UNK
In the same way we obtain

(6) Ui =so(Ug) =U" NK.
Similar arguments work for M . We have

(7) My = so(Mg) = Mg N K.

Now condition (i) for the Iwahori factorization follows immediately from (5), (6) and (7).

For condition (ii) for the Iwahori factorization, let @ € Ay, and a = p(a). Then aUga™" C
Uk and aUKnla_1 C Uk,, - Define s, : Uk,, — G by

sa(7) = a 'sy(aza™)a.

Then s, is a homomorphism and p o s, = z'dUKnl. If u € Uk, then we proved above that
u =" for v € Uk, . Then s,(u) = s4(v") = (sa(v))" = sy(u). It follows so|xrv = su|knv
and s,(Ux) = Ug. Therefore, Ux = a 'sy(aUga™t)a and
(aUKa ) Q SU(UK) = U}(,

= sy
and similarly for U;. This proves (b). It is clear that the collection {Kn}nzno satisfies
(c). O

aUga™!

2.5. Central extensions of tori. Central extensions of tori are generally not commutative.
An appropriate replacement for Ay is the centralizer of My in Ag. This fact, together with
the following lemma and its proof, was communicated to us by Gordan Savm.

LEMMA 2.12. Let A be a p-adic torus. Let n be a natural number. Then A™ is an open
subgroup of finite index in A.

Proof. Let Ap be the maximal compact subgroup of A. Then A/A, is a lattice, hence (A/Ay)"
is a full sublattice. It remains to prove that Af is an open compact subgroup of A.

Let A be the p-adic Lie algebra of A and Ay a p-adic lattice in A. Let @ be the uniformizer
of the p-adic field. Define A; = @' Ay. Then there exists an integer io such that the expo-
nential map is well defined on A; for all i > 4. (The group A is an algebraic group, hence
it sits as a subgroup of GL,,, and A is a subalgebra of the algebra of matrices M,,. The
exponential map is the usual one for matrices.) Let A; = exp(A;). It follows that A} = A;
for every i > i, where j — ¢ is the valuation of n, since n-th power on A; corresponds to
multiplication by n on A.

O
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LEMMA 2.13. Let Zy denote the centralizer of My in Ay. Then

(a) Z@ has finite index in Ay;
(b) Zo = ZyN Ag is the centralizer of Mg in Ag.

Proof. (a) Let £ = |C|. Then flé C Zy, so the statement follows from Lemma 2.12.

(b) Let U be a unipotent subgroup of Mg. There exists a unique homomorphlsm S
U — Mpg such that pos =idy. Set U= s(U). For a € Ag, define s; : U — Mg by
sa(z) = as(z)a'. Then p o sz = idy. This implies s; = s, so @ commutes with any element
of U.

The group Me is generated by My and the root subgroups Us,, a € ©. This implies Me

is generated by M and the subgroups Ua, o € O. Therefore, a € Zg = Zy N Ao commutes
with any element of Me. O

2.6. Haar measure. Let H be a locally compact topological group and H a covering group.
Then H is a locally compact topological group. Therefore, it has, up to a positive multiplica-
tive constant, a unique left Haar measure. Let dh be a left Haar measure on H. Suppose H
has an open compact subgroup K which lifts to K C H. Then we can choose a left Haar
measure dh on H such that

~

(8) meas gz (K) = measy(K).

Moreover, if (8) holds for K, it holds for any compact open subgroup of A which lifts to H.
If (8) holds, we say that dh and dh are compatible.
For & € H, define §;(%) by

/ﬁf(if‘lﬁi)dﬁzég(:rz)/gf(h)dh

The definition of §H(i’) does not depend on the choice of dh. The function 0 : H — Ry
is a character of H~called the modular character. The kernel of d; contains every compact
open subgroup of H.

PROPOSITION 2.14. Let P = MU be a parabolic subgroup of G and P = p Y (P). Let
ae Ay and a=p(a). Then
dp(a) =dp(a).
Proof. Select compatible Haar measures on f’A and P. Let K C OAAbe a compact open
subgroup such that aMxUga™t C MxUx C O, where Mgy = M N K, Uy = UN K (cf.
Lemma 2.5, Proposition 2.11). We have
meas p(aMyUra™) = 6 5(a)meas 5( Mg Ug)
and
meaSp(&MKUK&_l) = measp(aMyUga™') = 6p(a)measp(MyUg).

