DIFFERENTIAL SYSTEMS OF TYPE (1, 1) ON HERMITIAN SYMMETRIC SPACES AND THEIR SOLUTIONS

CHAL BENSON, DARIUSZ BURACZEWSKI, EWA DAMEK, AND GAIL RATCLIFF

Abstract. This paper concerns G-invariant systems of second order differential operators on irreducible Hermitian symmetric spaces G/K. The systems of type (1, 1) are obtained from K-invariant subspaces of p_+ ⊗ p_−. We show that all such systems can be derived from a decomposition p_+ ⊗ p_− = H^′ ⊕ L ⊕ H^c. Here L gives the Laplace-Beltrami operator and H = H^′ ⊕ L is the celebrated Hua system, which has been extensively studied elsewhere. Our main result asserts that for G/K of rank at least two, a bounded real-valued function is annihilated by the system L ⊕ H^c if and only if it is the real part of a holomorphic function. In view of previous work, one obtains a complete characterization of the bounded functions that are solutions for any system of type (1, 1) which contains the Laplace-Beltrami operator.

Contents

1. Introduction 1 2. Invariant systems of differential operators 4 3. Preliminaries on Hermitian symmetric spaces and Siegel domains 7 4. Systems of type (1, 1) 13 5. The main theorem 21 6. The L ⊕ H^c system and Berline-Vergne operators 23 7. The L ⊕ H^c system on Siegel domains 28 8. Proof of the main theorem 38 References 47

1. Introduction

Let G/K be a non-compact irreducible Hermitian symmetric space of rank r. The algebra D(G/K) of left-G-invariant differential operators on G/K has r algebraically

Date: March 1, 2004.

C. Benson and G. Ratcliff were supported in part by NSF grant DMS-9970552. D. Buraczewski and E. Damek were supported in part by European Commission via RTN Harmonic Analysis and Related Problems contract HPRN-CT-2001-00273-HARP, KBN grant 5 PO3A 02821 and Foundation for Polish Sciences Subsidy 3/99. Ewa Damek was also supported by the Polish Academy of Science, being on a special position at the Institute of Mathematics there. 1

independent generators. D(G/K) contains no first degree operators and has only one second degree generator, the Laplace-Beltrami operator. In order to fully exploit the virtues of G-invariance in low degrees, one is lead naturally to consider invariant systems of differential operators.

An abstract formalism for such systems (on any homogeneous space) can be found in [BV]. (See also Chapter V, Section 4 in [H3].) Following [BV], a G-invariant system is determined by a representation of K in some vector space V together with a K-equivariant map d : V^∗ → D(G) from V^∗ to the algebra of left-G-invariant differential operators on G. The associated system maps smooth functions on G/K to smooth sections in the vector bundle G×_K V over G/K. We loose no generality by assuming that d is injective and can replace the data (V, d) by the image W = d(V^∗), a K-invariant subspace in D(G). The corresponding system becomes a map D_W from C^∞(G/K) to Γ(G ×_K W^∗). We will describe this construction in greater detail below in Section 2.

In the present context, there is a natural notion of type for systems D_W . Roughly speaking, we say that D_W has type (a, b) if each operator in W has the form � |α|=a,|β|=b

c_{α,β}∂^α∂^β

at the identity, where α, β are multi-indices and “∂” denotes derivatives with respect to holomorphic coordinates in directions tangent to G/K. This will be made precise below.

The holomorphic (type (a, 0)) and anti-holomorphic (type (0, b)) systems on irreducible Hermitian symmetric spaces are completely classified in view of results of Johnson [J]. In general, the classification of all systems of specified type (a, b) on a given G/K reduces to a problem in Invariant Theory. Our focus here is the systems of type (1, 1), determined by K-invariant subspaces in p_+ ⊗ p_−. To our knowledge, such systems have not been the subject of any systematic study.

Proposition 4.2, formulated below, classifies the systems of type (1, 1) on any noncompact irreducible Hermitian symmetric space. In general, the possibilities are quite limited. Apart from the Laplace-Beltrami operator, these include the so-called Hua system. This system, which we denote by D_H, is given by a canonical K-invariant subspace H in p_+ ⊗p_−. The action of K on H is equivalent to its complexified adjoint representation on k_C. The space H further decomposes under the action of K as

H = L ⊕ H^′

where L corresponds to the (necessarily one dimensional) center in k_C and H^′ to the (semi-simple) derived algebra k^′_C. If G/K has type A III and rank at least two then k^′_C has two simple factors and H^′ = H^′_1 ⊕ H^′_2 is the sum of two irreducible subspaces. In all other cases k^′_C is simple and hence H^′ is irreducible. The one dimensional space L consists of all multiples of the Laplace-Beltrami operator, which we also denote by L, the meaning being clear from the context.

One can also consider the subspace H^c orthogonal to H in p_+ ⊗ p_−. This is necessarily K-invariant and we call D_Hc the complementary Hua system. When G/K has rank one, H^c = 0. We will show that for rank(G/K) ≥ 2, H^c is always non-zero and K-irreducible. We will provide two additional abstract characterizations of H^c:

• H^c is the kernel of the linear map p_+ ⊗ p_− → k_C given by the Lie bracket. • H^c is the Cartan component in the tensor product p_+ ⊗ p_− of the irreducible K-modules p_±.

These facts support the viewpoint that the complementary Hua system is a natural object for study. For the classical families of non-compact irreducible Hermitian symmetric spaces, concrete descriptions are given in Section 3 for the spaces H and H^c.

The solutions for a G-invariant system D_W are of particular interest. We say that a smooth function f on G/K is W -harmonic when D_W f = 0. The aim of this paper is to characterize such functions for each invariant system of type (1, 1) which contains the Laplace-Beltrami operator L.

In [JK] it is shown that for G/K of tube type, a smooth bounded function is H-harmonic if and only if it is a Poisson-Szegö integral over the Shilov boundary. It was previously known (see [Hua]) that for G/K = SU(n, n)/S(U(n) × U(n)), Poisson-Szegö integrals f necessarily satisfy D_Hf = 0. Hua harmonicity on tube domains is also the subject of [L]. The Hua system for non-tube domains has been studied in [BBDHPT] and [B]. In this context, the real valued functions f on G/K satisfying D_Hf = 0 are the pluriharmonic functions [B]. That is, f is the real part of a holomorphic function on G/K. To describe Poisson-Szegö integrals on general non-tube domains a third order system BV of type (2, 1) is needed [BV].

Our principal object of study is the system D_{~H}c , where

~H^c = L ⊕ H^c.

That is, we augment the complementary Hua system to include the Laplace-Beltrami operator. This ensures that ~H^c-harmonic functions are harmonic in the usual sense. Theorem 5.3 below asserts that for rank(G/K) ≥ 2 a bounded real valued function on G/K is ~H^c-harmonic if and only if it is pluriharmonic. This is the main result in the current work.

Our proof of Theorem 5.3 is based essentially on an interplay between the “G/K”- picture and “S” - picture of a Hermitian symmetric space, S being a solvable Lie group acting simply transitively on the corresponding Siegel domain^cD. In Section 6 we use classical structure theory for Hermitian symmetric spaces to exhibit some operators on G/K that belong to the system L ⊕ H^c. In Section 7 we leave the “G/K-picture” and express these operators in terms of S. This allows us to apply techniques and results from [BBDHPT] and [B] to the proof of Theorem 5.3 in Section 8. We show, in particular, that a bounded function f annihilated by L ⊕ H^c is a Poisson-Szegö integral. In the tube case, it follows from [JK] that f is H-harmonic and we immediately conclude that f is pluriharmonic, since H^′ ⊕ L ⊕ H^c = p_+ ⊗ p_−. In the non-tube case, in view of [BV], f is annihilated by the third order system BV. We use this fact and a technique from [B] to complete the proof for non-tube spaces.

As explained in Section 5, Theorem 5.3 together with previously known results concerning the Hua system yields a complete characterization for the bounded solutions of all possible type (1, 1) systems which contain the Laplace-Beltrami operator.

Acknowledgement: The authors would like to express their deep gratitude to Jacques Faraut for a fruitful conversation that originated this paper.

2. Invariant systems of differential operators

Given a Lie group G, we let D(G) (∼= U(g_C)) denote the algebra of left-G-invariant differential operators on G. The group G acts on D(G) via the adjoint representation:

Ad(g)X(f) = X(f ∘ r_g−1 ) ∘ r_g for g ∈ G, X ∈ D(G), f ∈ C^∞(G),

where r_g : G → G denotes right multiplication. We recall that the symmetrization map λ : S(g_C) → D(G) is a canonical Ad(G)-equivariant vector space isomorphism from the symmetric algebra on the complexified Lie algebra g_C of G to D(G). We refer the reader to §4 in Chapter II of [H2] for details.

Now suppose K is a closed Lie subgroup of G. For f ∈ C^∞(G/K), we let ~f ∈ C^∞(G) denote the map ~f(g) = f(gK).

If X ∈ D(G) is Ad(K)-invariant then X yields a left-G- invariant differential operator on G/K (also denoted X) via the rule

(Xf)~= X ~f.

More generally, an Ad(K)-invariant subspace W of D(G) yields a left-G-invariant system D_W of differential operators on G/K as explained below.

To describe D_W , one forms the (complex) vector bundle G ×_K W^∗ associated to the principle bundle G → G/K via the representation Ad^∗ : K → GL(W^∗) contragredient to Ad|_K on W (Ad^∗(k)α = α ∘ Ad(k^{−1})). The total space is

G ×_K W^∗ = (G × W^∗)/ ∼

where ∼ is the equivalence relation on G × W^∗ given by

(gk, α) ∼ (g, Ad^∗(k)α)

for all k ∈ K.

The projection map π : G ×_K W^∗ → G/K is just π � [g, α] � = gK, where [g, α] ∈ G ×_K W^∗ denotes the equivalence class of (g, α) ∈ G × W^∗. We let Γ(G ×_K W^∗) denote the space of smooth sections in the bundle G ×_K W^∗. Smooth sections s ∈ Γ(G ×_K W^∗) are in one-to-one correspondence with smooth maps ~s : G → W^∗ satisfying (2.1) ~s(gk) = Ad^∗(k^{−1})~s(g) = ~s(g) ∘ Ad(k), for g ∈ G, k ∈ K. The correspondence s ↔ ~s is given by s(gK) = [g, ~s(g)].

Definition 2.2. The system D_W of differential operators on G/K determined by an Ad(K)-invariant subspace W ⊂ D(G) is the map D_W : C^∞(G/K) → Γ(G ×_K W^∗) defined via (D_W f)~(g)(X) = X( ~f)(g), for f ∈ C^∞(G/K), g ∈ G, X ∈ W .

To justify Definition 2.2 one verifies (easily) that the map (D_W f)~satisfies the Kequivariance property (2.1). The Ad(K)-invariance of W is needed here. When W is finite dimensional we can write

(D_W f)~(g) = n� j=1 X_j ( ~f)(g)X^∗_j ,

where {X_j : j = 1, . . . , n} is any basis for W and {X^∗_j } is the dual basis for W^∗. There is a natural left action of G on Γ(G ×_K W^∗): (s ∘ L_g)~(h) = ~s(gh).

The system D_W is left-G-invariant in the sense that (D_W f) ∘ L_g = D_W (f ∘ ℓ_g), where ℓ_g is left multiplication by g on G/K. This follows immediately from the fact that each operator X ∈ W is left-G-invariant.

It is of interest to study zeros for systems of the form D_W . Observe that f ∈ C^∞(G/K) satisfies D_W f = 0 if and only if X ~f = 0 for all X ∈ W . In this case, we will say that f is a W -harmonic function and often write W (f) = 0 in place of D_W f = 0.

2.1. Invariant systems on symmetric spaces. Now suppose that G/K is a symmetric space of non-compact type and let g = k ⊕ p denote the Cartan decomposition for the Lie algebra g of G. Since p is Ad(K)- invariant, we have D(G) = D(G)k ⊕ λ(S(p_C)), where λ : S(g_C) → D(G) is the symmetrization map. (See Lemma 4.7 in Chapter II of [H2].) Both D(G)k and λ(S(p_C)) are Ad(K)-invariant subspaces of D(G), because λ is Ad(G)-equivariant. For f ∈ C^∞(G/K) one has X ~f = 0 for all X ∈ D(G)k. Thus we obtain:

Lemma 2.3. Let W be an Ad(K)-invariant subspace of D(G) and W^′ be the projection of W onto λ(S(p_C)) with respect to the decomposition D(G) = D(G)k⊕λ(S(p_C)). Then W^′ is Ad(K)-invariant, and for any f ∈ C^∞(G/K):

f is W -harmonic if and only if f is W^′-harmonic.

Lemma 2.3 shows that if we wish to study the zeros of invariant systems of differential operators on G/K, we can restrict attention to systems obtained from Ad(K)- invariant subspaces W of λ(S(p_C)).

2.2. Invariant systems on Hermitian symmetric spaces. Next suppose that G/K is a Hermitian symmetric space of non-compact type. The complex structure on G/K yields an almost complex structure J on T_{eK} (G/K) ∼= p. This extends to a complex linear map J : p_C → p_C and one has

p_C = p_+ ⊕ p_−

where p_± are the (±i)-eigenspaces for J . The spaces p_± are Ad(K)-invariant abelian subalgebras of g_C.

In this context, the canonical algebra isomorphism S(p_C) ∼= S(p_+)⊗S(p_−) is also an isomorphism of K-modules. (The group K acts on S(p_C) and S(p_±) by symmetric powers of the Adjoint representation.) It will here be convenient to replace the symmetrization map λ : S(p_C) → D(G) by

λ^⊗ : S(p_+) ⊗ S(p_−) → D(G), λ^⊗ = λ ⊗ λ.

Explicitly,

λ^⊗ � (X_1 · · · X_a) ⊗ (Y_1 · · · Y_b) � = 1 a!b! � σ∈S_a,σ^′∈S_b

X_{σ(1)} · · · X_{σ(a)}Y_σ′_{(1)} · · · Y_σ′_{(b)},

for (X_1 · · · X_a) ⊗ (Y_1 · · · Y_b) in S^a(p_+) ⊗ S^b(p_−). The map λ^⊗ is Ad(K)-equivariant and Lemma 2.3 remains true if we replace λ(S(p_C)) by λ^⊗(S(p_+) ⊗ S(p_−)).

Definition 2.4. If W is a K-invariant subspace of λ^⊗(S^a(p_+) ⊗ S^b(p_−)) then we say that D_W is a system of type (a, b) on G/K.

Thus if D_W has type (a, b) then each element of W is a linear combination of terms of the form X_1 · · · X_aY_1 · · · Y_b where X_i ∈ p_+ and Y_j ∈ p_−.

3. Preliminaries on Hermitian symmetric spaces and Siegel domains

For the remainder of this paper, G/K will denote a Hermitian symmetric space of non-compact type. For our purposes we can assume, moreover, that G/K is irreducible, since any Hermitian symmetric space is a direct product of irreducible factors. Thus G is a connected non-compact simple Lie group with trivial center and K is a maximal compact subgroup of G with center analytically isomorphic to T. (See Theorem 6.1 and Proposition 6.2 of Chapter VIII in [H1].)