Since measls(MKUK) = measp(MgUf), the claim follows. O
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3. ADMISSIBLE REPRESENTATIONS

In this section, we review some representation theoretic background in the context of finite
central extensions. In particular, we discuss parabolic induction and Jacquet modules, as
well as giving the Casselman criteria for square-integrability and temperedness.

An l-group is a Hausdorff topological group with a basis of neighborhoods of the identity
consisting of compact open subgroups. As we observed earlier, G is an l-group. We may
then define smooth and admissible representations as usual. We give the definitions below.
In addition, G is countable at infinity (i.e., G is a countable union of compact sets).

Let (m, V) be a representation of G on a complex vector space V. For any subgroup K
of G, we define VK = {v € V | m(k)v = v, for all k € K}. Define (7,V) to be a smooth
representation if every v € V lies in VX for some compact open subgroup K of G. We say
that (7, V) is admissible if it is smooth and dim (V%) < oo for every open subgroup K of G.

LEMMA 3.1 (Schur’s Lemma). )
If (7, V) is an irreducible smooth representation of G, then Endz(V) = C.

Proof. Since G is countable at infinity, we can apply Schur’s Lemma from [B], section 4.2. [

As a standard consequence of Schur’s Lemma, we have the following: if (7,V) is an

irreducible smooth representation of G, then there exists a character w, of the center Z(G)
such that

m(Z)v = wy(Z)v, forall Z € Z(G),v e V.
We call w,. the central character of .

3.1. Parabolic induction and Jacquet modules. Let P be a parabolic subgroup of G,
with Levi factorization P = MU (see Section 2.3). These then satisfy the requirements of 1.8
[B-Z], so we have normalized induction and Jacquet functors. More precisely, let (o, V') be
a smooth representation of M. Then the induced representation i (o) is a representation

of G acting on the space
ic (V) ={f:G— V| fissmooth and f(amg) = d5(m)"*o(m)f(§),a € U, € M,je G}
by right translation. Let (7, V') be a smooth representation of G. Define
V(U) = spanc{n(@)v —v |aeU,v eV}
and V = V/V(U). Then 7y7.6(7) is a representation of M acting on Vy, by
rine(m) () (v + V(U)) = 6p(m) " x(m)v + V(U).
The functors ig 57 and ry; 5 have the usual properties (see Proposition 1.9 of [B-Z]).

LEMMA 3.2. Let (m,V') be a smooth representation of G. For a compact subgroup Uy of U,
define V(Ur) = {v € V| [ m(@)vdi = 0}. Then

the union over all compact open subgroups U of U.
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Proof. The proof is the same as for Proposition 3.2.1 in [Ca]. O

PROPOSITION 3.3. Let P = MU and Q = LV be standard parabolic subgroups of G, where
P= p(P), M = p~Y(M), and U is the canonical lift of U. If T is an admissible represen-
tation of M, then in the Grothendieck group, we have

regoiam(t) = Y dppowory u(T),
weW]\/I,L

where M' = M Nw= (L) and L' = L N w(M).

Proof. This follows from Lemma 2.6 and Theorem 5.2 of [B-Z]. It is a straightforward
matter to show that a subgroup H C G which is decomposable with respect MU has H
decomposable with respect to M U , so condition (4) in Theorem 5.2 is satisfied. Conditions
(1)-(3) are essentially obvious. O

3.2. Square-integrable representations. Let (7, V') be a smooth representation of G. We
denote by (7, V) the contragredient of (m,V). We have a natural pairing (,): V@V — C
given by (v,0) = ¥(v). The matrix coefficient of 7 associated to v and ¥ is the function
Coa(3) = (7(G)v, D). ]

We define square-integrability in the usual way: an irreducible representation 7 of G is
called square-integrable if it has unitary central character and |c, 5| € L*(G//Zg) for allv € V
and ¥ € V. An irreducible representation 7 of G is called tempered if it has unitary central
character and |c,z| € L**(G)Zg) for all & > 0.