In this section we collect notation and background material concerning the structure of G/K and its realizations as bounded and unbounded domains. For details we refer the reader to any of the standard references. See for example, [H1] , [KW] and [W].

3.1. Algebraic preliminaries. As in the preceding section, g = k ⊕ p denotes the Cartan decomposition for the Lie algebra of G and p_C = p_+ ⊕ p_− is the eigenspace decomposition determined by the complex structure. We have

[k_C, p_C] ⊂ p_C, [p_+, p_+] = 0 = [p_−, p_−], [p_+, p_−] = k_C.

The Lie algebra u = k ⊕ ip is a compact real form of g_C. For Z ∈ g_C we let Z and τ(Z) denote the complex conjugates for Z with respect to the real forms g and u. The two conjugation operators are related via

τ(θ(Z)) = Z = θ(τ(Z))

where θ is the complexified Cartan involution. If B is the Killing form on g_C, then the bilinear form defined by

B_τ (X, Y ) = −B(X, τY )

is a positive definite Hermiian inner product on g_C. Recall that J denotes the almost complex structure on the tangent space p to G/K at eK and its complexification p_C → p_C. Let c denote the (one dimensional) center of k. It is a key fact that there exists an element Z_0 ∈ c with J = ad(Z_0)|p_C.

Choose a Cartan subalgebra h in k. Then h_C is a Cartan subalgebra of g_C. Define Δ to be the system of roots of g_C with respect to h_C. Then each root α ∈ Δ is real valued on ih. We specify an ordering on Δ as follows: for two roots α, β we say that α is bigger than β when −i(α − β)(Z_0) > 0. In this way we obtain the sets Δ^+ and Δ^− of positive and negative roots.

Each root space g^α is contained either in k_C or in p_C. In the first case α is called compact and in the second case noncompact. We write

Δ = C ∪ Q

where C is the set of compact roots and Q is the set of noncompact roots and let Q^± = Δ^± ∩ Q denote the sets of positive and negative noncompact roots.

For each α ∈ Δ we associate elements H_α, E_α and E_{−α} which span a subalgebra of g_C, isomorphic to sl(2, C). We do this in a standard way as follows. The Killing form B is positive definite on ih. Thus for each α ∈ Δ there is a unique element ~H_α ∈ ih for which α(H) = B(H, ~H_α).

For roots α, β ∈ Δ let (α, β) = B( ~H_α, ~H_β) and set H_α = 2 (α, α)

~H_α,

so that α(H_α) = 2.

Now for α ∈ Δ^+ choose E_α ∈ g^α with B_τ (E_α, E_α) = 2/(α, α) and set E_{−α} = −τ(E_α). With these conventions, we have [E_α, E_{−α}] = H_α, [H_α, E_a] = 2E_α, [H_α, E_{−α}] = −2E_{−α}, E_α = E_{−α} for α ∈ Q, E_α = −E_{−α} for α ∈ C, and p_+ = � α∈Q^+

g^α = � α∈Q^+

CE_α,

p_− = � α∈Q^+

g^{−α} = � α∈Q^+

CE_{−α}.

(3.1)

For α ∈ Q^+, let X_α = E_α + E_{−α}, Y_α = i(E_α − E_{−α}).

(3.2)

Then the set {X_α, Y_α}_{α∈Q}+ is a basis for the real vector space p. One has J X_α = Y_α, J Y_α = −X_α,

E_α = 1 2 (X_α − iY_α),

E_{−α} = 1 2 (X_α + iY_α).

(3.3)

3.2. Restricted roots. Two roots α, β ∈ Δ are called strongly orthogonal if neither α + β nor α − β are roots. This implies orthogonality in the usual sense: (α, β) = 0. Let (3.4) Γ = {γ_1, . . . , γ_r} ⊂ Q^+ be a maximal set of strongly orthogonal positive noncompact roots. Then a = � γ∈Γ RX_γ ,

(3.5)

is a maximal abelian subalgebra of p and r = dim(a) is the rank of G/K.

Take h^− to be the real span of the elements iH_γ (γ ∈ Γ), and h^+ to be the orthogonal complement of h^− in h via the Killing form B: h^− = � γ∈Γ RiH_γ ,

h = h^− ⊕_B h^+.

(3.6)

For α, β ∈ Δ write α ∼ β if and only if α|_h− = β|_h− and define:

(3.7)

C_i = { α ∈ C: α ∼ −^1_2 γ_i} for i = 1, . . . , r, C_{ij} = { α ∈ C: α ∼^1_2 (γ_j − γ_i)} for 1 ≤ i < j ≤ r, Q_i = { α ∈ Q: α ∼^1_2 γ_i} for i = 1, . . . , r, Q_{ij} = { α ∈ Q: α ∼^1_2 (γ_i + γ_j)} for 1 ≤ i < j ≤ r.

Some important properties of the above sets are contained in the following theorem: Theorem 3.8 (Restricted Roots Theorem, [H3]). The map α → γ_i + α is a bijection of C_i onto Q_i (for 1 ≤ i ≤ r) and C_{ij} onto Q_{ij} (for 1 ≤ i < j ≤ r). Q^+ is the disjoint union of the sets Γ, Q_i, Q_{ij}.

In addition, we will need these facts:

• All elements α ∈ Q^+ have a common length (α, α)^12 . • For α, β in Q^+, (3.9) α(H_β) = β(H_α).

• The sets Q_{ij} have a common cardinality for 1 ≤ i < j ≤ r. Likewise, the sets Q_1, . . . , Q_r have a common cardinality. We let q_1 denote the common cardinality of the Q_i’s and q_2 the common cardinality of the Q_{ij}’s.

• For α ∈ Q_{ij} set (3.10) ~α = γ_i + γ_j − α.

Proposition 8 in [L] shows that ~α is a noncompact positive root. So clearly ~α ∈ Q_{ij} .

3.3. Harish-Chandra realization. Let G_C denote the adjoint group for g_C and K_C be the analytic subgroup corresponding to k_C. The analytic subgroups of G_C corresponding to subalgebras p_+, p_− will be denoted by P_+ and P_− respectively. They are abelian. The exponential map from p_± to P_± is biholomorphic, so P_± is biholomorphically equivalent with C^n for some n.

The mapping (p_1, k, p_2) → p_1kp_2 is a diffeomorphism of P_+ × K_C × P_− onto an open submanifold of G_C containing G. For g ∈ G let p_+(g) denote the unique element in p_+ such that g ∈ exp(p_+(g))K_CP_−. Then p_+(g) = p_+(gk) and p_+ is a diffeomorphism of G/K onto a bounded domain D ⊂ p_+. G acts biholomorphically on D by g · p_+(~g) = p_+(g~g). Let o = p_+(e), then D is the G-orbit of o and the group K is the stabilizer of the point o. This is the Harish–Chandra embedding and in fact realizes G/K as a bounded symmetric domain.

3.4. Siegel domains. Let D denote the bounded realization of G/K described above. Set X_Γ = � γ∈Γ X_γ = � γ∈Γ(Eγ + E_{−γ} ), E_Γ = � γ∈Γ E_γ and define an element of G_C called the Cayley transform:

(3.11) c = exp( π 4 iX_Γ). Let cG = Ad(c)G, cK = Ad(c)K, cg = Ad(c)g.

For g ∈ G, c exp(p_+(g)) ∈ P_+^cK_CP_− and by [KW], the mapping x → c · x, where

c · p_+(g) = p_+(c exp p_+(g)),

defines a biholomorphism of D onto a domain^cD ⊂ p^+. Clearly,^cD is the orbit of the point c · o = iE_Γ under the action of the group^cG and^cK is the isotropy group of iE_Γ.

It was proved in [KW] that^cD is a Siegel domain. We briefly recall the definition and notation of Siegel domains. The reader is referred to the book of J. Faraut and A. Koranyi [FK] for more details.

Let V be a Euclidean Jordan algebra and Ω be an irreducible symmetric cone contained in V . We denote by L(x) the self-adjoint endomorphism of V given by left multiplication by x, i.e. L(x)y = xy. We fix a Jordan frame {c_1, . . . , c_r} in V . The Peirce decomposition of V related to the Jordan frame {c_1, . . . , c_r} ([FK], Theorem IV.2.1) may be written as

(3.12) V = � 1≤i≤j≤r

V_{ij} .

It is given by the common diagonalization of the self-adjoint endomorphisms L(c_j) with respect to their only eigenvalues 0,^1_2 , 1. In particular V_{jj} = Rc_j is the eigenspace of L(c_j) related to 1, and, for i < j, V_{ij} is the intersection of the eigenspaces of L(c_i) and L(c_j) related to^1_2 . All V_{ij}, for i < j, have the same dimension d.

Suppose that we are given a complex vector space Z and a Hermitian symmetric bilinear mapping Φ : Z × Z → V^C.

We assume that Φ(ζ, ζ) ∈ Ω, ζ ∈ Z , and Φ(ζ, ζ) = 0 implies ζ = 0.

The associated Siegel domain is then (3.13) ~D = {(ζ, z) ∈ Z × V^C : ℑz − Φ(ζ, ζ) ∈ Ω}. One says that ~D is of type I (or has tube type) when Z = {0}. Otherwise, ~D is said to be of type II (non-tube type).

The data V, Z and Φ can be defined in terms of some subspaces of g_C so that p_+ = Z × V^C and ~D =^cD.

(For details we refer to [KW], [B]). Moreover it is known that^cD has tube type if and only if the sets Q_i in (3.7) are all empty.

3.5. Iwasawa decomposition of^cG. Consider the Iwasawa decomposition of^cG = N ~A^cK and denote by S its solvable part: S = N ~A. Let n, ~a, s be the corresponding Lie algebras. Then ~a can be chosen as a subalgebra of^cg consisting of elements H = L(a), where a = r� j=1 a_jc_j.

We let λ_j denote the linear form on ~a given by λ_j(H) = a_j. All endomorphisms of s having the form: adH for H ∈ ~a admit joint diagonalization. Therefore s can be decomposed as a direct sum of corresponding root spaces. The forms of all roots are well-known:

(3.14) s = � � j n λ_{j2} � ⊕ � � 1≤i≤j≤r

n λ_i+λ_{j2} � ⊕ � � 1≤i<j≤r

n λ_j −λ_{i2} � ⊕ ~a

To simplify our notation put Z_j = n λ_{j2} , n_{ij} = n λ_j −λ_{i2} , V_{ij} = n λ_i+λ_{j2} .

Then it is known that Z = � j Z_j, V = � i,j V_{ij} , and we set n_0 = � 1≤i<j≤r

n_{ij}.

Denote by N(Φ) and N_0 the subgroups of S corresponding to the subalgebras Z ⊕ V and n_0 of s. Then S = N(Φ)N_0 ~A, N(Φ) is two-step nilpotent with center V and each of N(Φ), N_0 and N = N(Φ)N_0 is normal in S. Since S acts simply transitively on the domain^cD, we may identify S and^cD: (3.15) S ∋ s ∼ s · (c · o) ∈^cD.

Now we describe an orthonormal basis of s corresponding to the decomposition (3.14). This will be the same basis as in [DHMP], [BDH] and [B]. By Q_{ij} we shall denote a subset of Q_{ij} that contains exactly one from each pair of roots (α, ~α = γ_i + γ_j − α) when ~α ≠ α. Let us define

(3.16)

X_i = E_{γi} for γ_i ∈ Γ, X^1_α =^{1√}_2 (E_α − ε_αE_{~α}) for α ∈ Q_{ij} and α ≠ ~α, X^2_α =^{i√}_2 (E_α + ε_αE_{~α}) for α ∈ Q_{ij} and α ≠ ~α, X_α =^{1√}_2 ψ(E_α) for α ∈ Q_i, where ψ = I + Ad(c^2)τ, and ε_α = ±1 (the precise value was determined in [B]). If α = ~α then instead of X^1_α, X^2_α we define X^1_α = E_α.

In the rest of the paper we will use the notation X^k_α without specifying the set of indices k’s. In particular, the summation over α ∈ Q_{ij} will always denote the summation over α and k together.

Then by [B] V_{ii} = span{X_i}, V_{ij} = span{X^k_α}_{α∈Qij} , Z_j = (span{X_α}_{α∈Qj} )^C.

Next we transport the complex structure J from^cD to s and define: H_j = J (X_j), Y^k_α = J (X^k_α), Y_α = J (X_α).

(3.17)

It was proved in [B] that X_j, X^k_α, X_α, H_j, Y^k_α , Y_α form an orthonormal basis of s with respect to the Hermitian product B_τ .

Finally,

Z_j = X_j − iH_j, (1 ≤ j ≤ r, )

Z^k_α = X^k_α − iY^k_α , (α ∈ � Q_{ij}, k = 1, 2),

Z_α = X_α − iY_α (α ∈ � j Q_j)

(3.18)

is a basis of S-invariant holomorphic vector fields.

4. Systems of type (1, 1)

We suppose here, as in the previous section, that G/K is an irreducible Hermitian symmetric space of non-compact type. To determine all systems D_W of a given type (a, b) on G/K, one needs to find all K-invariant subspaces W of S^a(p_+) ⊗ S^b(p_−) (and apply the modified symmetrization map λ^⊗). Recall that K acts on S(p_±) by symmetric powers of the adjoint representation. Since G/K is irreducible, p_± are irreducible K-modules. Moreover, it is known that the representations of K on S(p_±) are multiplicity free. The decompositions for S(p_±) under the action of K are described in [J] on a case-by-case basis using the classification of irreducible Hermitian symmetric spaces. Thus, in principle, all systems of types (a, 0) and (0, b) are known.

The current work concerns systems of type (1, 1). Thus, we must describe the K-invariant subspaces of p_+ ⊗ p_−. We begin with some observations concerning the adjoint representations of K on p_±, which we now denote by σ_±:

σ_+(k) = Ad(k)|p_+, σ_−(k) = Ad(k)|p_−.

These representations are unitary with respect to the positive definite Hermitian inner product B_τ on p_±. The conjugation map Z → Z (with respect to the real form g ⊂ g_C) interchanges p_+ with p_−, as shown by Equations 3.1. Since

σ_−(k)(Z) = σ_+(k)(Z)

for k ∈ K, Z ∈ p_+, we see that σ_− is (unitarily) equivalent to σ_+, the conjugate representation for σ_+. (Recall that the conjugate for a complex representation is obtained by replacing the complex structure on the representation space by its conjugate. The conjugate for a matrix representation is obtained by conjugation of matrix entries.) The Hermitian inner product B_τ on p_+ yields a further isomorphism of complex vector spaces:

p_+ → p^∗_+, Z → B_τ (·, Z),

establishing a unitary equivalence of σ_+ with σ^∗_+, the contragredient representation for σ_+. In summary, we have canonical unitary equivalences

σ_− ≃ σ_+ ≃ σ^∗_+.

We will denote elements of p_− as “Z” for Z ∈ p_+. One can choose to interpret this literally, as the result of applying the conjugation map on g_C = g + ig to Z, or as simply a notation for Z itself, but viewed as an element of p_+ with the conjugate complex structure.