Let P = MU be a standard parabolic subgroup of G. Let w € ay,. We let exp u denote
the corresponding character of Ay, (or M) and exp u the corresponding character of A (or
M)—cf. section 2.2.

Let 7 be an irreducible admissible representation of G. An exponent of 7 with respect to
Pis a u € a}; such that

exp pu ® p < 1y o(m) for some p with w, unitary.

THEOREM 3.4 (The Cassleman criterion for square- integrability)

Suppose 7 is an irreducible admissible representation of G having unitary central character.
Then m s square-integrable if and only if for every standard parabolic subgroup P = MU
and every exponent v with respect to P, we have v € +aj,.

Proof. Let 7 be an irreducible admissible representation of G having unitary central char-
acter. Observe that in section 2 we have proved the structure results which are a ba-
sis for Casselman’s proof of the criterion for square-integrability [Ca]. More precisely,
Lemma 2.7, Lemma 2.9, Proposition 2.10 and Proposition 2.11 correspond to Proposi-
tion 1.4.3, Lemma 1.4.5, Proposition 1.4.6 and Proposition 1.4.4 of [Cal, respectively. In addi-
tion, Proposition 2.14 implies the statements corresponding to Lemma 1.5.1 and Lemma 1.5.2
of [Cal.

LetveV,ve V. Let Z@~den0te the centralizer of My in Ay. We know from Lemma 2.13
that Zy has finite index in Ap. Let S be a finite set of representatives of Ay /(A; N Zy). Let

K be a compact open subgroup of G, normal in T (f as in Proposition 2.10), such that v, v
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are fixed by K and 7 (8)v is fixed by K, for all § € S. We consider square-integrability for
|cv5]. More generally, we discuss 1ntegrab111ty for |c, 5P, p > 0. Asin the proof of Theorem
4.4.6 of [Cal, we reduce it to the question of integrability of |c, 5| on KA, K/Z(G). Now,

m(x)v, 0)|Pdr =
/KA@K/Z@I(() e =3

ses

/ ()0, ) Pde
K(A;NZp)3K/Z(G)

/ |{(m(x)m(8)v, ) [Pdx.
K(AyNZy)K/Z(G)

5e8

We may replace 7(8)v by v and consider only |c, ;| on K([la N Zy)K/Z(G). As in [Ca], we
reduce the problem to matrix coefficients of Jacquet modules of w. More precisely, let € be
as in Corollary 4.3.4 of [Cal. Let

oAy (€) = {a € Ay

la(a)| <e foraell\ O,
e<l|a(@) <1 forae® '

Then fla is the disjoint union of @fla(e) as © ranges over all subsets of II. Fix ©. Let
P = MU be the standard parabolic subgroup corresponding to ©. We consider integrabil-
ity for |c, /P on K(eAy () N Zy)K/Z(G). Using Lemma 1.5.2 of [Ca] (which follows from
Proposition 2.14), this reduces to |c, 5|Pd5" on @fla(e) N Zy/Z(G). Let z, & be the images of
v, ¥ in Vi, Vi;_. Then for a € @fla(e), we have (m(a)v,v) = (51/ (@)ry,em(a)r, Z)y and can
consider

9) ((rarom(@)e, 2)o P8 (a).
Observe that Lemma 2.13 implies
AeNZy=Ae N Z(M).

Therefore, Ag N Zy has generalized eigencharacters on r n.gT (central characters), and we
can apply Casselman’s proof. Tt follows that [(ry; a7 (y)z,Z)u| is square integrable on

K( @fla(e) N Zy)K/Z(G) if and only if for every exponent v with respect to P,
(10) lexpr(a)| < 1, for all @ € (Ag N Zy) \ AoAn.