The representation σ_+ ⊗ σ_− always contains a copy of

Ad_K : K → U(k_C),

the complexified adjoint representation of K on k_C. Indeed, the linear map φ : p_+ ⊗ p_− → k_C determined by

φ(X ⊗ Y ) = [X, Y ]

intertwines σ_+ ⊗ σ_− with Ad_K and is surjective. Thus, the dual map

φ^∗ : k^∗_C → (p_+ ⊗ p_−)^∗ ≊ p^∗_+ ⊗ p^∗_− ≊ p_− ⊗ p_+ ≊ p_+ ⊗ p_−

is injective and intertwines the contragredient representation Ad^∗_K for Ad_K with σ_+ ⊗ σ_−. In fact, Ad^∗_K and Ad_K are equivalent representations, since K is compact. So

H = φ^∗(k^∗_C)

is a K-invariant subspace of p_+ ⊗ p_− and (σ_+ ⊗ σ_−)|H is equivalent to Ad_K .

As explained in the Introduction, D_H is the Hua system. It is the subject of works including [Hua], [JK], [BV], [L] and [BBDHPT]. The Hua system is not irreducible. Indeed, the Lie algebra k_C decomposes as

k_C = k^′_C ⊕ c_C

where c is the (one-dimensional) center of k and the derived algebra k^′_C is semi-simple. Thus, the K-invariant subspace H = φ^∗(k^∗_C) in p_+ ⊗ p_− further decomposes under σ_+ ⊗ σ_− as H = φ^∗((k^′_C)^∗) ⊕ φ^∗(c^∗_C) = H^′ ⊕ L The group K acts trivially on the one-dimensional space L = φ^∗(c^∗_C) and H^′ = φ^∗((k^′_C)^∗) contains one K-irreducible subspace for each simple factor in k^′_C. The classification of irreducible Hermitian symmetric spaces of non-compact type, discussed below, shows that k^′_C has at most two simple factors. The elements of L yield scalar multiples of the Laplace-Beltrami operator on G/K. These are the only second order left-G-invariant differential operators on G/K, so p_+ ⊗ p_− contains no further copies of the trivial representation.

We now have p_+ ⊗ p_− = H ⊕ H^c, where

(4.1) H^c = H^⊥ = Ker(φ)

is the orthogonal complement to H in p_+ ⊗p_− and also the kernel of φ : p_+ ⊗p_− → k_C. The space H^c is K-invariant and, as will be shown below, is non-zero except when G/K has rank one. (The rank one cases are the complex hyperbolic spaces, up to isomorphism.) D_Hc is the complementary Hua system. We will show that H^c is K-irreducible and inequivalent to any of the irreducible constituents of H.

Moreover, we will show that H^c is the Cartan component in σ_+ ⊗ σ_−. That is, a highest weight vector in H^c is obtained as the tensor product of highest weight vectors in p_+ and p_−. If X, Y ∈ p_+ are highest and lowest weight vectors for σ_+ then H^c = Span{(σ_+ ⊗ σ_−)(K)(X ⊗ Y )} and X ⊗ Y is a highest weight vector for (σ_+ ⊗ σ_−)|H^c. This provides another characterization of H^c. We summarize the preceding discussion as follows:

Proposition 4.2. Let G/K be an irreducible Hermitian symmetric space of noncompact type. Then:

• The representation σ_+ ⊗ σ_− of K on p_+ ⊗ p_− is multiplicity free, with a canonical decomposition

p_+ ⊗ p_− = H ⊕ H^c

as an orthogonal direct sum of K-invariant subspaces. (The space H yields the Hua system and H^c the complementary Hua system.)

• The representation (σ_+ ⊗σ_−)|H is equivalent to Ad_K , the complexified adjoint representation of K on k_C and decomposes as

H = H^′ ⊕ L,

where L is a copy of the trivial representation of K on C and H^′ contains an irreducible subspace for each simple factor in k^′_C;

• The space H^c is H^c = Ker(φ) where φ : p_+ ⊗ p_− → k_C is the linear map with φ(X ⊗ Y ) = [X, Y ].

• If G/K has rank at least two then H^c is non-zero, (σ_+ ⊗ σ_−)|H^c is irreducible and is the Cartan component in σ_+ ⊗ σ_−.

Note that since σ_+ ⊗ σ_− is multiplicity free, any K-invariant subspace of p_+ ⊗ p_− is a sum of the irreducibles described above. Thus, Proposition 4.2 determines all systems of type (1, 1) on G/K.

To complete the proof of Proposition 4.2 we employ case-by-case analysis using the classification for irreducible Hermitian symmetric spaces of non-compact type. We refer the reader to [H1], Chapter X, for details concerning this classification and for definitions of the Lie groups that arise. The spaces in question fall into 4 classical families (types A III, C I, D III, BD I) and two exceptional cases (types E III, E VII). For the classical families, we will exhibit the spaces H and H^c in Proposition 4.2 explicitly.

4.1. Type A III. Here G/K = SU(n, m)/S(U(n) × U(m)) with 1 ≤ n ≤ m. The rank of G/K is n. One can realize p_+ as p_+ = M_{n,m}(C) with Hermitian inner product ⟨X, Y ⟩ = tr(XY^∗), where Y^∗ denotes conjugate-transpose. The bounded realization for G/K as a domain in p_+ is

D = {Z ∈ p_+ : Z^tZ < I_m} = {Z ∈ p_+ : ZZ^∗ < I_n}.

(Here the inequality ZZ^∗ < I_n, for example, means that I_n −ZZ^∗ is positive definite.) D is a tube domain if and only if n = m

The group K = S(U(n) × U(m)) acts on p_+ via σ_+(k_1, k_2)Z = k_1Zk^∗_2, (k_1 ∈ U(n), k_2 ∈ U(m), det(k_1)det(k_2) = 1). Writing elements of p_− = p_+ as Z for Z ∈ p_+, one has (σ_+ ⊗ σ_−)(k_1, k_2)(X ⊗ Y ) = (k_1Xk^∗_2) ⊗ (k_1Y k^t_2).

Let E_{a,b} (1 ≤ a ≤ n, 1 ≤ b ≤ m) denote the (n × m)-matrix with a one in position (a, b) and set

L_{i,j} = m� ℓ=1 E_{i,ℓ} ⊗ E_{j,ℓ} (1 ≤ i, j ≤ n)

R_i′_{,j}′ = n� ℓ=1 E_{ℓ,i}′ ⊗ E_{ℓ,j}′ (1 ≤ i^′, j^′ ≤ m).

One verifies that

(σ_+ ⊗ σ_−)(k_1, k_2)L_{i,j} = (k_1Lk^∗_1)_{i,j} , (σ_+ ⊗ σ_−)(k_1, k_2)R_i′_{,j}′ = (k_2Rk^∗_2)_i′_{,j}′ , where “k_1Lk^∗_1” and “k_2Lk^∗_2” mean formal matrix multiplication. Hence H = Span{L_{i,j} , R_i′_{,j}′ : 1 ≤ i, j ≤ n, 1 ≤ i^′, j^′ ≤ m} is K-invariant and K acts on H by a copy of Ad_K .

The space H decomposes under K as H = L ⊕ H^′_1 ⊕ H^′_2. Here K acts trivially on L of dimension 1 and H^′_1, H^′_2 correspond to the simple factors sl(n, C), sl(m, C) in k^′_C = sl(n, C) ⊕ sl(m, C). Explicitly:

L = C

�_n � i=1 L_{i,i} � = C �_m � i^′=1

R_i′_{,i}′ � ,

H^′_1 =

�_n � i,j=1

c_{i,j} L_{i,j} : � i c_{i,i} = 0 � ,

H^′_2 =

�_m � i^′,j^′=1

c_i′_{,j}′ R_i′_{,j}′ : � i^′

c_i′_{,i}′ = 0 � . The space H^′_1 = 0 whenever n = 1 and H^′_2 = 0 when n = m = 1. Note that for n = m = 1, D ≊ SU(1, 1)/S(U(1) × U(1)) is the unit ball in C. When n = 1 and m ≥ 2, SU(1, m)/S(U(1) × U(m)), is a complex hyperbolic space of dimension m. These are the rank one cases.

One can easily exhibit bases for the spaces H^′_1, H^′_2. For example, {L_{i,j} : i ≠ j} ∪ {L_{i,i} − L_{i+1,i+1} : 1 ≤ i ≤ n − 1} is a basis for H^′_1.

From above, we see that H^c can be written as

H^c =

�_n � i,j=1 m� i^′,j^′=1

c_{i,i}′_{,j,j}′ E_{i,i}′ ⊗ E_{j,j}′ : n� i=1 c_{i,i}′_{,i,j}′ = 0 = m� i^′=1

c_{i,i}′_{,j,i}′ � . Note that H^c = 0 when n = 1. That is, when G/K has rank one. The action of K^′ = SU(n) × SU(m) on H^c is equivalent to the (exterior) tensor product of the complexified adjoint representations for SU(n), SU(m) on sl(n, C), sl(m, C). In particular, H^c is K-irreducible. Highest weight vectors in p_± are given by E_{1,1} and E_{n,m}. As E_{1,1} ⊗ E_{n,m} belongs to H^c, we see that H^c is the Cartan component in p_+ ⊗ p_−. The space H^c has dimension (n^2 − 1)(m^2 − 1). The following elements form a basis:

• E_{i,i}′ ⊗ E_{j,j}′ with i ≠ j; i^′ ≠ j^′, • E_{i,i}′ ⊗ E_{j,i}′ − E_{i,i}′_{+1} ⊗ E_{j,i}′_{+1} with i ≠ j; 1 ≤ i^′ ≤ m − 1, • E_{i,i}′ ⊗ E_{i,j}′ − E_{i+1,i}′ ⊗ E_{i+1,j}′ with i^′ ≠ j^′; 1 ≤ i ≤ n − 1, • E_{1,1} ⊗E_{1,1} −E_{i,1} ⊗E_{i,1} −E_{1,j}′ ⊗E_{1,j}′ +E_{i,j}′ ⊗E_{i,j}′ with 2 ≤ i ≤ n; 2 ≤ j^′ ≤ m.

4.2. Type C I. These are the spaces G/K = Sp(n, R)/U(n). Since Sp(1, R)/U(1) ≊ U(1, 1)/S(U(1) × U(1)), we can assume that n ≥ 2. The rank of G/K is n. The space p_+ is realized as the space of n × n symmetric matrices:

p_+ = {Z ∈ M_{n,n}(C) : Z^t = Z}

with Hermitian inner product ⟨X, Y ⟩ = tr(XY^∗) = tr(XY ). The bounded realization for G/K as a domain in p_+ is

D = {Z ∈ p_+ : ZZ < I_n}.

This is a tube domain.

The group K acts on p_+ via

σ_+(k)Z = kZk^t,

and on p_+ ⊗ p_− = p_+ ⊗ p_+ by

(σ_+ ⊗ σ_−)(k)(X ⊗ Y ) = (kXk^t) ⊗ (kY k^∗).

Define elements F_{i,j} ∈ p_+ (1 ≤ i, j ≤ n) as

F_{i,j} = E_{i,j} + E_{j,i}.

Note that F_{i,j} = F_{j,i} and that the F_{i,j} ’s are pair-wise orthogonal with

⟨F_{i,j}, F_{i,j} ⟩ = � 4 for i = j 2 for i ≠ j .

Define

T_{i,j} = n� ℓ=1 F_{i,ℓ} ⊗ F_{ℓ,j} , (1 ≤ i, j ≤ n).

Then one has (σ_+ ⊗ σ_−)(k)T_{i,j} = (kT k^∗)_{i,j} .

Thus H = Span{T_{i,j} : 1 ≤ i, j ≤ n} is K-invariant and K acts on H by a copy of Ad_K . The space H contains two irreducible components, corresponding to the decomposition k_C = C ⊕ sl(n, C). This can be written as H = L ⊕ H^′ where

L = C

�_n � i=1 T_{i,i} � = C � � i,ℓ F_{i,ℓ} ⊗ F_{ℓ,i} � ,

H^′ =

�_n � i,j=1

c_{i,j}T_{i,j} : n� i=1 c_{i,i} = 0 � . A basis for H^′ is given by {T_{i,j} : i ≠ j} ∪ {T_{i,i} − T_{i+1,i+1} : 1 ≤ i ≤ n − 1}.

Let H^c denote the orthogonal complement to H in p_+ ⊗ p_−. As representations of SU(n), σ_± have highest weights (2, 0, . . . , 0) and (2, 2, . . . , 2, 0), and F_{1,1}, F_{n,n} are highest weight vectors. An easy application of the Littlewood-Richardson rules (see [FH], Appendix A) shows that σ_+ ⊗ σ_− has exactly three irreducible components. Thus H^c is necessarily irreducible. The highest weight for (σ_+ ⊗ σ_−)|H^c is (4, 2, . . . , 2, 0). Since F_{1,1} ⊗ F_{n,n} belongs to H^c (it is orthogonal to H), H^c is the Cartan component in p_+ ⊗ p_−.

The dimension of H^c is [n(n + 1)/2]^2 − n^2 = n^2(n − 1)(n + 3)/4. Working from the above description of H and using the fact that the F_{i,j} ⊗ F_{k,ℓ}’s are pair-wise orthogonal in p_+ ⊗ p_−, we see that the following vectors form a basis for H^c:

• F_{i,i} ⊗ F_{j,j} with i ≠ j, • F_{i,i} ⊗ F_{j,k} with i ≠ j, k; j < k, • F_{i,j} ⊗ F_{k,k} with k ≠ i, j; i < j, • F_{i,j} ⊗ F_{k,ℓ} with {i, j} ∩ {k, ℓ} = ∅; i < j; k < ℓ, • ||F_{i,k}||^2||F_{k,j}||^2F_{i,1} ⊗ F_{1,j} − ||F_{i,1}||^2||F_{1,j}||^2F_{i,k} ⊗ F_{k,j} with i ≠ j; 2 ≤ k ≤ n, • F_{i,i} ⊗ F_{i,i} + F_{j,j} ⊗ F_{j,j} − 4F_{i,j} ⊗ F_{j,i} with i < j.

4.3. Type D III. Here G/K = SO^∗(2n)/U(n). Since SO^∗(4)/U(2) is non-irreduci-ble and SO^∗(6)/U(3) ≊ SU(1, 3)/S(U(1)×U(3)), we can take n ≥ 4 here. Thus G/K has rank ⌊n/2⌋ ≥ 2. The space p_+ can be realized as the space of skew-symmetric n × n-matrices:

p_+ = {Z ∈ M_{n,n}(C) : Z^t = −Z} with Hermitian inner product ⟨X, Y ⟩ = tr(XY^∗) = −tr(XY ). The bounded realization of G/K is D = {Z ∈ p_+ : Z^tZ < I_n}.

D is a tube domain if and only if n is even.

As in the preceding case, K = U(n) acts on p_+ via σ_+(k)Z = kZk^t. The description of H ⊂ p_+ ⊗ p_− = p_+ ⊗ p_+ parallels that for type C I. We set

F^′_{i,j} = E_{i,j} − E_{j,i}

and note that F^′_{i,j} = −F^′_{j,i}, F^′_{i,i} = 0. The F^′_{i,j}’s are pair-wise orthogonal with ⟨F^′_{i,j}, F^′_{i,j} ⟩ = 2 for i ≠ j. Letting

T^′_{i,j} = n� ℓ=1 F^′_{iℓ} ⊗ F^′_{ℓ,j} , and H = Span{T^′_{i,j} : 1 ≤ i, j ≤ n}, we see that (σ_+ ⊗ σ_−)|H is a copy of Ad_K . The space H decomposes as H = L ⊕ H^′, were L, H^′ are defined as for type C I.

An application of the Littlewood-Richardson rules shows that the orthogonal complement H^c to H in p_+ ⊗ p_− must be irreducible with highest weight (2, 2, 1, . . . , 1, 0) and dimension [n(n − 1)/2]^2 − n^2 = n^2(n + 1)(n − 3)/4. The space H^c contains the tensor product F^′_{1,2} ⊗ F^′_{n−1,n} of highest weight vectors in p_±. Thus H^c is the Cartan component in p_+ ⊗ p_−. Working from the description of H one obtains the following spanning set for H^c:

• F^′_{i,j} ⊗ F^′_{k,ℓ} with {i, j} ∩ {k, ℓ} = ∅; i < j; k < ℓ, • F^′_{i,1} ⊗ F^′_{1,j} − F^′_{i,k} ⊗ F^′_{k,j} with k, i, j > 1; i ≠ j; k ≠ i, j, • F^′_{i,j} ⊗ F^′_{j,i} +^1_{(n−1)(n−2)}

�_n ℓ=1 T^′_{ℓ,ℓ} −^1_{n−2} (T^′_{i,i} + T^′_{j,j}) with i < j.

This spanning set for H^c is not, however, linearly independent. For example, summing the elements of the third kind over j ≠ i for fixed i gives zero.

4.4. Type BD I. Here G/K = SO_∘(2, n)/(SO(2) × SO(n)). We can take n ≥ 5, in view of isomorphisms in low dimensions. (SO_∘(2, 2)/(SO(2) × SO(2)) is not irreducible, SO_∘(2, 3)/(SO(2) × SO(3)) ≊ Sp(2, R)/U(2), and SO_∘(2, 4)/(SO(2) × SO(4)) ≊ SU(2, 2)/S(U(2) × U(2)).) The rank of G/K is 2. In this case, p_+ is realized as p_+ = M_{2,n}(R) with complex structure J � y x � = � x −y � , for row vectors x, y ∈ R^n. The map T : M_{2,n}(R) → C^n defined as

T (Z) = x^t + iy^t, for Z = � y x � is an isomorphism from the complex vector space (p_+, J) to C^n (column vectors). The bounded realization for G/K is D = {Z ∈ p_+ : ZZ^t < I_2}.

This is a tube domain.

The group K = SO(2) × SO(n) acts on p_+ via σ_+(k_1, k)Z = k_1Zk^t, (k_1 ∈ SO(2), k ∈ SO(n)).

For k_1 = � cos θ sin θ − sin θ cos θ � one computes T � (σ_+ ⊗ σ_−)(k_1, k)Z � = e^{iθ}kT (Z).

That is, the action of K on p_+ coincides, via T , with the standard action of T×SO(n) on C^n. In particular, SO(2) acts on p_+ by (complex) scalars, so the irreducible subspaces in p_+ ⊗ p_− under the actions of K and K^′ = SO(n) agree. Thus, we need to decompose C^n ⊗ (C^n)^∗, or equivalently C^n ⊗ C^n, under the diagonal action of SO(n). Identifying C^n ⊗ C^n with M_{n,n}(C), SO(n) acts via k · A = kAk^t, (k ∈ SO(n), A ∈ M_{n,n}(C)).

From this viewpoint, the decomposition into SO(n)-irreducible subspaces is transparent:

M_{n,n}(C) = CI_n ⊕ {A : A^t = −A} ⊕ {A : A^t = A, tr(A) = 0}. One can use the above isomorphism p_+ ⊗p_− ≊ M_{n,n}(C) to obtain the corresponding decomposition for our original model. Letting X_j = E_{2,j} ∈ (p_+ = M_{2,n}(R)), p_+ ⊗ p_− = L ⊕ H^′ ⊕ H^c where

L = C

�_n � j=1 X_j ⊗ X_j � ,

H^′ =

�_n � i,j=1

c_{i,j}X_i ⊗ X_j : c_{i,j} = −c_{j,i} � ,

H^c =

�_n � i,j=1

c_{i,j}X_i ⊗ X_j : c_{i,j} = c_{j,i}, � i c_{i,i} = 0 � . H = L ⊕ H^′ yields the Hua system. A highest weight vector in p_+ is given by

X_1 + iX_2 = � 0 1 · · · 0 1 0 · · · 0 � . Since (X_1 + iX_2) ⊗ (X_1 + iX_2) = X_1 ⊗ X_1 − X_2 ⊗ X_2 + iX_1 ⊗ X_2 + iX_2 ⊗ X_1 belongs to H^c, we see that H^c is the Cartan component in p_+ ⊗ p_−.

4.5. Type E III. In this case K = Spin(10) × T and G has Lie algebra ε_{6(−14)}, a certain real form for the complex Lie algebra ε_6. The space G/K has rank 2 and is of non-tube type.

One can identify p_+ with Λ^{even}(C^5) ≊ C^{16} and σ_+ is the positive half-spin representation. The contragredient representation σ^∗_+ ≃ σ_− is equivalent to the negative half-spin representation on Λ^{odd}(C^5) ≊ C^{16}.

As k_C = so(10, C) ⊕ C, the subspace H = φ^∗(k^∗_C) of p_+ ⊗ p_− has two irreducible components:

H = L ⊕ H^′ = φ^∗(C^∗) ⊕ φ^∗(so(10, C)^∗).

The highest weights for σ_± are (1/2)(L_1 + L_2 + L_3 + L_4 ± L_5) in the notation of [FH]. (See [FH], Proposition 20.15.). Thus, the Cartan component W in p_+ ⊗ p_− has highest weight L_1 + L_2 + L_3 + L_4. A application of the Weyl dimension formula shows that dim(W ) = 210. (The Weyl dimension formula for SO(2m) is Equation (24.41) in [FH].) Since

dim(H) + dim(W ) = dim(k_C) + 210 = 46 + 210 = 256 = 16^2 = dim(p_+ ⊗ p_−),

we conclude that W = H^c, the orthogonal complement to H in p_+ ⊗ p_−. This proves that H^c is irreducible and is the Cartan component in p_+ ⊗ p_−.

4.6. Type E VII. Finally, we consider the exceptional case where K = E_6 × T and G has Lie algebra ε_{7(−25)}, a real form of ε_7. The space G/K has rank 3 and is a tube domain.

In this case p_+ can be identified with an exceptional Jordan algebra J of dimension 27. The representation of E_6 on J is described in [CS]. We have the decomposition

p_+ ⊗ p_− = L ⊕ H^′ ⊕ H^c = φ^∗(C^∗) ⊕ φ^∗(ε^∗_6) ⊕ Ker(φ)

as usual. It remains to show that H^c is irreducible and is the Cartan component in p_+ ⊗ p_−.

The fundamental weights for the complex simple Lie algebra ε_6 are usually denoted ω_1 . . . , ω_6. (See, for example, the tables in [Bou].) The representation σ_+ has highest weight ω_1 and its contragredient σ^∗_+ ≃ σ_− has highest weight ω_6. Hence ω_1 + ω_6 is the highest weight for the Cartan component W in p_+ ⊗ p_−. One can use the Weyl dimension formula to show that dim(W ) = 650. In fact, this dimension can be obtained from a table in [GS]. We now see that

dim(H) + dim(W ) = dim(k_C) + 650 = 79 + 650 = 729 = 27^2 = dim(p_+ ⊗ p_−).

Hence W = H^c, completing the proof for Proposition 4.2.

5. The main theorem

The aim of this paper is to characterize functions on G/K which are annihilated by a system of type (1,1) containing the Laplace-Beltrami operator. Proposition 4.2 shows that, apart from the systems L and p_+⊗p_−, we have the Hua system H = L⊕H^′ and the complementary system L ⊕ H^c . For G/K = SU(n, m)/S(U(n) × U(m)), the Hua system can be decomposed: H = L ⊕ H^′_1 ⊕ H^′_2 and one can consider two further systems of type (1,1): L ⊕ H^′_1 and L ⊕ H^′_2. These exhaust the possibilities.

Theorems 5.1 through 5.5 below characterize the functions annihilated by each of these systems. The first two results concern zeros of the Hua system.

Theorem 5.1 ([JK]). A function f on a Hermitian symmetric space of tube type satisfies H(f) = 0 if and only if it is the Poisson-Szegö integral of a hyperfunction supported on the Shilov boundary of G/K.

Theorem 5.2 ([BBDHPT],[B]). Let G/K be an irreducible Hermitian symmetric space of non-tube type and let f be a real-valued function on G/K. Then H(f) = 0 if and only if f is pluriharmonic.

Let us recall that f defined on D ⊂ C^n is pluriharmonic if it is the real part of a holomorphic function. Equivalently, f is annihilated by all operators ∂_{zj} ∂_{zk} (1 ≤ j, k ≤ n). That is, the pluriharmonic functions are those annihilated by the system p_+ ⊗ p_−. The main result of this paper is the following.

Main Theorem 5.3. Let G/K be an irreducible Hermitian symmetric space of rank r ≥ 2 and let f be a bounded real-valued function on G/K. Then f is L⊕H^c-harmonic if and only if f is pluriharmonic.

In the statement of Theorem 5.3, we require r ≥ 2, because H^c = 0 for the rank one Hermitian symmetric spaces. It seems likely that the boundedness hypothesis on f can be removed from Theorem 5.3, as in the statement of Theorem 5.2, but we are not able to show this using the methods of this paper. This is one problem for future research.

For G/K = S(n, m)/S(U(n) × U(m)) we must also consider the systems L ⊕ H^′_1 and L ⊕ H^′_2. As in Section 4.1 we assume that 1 ≤ n ≤ m and have H^′_1 ∼= sl(n, C), H^′_2 ∼= sl(m, C). The following result is due to N. Berline and M. Vergne.

Theorem 5.4 ([BV]). Let G/K = SU(n, m)/S(U(n) × U(m)) with 1 ≤ n ≤ m. A function f on G/K satisfies L ⊕ H^′_1(f) = 0 if and only if it is the Poisson-Szegö integral of a hyperfunction supported on the Shilov boundary.

By symmetry, when n = m the L ⊕ H^′_2 system also characterizes Poisson-Szegö integrals. These are tube domains. On the other hand, when n < m we have a non-tube domain and the following result.

Theorem 5.5. Let G/K = SU(n, m)/S(U(n) × U(m)) with 1 ≤ n < m. A realvalued function f on G/K satisfies L ⊕ H^′_2(f) = 0 if and only if f is pluriharmonic.

Proof. Let f be L⊕H^′_2-harmonic. Note that the system H^′_2 contains a copy of H^′_1 via the obvious inclusion sl(n, C) → sl(m, C). Thus Theorem 5.4 implies that f is the Poisson-Szegö integral of a hyperfunction. But now, Theorem 5.4 also shows that f is L ⊕ H^′_1-harmonic. Thus in fact f is annihilated by all of H^′_1 ⊕ L ⊕ H^′_2 = H. Finally as n < m, G/K is of non-tube type, so Theorem 5.2 shows f is pluriharmonic. □

The rest of this paper concerns the proof of Theorem 5.3. Our strategy can be outlined as follows. Let G/K have rank at least two and f be a bounded real-valued function on G/K. First note that if f is pluriharmonic then L ⊕ H^c(f) = 0 because pluriharmonic functions are annihilated by all of p_+ ⊗ p_−. Hence we need only show that L ⊕ H^c(f) = 0 implies f is pluriharmonic. Having the boundedness assumption (which is invariant under biholomorphic mappings), we transfer our problem to the group S acting simply transitively on the Siegel domain^cD. We show that f is annihilated by some S-invariant operators derived from the L ⊕ H^c system. Using two of these operators and a technique from [BBDHPT], we show that f ∘ c^{−1} is a Poisson-Szegö integral. In the tube case, Theorem 5.1 now implies that f is Huaharmonic. So f is in fact annihilated by all of p_+ ⊗ p_− = H^′ ⊕ L ⊕ H^c, hence pluriharmonic. In the non-tube case, according to [BV], Poisson-Szegö integrals are annihilated by a certain system of third order operators. We will use this fact and methods described in [BDH] and [B] to obtain pluriharmonicity of f in the non-tube case.

6. The L ⊕ H^c system and Berline-Vergne operators

6.1. The L ⊕ H^c system. Below we introduce some operators which belong to the L ⊕ H^c system. We make extensive use of the notation and results from Section 3.2. As before, r always denotes the rank of G/K. We assume throughout that r ≥ 2, since H^c = 0 when r = 1. (Most formulas to be derived below are vacuous when r = 1.)

For α ∈ Q_{ij} , put

(6.1) Δ_α = E_αE_{−α} + E_{~α}E_{−~α} − E_{γi} E_{−γi} − E_{γj} E_{−γj} ,

regarded as an operator arising from p_+ ⊗ p_−.

Recall that the system H^c is the kernel of the map φ : p_+ ⊗ p_− → k_C given by φ(X, Y ) = [X, Y ].

Lemma 6.2. For α ∈ Q_{ij} the operator Δ_α belongs to the system H^c.

Proof. Recall from (3.10) that we have ~α = γ_i + γ_j − α, also in Q_{ij} . Thus

(6.3) ~H_α + ~H_{~α} − ~H_{γi} − ~H_{γj} = 0,

and hence

(6.4)

(α, α) 2 H_α +

(~α, ~α) 2 H_{~α} −

(γ_i, γ_i) 2 H_{γi} −

(γ_j, γ_j) 2 H_{γj} = 0.

But all elements of Q^+ have a common length, so (α, α) = (~α, ~α) = (γ_i, γ_i) = (γ_j, γ_j) and hence H_α + H_{~α} − H_{γi} − H_{γj} = 0.

Now we have φ(Δ_α) = [E_α, E_{−α}] + [E_{~α}, E_{−~α}] − [E_{γi} , E_{−γi} ] − [E_{γj} , E_{−γj} ] = H_α + H_{~α} − H_{γi} − H_{γj} = 0, which yields the lemma. □ Proposition 6.5. The operator Δ_1 = � α∈ � i Q_i

E_αE_{−α} + c � E_{γi} E_{−γi}

is an element of L ⊕ H^c for some positive constant c.

Proof. As L is the unique K-invariant operator in p_+ ⊗ p_− ∼= p_+ ⊗ (p_+)^∗, we have L = � α∈Q^+

E_αE_{−α} = � � α∈ � i Q_i + � α∈ � i<j Q_{ij} + � α∈Γ � E_αE_{−α}.

The operator L −^1_2 � α∈ � i<j Q_{ij} Δα belongs to L ⊕ H

c in view of Lemma 6.2. Let q_2 = |Q_{ij}| denote the common cardinality of the sets Q_{ij}. Then we can write L − 1 2 � α∈ � i<j Q_{ij}

Δ_α = � α∈ � i Q_i

E_αE_{−α} + r� k=1 E_{γk} E_{−γk} + q_2 2 � i<j (E_{γi} E_{−γi} + E_{γj} E_{−γj} )

= � α∈ � i Q_i

E_αE_{−α} + � 1 + (r − 1)q_2 2 �_r� k=1 E_{γk} E_{−γk} .