For any @ € Ag we have a‘ € Z(M), where ¢ = |C|. Condition (10) is then equivalent to
lexpr(a)] < 1foralla € Ag\ ApAm. In summary, 7 is square-integrable if and only if for
every standard parabolic subgroup P = MU and every exponent v with respect to P, we
have |expv(a)| < 1 for all a € Ag \ ApAn. According to Lemma 2.3 and Lemma 2.8, this is
equivalent to |exp v(a)| < 1 for all a € Ag \ Ap(O)An, i.e., v € +aj},. O

PROPOSITION 3.5 (The Casselman criterion for temperedness). Suppose 7 is an irreducible
admissible representation of G having unitary central character. Then m is tempered if and
only if for every standard parabolic subgroup P = M U and every exponent v with respect to
P, we have v € +a?,.
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Proof. We apply the proof of the previous theorem for p = 2 + ¢, € > 0. Define ¥(a) =
((rmem)(a)u, @) y. Then (9) is equal to

|\1,|p5§)3/2—1 _ |l11|2+65;/2 _ |l1]5;/(2(2+6))|2+e‘
So, for temperedness, we need for every central character y of ¥, a € flé \ Ao An,

Ix(@)] < 657N (@),  for all e > 0.

We have dp(a) < 1, fora € A@\A@AH Therefore, the right hand side of the above inequality
is greater than 1 for all € > 0. Since lim._€/(2 (2 +¢€)) =0, we obtain |y(a)| < 1. O

REMARK 3.6. To faciliate the combinatorial arguments in section 4, we take a moment to
reformulate this as in [B-J|. If m is an irreducible admissible representation of G, let

Mopin(m) = {L standard Levi | r5.6(m) #0 but rg a(m) =0 for all H < L.
Now, set
Exp(r) = {¢(p) [exppu @ p < rp 5(m) for some p with w, unitary and L € Mpin(m)}.

It now follows from Lemma 4.3 [B-J] that if w is an irreducible unitary representation, then
7 1s tempered if and only if v € +a* for every v € Exp(m).

4. THE LANGLANDS CLASSIFICATION

In this section, we state and prove the Langlands classification for finite central exten-
sions. The subrepresentation version is Theorem 4.1; the quotient version Theorem 1.1 and
Remark 4.2. The proof is done in the subrepresentation setting for technical reasons: if
m 2 L(P,v,7), then expr ® 7 < 73.a(m).

A set of Langlands data for G is a triple (P, v, 7) with the following properties:

(1) P=M U is a standard parabolic subgroup of G,
(2) v € (ay)*, and
(3) 7 is (the equivalence class of) an irreducible tempered representation of M.

We now state the Langlands classification in the subrepresentation setting.

THEOREM 4.1 (The Langlands classification).
Suppose (P v,7) is a set of Langlands data for G. Then the induced representation
igy(eXpv ® 7) has a unique irreducible subrepresentation, which we denote by L(P,v,T).

Conversely, if w is an irreducible admissible representation of G, then there exists a unique
(P,v,7) as above such that m = L(P,v,T).

The proof of this result has three main parts. First, we show that L(f’, v,7) is well-
defined-i.e., that i i7(exp v®7) has a unique irreducible subrepresentation-see Corollary 4.4.
Then, in Proposition 4.8, we show that any irreducible admissible 7 may be written in the
form L(P v, T) (ex1stence of Langlands data). Finally, in Proposition 4.10, we show that if
(Pl, v1,7) and (Pg, Vo, T9) are two such triples and L(Pl, v, T) = L(pg, Vo, T2), then P =P,
v1 = 1y, and 71 = 75 (uniqueness of Langlands data).
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REMARK 4.2. This theorem describes the Langlands classification in the subrepresentation
setting. It can also be formulated in the quotient setting (see Theorem 1.1), in which case
one has v € (ay;)% (and the associated irreducible representation appears as a quotient).

To see this, let m be an irreducible admissible representation. Let (}3, v,T) be the Langlands
data for m, the contragredient of w. Since T is the unique irreducible subrepresentation of
’iaM(EZL\’_]/?V ® T), we see T is the unique irreducible quotient of

igu(expr @ T) =g y(exp(—v) ® 7).
We have —v € (ay;)% and 7 tempered, as needed. (The quotient and subrepresentation data
for a given 7 should be related as in Lemma 1.1 [J]. However, the argument there relies on

the characterization of the Langlands quotient in terms of standard intertwining operators,
which we do not have at this point.)