So Δ_1 = � α∈ � i Q_i EαE−α+c � E_{γi} E_{−γi} belongs to L⊕H^c for c = 1+(r−1)q_2/2. □

Definition 6.6. ~Q_r = Q_r ∪ � i Q_{ir}.

Lemma 6.7. If α ∈ Q_{ij} ∪ Q_i and i, j < r then there exist β, δ ∈ ~Q_r such that Δ^′_α = E_αE_{−α} + E_{γr} E_{−γr} − E_βE_{−β} − E_δE_{−δ} ∈ H^c.

Proof. Since α ∉ ~Q_r, we see that α ± γ_r is not a root, and so α and γ_r are strongly orthogonal. Let Γ^′ be a maximal set of strongly orthogonal roots containing α and γ_r. Take any root β ∼_Γ′^{α+γr}_2 and put δ = α + γ_r − β. Then by (3.10) δ is a root, and δ ∼_Γ′^{α+γr}_2 . Since (β, γ_r) ≠ 0, (δ, γ_r) ≠ 0 and neither is equal to γ_r, we have β, δ ∈ Q_r ∪ � i Q_{ir}. Now Lemma 6.2 concludes the proof. □ Proposition 6.8. The operator Δ_2 = � α∈Q_r∪ � Q_{ir}

c_αE_αE_{−α} − c_{γr} E_{γr} E_{−γr}

is an element of L ⊕ H^c for some positive constants c_α.

Proof. Take L − 1 c Δ_1 − (1 − 1 c ) � α∈ � i<r Q_i

Δ^′_α − � α∈ � i<j<r Qij

Δ^′_α

with c as in Proposition 6.5. □ 6.2. Berline-Vergne operators. In this subsection we restrict our attention to nontube spaces. In Section 8 we will prove that any bounded function annihilated by the L ⊕ H^c system is a Poisson-Szegö integral from the Shilov boundary. This class of functions is characterized by operators due to N. Berline and M. Vergne. Theorem 6.9 ([BV]). Let G/K be a Hermitian symmetric non-tube space and let f ∈ C^∞(G/K). Then f is a Poisson-Szegö integral if and only if f is G-harmonic and (6.10) BV(f) = � α,β,δ∈Q^+

E_αE_{−β}E_δ ~f[E_{−α}, [E_β, E_{−δ}]] = 0.

The phrase “f is G-harmonic” means Df = 0 for all operators D ∈ D(G/K) with no constant term. (In [BV] and other works, G-harmonic functions are simply referred to as “harmonic”.)

Note that [E_{−α}, [E_β, E_{−δ}]] in the expression above is an element of p_−. We will compute the projection of BV(f) onto the one-dimensional space spanned by E_{−γr} . So we need to understand the effect of the operators E_αE_{−β}E_δ on ~f when α−β +δ = γ_r. We get a non-zero contribution to the sum only when β −δ = α−γ_r. We consider the possibilities, assuming throughout that f ∈ C^∞(G/K) is annihilated by the L ⊕ H^c system.

To simplify our notation put (6.11) U_α = E_αE_{−α}E_{γr} .

Since [p_+, p_−] ⊂ k_C and p_+ is abelian , we have E_αE_{−δ}E_γ ~f = E_αE_γ E_{−δ} ~f = E_γ E_αE_{−δ} ~f = E_γ E_{−δ}E_α ~f for all α, β, γ in Q^+. In particular, U_α = E_αE_{−α}E_{γr} = E_{γr} E_{−α}E_α. Case 1. α = β = γ_r, then δ = −α + β + γ_r = γ_r and [E_{−γr} , [E_{γr} , E_{−γr} ]] = [E_{−γr} , H_{γr} ] = 2E_{−γr} .

The coefficient of E_{−γr} will be 2E_{γr} E_{−γr} E_{γr} ~f = 2U_{γr} ~f.

Case 2. α = β ≠ γ_r, then again δ = γ_r. E_β does not commute with E_{−γr} if and only if α = β ∈ ~Q_r. Hence by the Jacobi identity

[E_{−α}, [E_α, E_{−γr} ]] = −[E_α, [E_{−γr} , E_{−α}]] − [E_{−γr} , [E_{−α}, E_α]] = −[H_α, E_{−γr} ] = E_{−γr} .

The coefficient will be E_αE_{−α}E_{γr} ~f = U_α ~f.

Case 3. α ≠ β = δ, then α = γ_r and as before [E_{−γr} , [E_β, E_{−β}]] = E_{−γr} for β ∈ ~Q_r. The coefficient will be E_{γr} E_{−β}E_β ~f = U_β ~f. Case 4. Assume that α ≠ β and β ≠ δ and β − δ = α − γ_r is a root.

Then (α − γ_r)(H_{γr} ) = ±1, so α must belong to ~Q_r. Thus β − δ ∼ (γ_i + γ_r)/2 or −γ_r/2. Since β ∈ Q^+, we must have δ ∈ ~Q_r or δ = γ_r. But α ≠ β, so we conclude that both α, δ are in ~Q_r.

We further analyze this case in a series of lemmas:

Lemma 6.12. Suppose that α, δ ∈ ~Q_r, β ∈ Q^+ such that β − δ = α − γ_r is a root. Then there is some d = ±1 such that dE_{−β}E_δ − E_{−α}E_{γr} and dE_{−β}E_α − E_{−δ}E_{γr} are in H^c.

Proof. Since β − δ = α − γ_r is a root, there is some d = ±1 such that (6.13) [E_β, E_{−δ}] = d[E_α, E_{−γr} ]. By applying the conjugation τ, we also have (6.14) [E_{−β}, E_δ] = d[E_{−α}, E_{γr} ]. From (6.13), and the fact that p_− is abelian, we obtain: [E_{−α}, [E_β, E_{−δ}]] = d[E_{−α}, [E_α, E_{−γr} ]] = d[E_{−γr} , [E_α, E_{−α}]] + d[E_α, [E_{−α}, E_{−γr} ]] = d[E_{−γr} , H_α] = dγ_r(H_α)E_{−γr} = dE_{−γr} .

On the other hand, [E_{−α}, [E_β, E_{−δ}]] = [E_β, [E_{−α}, E_{−δ}] + [E_{−δ}, [E_β, E_{−α}]] = [E_{−δ}, [E_β, E_{−α}]] Thus we obtain: dH_{γr} = d[E_{γr} , E_{−γr} ]

= [E_{γr} , [E_{−δ}, [E_β, E_{−α}]]] = [E_{−δ}, [E_{γr} , [E_β, E_{−α}]]] + [[E_β, E_{−α}], [E_{−δ}, E_{γr} ]] = ϵ_1H_δ + ϵ_2H_{β−α}.

We compare this last equation to ~H_{γr} = ~H_δ − ~H_{β−α}.

If β − α and δ are not linearly independent, then δ − γ_r = β − α = cδ for some c ≠ 0, so δ is a multiple of γ_r, namely δ = γ_r/2. Then our last calculation implies that δH_{γr} = (ϵ_1 + ϵ_2)H_{−γr} , which is impossible. Thus we conclude that ϵ_2 ≠ 0, and therefore β − α = δ − γ_r is a root.

So in fact we have H_{γr} = H_δ − H_{β−α}, and therefore ϵ_1 = d, ϵ_2 = −d. Now [[E_β, E_{−α}], [E_{−δ}, E_{γr} ]] = −dH_{β−α}, and [E_{−δ}, E_{γr} ] = ρE_{γr−δ} = ρE_{α−β} with ρ = ±1. Thus [E_β, E_{−α}] = −ρdE_{β−α} and hence, by applying the conjugation τ, (6.15) [E_{−β}, E_α] = ρdE_{α−β} = d[E_{−δ}, E_{γr} ].

Combining (6.14) and (6.15), we see that both dE_{−β}E_δ − E_{−α}E_{−γr} and dE_{−β}E_α − E_{−δ}E_{γr} are in Ker(φ) = H^c. □ Lemma 6.16. Suppose that α, δ ∈ ~Q_r, β ∈ Q^+ and β − δ = α − γ_r is a root. Then U_α ~f = U_δ ~f.

Proof. By Lemma 6.12,

U_α ~f = E_αE_{−α}E_{γr} ~f = dE_αE_{−β}E_δ ~f = dE_δE_{−β}E_α ~f = E_δE_{−δ}E_{γr} ~f = U_δ ~f. □ Lemma 6.17. For any α ∈ Q_{ir}, U_α ~f = U_{~α} ~f.

Proof. Take β = γ_i, δ = ~α in Lemma 6.16. □ Lemma 6.18. For any α ∈ Q_{ir} and δ ∈ Q_r, U_α ~f = U_δ ~f.

Proof. In light of lemmas 6.16 and 6.17 we need to show that, given α ∈ Q_{ir} and δ ∈ Q_r, there is a β ∈ Q_i such that β − δ = α − γ_r ∈ Δ or β − δ = ~α − γ_r ∈ Δ.

If δ − α ∈ Δ, then δ − α ∼ −γ_i/2, and hence it is an element of C_i. Then β = δ − α + γ_i ∈ Q_i, so β − δ = ~α − γ_r ∈ Δ.

If δ − α ∉ Δ, then α and δ are strongly orthogonal, and we can find a maximal set Γ^′ of strongly orthogonal roots containing this pair. Since γ_r(H_α) = α(H_{γr} ) = 1 and γ_r(H_δ) = δ(H_{γr} ) = 1, we must have γ_r ∼_Γ′ (α + δ)/2. Then β = α + γ − γ_r is a root, and β − δ = α − γ_r ∈ Δ. □ Thus we have shown that U_α ~f has a common value in the sets Q_{ir}, Q_r, and hence:

Proposition 6.19. U_α ~f has the same value for every α in ~Q_r.

Combining all four cases, we now have the following consequence of Theorem 6.9:

Theorem 6.20. Let G/K be a Hermitian symmetric non-tube space and let f be a Poisson-Szegö integral annihilated by the L ⊕ H^c system. Then

BV ( ~f) = � E_{γr} E_{−γr} E_{γr} + c � α∈ ~Q_r

E_αE_{−α}E_{γr} � ~ f = 0,

with c greater than 1.

7. The L ⊕ H^c system on Siegel domains

Our proof of Theorem 5.3 in Section 8 uses the operators L, Δ_1, Δ_2 and BV together with some Fourier analysis on the group S. Therefore, we are going to transfer these operators to S and make them act on corresponding functions there.

The scheme is as follows. Given a function f on D and a function ~f(g) = f(g · o) on G, we choose coordinates z = � z_αE_α in p_+ to express L, Δ_1, Δ_2, BV in partial derivatives (see (7.10)).

Let ~U be one of operators L, Δ_1, Δ_2, BV and U the corresponding right-hand side operator in (7.10). Since ~U is left-invariant on G we have

U(f ∘ g)(o) = ~U ~f(g).

Next we need to have (7.10), but on^cD for the function

(7.1)^cf(x) = f(c^{−1} · x).

For that we compute the differential of the Cayley transform c, we choose convenient coordinates (7.11) in p_+ and we write ~U ~f(e) as in (7.12) i.e.

~U ~f(e) = (^cU^cf)(c · o),

there^cU denotes the corresponding operator on the right-hand side of (7.12).

Finally, we extend^cU by S-invariance

(^cU^c ~f)(s) =^c U(^cf · s)(c · o),

where

(7.2)^c ~f(s) =^c f(s · (c · o)).

Then, by invariance, ~U ~f = 0 implies^cU^c ~f = 0. Then L, Δ_1, Δ_2, BV are written in Theorem 7.24 in terms of some basic building blocks Δ(W, Z), as explained in (7.13).

7.1. Operators on the domain D. All our operators are sums of elements having the form E_αE_αE_{γr} and E_αE_α. In D ⊂ p_+ let us introduce complex coordinates {z_α}_{α∈Q}+ (we shall denote z_α = x_α + iy_α) corresponding to the root space decomposition z = � z_αE_α. Then we prove:

Theorem 7.3. Let f be a function on D, then E_αE_α ~f(e) = ∂_{zα} ∂_{zα} f(o),

(7.4) E_αE_αE_{γr} ~f(e) = ∂_{zα} ∂_{zα} ∂_{zγr} f(o).

(7.5)

Notice first that for right K-invariant functions ~f ∈ C^∞(G): E_αE_α ~f =(X^2_α + Y^2_α ) ~f, E_αE_αE_{γr} ~f =E_{γr} E_αE_α ~f = (X_{γr} X^2_α + X_{γr} Y^2_α − i(Y_{γr} X^2_α + Y_{γr} Y^2_α )) ~f.

(7.6)

To prove the above theorem we need to understand better the action of the group G on the domain D. It is known ([K]) that for the case of D ∼= SU(n, m)/S(U(n) × U(m)) and p_+ = M_{n,m}:

(7.7) g · 0 = BD^{−1}

where g = � A B C D � ∈ SU(n, m). Using this formula we shall be able to compute the action of some elements of G on D ∼= G/K in the general case. Lemma 7.8 ([H1],[KW]). Let α ∈ Q^+, then

exp tX_α · o = tanh(t)E_α, exp rX_α · tE_α =^{t cosh(r)+sinh(r)}

cosh(r)+t sinh(r) Eα,

exp tY_α · o = i tanh(t)E_α, exp rY_α · tE_α =^{t cosh(r)+i sinh(r)}

cosh(r)−it sinh(r) Eα.

Proof. The algebra spanned by E_α, E_α, H_α is isomorphic with sl(2, C) = su(1, 1)^C. By j^{−1} we shall denote the isomorphism:

j^{−1}(E_α) = E = � 0 1 0 0 � , j^{−1}(E_{−α}) = E = � 0 0 1 0 � , j^{−1}(H_α) = H = � 1 0 0 −1 �

which extends to an isomorphism j of exp Lie(E_α, E_α, H_α) and SL(2, C). Moreover, j commutes with taking the P^+ component in both G^C and SL(2, C): p_+ ∘ j = j ∘ ~p_+.

Therefore, by (7.7):

exp tX_α · o = p_+(exp tX_α) = p_+ ∘ j(exp tX) = j ∘ ~p_+( � cosh(t) sinh(t) sinh(t) cosh(t) � ) = j ∘ log � 1 tanh(t) 0 1 � = tanh(t)E_α,

exp rX_α · tE_α = p_+(exp rX_α exp tE) = j ∘ ~p_+( � cosh(r) t cosh(r) + sinh(r) sinh(r) cosh(r) + t sinh(r) � ) = j ∘ log � 1^{t cosh(r)+sinh(r)}

cosh(r)+t sinh(r) 0 1 � = t cosh(r) + sinh(r) cosh(r) + t sinh(r)

E_α.