As in [B-W], Chapter XI, set F = Y Ray, where the sum is over the simple roots II =
{ai,...,a,}. Then a* = 3* & F, where 3* = {z € a* | (z,a) = 0, for all « € II}. For
v € a*, we define 1 to be the point in (a*) N F which is closest to v. Define (y,...,0, € F
by (6i, ;) = 0;;. Then F = > Rf;. More generally, if I C {1,...,n}, then a* = 3* +
> izt RBi+ ) ;e Ray (see Chapter IV.6.6 [B-W]). Note that if M is the standard Levi factor
with Iy = {a; [ € I}, then in(a},) = 3"+ D, R, The set of simple roots II is a basis
of an abstract root system in F. Note that if v = 2z + Zigp a;3; + Ziep a;o; with a; < 0 for
all i ¢ F and a; > 0 for all i € F', then

Vo = Z a; B

igF

(see Lemma 8.56 [Kn]).
We now recall the following result (Lemma 3.3 [B-J]):

LEMMA 4.3. Let P = MU be a standard parabolic subgroup of G. Let F C {1,...,n} be
such that Iy, ={a; i € F}. If

:BETF:{:BE.T|:B:Zciﬁi+ZCjaj with ¢; <0 fori ¢ F and ¢; >0 for j € F'}

igF jeF

and w € WMA (cf. Lemma 2.6) with w # 1, then (wzx)o # 0.
COROLLARY 4.4. Let (P,v,7) be a set of Langlands data for G. Then iG.ir(exprv ® 7) has
a unique irreducible subrepresentation (denoted L(P,v,T) above).
Proof. We use the following standard result (see Proposition 2.1.9 [Cal, Lemma 8.2 [Gus],

section 1.3 [W] for G; it is essentially the same for G): If (p, V) is an admissible representation
of M and w is a character of Z,;, write

Vi, = {v € V' |there is an n € N such that [p(z) —w(2)]"v =0 for all z € Z;}.

Then V = &,V as a direct sum of M-modules. In particular, let p = Tia(m) and A =
expv ® wy. By Lemma 4.3 and Proposition 3.3, Vj is just the M-module expr @ 7 (as it
is the unique subquotient of 7 (7) having this central character), so appears as a direct
summand in r; (7). The corollary now follows from Frobenius reciprocity. [
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REMARK 4.5. This actually shows more: it also follows that L(p, v, T) appears with mul-
tiplicity one in i y(expv ® 7). Further, expv ® 7 is the unique irreducible subquotient of
i1 ©lay(eXprv @ 7) having its central character.

The proof of existence is based in part on that given in [Kn|, which borrows from the
original proof in [Ln].

DEFINITION 4.6. For v,V € a*, we write v <V if (V' — v, ;) >0 for all 1.
We note that < defines a partial order on a*. We now have the following standard lemma:
LEMMA 4.7. If v 2V, then vy = 1.

Proof. This is Lemma 8.59 in [Kn|. O

For ' C {1,...,n}, let T be defined as in Lemma 4.3. The sets T partition F into
2™ disjoint subsets (this follows immediately from Lemmas IV.6.9-1V.6.11 in [B-W]). For
v € a*, we define F'(v) C {1,...,n} to be the unique subset for which we have v € 3* 4+ Tr,).

PROPOSITION 4.8. Let  be an irreducible admissible representation. Then there erists a
triple (P, v, T) satisfying the requirements for Langlands data and such that m — Ind%(éi/p v
T).

Proof. Choose pu € Exp(mw) such that pp is minimal with respect to < (Exp(w) as in Re-

mark 3.6). Write
w=z+ Z a; 3 + Z a;o
igF (1) JEF (1)
with a; < 0 for i ¢ F(u) and a; > 0 for j € F(u). Let P = pp(“) = MU. Set

V=TMm Z aiﬁz’ )

(notation as in section 2.3). We have v € (aj,)-.