In the same way we prove the two remaining formulas. □

Using Lemma 7.8 we conclude:

X^2_α ~f(e) = ∂^2_{xα} f(o), Y^2_α ~f(e) = ∂^2_{yα} f(o), X^3_α ~f(e) = ∂^3_{xα} f(o) − 2∂_{xα} f(o), Y^3_α ~f(e) = ∂^3_{yα} f(o) − 2∂_{yα} f(o), X_αY^2_α ~f(e) = ∂_{xα} ∂^2_{yα} f(o) + 2∂_{xα} f(o), Y_αX^2_α ~f(e) = ∂_{yα} ∂^2_{xα} f(o) + 2∂_{yα} f(o), which by (7.6) proves (7.4) and (7.5) for α = γ_r. To cope with the general version of equation (7.5) we need a stronger version of Lemma 7.8: Lemma 7.9. If α ∈ Q_r ∪ � i Q_{ir} then exp sX_{γr} · tE_α = t cosh(s)

E_α + tanh(s)E_{γr} ,

exp sY_{γr} · tE_α = t cosh(s)

E_α + tanh(s)(iE_{γr} ).

Proof. Put β = α − γ_r, then by the Restricted Roots Theorem β is a root and we may assume E_β = [E_α, E_{−γr} ], E_{−β} = [E_{γr} , E_{−α}], H_β = [E_β, E_{−β}] = H_α − H_{γr} .

The vectors E_α, E_β, E_{γr} , E_{−α}, E_{−β}, E_{−γr} , H_α, H_β span a subalgebra of g_C isomorphic with sl(3, C) = su(2, 1)^C:

j^{−1}(E_β) = E_1 = � � 0 1 0 0 0 0 0 0 0 � � , j^{−1}(E_α) = E_2 = � � 0 0 1 0 0 0 0 0 0 � � ,

j^{−1}(E_γ ) = E_3 = � � 0 0 0 0 0 1 0 0 0 � � . Applying (7.7) we obtain

exp sX_{γr} · tE_α = p_+ ∘ j(exp sX_3 exp tE_2) = j ∘ ~p_+ � � 1 0 t 0 cosh(s) sinh(s) 0 sinh(s) cosh(s) � �

= j ∘ log � � 1 0^t_{cosh(s)} 0 1 tanh(s) 0 0 1

� � = t

cosh(s)

E_α + tanh(s)E_{γr} ,

exp sY_{γr} · tE_α = j ∘ ~p_+ � � 1 0 t 0 cosh(s) i sinh(s) 0 −i sinh(s) cosh(s) � �

= t cosh(s)

E_α + tanh(s)(iE_{γr} ). □ By Lemma 7.9:

X_{γr} X^2_α ~f(e) = ∂_{xγr} ∂^2_{xα} f(o), X_{γr} Y^2_α ~f(e) = ∂_{xγr} ∂^2_{yα} f(o), Y_{γr} X^2_α ~f(e) = ∂_{yγr} ∂^2_{xα} f(o), Y_{γr} Y^2_α ~f(e) = ∂_{yγr} ∂^2_{yα} f(o), which finishes the proof of Theorem 7.3. □ Having this result it is easy to write our operators on the domain at the point o:

L ~f(e) = � � α∈Q^+

∂_{zα} ∂_{zα} � f(o),

Δ_1 ~f(e) = � � α∈ � i Q_i

∂_{zα} ∂_{zα} + c_0 � γ∈Γ ∂_{zγ} ∂_{zγ} � f(o),

Δ_2 ~f(e) = � � α∈Q_r∪ � i Q_{ir}

c_α∂_{zα} ∂_{zα} − c_{γr} ∂_{zγ} ∂_{zγ} � f(o),

BV ~f(e) = � c_1 � α∈Q_r∪ � i Q_{ir}

∂_{zα} ∂_{zα} ∂_{zγr} + ∂_{zγr} ∂_{zγr} ∂_{zγr} � f(o).

(7.10)

7.2. The Cayley transform. In order to write down the above operators on S, we compute the differential of c. We shall use the formula given by [S], Lemma II.5.3, which says that the Jacobian of the mapping z → c · z at the point o is given by Jac(o → c · o) = Ad c_K |_p+ , where c_K denotes the K^C component of c in the decomposition P^+K^CP^−. By [KW], Lemma 3.5:

c_K = exp � − � 1≤i≤r

log cosh( π 4 i) · H_{γi} � = � 1≤i≤r exp � − log √ 2 2 · H_{γi} � . Hence the vectors E_α are eigenvectors of Ad(c_K ):

Adc_K (E_α) = � � � 2E_α, for α ∈ Γ, 2E_α, for α ∈ Q_{ij}, √ 2E_α, for α ∈ Q_j.

Therefore, to have the operators on^cD it is enough to multiply all terms by appropriate constants. But it will be more convenient for us to write the result using the basis (3.16): v = u + it = � v_jX_j + � α∈ � Q_i

v_αX_α + � α∈ � Q_{ij}

v^k_αX^k_α.

We assume below that G/K is of non-tube type (for tube spaces using similar methods we get the same values of^cL and^cΔ_1). Then it is known that α ≠ ~α for α ∈ Q_{ij}. By (3.16):

x_α = 1 √ 2 (u^1_α − t^2_α), y_α = 1 √ 2 (u^2_α + t^1_α),

x_{~α} = − ε_α √ 2 (u^1_α + t^2_α), y_{~α} = ε_α √ 2 (u^2_α − t^1_α),

(7.11)

therefore

∂_{zα} ∂_{zα}^cf(c · o) = (∂^2_{xα} + ∂^2_{yα} )^cf(c · o) = �1 2 (∂_u1_α − ∂_t2_α )^2 + 1 2 (∂_u2_α + ∂_t1_α )^2

�_c f(c · o),

∂_{z~α} ∂_{z ~α}^cf(c · o) = �1 2 (∂_u1_α + ∂_t2_α )^2 + 1 2 (∂_u2_α − ∂_t1_α )^2

�_c f(c · o),

(∂_{zα} ∂_{zα} + ∂_{z~α} ∂_{z ~α} )^cf(c · o) = (∂_v1_α ∂_v1_α + ∂_v2_α ∂_v2_α )^cf(c · o).

Finally for any Hermitian symmetric space G/K:

L ~f(e) = 4 � � α∈ � Q_i

∂_{vα} ∂_{vα} + � α∈ � Q_{ij}

∂_vk_α ∂_vk_α + � j ∂_{vj} ∂_{vj}

�_c f(c · o),

Δ_1 ~f(e) = 4 � � α∈ � Q_i

∂_{vα} ∂_{vα} + c_0 � j ∂_{vj} ∂_{vj}

�_c

f(c · o),

(7.12)

and for G/K being of non-tube type:

BV ~f(e) = 8 � c_1 � � α∈Q_r

∂_{vα} ∂_{vα} ∂_{vr} + � α∈ � i Q_{ir}

∂_vk_α ∂_vk_α ∂_{vr} � + ∂_{vr} ∂_{vr} ∂_{vr}

�_c f(c · o),

Δ_2 ~f(e) = 4 � � α∈Q_r

c_α∂_{vα} ∂_{vα} + � α∈ � Q_{ir}

(c_α∂_{zα} ∂_{zα} + c_{~α}∂_{z~α} ∂_{z ~α} ) − c_{γr} ∂_{vr} ∂_{vr}

�_c f(c · o),

where in the last operator it is more convenient not to change coordinates for α ∈ Q_{ir}.

7.3. S-invariant operators on Siegel domains. Now we extend the above operators by S-invariance. Let W and Z be S-invariant holomorphic vector fields which agree with ∂_w and ∂_z at o. We have to find S-invariant operators on^cD, Δ(W, Z) and D(W, Z), such that:

Δ(W, Z)^c ~f(e) = ∂_w∂_z^cf(c · o),

D(W, Z)^c ~f(e) = ∂_w∂_w∂_z^cf(c · o)

for any function^cf on^cD.

The operators Δ(W, Z) are explicitly computed in [DHMP]:

(7.13) Δ(W, Z) = W Z − ∇_W Z = ZW − ∇_Z W where ∇ denotes the Riemannian connection on S. Δ(Z, Z) is a real, second order, elliptic degenerate operator which annihilates holomorphic (consequently pluriharmonic) functions. Moreover any left-invariant operator with the above properties is a linear combination of Δ(W, Z)’s. To simplify our notation we shall denote Δ(Z, Z) by Δ_Z . In view of (3.18) Δ_{Zj}^c~f(e) = ∂_{vj} ∂_{vj}^cf(c · o) Δ_Zk_α^c~f(e) = ∂_vk_α ∂_vk_α^cf(c · o) Δ_{Zα}^c~f(e) = ∂_{vα} ∂_{vα}^cf(c · o), and for α ∈ Q_{ir} Δ_{Wα}^c~f(e) = ∂_{zα} ∂_{zα}^cf(c · o) Δ_{W~α}^c~f(e) = ∂_{z~α} ∂_{z ~α}^cf(c · o), where

W_α = 1 √ 2 � (X^1_α − Y^2_α ) − i(X^2_α + Y^1_α ) � , W_{~α} = − ε_α √ 2 � (X^1_α + Y^2_α ) + i(X^2_α − Y^1_α ) � . (7.14)

It remains to calculate the operators D(W, Z_r).

Theorem 7.15. Let W be one of the holomorphic vector fields Z_α, Z^k_β , Z_r, for α ∈ Q_r, β ∈ � i Q_{ir} then D(W, Z_r) = W Δ(W, Z_r) − ic_W Δ_{Zr} with a positive constant c_W .

Proof. We begin the proof with some general observations. Given any coordinates {w_i} in^cD, take W_n to be the S-invariant holomorphic vector field such that: (7.16) W_ng(c · o) = ∂_{wn} g(c · o), then W_n can be written in the form W_ng(z) = � i h^n_i (z)∂_{wi} g(z)

and of course by (7.16) h^n_i (c · o) = δ_{in}.

Let us write the building blocks Δ(W_p, W_q) in these coordinates.

Δ(W_p, W_q) = W_pW_q − ∇_{W p} W_q = � � i h^p_i (z)∂_{wi} � � j h^q_j (z)∂_{wj} � − � i h^p_i (z)∇_{∂wi} � � j h^q_j (z)∂_{wj} �

= � i,j h^p_i (z)h^q_j (z)∂_{wi} ∂_{wj} + � i,j h^p_i (z)∂_{wi} h^q_j (z)∂_{wj} − � i,j h^p_i (z)∂_{wi} h^q_j (z)∂_{wj} − � i,j h^p_i (z)h^q_j (z)∇_{∂wi} ∂_{wj} = � i,j h^p_i (z)h^q_j (z)∂_{wi} ∂_{wj} .

Since

W_nΔ(W_n, W_k)g(c · o) = W_n � � i,j h^n_i (z)h^k_j (z)∂_{wi} ∂_{wj} � g(c · o) = � � i,j h^n_i (z)h^k_j (z)∂_{wn} ∂_{wi} ∂_{wj} + � i,j ∂_{wn} (h^n_i h^k_j )(z)∂_{wi} ∂_{wj} � g(c · o)

= ∂_{wn} ∂_{wn} ∂_{wk} g(c · o) + � i,j ∂_{wn} � h^n_i h^k_j � (c · o)∂_{wi} ∂_{wj} g(c · o),

we see that (7.17) D(W_n, W_k) = W_nΔ(W_n, W_k) − � i,j ∂_{wn} � h^n_i h^k_j � (c · o)Δ(W_i, W_j),

Thus we need to compute:

(7.18) ∂_{wn} (h^n_i h^k_j )(c · o) = (∂_{wn} h^n_i )(c · o)h^k_j (c · o) + h^n_i (c · o)(∂_{wn} h^k_j )(c · o) and to do it, we are going to use the action of the W_i’s on^cD.

Taking g(z) = z_j we get W_kg(z) = � i h^k_i (z)∂_{wi} g(z) = h^k_j (z)

For z = s · (c · o): h^k_j (z) = W_kg(s) = 1 2 (X_k − iY_k)g(s) = 1 2 � ∂_tg(s exp tX_k)|_{t=0} − i∂_tg(s exp tY_k)|_{t=0} �

(To simplify the notation we write g(s) instead of g(s · o) identifying the function on S with that on^cD.) Furthermore,

∂_{wn} h^k_j (c · o) =W_nh^k_j (c · o) = 1 2 (X_n − iY_n)h^k_j (c · o) = 1 2 � ∂_sh^k_j (exp sX_n)|_{s=0} − i∂_sh^k_j (exp sY_n)|_{s=0} �

= 1 4 ∂_s∂_t � � g(exp sX_n exp tX_k) − g(exp sY_n exp tY_k) �

− i � g(exp sX_n exp tY_k) + g(exp sY_n exp tX_k) � � |t=0_{s=0}

(7.19)

and ∂_{wn} h^n_i (c · o) =∂_{wn} h^n_i (c · o) = 1 4 ∂_s∂_t � � g(exp sX_n exp tX_n) + g(exp sY_n exp tY_n) �

+ i � g(exp sX_n exp tY_n) − g(exp sY_n exp tX_n) � � |t=0_{s=0}

(7.20)

From now we shall use the standard notation (3.13) of Siegel domains. To prove the theorem we need to consider W_n = X − iY ∈ {Z_α, Z^k_α, Z_r} and W_k = Z_r = X_r − iY_r. Let us also recall the action of the group S on the domain^cD: (7.21) ((ζ, x)s) · (w, z) = (ζ + σ(s)w, x + sz + 2iΦ(σ(s)w, ζ) + iΦ(ζ, ζ)), where σ is a representation of N_0 ~A: σ : N_0 ~A ∋ s → σ(s) ∈ GL(Z).

Observe that (7.21) implies: ∂_s∂_tg(exp sX exp tX_r)|t=0_{s=0} = 0, ∂_s∂_tg(exp sX exp tH_r)|t=0_{s=0} = 0, which simplifies (7.19) and (7.20). Furthermore (7.22) ∂_s∂_tg(exp sY exp tX_r)|t=0_{s=0} and ∂_s∂_tg(exp sY exp tH_r)|t=0_{s=0} are nonzero only for Y = H_r. Thus for W_n ∈ {Z_α, Z^k_α} the formula (7.18) reduces to: (7.18’) ∂_{wn} (h^n_i (z)h^r(z))(c · o) = (∂_{wn} h^n_i )(c · o).

while for W_n = Z_r (8.12) becomes (7.18”) ∂_{zr} (h^r_i (z)h^r(z))(c · o) = (∂_{zr} h^r_i + ∂_{zr} h^r_i )(c · o).

Now we are going to calculate (7.18’) and (7.18”).

Case I. W_n = Z_r. Then exp tX_r ∈ V_{rr}, exp tH_r ∈ a_r. Notice that in (7.19) the values ∂_s∂_tg are nonzero only if g((ζ, z)) = z_r. Then ∂_s∂_tg(exp sH_r exp tX_r · (c · o))|t=0_{s=0} = ∂_s∂_tg(exp sH_r · exp tX_r + i exp sH_r)|t=0_{s=0} = 1, ∂_s∂_tg(exp sH_r exp tH_r · (c · o))|t=0_{s=0} = ∂_s∂_tg(i exp(s + t)H_r)|t=0_{s=0} = i, and we get ∂_{zr} h^r(o) = −2i.

Similarly using (7.20) we obtain: ∂_{zr} h^r(o) = −2i.

Hence by (7.18”) ∂_{zr} (h^r(z)h^r(z))(c · o) = −4i.

Case II. W_n = Z^k_α for α ∈ Q_{jr}. Let x_t = exp tX^k_α then x_t ∈ V_{jr}. To describe the action of y_t = exp tY^k_α = exp(2x_t□c_j) we need a Jordan algebra lemma ([FK], Lemma VI.3.1):

Lemma 7.23. Take z ∈ V and decompose z = z_1 + z 1_2 + z_0 into its Peirce decomposition with respect to c_j. Then for a = exp(2x_t□c_j)z, we have: a_1 = z_1, a 1_2 = 2L(x_t)z_1 + z 1_2 , a_0 = 2L(e − c_j)L(x_t)^2z_1 + 2L(e − c_j)L(x_t)z 1_2 + z_0. □ We shall also use a key fact: V_{ij} · V_{ij} ⊂ V_{ii} + V_{jj}. We have: y_s(x_t) = x_t + 2L(e − c_j)L(x_s)(x_t) = x_t + CstX_r, C ≠ 0.

Therefore, ∂_s∂_tg(exp sY exp tX)|t=0_{s=0} = C for g(ζ, z) = z_r and it is zero for other variables. We have y_t · e = e + 2L(x_t)c_j + 2L(e − c_j)L(x_t)^2c_j = e + x_t + L(e − c_j)L(x_t)x_t To calculate ∂_s∂_tg(exp sY exp tY )|t=0_{s=0} we need to know only the term with st in y_s · (y_t · e). Therefore it is enough to calculate

y_s · (e + x_t) = e + x_s + L(e − c_j)L(x_s)x_s + x_t + 2L(e − c_j)L(x_s)x_t. Only the last term matters, it is equal iCstX_r and so ∂_s∂_tg(exp sY exp tY )|t=0_{s=0} = −iC.

Finally the only nonzero term in (7.18’) is ∂_zk_α h^{α,k}r (o) = −2iC.

Case III. W_n = Z_α for α ∈ Q_r. Then exp tX = exp tX_α = tX_α, Φ(X_α, X_α) = CX_r and for g((ζ, z)) = z_r ∂_s∂_tg(exp sX exp tX)|t=0_{s=0} = ∂_s∂_t2stiΦ(x, x) = −2iC.

By analogy, for exp tY = exp tY_α = itX_α:

∂_s∂_tg(exp sY exp tY )|t=0_{s=0} = −2iC, ∂_s∂_tg(exp sX exp tY )|t=0_{s=0} = −2C, ∂_s∂_tg(exp sY exp tX)|t=0_{s=0} = 2C.

Thus ∂_{zα} h^α_r (o) = −8iC. □ Now we are ready to transfer operators L, Δ_1, Δ_2, BV to S:

Theorem 7.24. The images of operators L, Δ_1, Δ_2 and BV are respectively:

cL = � α∈ � Q_i

Δ_{Zα} + � i Δ_{Zi} + � α∈ � Q_{ij}

Δ_Zk_α ,

cΔ_1 = � α∈ � Q_i

Δ_{Zα} + c_0 � i Δ_{Zi} ,

cΔ_2 = � α∈Q_r

c_αΔ_{Zα} + � α∈ � i Q_{ir}

(c_αΔ_{Wα} + c_{~α}Δ_{W~α} ) − c_rΔ_{Zr} ,

cBV = A � � α∈Q_r

Z_αΔ(Z_α, Z_r) + � α∈ � j Q_{jr}

Z^k_αΔ(Z^k_α, Z_r) � + Z_rΔ_{Zr} − iBΔ_{Zr} ,

where W_α, W_{~α} are as in (7.14), c_0, c_α, c_r, B are strictly positive constants and A > 1.

One can simplify the operator^cBV . For that we use the following formula for the Bergmann connection ∇_W Z = π_Q([W , Z]), (see e.g. [BBDHPT]) where W, Z are holomorphic vectors fields and π_Q denotes the projection onto the space of holomorphic vectors fields. Then for Z ∈ {Z_α, Z^k_α} we have

∇_Z Z_r = π_Q[X + iY, X_r − iH_r] = 1 2 π_Q(iX − Y ) = 1 2 π_Q(i(X − iY )) = 0 which by (7.13) implies Δ(Z, Z_r) = ZZ_r.

Furthermore applying

ZZ = (X − iY )(X + iY ) = X^2 + Y^2 + i[X, Y ] = X^2 + Y^2 − iX_r,

we obtain

cBV =A � � α∈Q_r � (X_α)^2 + (Y_α)^2 � + � α∈ � i Q_{ir} � (X^k_α)^2 + (Y^k_α )^2 � Z_r

− kAiX_rZ_r + Z_rΔ_{Zr} − iBΔ_{Zr}

(7.25)

for k = q_1 + (r − 1)q_2. (Recall that q_1 denotes the cardinality of the sets Q_i and q_2 the cardinality of the Q_{ij} ’s.)

Similarly, we rewrite^cΔ_2. If α ∈ Q_{jr} then

(7.26) [Y^{ε1}_α , X^{ε2}_α ] = X_r

when ε_1 = ε_2 and [Y^{ε1}_α , X^{ε2}_α ] = 0 when ε_1 ≠ ε_2. Now using (7.13) and (7.26) we calculate

Δ_{Zr} = X^2_r + H^2_r − H_r

Δ_{Wα} = 1 2 (X^1_α − Y^2_α )^2 + 1 2 (X^2_α + Y^1_α )^2 − H_r

Δ_{W~α} = 1 2 (X^1_α + Y^2_α )^2 + 1 2 (X^2_α − Y^1_α )^2 − H_r

Δ_{Zα} = X^2_α + Y^2_α − H_r

and so

cΔ_2 = 4 � − c_{γr} (X^2_r + H^2_r − H_r) + � α∈ � i Q_{ir}

c_α( 1 2 (X^1_α − Y^2_α )^2 + 1 2 (X^2_α + Y^1_α )^2 − H_r)

+ � α∈ � i Q_{ir}

c_{~α}( 1 2 (X^1_α + Y^2_α )^2 + 1 2 (X^2_α − Y^1_α )^2 − H_r) + � α∈Q_r

c_α(X^2_α + Y^2_α − H_r) � .

(7.27)

8. Proof of the main theorem We turn now to the proof of Theorem 5.3. Our proof will depend on whether or not G/K is of tube type. The first step, given by Proposition 8.1, applies to both cases.

8.1. Poisson-Szegö integrals. We will show that bounded L ⊕ H^c-harmonic functions are Poisson-Szegö integrals. In fact, we have the following.

Proposition 8.1. Let F be a bounded function on S annihilated by^cL and^cΔ_1. Then F is the Poisson-Szegö integral of a function f ∈ L^∞(N(Φ)).

Proof. The first part of this proof closely follows that for Proposition 3.3 in [BBDHPT]. Since^cLF = 0, F can be written as the Poisson integral of a function ~f over N = N(Φ)N_0. As in [BBDHPT] we can assume that ~f is continuous. We will prove below that y → ~f(y) is constant on N_0. It then follows that F is the Poisson-Szegö integral of f = ~f|_{N(Φ)} over N(Φ), completing the proof. Let H = � j H_j

and set F_t(g) = F (exp(tH)g) for g ∈ S. By Formula (37) in [BBDHPT], F_H = lim_{t→−∞} F_t exists and is given by the formula

(8.2) F_H (wya) = � N_0

~f(yaua^{−1}) � N(Φ)

~P_L(vu)dv � du where w, v ∈ N(Φ), y, u ∈ N_0, a ∈ ~A, and ~P_L denotes the Poisson kernel for^cL on N = N(Φ)N_0.

The operators^cL and^cΔ_1 act from the right and annihilate F . So^cLF_t = 0 = cΔ_1F_t and hence cLF_H = 0,

(8.3) cΔ_1F_H = 0.

(8.4) Moreover, as in Lemma 3.4 in [BBDHPT], one can use (8.2) to show that t → F_H (wyaexp(tH)) is constant and hence (8.5) HF_H = 0.

Equation (8.2) shows that F_H (wya) = F_H (ya), independent of w ∈ N(Φ). Substituting the expressions Δ_{Zi} = X^2_i + H^2_i − H_i, Δ_{Zα} = X^2_α + Y^2_α − H_i (α ∈ Q_i) into the formula for^cΔ_1 in Proposition 7.24 and noting that X_i, X_α, Y_α belong to the Lie algebra Z ⊕ V for N(Φ), we see that

cΔ_1F_H (ya) = � c_0 � H^2_i − (c_0 + q_1) � H_i � F_H (ya)

where q_1 is the common cardinality of the sets Q_i. Now using (8.4) and (8.5), we conclude that F_H (ya) is annihilated by the Laplace-Beltrami operator � H^2_i for the abelian group ~A. As F_H is bounded, F_H (ya) can not depend on a ∈ ~A. We have shown F_H (wya) = F_H (y) and (8.3) now yields

0 = ( � H^2_i + � (Y^k_α )^2 − � a_iH_i)F_H (y) = ( � (Y^k_α )^2)F_H (y).

So F_H (y) is annihilated by a left-invariant second order elliptic differential operator on the nilpotent group N_0. Thus F_H (y) is a constant function. Now from (8.2) we conclude that ~f(y) is also constant on N_0. □

8.2. Proof of Theorem 5.3 for tube domains. Let G/K be of tube type and F be a real-valued bounded L ⊕ H^c-harmonic function on G/K. Proposition 8.1 shows that F is a Poisson-Szegö integral. The Johnson-Koranyi Theorem 5.1 implies that F is H-harmonic. So F is in fact annihilated by all of H^′ ⊕ L ⊕ H^c = p_+ ⊗ p_−. This means F is pluriharmonic.

8.3. Proof of Theorem 5.3 in the non-tube case. The Hua system does not annihilate the Poisson-Szegö kernel on a non-tube domain, so Poisson-Szegö integrals need not be Hua harmonic. Thus we require a different proof for Theorem 5.3 in the non-tube case.

For the rest of this section we assume G/K to be of non-tube type. As above, F denotes a real-valued bounded L ⊕ H^c-harmonic function on G/K and^cF ,^c ~F are as in (7.1) and (7.2) . We note the following consequence of Theorem 6.20 and Proposition 8.1.

Corollary 8.6.^cBV (^c ~F ) = 0.

Our proof will make use of the operators^cBV ,^cΔ_2 and a characterization of bounded pluriharmonic functions on Siegel domains from [BDH]. It is shown in [BDH] that F is pluriharmonic if and only if^c ~F is annihilated by three operators. Each of these is a linear combination of building-blocks Δ_{Zα} , Δ_{Zi} and Δ_Zk_α . Thus we have:

Theorem 8.7 ([BDH]). If a real bounded function^c ~F is annihilated by the operators

Δ_{Zα} (α ∈ ∪_iQ_i), Δ_{Zi} (1 ≤ i ≤ r) and Δ_Zk_α (α ∈ ∪Q_{ij} )

then it is pluriharmonic.

Consider the decomposition

(8.8) s = s^{r−1} ⊕ s_r, where

s^{r−1} = � � j<r Z_j � ⊕ � � 1≤i≤j<r

V_{ij} � ⊕ � � 1≤i<j<r

n_{ij} � ⊕ � � 1≤j<r

RH_j � ,

s_r = Z_r ⊕ � � 1≤j<r

V_{jr} � ⊕ � � 1≤j<r

n_{jr} � ⊕ V_{rr} ⊕ RH_r.

(8.9)

s^{r−1} is a subalgebra of s and s_r is an ideal. Therefore we can decompose the group as a semidirect product of a subgroup S^{r−1} and normal subgroup S_r, (8.10) S = S^{r−1}S_r. Let (8.11) h_r = Z_r ⊕ � � j<r V_{jr} � ⊕ � � j<r n_{jr} � ⊕ V_{rr}, ~a_r = RH_r,

so that s_r = h_r ⊕ ~a_r. Using the bracket relations, one sees that h_r is a Heisenberg Lie algebra of dimension 2k + 1, where, as in formula (7.25), k = q_1 + (r − 1)q_2. Here Z_r has basis {X_a, Y_a : α ∈ Q_r}, ⊕_{j<r}V_{jr} has basis {X^1_α, X^2_α : α ∈ ∪_{j<r}Q_{jr}}, ⊕_{j<r}n_{jr} has basis {Y^1_α , Y^2_α : α ∈ ∪_{j<r}Q_{jr}} and V_{rr} = RX_r is the center of h_r. The basis X_α, Y_α, X^k_α, Y^k_α , X_r, H_r, α ∈ Q_r ∪ � Q_{jr} for s_r is orthonormal with respect to the Riemannian form g_r on S_r. The complex structure J on s restricts to yield a complex structure on s_r: J (X_r) = H_r, J (H_r) = −X_r, J (X^k_α) = Y^k_α , J (Y^k_α ) = −X^k_α, J (X_α) = Y_α, J (Y_α) = −X_α.

The operators ~Δ_{Zr} , ~Δ_{Zα} , ~Δ_Zk_α defined on S_r as in (7.13), act from the right and make perfect sense on both S_r and S. Thus for any smooth function g on S we may write: ~Δ_{Zr} (g_{s′} )(s_r) = (Δ_{Zr} g)(s^′s_r), ~Δ_{Zα} (g_{s′} )(s_r) = (Δ_{Zα} g)(s^′s_r), ~Δ_{Zkα} (g_{s′} )(s_r) = (Δ_{Zkα} g)(s^′s_r).

(8.12)

where s^′ ∈ S^{r−1}, s_r ∈ S_r and g_s′ (s_r) = g(s^′s_r). Likewise, Equations (7.25) and (7.27) show that^cBV and^cΔ_2 can be applied to functions on S_r. As^cBV and^cΔ_2 annihilate c ~F we have (8.13)^cBV^c( ~F_s′ ) =^cΔ_2^c( ~F_s′ ) = 0.

Theorem 8.18, proved below, shows that (8.13) implies^c ~F_s′ is a pluriharmonic function on S_r. Hence

~Δ_{Zr} (^c ~F_{s′} ) = ~Δ_{Zα} (^c ~F_{s′} ) = ~Δ_{Zkβ} (^c ~F_{s′} ) = 0 for all α ∈ Q_r, β ∈ � i Q_{ir}

and by (8.12)

(8.14) Δ_{Zr} (^c ~F ) = Δ_{Zα} (^c ~F ) = Δ_Zk_β (^c ~F ) = 0 for all α ∈ Q_r, β ∈ � i Q_{ir}.

Thus the function^cF on^cD satisfies (8.15) ∂_{vα} ∂_{vα}^cF (c · o) = ∂_vk_β ∂_vk_β^cF (c · o) = 0, for α ∈ {γ_r} ∪ Q_r, β ∈ � i Q_{ir},

where, as before, v_α, v^k_β denote coordinates on^cD with respect to basis (3.18). Notice that our considerations do not depend on the order of the roots in Γ, hence the role of all γ_j’s is equivalent as far as the conclusion is made on the domain^cD not on the group S. In particular, we may interchange γ_r with γ_j and so obtain (8.15) for α ∈ {γ_j} ∪ Q_j, β ∈ � i Q_{ij} . But now we may apply S-invariance (with respect to the group S defined by the original ordering) and conclude that all building blocks Δ_{Zj} , Δ_{Zα} , Δ_Zk_α annihilate^c ~F . This shows that F is pluriharmonic, in view of Theorem 8.7.