By definition, u € Exp(r) means p = (y') for some expy’ @ p < 7z 5(7), with p an
irreducible unitary supercuspidal representation p and p' € aj. We now claim there is some
expv ® 0 € 1y a(m) such that expp’ ® p < 7y y(expr @ 0). If we show L < M, this
follows immediately from taking Jacquet modules in stages. To show L < M, we argue
that if i € F(pu) (ie., a; & Ily), then o; & II;. To this end, note that if a; € I, then
(t(p'), ;) = 0. On the other hand, if i & F'(u), then

(, ;) = ¢; + Z ci{aj, o) <0
JEF (1)

since (o, ;) < 0 for j # 4. The claim follows. Note that any A € Exp(expr ® ) may be
written
A=2z+ Z a; 3 + Z bjaj
)

i€F () JEF(p
(not necessarily having b; > 0).
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It remains to check that 6 is tempered for any such 6. By the Casselman criterion, this
requires showing b; > 0 for all j € F(u). Suppose this were not the case. Let F' = {j €
F(p)|b; < 0}. Then,

)\ =z + Z aiﬁi — Z(—bj)aj + Z bjOéj j z + Z aiﬁi + Z bjOéj = )\/.

igF (1) JeF’ JjeF(p)—F i¢F (1) JjeF(p)—F'
Since plo = 305, @ilfi = Ag, it follows from Lemma 4.7 that
AN
\
)\0 j )\6 = Ho-

By the minimality of pg, we see that A\g = pg. Therefore, F(\) = F(u), so F' = (). Thus
bi > 0 for all i € F'(u), implying temperedness.

That 7 — Indg(éi/p v ® 7) for some irreducible tempered 7 now follows immediately from
Frobenius reciprocity and central character considerations as in Corollary 4.4. [

The proof of uniqueness is based on that in [Ev]. Let v = """, f;. Note that (" a;c;,7) =
Z a;.
LEMMA 4.9. Suppose
V= Zczﬁz + ZCjOéj,
igF jEF
with ¢; <0 fori & F and c¢; > 0 for j € F. Let M = My and w € WMA with w # 1. Then
(wv,7) > (v, 7).
Proof. Observe that
(wr, ) = clwBi, ) + Y ej{way, ).
ieF jEF
Since w € W4 we have wa; > 0 for all j € F. It follows immediately that
<'LUOéj, 7> > <aj> 7>
for all j € F. On the other hand, since v € a7, it follows from the Corollary to Proposition
18, chapter 6, section 1 [Bou] that

(wBk, ) < (Br,7)

for all £ with strict inequality for at least one k. The lemma now follows. [

PROPOSITION 4.10. Suppose (Py,v1,71) and (Py, va,75) are Langlands data such that L(Py, vy, 1) =
L(Py,va, 7). Then, P = Py, vy = 1, and 7 = 7.

Proof. Write m = L(pl,yl,ﬁ) = L(pg,l/g,’Tg). For i = 1,2, let u; € Exp(expy; ® 7;) with

(i, ) minimal. Since m — Ind%2 (exp e ® T3), it follows from Frobenius reciprocity and the

Bernstein-Zelevinsky /Casselman result (Proposition 3.3) that jp = wy) for some w € W4
and ) € Exp(expry ® 11). By the preceding lemma,

(a2, ) > (ph,y) > (s ),
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with equality possible only if w =1, i.e., uo = p}y. Similarly, (u1,7v) > (u2,7y). In particular,
we must have equality, so pa = pf. Now, any exponent in Fzp(expry ® 11) has the form
2+ igp Gt Y iep oy With (1) = 2+ 370 p cifi (so v € (ajy)- = ¢ <0 for i & 1)
and ) . cjoy; an exponent for the tempered representation 71 (so ¢; > 0 for all j € F
by the Casselman criterion). In particular, all the exponents in Ezp(expr; ® 71) belong to
5+ T, 50 pia € 3% + Ty, ie., F = Fy. Thus, P, = Py; write P = MU for this parabolic
subgroup. Then, we also have

v = T’M(Mi) = ru(p2) = vo.

That 71 = 75 now follows as in Proposition 5.3/Corollary 5.4 of [B-J] (noting that the key
ingredient in that proof-Lemma 3.3 of [B-J], which is Lemma 4.3 above-is combinatorial in
nature and can be applied to the case of central extensions). O

REMARK 4.11. Based on the real case and the p-adic version in Borel-Wallach, one might
hope to have v minimal with respect to = in the standard module. This would require a
nontrivial refinement of Lemma 3.3 [B-J|, but would also be enough to show the uniqueness
above.
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