8.4. Rank one analysis. The group S_r in (8.10) can be identified with the semidirect product S_0 = H^kA_0 of the Heisenberg group H^k = C^k × R with A_0 = R^+ acting via dilations. The solvable group S_0 arises in connection with the rank one Hermitian symmetric space G/K = SU(1, k)/S(U(1)×U(k)), whose bounded realization D_0 is biholomorphically equivalent to the unit ball in C^{k+1}. S_0 is identified with the classical Siegel domain

cD_0 = {(z, z_{k+1}) ∈ C^k × C : ℑz_{k+1} > 1 4 |z|^2}.

We write points s ∈ S_0 as s = � (ζ, u), a � = � ((ζ_1 . . . , ζ_k), u), a � , (ζ_j = x_j + iy_j ∈ C, u ∈ R, a ∈ R^+) and denote by X_j, Y_j, T the left-invariant fields on H^k, which at e agree respectively with ∂_{xj} , ∂_{yj} , ∂_u. Then the operators ~X_j, ~Y_j, ~T , H given by ~X_j = √aX_j, ~Y_j = √aY_j, ~T = aT, H = a∂_a,

(8.16) are left-invariant on the group S_0, and form a basis of the Lie algebra s_0 of S_0. The elements X_r and H_r of s_r correspond to ~T and H respectively. X^k_α’s and X_α’s in s_r correspond to the ~X_j’s in s_0 and the Y^k_α ’s, Y_α’s correspond to the Y_j’s. Let ℓ = (r−1)q_2 and order the bases for s_r and s_0 so that the X^k_α’s and Y^k_α ’s (α ∈ � j Q_{jr}) correspond with ~X_1, . . . , ~X_ℓ and ~Y_1, . . . , ~Y_ℓ respectively. The elements ~X_α, ~Y_a (α ∈ Q_r) correspond to ~X_j, ~Y_j with ℓ < j ≤ k.

Recall that the operators^cBV and^cΔ_2 on S are now regarded as living on the subgroup S_r. Identifying S_r with S_0 as described above and working with equations (7.25) and (7.27) we obtain the following expressions in the notation of (8.16).

cBV =AaL_BZ − ikA ~T Z + ZΔ_Z − iBΔ_Z ,

cΔ_2 =a � 0≤j<l � b_{2j+1}((X_{2j+1} − Y_{2j+2})^2 + (X_{2j+2} + Y_{2j+1})^2)

+ b_{2j+2}((X_{2j+1} + Y_{2j+2})^2 + (X_{2j+2} − Y_{2j+1})^2) � + a � 2l<j≤k

b_j((X_j)^2 + (Y_j)^2) − CH − c_r( ~T^2 + H^2),

(8.17)

where

Z = ~T − iH, Δ_Z = ~T + H^2 − H, L_B = � 1≤j≤n � (X_j)^2 + (Y_j)^2 � . To complete the proof of Theorem 5.3 in the non-tube case, it remains to establish the following result.

Theorem 8.18. Let F be a real bounded function on S_0 annihilated by two operators: cBV and^cΔ_2. Then F is pluriharmonic.

Observe that F is a real function while^cBV is a complex operator. Therefore F is annihilated by two real operators: U =AaL_B ~T − kA ~T H + ~T ( ~T^2 + H^2 − H), V =AaL_BH + kA ~T^2 + H( ~T^2 + H^2 − H) + B( ~T^2 + H^2 − H),

(8.19)

A > 1, B > 0.

Let ϕ be a Schwartz function on R whose Fourier transform satisfies

ϕ̂(λ) = � 1 for |λ| ≤ 1, 0 for |λ| ≥ 2.

By [BDH] (Lemma 4.4) there exists a sequence {k_n}_{n=1,2,...}of natural numbers tending to infinity such that for

ϕ_n(x) = 1 k_n ϕ � x k_n � , convolving in the central direction in H^k the limit

lim_{n→∞} ϕ_n ∗_R F ((ζ, x)a)

exists for every ζ ∈ C^k, a ∈ A_0 and does not depend on the central variable x. Denote this limit by G(ζ, a), then G is annihilated by the same operators as F : U, V,^cΔ_2.

Lemma 8.20. The function G(ζ, a) is constant.

Proof. Let ~G(ζ, a) = HG(ζ, a) = (a∂_a)G(ζ, a), then by Harnack’s inequality the function ~G is bounded and by (8.19)

V G = (AaL_B + H^2 + (B − 1)H − B) ~G(ζ, a) = 0.

This equation implies that ~G = 0. Indeed, let μ_t be the semigroup of measures with infinitesimal generator AaL_B + H^2 + (B − 1)H. Then AaL_B + H^2 + (B − 1)H − B generates the semigroup e^{−Bt}μ_t and so ~G ∗ e^{−Bt}μ_t = ~G. Now letting t → ∞ we see that ~G vanishes, G does not depend on a and so it is a function on R^{2k} = C^k annihilated by the elliptic operator (compare (8.17)): � � 0≤j<l � b_{2j+1}((∂_{x2j+1} − ∂_{y2j+2} )^2 + (∂_{x2j+2} + ∂_{y2j+1} )^2)

+ b_{2j+2}((∂_{x2j+1} + ∂_{y2j+2} )^2 + (∂_{x2j+2} − ∂_{y2j+1} )^2) � + � 2l<j≤k

b_j(∂^2_{xj} + ∂^2_{yj} ) � G(x, y) = 0,

Taking the Fourier transform of both sides (in the distribution sense) we get � � 0≤j<l � b_{2j+1}((η_{2j+1} − ξ_{2j+2})^2 + (η_{2j+2} + ξ_{2j+1})^2)

+ b_{2j+2}((η_{2j+1} + ξ_{2j+2})^2 + (η_{2j+2} − ξ_{2j+1})^2) � + � 2l<j≤k

b_j(η^2_j + ξ^2_j ) � ^G(η, ξ) = 0,

which implies supp ^G ⊂ {0}.

Boundedness of G forces it to be constant. □

We remark that the only use of the operator Δ_2 appears above in the proof of Lemma 8.20. In summary, we have proved the following.

Theorem 8.21. Assume that F satisfies the assumptions of Theorem 8.18. Denote by F (ζ, λ̂, a) the distributional partial Fourier transform of F along the center of H^k.

Let η_n(x) = k_nϕ(k_nx) − k_nϕ(k^{−1}_n x), F_n(ζ, x, a) = η_n ∗_R F (ζ, x, a).

Then suppF_n(·,^·, ·) ⊂ C^n × {λ ∈ R : k^{−1}_n ≤ |λ| ≤ 2k_n} × R^+, F_n is annihilated by U and V and there is a constant c such that the sequence F_n tends to F + c.

As a corollary, we see that to justify Theorem 8.18 it is enough to justify it for functions satisfying (8.22) suppF (·,^·, ·) ⊂ C^n × {λ ∈ R : ε ≤ |λ| ≤ ε^{−1}} × R^+, Writing the operator U on the partial Fourier transform side and using the above assumptions one can easily prove that such F is annihilated by (8.23) U_1 = AaL_B − kAH + ~T^2 + H^2 − H, which is a second order elliptic operator. Therefore by [DH], [R] the function F may be written as F ((ζ, x)a) = f ∗_Hk P_a(ζ, x) for the Poisson kernel P_a determined by U and f ∈ L^∞(H^k). Furthermore lim_{a→0} F ((ζ, x)a) = f(ζ, x) in the *weak sense.

Proposition 8.24. The boundary value f of F satisfies the following differential equation:

(L^2_B + k^2∂^2_x)f(ζ, x) = 0 Proof. In the proof we shall use the following simple lemma Lemma 8.25. Let h ∈ C^1(0, ∞). Assume that ah^′(a) − γh(a) = v(a) for some γ > 0 and lim_{a→0} v(a) = v_0.

Then lim_{a→0} h(a) = − v_0 γ .

Let F (a)(ζ, x) = F ((ζ, x)a) and let ϕ be a test function. The lemma is applied to h(a) = ⟨∂^p_aF (a), ϕ⟩, for p = 1, 2, 3. Observe that by (8.23) (8.26) a∂^2_aF (a) − kA∂_aF (a) = −(AL_B + a∂^2_x)F (a). Applying Lemma 8.25 we get lim_{a→0} ∂_aF (a) = 1 k L_Bf.

Differentiating (8.26) along a we obtain:

(8.27) a∂^3_aF (a) − (kA − 1)∂^2_aF (a) = −(AL_B∂_a + ∂^2_x + a∂^2_x∂_a)F (a) and using again Lemma 8.25 we prove lim_{a→0} ∂^2_aF (a) = 1 kA − 1 �A k L^2_B + ∂^2_x � f. Repeating this procedure one can also show that: lim_{a→0} ∂^3_aF (a) exists.

Applying the operator V we have:

0 = lim_{a→0} � AL_B∂_a + kA∂^2_x + a∂_a(∂^2_x + ∂^2_a) + B^′(∂^2_x + ∂^2_a) � F (a) (B^′ = B + 2) = �A k L^2_B + kA∂^2_x + B^′∂^2_x +

B^′ kA − 1 �A k L^2_B + ∂^2_x � f = 1 k(kA − 1) � (A(kA − 1) + B^′A)L^2_B

+(k^2A(kA − 1) + B^′k(kA − 1) + B^′k)∂^2_x � f = 1 k(kA − 1) � A(kA − 1 + B^′)L^2_B + k^2A(kA − 1 + B^′)∂^2_x � f = C(L^2_B + k^2∂^2_x)f. □ Lemma 8.28. There is an ε^′ such that for every ζ ∈ C^n supp ^f_ζ (λ) ⊂ {ε^′ < |λ| < ε^{′−1}}.

Proof. Let ε be as in 8.22. Taking ϕ ∈ S(R) such that: ϕ̂(λ) = � 1 for ε < |λ| < ε^{−1}, 0 for |λ| ∈ (0,^ε_2 ) ∪ (^2_ε , ∞), with ε as in (8.22), we obtain F = ϕ ∗_R F . Thus (f − ϕ ∗_R f) ∗_Hk P_s = F (s) − ϕ ∗_R F (s) = 0, but the mapping L^∞(H^k) ∋ g → g ∗_Hk P_s ∈ L^∞(S_0) is injective ([DH]), therefore f = ϕ ∗_R f, establishing the lemma with ε^′ = ε/2. □

Now we are in the situation described in [B] (see also [BBDHJ]), where the following was proved:

Theorem 8.29 ([B]). Let f ∈ L^∞(H^k) be a boundary value of a real bounded function F on S_0 i.e.:

F ((ζ, x)a) = f ∗_Hk P_a(ζ, x). Assume:

- (L^2_B + k^2∂^2_x)f(ζ, x) = 0, - supp ^f_ζ (λ) ⊂ {ε^′ < |λ| < ε^{′−1}} for every ζ ∈ C^k.

Then F is pluriharmonic.

References

[BV] N. Berline and M. Vergne. Equations de Hua et noyau de Poisson, pages 1–51. Lecture Notes in Math. 880. Springer Verlag, Berlin, 1981.

[BBDHJ] A. Bonami, D. Buraczewski, E. Damek, A. Hulanicki, and Ph. Jaming. Maximum boundary regularity of bounded Hua-harmonic functions on tube domains. Preprint.

[BBDHPT] A. Bonami, D. Buraczewski, E. Damek, A. Hulanicki, R. Penney, and B. Trojan. Hua system and pluriharmonicity for symmetric irreducible Siegel domains of type II. J. Funct. Anal., 188:38–74, 2002.

[Bou] N. Bourbaki. Groupes et algèbres de Lie, Chapitres 4, 5 et 6. Masson, Paris, 1981. [B] D. Buraczewski. The Hua system on irreducible Hermitian symmetric spaces of nontube type. To appear in Ann. I. Fourier.

[BDH] D. Buraczewski, E. Damek, and A. Hulanicki. Bounded pluriharmonic functions on symmetric irreducible Siegel domains. Math. Zeit., 240:169–195, 2002.

[CS] C. Chevalley and R. Shafer. The exceptional Lie algebras F_4 and E_6. Proc. Nat. Acad. Sci. Amer., 36:137–141, 1950.

[DH] E. Damek and A. Hulanicki. Boundaries for left–invariant subelliptic operators on semidirect products of nilpotent and abelian groups. J. Reine Angew. Math., 411:1– 38, 1990.

[DHMP] E. Damek, A. Hulanicki, D. Müller, and M. Peloso. Pluriharmonic H^2 functions on symmetric irreducible Siegel domains. Geom. and Funct. Anal., 10:1090–1117, 2000.

[FK] J. Faraut and A. Korányi. Analysis On Symmetric Cones. Clarendon Press, Oxford, 1994.

[FH] W. Fulton and J. Harris. Representation Theory, A First Course. Springer-Verlag, New York, 1991.

[GS] P. Gilkey and G. Seitz. Some representations of exceptional Lie algebras. Geom. Dedicata, 25:407–416, 1988.

[HC] Harish-Chandra. Discrete series for semisimple Lie groups II. Acta Math., 116:1–111, 1966.

[H1] S. Helgason. Differential Geometry, Lie Groups, and Symmetric Spaces. Academic Press, New York, 1978.

[H2] S. Helgason. Groups and Geometric Analysis. Academic Press, Orlando, 1984. [H3] S. Helgason. Geometric Analysis on Symmetric Spaces. American Mathematical Society, Providence, 1994.

[Hua] L.K. Hua. Harmonic analysis of functions of several complex variables in the classical domains, volume 6 of Math. Monograph. Amer. Math. Soc. Transl., 1963.

[J] K. Johnson. On a ring of invariant polynomials on a hermitian symmetric space. J. Algebra, 62:72–81, 1980.

[JK] K. Johnson and A. Koranyi. The Hua operators on bounbed symmetric domains of tube type. Ann. of Math., 111:589–608, 1980.

[K] A. W. Knapp. Lie Groups, Beyond an Introduction. Birkhäuser, Boston - Basel - Berlin, 1996.

[KW] A Koranyi and J. Wolf. Realization of hermitian symmetric spaces as generalized halfplanes. Ann. of Math., 81:265–288, 1965.

[L] M. Lassalle. Les équations de Hua d’un domaine borné symétrique de tube type. Invent. Math., 77:129–161, 1984.

[S] I. Satake. Algebraic structures of symmetric domains. Iwanami-Shoten and Princeton Univ. Press, 1980.

[R] A. Raugi. Fonctions harmoniques sur les groupes localement compact á base dénombrable. Bull. Soc. Math. France, Memoiré, 54:5–118, 1977.

[W] J. Wolf. Geometry and Analysis of Symmetric Spaces, chapter Fine structure of hermitian symmetric spaces, pages 271–357. Marcel Dekker, New York, 1977.

Dept of Mathematics, East Carolina University, Greenville, NC 27858, U.S.A. E-mail address: bensonf@mail.ecu.edu

Instytut Matematycny, Uniwersytet Wrocławski, Plac Grunwaldzki 2/4, 50-384 Wrocław, Poland

E-mail address: dbura@math.uni.wroc.pl

Same address in Wrocław E-mail address: edamek@math.uni.wroc.pl

same address in Greenville E-mail address: ratcliffg@mail.ecu.edu